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Abstract. The haplotype inference prob-
lem (HIP) asks to find a set of haplotypes
which resolve a given set of genotypes.
This problem is important in practical
fields such as the investigation of diseases
or other types of genetic mutations. In
order to find the haplotypes which are
as close as possible to the real set of
haplotypes that comprise the genotypes,
two models have been suggested which are
by now well-studied: The perfect phylogeny
model and the pure parsimony model.
All known algorithms up till now for
haplotype inference may find haplotypes
that are not necessarily plausible, i.e.
very rare haplotypes or haplotypes that
were never observed in the population.
In order to overcome this disadvantage
we study in this paper a new constrained
version of HIP under the above mentioned
models. In this new version, a pool of
plausible haplotypes H̃ is given together
with the set of genotypes G, and the goal
is to find a subset H ⊆ H̃ that resolves
G. For constrained perfect phylogeny
haplotyping (CPPH), we provide initial
insights and polynomial-time algorithms
for some restricted cases of the problem.
For constrained parsimony haplotyping
(CPH), we show that the problem is fixed
parameter tractable when parameterized
by the size of the solution set of haplotypes.
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1 Introduction

Genetic information in living organisms is encoded in
DNA sequences that are organized into chromosomes.
Diploid organisms such as humans have two copies of
every chromosome, which are not necessarily iden-
tical, with each copy called a haplotype. Identifying
the common genetic variations that occur in humans
is valuable in understanding diseases [1]. The genetic
sequences of the population are almost totally identi-
cal, except from some bases that differ from one per-
son to another with a frequency of more than some
threshold (1% for example). Those differences are the
common genetic variations and they are known as
single nucleotide polymorphisms (SNPs).

The data described in each haplotype may be the
full DNA, but it is more common to consider only the
data of the SNPs, since the other sites are assumed
to be identical. A genotype is the description of the
two copies (haplotypes) together. When the two hap-
lotypes agree, the site in the genotype has the agreed
base. Such a site is called a homozygous site. When
the two haplotypes disagree, the genotype has both
bases, yet it does not tell which base occurs in which
haplotype. This type of site is called heterozygous.

Current biological technologies give us an easier
and cheaper way to obtain genotype data in com-
parison to haplotype data. However, the haplotype
information is the one of greater use [19]. For this
reason, it is necessary to computationally infer the



haplotype information from the genotype data. An
important biological fact is that almost always there
are only two bases at an SNP, which can be marked
as 0 and 1. A genotype will have 0 or 1 if the two hap-
lotypes both have 0 or 1 in the same site respectively,
or 2 otherwise (see Figure 1).

In view of that, a set of genotypes and a set of
haplotypes can be represented as matrices. A geno-
type matrix is a matrix over {0, 1, 2} where each row
is a genotype and each column represents an SNP,
and a haplotype matrix is a matrix over {0, 1}, where
each row is a haplotype and each column represents
an SNP.
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Fig. 1. Example of two haplotypes and the correspond-
ing genotype. On the right are the same haplotypes and
genotype using the 0,1,2 representation. Note that the fig-
ure simplifies matters a bit, since in general each column
cannot be relabeled in the same way.

For the rest of the paper, let g(i) represent the
data at site i of genotype g, and h(i) the data at site
i of haplotype h. Furthermore, we will write g(ij)
(resp. h(ij)) instead of g(i)g(j) (resp. h(i)h(j)).

Definition 1 (Resolution). A pair of haplotypes
{h, h′} is said to resolve g if for each i: g(i) = h(i)
when h(i) = h′(i), and g(i) = 2 otherwise. We ex-
tend this and say that a set of haplotypes H resolves
a set of genotypes G, if for each g ∈ G, there is a
pair {h, h′} ∈ H which resolves g. The pair {h, h′} is
called a resolution of g, and H is a resolution of G.

Definition 2 (Haplotype Inference Problem
(HIP)). Given a set of ` genotypes G, each of length
m, find a resolution of G.

Note that a genotype having d ≤ m heterozygous
sites (sites marked with 2) has 2d−1 possible resolving
pairs of haplotypes. The goal is to find the set of
pairs which are as close as possible to the real set
of haplotypes that created the genotype. Currently,
there are two models used in practice that give two

different biologically motivated heuristics on how to
determine this:

1. Perfect Phylogeny: The perfect phylogeny
model is a coalescent model which assumes no re-
combination. This means that the history of the
haplotypes is represented as a tree where two hap-
lotypes from two individuals have at most one
recent common ancestor [19] (see [17, 19, 24, 32]
for further information). Formally, a set of hap-
lotypes (binary sequences) of length m defines a
perfect phylogeny if the haplotypes appear as la-
bels of a rooted tree which obeys the following
properties [12]:

– Each vertex of the tree is labeled by a binary
sequence of length m representing a possible
haplotype;

– Every edge (u, v) is marked with i, where the
base at site i in sequence u is different from
the one in sequence v. Every coordinate i la-
bels at most one edge.

A common way of checking whether a set of hap-
lotypes defines a perfect phylogeny is to check
whether it obeys the four gamete test, i.e. the cor-
responding haplotype matrix does not contain, in
any two columns, the forbidden gamete submatrix

(
0 1
1 0
0 0
1 1

)
.

See Figure 2 for an example of a perfect phylo-
genetic tree, and the corresponding haplotype
matrix. The Perfect Phylogeny Haplotyping
(PPH) problem is the problem of finding for a
given set of genotypes a resolution which defines
a perfect phylogeny, whenever such a resolution
exists.

2. Pure Parsimony: The pure parsimony model
seeks the minimum set of haplotypes that resolves
a given set of genotypes. The biological motiva-
tion behind this is the statistical observation that
the number of distinct haplotypes in the popula-
tion is vastly small [18, 19]. The Parsimony Hap-
lotyping (PH) problem is the problem of finding
a resolution of smallest size possible for a given
set of genotypes.

In [17], Gusfield showed that the PPH problem is
solvable in O(nmα(nm)) time, where α is the inverse
Ackerman function. Gusfield also showed a linear-
time algorithm to build, once the first solution is
found, a linear-space data structure that represents
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Fig. 2. Example of a perfect phylogenetic tree for the hap-
lotypes h1 = (01000), h2 = (01010), h3 = (10100), h4 =
(10001). The matrix H is the haplotype matrix of these
four haplotypes, and it obeys the four gamete test.

all PPH solutions. However, his work is based on
complex graph-theoretic algorithms which are diffi-
cult to implement [19]. In [4, 12], algorithms fine-
tuned to the actual combinatorial structure of the
PPH problem were shown. These algorithms run in
O(nm2) time and are easy to understand and im-
plement. They also give a representation of all PPH
solutions. More recent work developed O(nm) time
algorithms: In [9], the algorithm is graph-theoretic
and uses a directed rooted graph called a “shadow
tree”, and in [30], the algorithm is based on inter-
dependencies among the pairs of SNPs, and builds a
data structure called “FlexTree” to represent all PPH
solutions. Other works have researched different vari-
ations of PPH [5, 8, 14, 23].

The parsimony haplotyping (PH) problem was
first suggested and proved to be NP-hard by Earl
Hubell (unpublished). Gusfield formally introduced
the problem in [18], and proposed an integer linear
programming solution. More integer linear program-
ming solutions following this were proposed in [6,
18, 21, 27]. Approximation algorithms for the prob-
lem were presented in [27, 28], and in [33], a branch-
and-bound algorithm was proposed. Other theoreti-
cal results were shown in [25, 27, 31]. Most notably
is the work of Sharan et. al [31], who characterized
restricted instances of PH under the term (α, β) −
bounded, where α and β stand for the maximum num-
ber of heterozygous sites per row and column of the
genotype matrix. Sharan et al. also showed that the
PH problem is fixed parameter tractable (see [10] for
a formal definition) when parameterized by the num-

ber of k haplotypes in the resolution of G. Many other
works have researched different variations of the hap-
lotyping problem [15, 16, 20, 22, 26, 29].

Iersel et al. continued in [25] to explore the
bounded instances of the PH problem and of another
related problem Minimum Perfect Phylogeny Haplo-
typing (MPPH), which looks for the minimum num-
ber of haplotypes that resolve a given set of geno-
types and also define a perfect phylogeny. The MPPH
problem was proved to be NP-hard [3]. The known
results up till now are: For the PH problem, the
(3,*) instance is APX-hard [27], the (4,3) instance is
APX-hard [31], the (3,3) instance is APX-hard [25],
the (2,*) instance is polynomial-time solvable [7, 28],
and the (*,1) instance is also polynomial-time solv-
able [25]. For the MPPH problem, the (3,3) instance
is APX-hard, and the (2,*) and (*,1) instances are
polynomial-time solvable [25]. In both problems, the
(*,2) instance was left as open problem, but it was
shown that it polynomial-time solvable in a special
structure of the genotype matrix [25, 31].

All known algorithms up till now for haplotype
inference find resolutions for a given set of genotypes
from the superset of all possible haplotypes (i.e. all
m-length binary vectors). However, these algorithms
may find resolutions that include binary vectors rep-
resenting haplotypes that do not actually occur in the
population, or are otherwise very rare. It is therefore
biologically interesting to force the resolving haplo-
types to be chosen only from a specific pool that con-
tains only plausible haplotypes, i.e. haplotypes which
have already been observed in relatively high frequen-
cies in previous experiments. This pool can be de-
termined by empirically setting up some statistical
threshold, or by any other reasonable method.

In view of all this, we study in this paper a new
constrained variant of the haplotype inference prob-
lem, in which a pool of plausible haplotypes H̃ is
given alongside the set of genotypes G, and the goal
is to find a resolution of G which is a subset of H̃.

Definition 3 (Constrained Haplotype Infer-
ence Problem (CHIP)). Given a set of ` distinct
genotypes G, each of length m, and a pool of n dis-
tinct plausible haplotypes H̃ for G, each of length m,
find a resolution H ⊆ H̃ of G.

The constrained perfect phylogeny haplotyping
(CPPH) problem and the constrained parsimony
haplotyping (CPH) problem are defined accordingly.
Note that if ` > n(n − 1)/2 in the above definition,
there is no solution possible, since by taking the en-
tire pool of n plausible haplotypes we can resolve at
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most n(n−1)/2 genotypes. On the other hand, there
is no inequality necessarily in the other direction. We
therefore assume ` ≤ n(n − 1)/2 throughout the pa-
per.

Note that CPH can be easily shown to be NP-
hard by the straightforward reduction from (3, ∗)-
bounded PH (shown to be NP-hard in [27]) which
designates H̃ to be all possible haplotypes resolving
genotypes in G. At the time that this paper was in
review, we did not know the complexity of CPPH.
Recently, Elberfeld and Tantau should this problem
is polynomial [11]. Here we present polynomial-time
algorithms with slightly slower running-times for the
(α, β) bounded cases of (*,1), (2,*), (5,2), and (3,3).
In the second part of the paper we show that like
PH [31], CPH is fixed-parameter tractable when pa-
rameterized by the number of haplotypes in a mini-
mum size resolution H ⊆ H̃ of G. The running-time
of this algorithm was improved recently by Fleischer
et al. [13].

2 Polynomial-Time Special Cases of
CPPH

In this section we describe polynomial-time algo-
rithms for CPPH with genotype matrices of specific
structures. In [31], bounded cases of genotype matri-
ces were introduced in order to explore the complex-
ity of PH. The bounded cases were defined as follows:

Definition 4 ((α,β)-bounded [31]). A genotype
matrix G is (α,β)-bounded if it has at most α 2’s
per row and at most β 2’s per column. Either α or
β might be * which means there is no bound on the
number of 2’s per row or column, respectively.

Here we use the same term of (α,β)-bounded to
present polynomial-time algorithms for special cases
of CPPH. We will present algorithms for the following
cases: (∗, 1), (2, ∗), (5, 2), and (3, 3).

We begin with the following lemma which lists six
matrices that we can assume G does not contain as
submatrices, since including any one of these implies
that all resolutions of G necessarily include the for-
bidden gamete submatrix. Note that we allow permu-
tating rows and columns in each of the submatrices.
The proof of the lemma is left to the reader.

Lemma 1. If G includes one of the following 2 × 3
submatrices:

(
2 0
0 2
1 1

)
,
(

2 1
1 2
0 0

)
,
(

2 0
1 2
0 1

)
,
(

2 1
0 0
1 0

)
, or

(
2 0
1 1
0 1

)
,

or the following 2 × 2 submatrix ( 2 0
2 1 ), then G does

not have a perfect phylogenic resolution.

As in Eskin et al. [12], we will be working with
pairs of columns in G. Pairs of sites of a genotype
can be split into two types, according to the data
in these sites. Type I includes the pairs of sites that
have only one possible resolution. These pairs of sites
are (00), (01), (11), (20), and (21). The resolutions of
these sites are described in the following list:

1.(00) → ( 0 0
0 0 ) 2.(01) → ( 0 1

0 1 ) 3.(11) → ( 1 1
1 1 )

4.(20) → ( 0 0
1 0 ) 5.(21) → ( 0 1

1 1 )

Type II includes pairs of sites with (22) (22-columns).
A pair of 22-columns has two potential resolutions:
(22) → ( 0 0

1 1 ), which will be called an equal resolu-
tion, or (22) → ( 0 1

1 0 ), which will be called an unequal
resolution.

Determining whether there is a perfect phylogenic
resolution of G boils down to deciding the resolution
type, equal or unequal, for every pair of 22-columns.
For some 22-columns, the type of the resolution is
determined by the given set of genotypes, for others it
is determined by the given set of haplotypes, and for
the rest we need algorithms that will find the proper
resolution.

2.1 Preprocessing

We next present a preprocessing stage which is per-
formed before all algorithms regardless of the specific
structure of the input sets of genotypes or haplotypes.

A 22-columns ij must be resolved equally if
the given set of genotypes G includes at least
one of the following submatrices in columns ij:
( 0 0

1 1 ) , ( 2 0
1 2 ) , ( 2 0

1 1 ) , or ( 2 1
0 0 ) , since any resolution of

G must include the combinations ”00” and ”11” in
this case. For a similar reason columns ij must be re-
solved unequally when G includes at least one of the
submatrices ( 0 1

1 0 ) , ( 2 0
0 2 ) , ( 2 1

1 2 ) , ( 2 1
1 0 ) , or ( 2 0

0 1 ) . We
will call these type of constraints on the resolution
type genotype constraints. In addition, a 22-columns
ij must be resolved equally (unequally) if the haplo-
type set includes for some genotype only equal (un-
equal) resolutions. These type of constraints will be
called haplotype constraints.

The preprocessing ensures that haplotype-pairs
which violate the above constraints will not be cho-
sen. For each genotype gi ∈ G, we use H̃(gi) to de-
note all possible resolutions of gi in H̃, i.e. H̃(gi) =
{{h, h′} |h, h′ ∈ H̃, h and h′ resolve gi}. The prepro-
cessing step includes the following four steps:
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1. Check whether the genotype matrix G can be re-
solved in a perfect phylogenic way (use any algo-
rithm from [4, 9, 12, 30]). If not, report there is no
solution.

2. For each genotype gi ∈ G, 1 ≤ i ≤ `, go over all
pairs of haplotypes from H̃ and compute H̃(gi).

3. For each genotype constraint, delete from the sets
H̃(g1), . . . , H̃(g`) all haplotype pairs that violate
the constraint, i.e. all haplotype pairs that re-
solve the relevant sites in a different way than
the constraint indicates.

4. For each haplotype constraint, delete from the
sets H̃(g1), . . . , H̃(g`) all haplotype pairs that vi-
olate it. Note that the deletion of haplotypes may
create new haplotype constraints. Repeat Step 4
until there is no change in the haplotype con-
straints.

After each step of steps 2 to 4 in the preprocessing
stage, if one of the haplotypes sets H̃(g1), . . . , H̃(g`)
becomes empty, it means there is no solution, and
we are done. Once the preprocessing is complete, our
goal is to find a resolution H ⊆ H̃ of G, by selecting
one pair of haplotypes from each H̃(g), g ∈ G. From
here on out, we will only be concerned with resolu-
tions of this type. In other words, we will use H̃ as
the set

⋃
g∈G H̃(g) for the remainder of the section.

Note that even after the preprocessing stage, not all
resolutions in H̃ will define a perfect phylogeny. This
is because we are still left with 22-columns that have
yet been resolved, as there might be two different
genotypes g and g′ which share a common pair of 22-
columns ij, and H̃(g) and H̃(g′) includes both resolu-
tions for ij (i.e. equally and unequally). Such a pair of
resolutions is said to be conflicting, and more gener-
ally, any pair of resolutions {h1, h

′
1} and {h2, h

′
2} are

conflicting if {h1, h
′
1, h2, h

′
2} does not define a per-

fect phylogeny. We have the following two important
lemmas:

Lemma 2. Let {h1, h
′
1}, . . . , {hr, h

′
r} be resolutions

of r (not necessarily distinct) genotypes in G after
the preprocessing stage. Then {h1, h

′
1}, . . . , {hr, h

′
r}

are pairwise non-conflicting iff H =
⋃

1≤i≤r{hi, h
′
i}

defines a perfect phylogeny.

Proof. Let G′ ⊆ G denote the subset of r genotypes
which H resolves. If H defines a perfect phylogeny,
then clearly {h1, h

′
1}, . . . , {hr, h

′
r} are pairwise non-

conflicting. To prove the other direction of the lemma,
it suffices to show that H does not contain the for-
bidden gamete matrix. Suppose by way of contrac-
tion that this is not the case. Then the forbidden

gamete submatrix occurs in H at some pair of sites
i, j ∈ {1, . . . , m}. We consider three possible cases:

– There is no 2 occurring in column i nor column j
in G′. But this means that G′ cannot be resolved
in a perfect phylogenic way, and so the prepro-
cessing algorithm would have halted at step 1 and
reported that no solution can be found.

– G′ has a 2 occurring at one of the two columns
i or j, say column i, but there is no pair of 22-
columns occurring at ij. Let g ∈ G′ be a genotype
with g(i) = 2. Then either g(j) = 1 or g(j) = 0,
so suppose first that g(j) = 1. We can assume
w.l.o.g. that the forbidden gamete submatrix oc-
curs in rows {ha, hb, hc, hd}, where {ha, hb} is a
resolution in {h1, h

′
1}, . . . , {hr, h

′
r} that resolves

g. Furthermore, we know that hc(ij) = 10 and
hd(ij) = 00, and moreover, hc and hd belong to
two different resolutions in {h1, h

′
1}, . . . , {hr, h

′
r},

as otherwise {ha, hb} and {hc, hd} would be con-
flicting. Thus, let g′, g′′ ∈ G′ be the two dis-
tinct genotypes resolved by the resolutions in
{h1, h

′
1}, . . . , {hr, h

′
r} involving hc and hd. We

know that g′(ij) ∈ {10, 20, 02} and g′′(ij) ∈
{00, 20, 02}. From this it is not difficult to ver-
ify that G′ either contains the submatrix ( 2 1

2 0 )
at rows gg′, gg′′, or g′g′′, and columns ij, or it
contains one of the following three submatrices
at rows gg′g′′ and columns ij:

(
2 1
1 2
0 0

)
,
(

2 1
0 2
1 0

)
, or

(
2 1
0 0
1 0

)
.

In either case, any one of these submatrix im-
plies that G′ has no solution (Lemma 1), and the
preprocessing stage would have halted at its first
step. The case where g(j) = 0 is similar.

– G′ has a pair of 22-columns at ij occurring in
some row g ∈ G′. Again, we can assume w.l.o.g.
that the forbidden gamete submatrix occurs in
rows {ha, hb, hc, hd}, where {ha, hb} is a resolu-
tion in {h1, h

′
1}, . . . , {hr, h

′
r} that resolves g. Sup-

pose first that ha and hb resolve ij equally, i.e.
ha(ij) = 11 and hb(ij) = 00. Then hc(ij) = 01
and hd(ij) = 10, and we know that hc and
hd both belong to two different resolutions in
{h1, h

′
1}, . . . , {hr, h

′
r}. Let g′, g′′ ∈ G′ be the

two genotypes that hc and hd resolve. Then it
must be that g′(ij) ∈ {01, 02, 21} and g′′(ij) ∈
{10, 20, 12}. From this it is not hard to verify that
G′ must include one of the following six subma-
trices at rows g′g′′ and columns ij:

( 0 1
1 0 ) , ( 0 2

2 0 ) , ( 2 1
1 2 ) , ( 0 1

1 2 ) , ( 0 1
2 0 ) , or ( 0 2

1 2 ) .
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If G′ includes the last submatrix, then G′ does
not have a perfect phylogenic resolution in the
first place (Lemma 1), and so the preprocessing
stage would have reported “no solution”. If G′ in-
cludes one of the first five submatrices, then there
is a genotype constraint on ij stating that it must
be resolved unequally, and so {ha, hb} would have
been removed from H̃(g) at step 3 of the pre-
processing stage. In both cases we reach a con-
tradiction. The case where {ha, hb} are resolved
unequally is similar.

In all three cases we have reached a contradiction to
the fact the preprocessing stage did not halt, and so
the lemma is proven. ut

Lemma 3. The preprocessing stage takes O(m4n2 +
m2n4) time.

Proof. The first step of the preprocessing takes
O(`m)-time by using one of the algorithms in [9,
30], which is O(mn2) when recalling that ` < n2.
The second step takes O(mn4) time, since checking
whether a specific haplotype pair resolves a specific
genotype takes O(m) time, and there are ` = O(n2)
genotypes and O(n2) haplotype pairs. The third step
takes O(m2n2)-time, since finding one genotype con-
straint and deleting all violating haplotype pairs
takes O(` + n2) = O(n2) time, and this is done for
each column pair of which we have at most O(m2)
of. The last step takes O(m2n2 ·min{m2, n2}), since
finding all haplotype constraints and deleting all vi-
olating haplotype pairs takes O(m2n2) time, and we
repeat this at most min{m2, n2} times. This is be-
cause each one of the O(m2) column column pairs
may create a new constraint only once, and since we
cannot delete more than n2 haplotype pairs. Thus,
the total running time of the preprocessing stage is
O(m2n2 ·min{m2, n2}+ mn4) = O(m4n2 + m2n4).

ut

2.2 The dependency graph

The definition of conflicting resolutions brings us to
the notion independency and dependency between
genotypes. Loosely speaking, a dependency between
two genotypes g, g′ ∈ G arises when the decision on
how to resolve g affects the decision on how to re-
solve g′. This obviously happens when there is a res-
olution {h1, h

′
1} ∈ H̃(g) conflicting with a resolution

{h2, h
′
2} ∈ H̃(g′). In this case we say that g and g′ are

directly dependent. If there is no resolution in H̃(g)

conflicting with a solution in H̃(g′), we say that g and
g′ are not directly dependent.

We next introduce the dependency graph DG(G)
of our given set of genotypes G, after they have been
preprocessed by the algorithm in the previous section.
Later on, we will use the properties of the dependency
graph in our polynomial algorithms.

Definition 5 (dependency graph). The depen-
dency graph DG(G) of a set of genotypes G is a graph
which has a vertex for each genotype g ∈ G, and edge
between vertices representing directly dependent geno-
types.

Lemma 4. After the preprocessing stage, two geno-
types that do not have any pair of 22-columns in com-
mon are not directly dependent.

Proof. Consider two genotypes g, g′ ∈ G that don’t
have any common pair of 22-columns. Suppose by
way of contradiction that there is a resolution
{hx, hy} ∈ H̃(g) conflicting with a {hx′ , hy′} ∈ H̃(g′).
This means that there is a pair of columns ij of
{hx, hy, hx′ , hy′} that has the forbidden gamete ma-
trix. But this can only happen when G includes (in
the rows gg′, and in columns ij) the forbidden sub-
matrix ( 2 0

2 1 ) of Lemma 1. ut
Lemma 5. Let G1 and G2 be two connected com-
ponents in DG(G) after the preprocessing stage has
been performed. If H1 ⊆ H̃ and H2 ⊆ H̃ are perfect
phylogenic resolutions of G1 and G2 respectively, then
H1∪H2 is a perfect phylogenic resolution of G1∪G2.

Proof. Consider any pair of resolutions in H1 ∪H2 of
two genotypes g, g′ ∈ G1∪G2. If g and g′ are not both
in G1, nor in G2, then there is no edge between them
in DG(G), meaning that they are not directly depen-
dent. Hence, the pair of resolutions is non-conflicting
by definition. If g, g′ ∈ G1 or g, g′ ∈ G2, then by
Lemma 2, the pair of resolutions is non-conflicting
as both H1 and H2 define a perfect phylogeny. It
follows that all resolutions in H1 ∪ H2 are pairwise
non-conflicting, and so again by Lemma 2, H1 ∪ H2

defines a perfect phylogeny. ut
In view of Lemma 5, every connected component

can be resolved individually, and the union of the cho-
sen haplotypes will give the desirable resolution of G.
As mentioned in Definition 4, a genotype matrix G
is (α,β)-bounded when it has at most α 2s per row
and at most β 2s per column, where α or β might
be * to indicate there is no such limitation. The fol-
lowing algorithms refer to different values of α and
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β, as the headlines indicate. Note that throughout
the remaining subsections we assume that the pre-
processing stage has been completed.

2.3 (*,1)- and (2,*)-bounded cases

Let us begin with the simple cases of (1,*)-bounded
and (*,2)-bounded genotype matrices.

Lemma 6. Any pair of distinct genotypes g1 and g2

in a (∗, 1)-bounded genotype matrix are not directly
dependent.

Proof. Since there is at most one 2 per column, g1

and g2 cannot have a 2 in the same column. Due to
this, g1 and g2 can never share a pair of 22-columns,
which according to Lemma 4, means they cannot be
directly dependent. ut

According to Lemma 6, if G is a (∗, 1)-bounded
genotype matrix, then the dependency graph DG(G)
has no edges, and its connected components are of
size one. The algorithm will choose for H one pair of
haplotypes from every set H̃(g), g ∈ G, and H will
define a perfect phylogeny according to Lemma 5.

Lemma 7. Any pair of distinct genotypes g1 and g2

in a (2, ∗)-bounded genotype matrix are not directly
dependent.

Proof. According to Lemma 4, two genotypes are
directly dependent only if they have a pair of 22-
columns in common. If g1 and g2 are distinct geno-
types in a (2, ∗)-bounded genotype matrix, and they
have a pair of 22-columns in common, it means
that G contains at the forbidden submatrix ( 2 0

2 1 ) of
Lemma 1, and so at the first step of the preprocess-
ing stage we would have determined that there is no
solution. ut

According to Lemma 7, if G is a (2, ∗)-bounded
genotype matrix, then the dependency graph DG(G)
has no edges, and its connected components are of
size one. The algorithm for solving the (2, ∗)-bounded
case is thus identical to the above algorithm for the
(∗, 1)-bounded case.

Theorem 1. CPPH with (∗, 1)- or (2, ∗)-bounded
genotype matrices is solvable in O(m4n2 + m2n4)
time.

Proof. According to the above, in the case of (∗, 1)-
or (2, ∗)-bounded genotype matrices G, one can de-
termine a perfect phylogenetic resolution for G by

picking a resolution pair from each H̃(g), g ∈ G. Since
this can be done in O(`) time, the preprocessing stage
dominates the running time of the entire algorithm,
which according to Lemma 3 is O(m4n2 +m2n4). ut

2.4 (5,2)-bounded case

It is convenient to mark every edge gg′ in the de-
pendency graph DG(G) with the indices of the 2-
columns g and g′ share. Observe that in the (∗, 2)-
bounded case, a specific index will appear only on
one edge of the dependency graph, since there are no
more than two genotypes that have 2 in the same col-
umn. Thus, in the (α, 2)-bounded case, each genotype
g ∈ G can be adjacent to at most bα/2c other geno-
types in DG(G), since according to Lemma 4, each
adjacency means that g shares a pair of 22-columns
with his neighbor genotype. We thus have the follow-
ing important property in the (5, 2)-bounded case:

Lemma 8. If G is a (5,2)-bounded genotype matrix
then DG(G) has maximum degree 2.

The lemma above implies that if G is a (5, 2)-
bounded genotype matrix, then every connected com-
ponent in DG(G) is either a path or a cycle. In the
following lemma, we show that resolving a path or a
cycle in DG(G) reduces to solving a 2-SAT instance
for which we have a well-known polynomial (even lin-
ear) time algorithm.

Lemma 9. If G′ is a connected component of
DG(G) which is either a path or cycle, then one can
determine whether G′ has perfect phylogenetic resolu-
tion H ′ ⊆ H̃ in O(sn2) time, where s is the sum over
all se number of column labels on edges e of DG(G′).

Proof. Let G′ be connected component in DG(G)
which is either a path or a cycle. As a first step, we
get rid of all edges that have more than two labels
by subdividing these edges. That is, if gg′ is an edge
in G′ labeled by l1, . . . , lt, t > 2, then we replace this
edge by the path g1, g2, . . . , gdt/2e, g′, where gi, gi+1 is
labeled with l2i−1, l2i for i ∈ {1, . . . , dt/2e − 1}, and
gdt/2e, g′ is labeled with lt−1, lt. (Observe that in the
(5, 2)-bounded case t ≤ 4, and in fact t ≤ 3 if we
assume that G′ has more than two genotypes.) We
therefore henceforth assume that any edge in G′ has
two labels corresponding to a pair of 22-columns.

Let g1, . . . , gr denote the genotypes in G′ accord-
ing to their order of appearance in G′ (i.e. gi is ad-
jacent to gi+1 for each i ∈ {1, . . . , r − 1}, and gr is
adjacent to g1 if G′ is a cycle). We construct a 2-CNF
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boolean formula φ(G′) corresponding to G′, such that
φ(G′) is satisfiable iff there is a perfect phylogenic res-
olution for G′ in H̃. For each pair of 22-columns ij
appearing on an edge in G′, we assign a boolean vari-
able xij , where we interpret xij = 1 (resp. xij = 0)
to mean that ij should be resolved equally (resp. un-
equally). The clauses of φ(G′) are constructed as fol-
lows: First, if G′ is a path, and ab and cd are the labels
on the edges g1g2 and gr−1gr respectively, then we
add the clause (xab) (resp. (¬xab)) to φ(G′) if ab can
only be resolved equally (resp. unequally) in H̃(g1),
and similarly, we add (xcd) (resp. (¬xcd)) if cd can
only be resolved equally (resp. unequally) in H̃(gr).
Next, for every genotype gi of degree two in DG(G′),
where ab and cd be the 22-columns labeling the edges
gi−1gi and gigi+1 (or gig1 in case i = r and G′ is a
cycle), we proceed according to the following:

1. If there is no equal resolution for ab in H̃(gi), then
we add the clause (¬xab) to φ(G′).

2. If there is no unequal resolution for ab in H̃(gi),
then we add the clause (xab) to φ(G′).

3. If every equal resolution for ab in H̃(gi) is an
equal resolution for cd, then we add the clause
(xab ∨ ¬xcd) to φ(G′).

4. If every equal resolution for ab in H̃(gi) is an
unequal resolution for cd, then we add the clause
(xab ∨ xcd) to φ(G′).

5. If every unequal resolution for ab in H̃(gi) is an
equal resolution for cd, then we add the clause
(¬xab ∨ ¬xcd) to φ(G′).

6. If every unequal resolution for ab in H̃(gi) is an
equal resolution for cd, then we add the clause
(¬xab ∨ xcd) to φ(G′).

It is not difficult to see that φ(G′) is satisfiable iff
G′ has a perfect phylogenetic resolution H ′ ⊆ H̃. Fur-
thermore, the construction of φ(G′) requires O(`s) =
O(sn2) time, since we need at most O(`) time for
each edge in G′, and there are at most s such edges.
Also observe that φ(G′) has at most O(s) variables
and clauses. Thus, using the linear-time algorithm of
Aspvall, Plass, and Tarjan for determining whether a
2-CNF is satisfiable [2], we obtain the required time
bound in the lemma. ut
Theorem 2. CPPH restricted to (5, 2)-bounded
genotype matrices is solvable in O(m4n2 + m2n4)
time.

Proof. According to Lemma 5 and Lemma 8, solving
CPPH in the (5, 2)-bounded case boils down to re-
solving connected components in DG(G) which are

either paths or cycles. According to Lemma 9, this
can be done in O(sn2) time for any such component
G′, where s is the total number of column labels that
appear on edges of G′. Since the total number of edge
labels in DG(G) is at most m in the (5, 2)-bounded
case, the total time required to resolve all connected
components of DG(G) is O(mn2). Accounting also
for the time required by our preprocessing stage, we
get the desired time bound of the theorem. ut

2.5 (3,3)-bounded case

We next turn to deal with the (3, 3)-bounded case.
Similar to the (5, 2)-bounded case of the previous sec-
tion, here every connected component of DG(G′) will
have a very simple structure. We have the following
lemma:

Lemma 10. If G is a (3, 3)-bounded genotype ma-
trix, then every connected component in DG(G) is
either a path, a cycle, or is of size at most four.

Proof. Let g be some genotype which is directly de-
pendent with three other distinct genotypes g1, g2,
and g3, and let abc denote the three columns with
g(a) = g(b) = g(c) = 2. Then the submatrix of G
with rows {g1, g2, g3} and the columns abc must be
of the following form:

( {0,1} 2 2
2 {0,1} 2
2 2 {0,1}

)

Here {0, 1} specifies that any one of the two values
{0, 1} can appear in the submatrix. It is not diffi-
cult to see that since G has at most three 2’s in
each column and each row, and since adjacency in
DG(G′) requires sharing at least a pair of 22-columns
(Lemma 4), none of the four genotypes g, g1, g2, and
g3 can be adjacent to any other genotype in DG(G).
It follows that any connected component in DG(G)
with a vertex of degree at least three has size at most
four. The lemma thus follows from the fact that ev-
ery connected component of maximum degree two is
either a path or a cycle. ut
Theorem 3. CPPH restricted to (3, 3)-bounded
genotype matrices is solvable in O(m4n2 + m2n4)
time.

Proof. First observe that all connected components
of DG(G) which are paths or cycles can be resolved
in the time bound given in the theorem (including
the time required for preprocessing) using a similar
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analysis as the one used in Theorem 2. Next note that
since G has at most three 2’s in each row, the num-
ber of possible resolutions for each genotypes is O(1),
and given a genotype g ∈ G, all these resolutions can
be found in O(m`) = O(mn2) time by simply go-
ing through all haplotypes in H̃. It follows that one
can determine whether a connected component of size
at most four in DG(G) can be resolved in a perfect
phylogenetic way in the same time complexity, i.e.
O(mn2) time. Since there are at most O(`) = O(n2)
components, the time bound in the theorem above
follows. ut

3 FPT Algorithm for CPH

We next consider the CPH problem. In [31], Sharan
et al. showed that PH is fixed parameter tractable
when parameterized by the size k of the minimum-
size resolution of G. Essentially, this means that there
is algorithm for PH running in f(k) · N c, where
f() is an arbitrary (typically super-polynomial) com-
putable function, N is the total input size, and c is a
constant independent of k (see [10] for a formal def-
inition of a parameterized algorithm). Observe that
this is, in general, much faster than the brute-force
Nk+O(1) algorithm. Here, we show an analogous re-
sult for CPH. Our approach involves solving a dy-
namic program to determine whether there is any
H ⊆ H̃ of size κ ≤ k which resolves G. Through-
out the section we use Gi, 1 ≤ i ≤ `, to denote the
subset of genotypes {g1, . . . , gi} ⊆ G.

Probably the first dynamic-programming solution
to come to mind for CPH, is to compute all pos-
sible resolutions H ′ ⊆ H̃ of Gi from the resolu-
tions of Gi−1. However, the number of k-subsets re-
solving Gi might be Ω(nk), which is too much in
terms of a parameterized algorithm. We therefore
take an alternate route. Instead of computing the
actual subsets which resolve Gi, we will compute ab-
stract “blueprints” of these subsets. But before we de-
fine these blueprints, let us briefly change our termi-
nology a bit. For presentation purposes, it will be con-
venient to consider resolutions as ordered sequences
rather than sets, where we also allow some haplotypes
to appear more than once in the sequences. Thus,
from here on out, we will think of a resolution of
size κ as a sequence of haplotypes (h1, . . . , hκ), with
possibly hi = hj for some i 6= j ∈ {1, . . . , κ}. The
blueprints of such resolutions, which we call κ-plans,
are formally defined as follows:

Definition 6 (κ-plan). Let κ be an integer in
{1, . . . , k}. A κ-plan is a string of length i ≤ ` over
the alphabet {{x, y} | 1 ≤ x ≤ y ≤ κ}.

Let H ′ = (h1, . . . , hκ) be a resolution of Gi =
{g1, . . . , gi} of size κ. A κ-plan p is associated with H ′

if when {x, y} is the j’th letter in p, 1 ≤ x ≤ y ≤ κ
and 1 ≤ j ≤ i, then hx and hy resolve gj . We will say
that p is valid for Gi if there is a resolution of Gi asso-
ciated with p. In this way, a valid κ-plan does not de-
scribe the actual resolution of Gi, but it does provide
all relevant information concerning which genotypes
are resolved using the same haplotypes.

Definition 7 (DP[κ, i], DP[κ, i]). Let κ be an in-
teger in {1, . . . , k}, and i be an integer in {1, . . . , `}.
We denote by DP[κ, i] the set of all κ-plans of length
i, and by DP[κ, i] ⊆ DP[κ, i] the set of all valid κ-
plans for Gi = {g1, . . . , gi}.

Lemma 11. |DP[κ, i]| ≤ |DP[κ, i]| ≤ kO(k2) for any
κ ≤ k and i ≤ `.

Proof. To prove the lemma, recall that ` < k2. The
number of distinct strings of length at most k2 over
an alphabet of size at most

(
κ
2

)
< k2 is bounded by

kO(k2). ut
Our algorithm proceeds by computing DP[κ, i] in

increasing values of κ and i. The base-cases of this
computation are

1. DP[κ, 1] = DP[κ, 1] for all 1 ≤ κ ≤ k, and
2. DP[1, i] = DP[2, i] = ∅ for all 2 ≤ i ≤ `.

Clearly, G can be resolved using κ ≤ k haplotypes
if and only if G` = G has at least one valid κ-plan.
Hence, assuming we can correctly compute DP[κ, i]
for all 1 ≤ κ ≤ k and 1 ≤ i ≤ `, the correctness
of our algorithm is immediate. What remains to be
described is the dynamic-programming step for com-
puting DP[κ, i].

For this, we will first need to introduce some ad-
ditional terminology. Let p be some κ-plan which is
valid for Gi, and let h, h′ ∈ H̃ be some pair of (not
necessarily distinct) haplotypes. For a given x, y ∈
{1, . . . , κ}, we say that the assignment of hx = h
and hy = h′ is compatible with p if there is a resolu-
tion H ′ = (h1, . . . , hκ) of Gi associated with p such
that hx = h and hy = h′. We will need the following
lemma.

Lemma 12. Let p be a valid κ-plan for Gi, for some
i ∈ {1, . . . , `}, and let h, h′ ∈ H̃. Then given any
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pair of integers x, y ∈ {1, . . . , κ}, one can determine
whether the assignment of hx = h and hy = h′ is
compatible with p in O(k3m) time.

Proof. The algorithm is an iterative process that pro-
ceeds as follows. At each step, the algorithm has a set
D of indices representing all haplotypes which have
already been determined by the algorithm. Thus, at
each iteration, we assume that the algorithm has a
specific haplotype hd for each d ∈ D. At the begin-
ning of the algorithm D = {x, y}, where hx = h and
hy = h′.

Now, at the start of each iteration, the algorithm
goes through all indices d ∈ D, and for each such in-
dex, the algorithm marks all positions j, 1 ≤ j ≤ i,
with a letter {d, d′} occurring in p. For each such po-
sition j, the algorithm computes hd′ from gj and hd.
If d′ /∈ D, then the algorithm has discovered a new
haplotype (possibly identical to a previously discov-
ered haplotype), and so it adds d′ to D and starts
another iteration. If d′ ∈ D, there are two possi-
ble outcomes: Either hd′ is equal to the haplotype
assigned to index d′ by the algorithm in the past,
or not. In the first case, the algorithm continues its
computation at this iteration, and in the latter the
algorithm determines incompatibility. The algorithm
terminates when it has either declared incompatibil-
ity, or when there are no new indices added to D in
a given iteration. In this case, the algorithm declares
compatibility.

The correctness of this algorithm is immediate
when it declares incompatibility. Observe that in case
the algorithm determines compatibility, it has not
necessarily determined all haplotypes in a resolution
corresponding to p. Nevertheless, since p is known
to be a valid a κ-plan for Gi, the correctness in this
case follows as well. As for its time complexity, no-
tice that the algorithm performs at most κ iterations,
with each iteration requiring O(`m) time. Thus, the
total time complexity of this algorithm is O(κ`m),
which is O(k3m) since ` < k2. ut

We are now in position to present the dynamic-
programming computation of the table DP. The
dynamic-programming step for computing DP[κ, i]
proceeds as follows:

1. DP[κ, i] ← DP[κ−1, i].
2. For each p ∈ DP[κ−2, i−1]:

– Concatenate {κ, κ−1} to the end of p, and
add this new κ-plan to DP[κ, i].

3. For each h, h′ ∈ H̃ resolving gi, for each p ∈
DP[κ−1, i−1], and for each x ∈ {1, . . . , κ−1}:

– Set y = x, and check whether the assignment
of hy = hx = h is compatible with p. If so,
concatenate {x, κ} to the end of p, and add
this new κ-plan to DP[κ, i].

4. For each h, h′ ∈ H̃ resolving gi, for each p ∈
DP[κ, i−1], and for each x 6= y ∈ {1, . . . , κ}:

– Check whether the assignment of hx = h and
hy = h′ is compatible with p. If so, concate-
nate {x, y} to the end of p, and add this new
κ-plan to DP[κ, i].

Correctness of the dynamic programming step is
straightforward. Indeed, any valid κ-plan p0 of Gi is
either a κ′-plan of Gi for some κ′ < κ (Line 1), or it
can be decomposed into either:

– A valid (κ − 2)-plan p of Gi−1 concatenated to
a new letter {κ, κ − 1} (Line 2). In this case,
in any resolution (h1, . . . , hκ) associated with p0,
we know that hκ and hκ−1 resolve gi, and that
(h1, . . . , hκ−2) resolves Gi−1.

– A valid (κ− 1)-plan p of Gi−1 concatenated to a
new letter {κ, x} for some 1 ≤ x ≤ κ−1 (Line 3).
In this case, in any resolution (h1, . . . , hκ) as-
sociated with p0, hκ and hx resolve gi, and
(h1, . . . , hκ−1) resolves Gi−1.

– A valid κ-plan p of Gi−1 concatenated to a let-
ter {x, y} for some 1 ≤ x < y ≤ κ (Line 4). In
this case, in any resolution (h1, . . . , hκ) associated
with p0, hx and hy resolve gi, and (h1, . . . , hκ)
also resolves Gi−1.

Theorem 4. CPH is solvable in kO(k2)n2m time,
where k is the size of the required resolution of G.

Proof. The description of the algorithm, and its cor-
rectness, is discussed above. Let us next analyze its
time complexity. First note that the number of differ-
ent entries in the dynamic programming entries DP
is O(k`), which is O(k3) since ` < k2. To compute the
entry DP[κ, i], for κ ∈ {2, . . . , k} and i ∈ {2, . . . , `},
we go through all four steps of the dynamic program
described above. It is not difficult to see that the
time required in fourth step dominates the time re-
quired for all the rest of the steps, so we analyze only
this step. In the fourth step, we go through all pairs
of haplotypes h, h′ ∈ H̃ that resolve gi, through all
κ-plans in DP[κ, i − 1], and through all pairs of in-
dices x 6= y ∈ {1, . . . , κ}, and for each such set of
objects we invoke the algorithm given in Lemma 12
which runs in O(k3m) time. Since the total number
of κ-plans in DP[κ, i − 1] is bounded by kO(k2) ac-
cording to Lemma 3, and since checking whether a
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pair of haplotypes resolves gi requires O(m) time,
the total time complexity of this step is bounded by
O(n2m) + n2kO(k2)k2 · k3m = kO(k2)n2m. Thus, the
total time complexity of computing the entire DP ta-
ble is O(k3) · kO(k2)n2m = kO(k2)n2m. ut

4 Conclusions and Open Problems

In this paper we studied a new variant of the haplo-
type inference problem which we termed Constrained
Haplotype Inference, where the haplotypes to be in-
ferred are constrained to be a subset of a given pool of
plausible haplotypes. We focused on two established
models for haplotype inference, the perfect phylogeny
model, and the pure parsimony model, and gave both
positive and negative results for constrained haplo-
type inference under these models. We believe that
our results could prove to be helpful as subroutines
to quickly solve optimally sub-instances where the
number of heterozygous sites are known to be limited,
and/or the number of inferred haplotypes is expected
to be relatively small. Also, we hope our results will
provide insights into the general haplotype inference
problem, which has yet to be understood completely.
Finally, as a possible future direction of research, it
would be useful to extend the results here and in suc-
ceeding papers [11, 13] to hold for weighted variants
of the problems discussed.
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