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Abstract

This paper deals with the challenge of physically displaying re ectance tihe appearance of a surface and its
variation with the observer position and the illuminating environment. This iswanty described by the bidirec-
tional re ectance distribution function (BRDF). We provide a catalogueriiéda for the display of BRDFs, and
sketch a few orthogonal approaches to solving the problem in an opticadlgiy\mway. Our speci ¢ implemen-
tation is based on a liquid surface, on which we excite waves in order to achigarying degree of anisotropic
roughness. The resulting probability density function of the surface rlasnshown to follow a Gaussian distri-
bution similar to most established BRDF models.

Categories and Subject Descript¢ascording to ACM CCS) |.3.1: Three-dimensional displays, 1.3.7: Virtual real-
ity, 1.3.7: Colour, shading, shadowing, and texture, 1.3.3: Displggrithms

1. Introduction

We are living in a time where the boundaries between real
and virtual worlds are gradually blurred out. As technology
keeps on evolving, somewhere in the distant future the out-
put of computer displays may become visually indistinguish-
able from the real world.
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In this paper, we focus on one major clue that helps
distinguish real from virtual objects: re ectance. If we
move around an object, and its appearance, the highlight
etc. change consistently with what we are used to and in
accordance with the surrounding world, this object is more
likely to be perceived as “real”.

In order to achieve full realism for computer generated
content, it therefore stands to reason that the display of the
future will behave more like a showcase window through Figure 1: Left: Idea of a “re ectance display” that reacts to
which the the real and virtual worlds can interact with each its environment like real-world materials do. Right: Re ec-
other, rather than being a strict output device. So far, all types tion of a checkerboard pattern in a surface that can exhibit
of computer displays have shown pixels of differeatours different degrees of anisotropic roughness.
that should ideally be as invariant to the viewing and light-
ing conditions as possible. Our goal is to physically mimic
the characteristic way different surfaces re ect light, often
described in terms of the Bidirectional Re ectance Distri-
bution Function (BRDF), and displayaterialsinstead of scattering properties. Yet, to our knowledge these proper-
colours (Figurel). ties have not been displayed dynamically. In Sec@pwe
discuss the prior work in related elds. The contribution of
this paper is a very rst step towards the dynamic display
of materials by means of a physical device that can be pro-
grammed to exhibit a range of re ectance distributions. Be-
T hullin@mpi-inf.mpg.de fore we elaborate on our own approach, we lay the founda-

In the recent years, many methods have been developed to
fabricate materials with custom re ectance and sub-surface
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tions in Sectior8 with a general de nition of the problem,
along with a few sketches to its solution.

Of major importance to the appearance of real-world ma-
terials is their microstructure, e.g. in the form of surface
roughness. By shaping surfaces, speci c re ectance distri-
bution functions can be achieved, as in the case of pol-

ished or brushed steel surfaces, or sandblasted glass. Oui

approach to dynamically displaying re ectance is also based
on roughness modulation: we start with a liquid surface and

excite surface waves on it. The space of possible appearances

is de ned by the re ectance of the base material, and the
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Geometry

Displ roach i Ligh ) Viewpoin
splay approacl Optics ght Material ewpoint
Virtual reality active virtual virtual . simulated
dynamic
[IMY 07,KS 10] acive  viual Ay
dynamic
' . . |
Augmented realityRWLBO1] active virtual rea. real
static
[Deb9g active real UldrE . simulated
dynamic
. irtual
[CNRO8 KNO8, HLHRO9] active real virtual ) real
dynamic
- . real
[FRSLOg and fabrication passive  real . real
static
BRDF display (ours) assive  real real real
vay P dynamic

achievable surface structures that are in turn governed by the Table 1: Light and observer-dependent rendering and dis-

physics of wave propagation on liquids. In Sectmwe pro-
vide the underlying theory, and make a few basic predictions
that will later be checked in experiment.

In Section5, we present two prototypes that modulate the
angular variation of re ected light in an optically passive
way. We show in SectioB that our devices can produce a
range of anisotropic BRDFs that match our theoretical ex-
pectations. Using implementations of the same principle on
different scales, we show that miniaturisation is not just pos-
sible but also desirable. Naturally, as the rst devices of their
kind, our prototypes are limited in terms of expressivity and
practical use. We discuss these limitations in Sectiosand
provide directions for future improvement.

A full derivation of the probability density function of
re ection directions from a sine-shaped height eld is pro-
vided as an appendix.

2. Related Work

From the very early age of computer graphics research, it has
been recognised that re ectance models are a crucial ingre-
dient for realistic rendering. Torrance and Sparrd¢7]

had been the rst to provide a shading model based on mi-
crofacet geometry, Phongho73 and Blinn [Bli77] showed

its rst applications in computer graphics. As the techni-
cal possibilities grew and the demand for physical accu-

play techniques at a glance.

= [1-<]=>

Figure 2: Left: optically active setup with a camera, a pro-
cessing stage (here: negation) and a projector. Right: opti-
cally passive setup consisting of an imaging lens and a dif-
fusor sheet to achieve a blurred image.

side, the virtual viewpoint can be controlled by the user
through different means, e.g. through game input devices
or head tracking as in many early Virtual Reality instal-
lations. In the recent years, autostereoscopic displays have
been constructed (optionally combined with head tracking)
to achieve freely viewable 3D imageryNlY 07,IKS 10]

and even more based on lenticular or parallax barrier prin-
ciple [HL10, KHL10]. Various active devices have been
demonstrated that combine light eld sensing and/or display
with intermediate processin@ NR08 KNO8, HLHRQ9].

The last three years have spawned a large amount of work
dedicated to fabricating materials and objects with custom
properties. The efforts include milling of height elds to
reproduce re ectance distribution§\fPMR09, printing of
spatially varying BRDFs on papeMAG 09], fabrication of
subsurface scattering materigttHM 10,DWP 10], surface

racy increased, researchers began tting model parameters'eliefs that show lighting-dependent imagesM10], and

against sparse re ectance measuremeWarp? and pro-
vided databases of measured BRDE$JR96 MPBMO3].
Ngan et al. NDMO5] related many of the previously intro-
duced analytical BRDF models to dense re ectance mea-
surements taken from real materials.

We use the established Ward BRDW4r97 as a refer-
ence model for the re ectance distributions exhibited by our
device.

Rendering with real-world environment lighting can yield
a great degree of realism with moderate technical and artis-
tic effort, as rst demonstrated by Debevdadb99. Raskar
et al. RWLBO01] used computer-controlled lighting to make

even custom deformabilitygBO 10]. The re ectance eld
assembly by Fuchs et aFIRSLOg stacked purely passive
“pixels”, each encapsulating a full 4D transmittance eld,
albeit at very limited resolution.

As the key contribution of this work, we see the de nition
of the BRDF display as a dynamic alternative to fabrication.
We outline the main characteristics that any BRDF display
should possess, and demonstrate a design that meets all prin-
cipal requirements. To our knowledge, our device is the rst
to be both optically passive and programmable (see Tgble

3. Displaying Re ectance

real objects look in a desired way. Their “shader lamps” re- A BRDF display is a surface that can be programmed to ex-
quire total darkness for best performance. On the observer hibit varying re ectance distributions. We propose the fol-
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lowing (non-exhaustive) list of criteria to assess the capabil-
ities of a given device:

Principal Criteria

P1 View and light dependenceThe re ectance of a BRDF
display must vary with the viewing and lighting direction
in a physically plausible manner.

P2 Immediate responseto illumination changes and ob-
server position.

P3 High dynamic range, or the capability to deal with a
very wide range of incident intensities.

P4 Programmability. The display has to be controlled by a
computer in a nonpermanent way.

P5 Light ef ciency and contrast. Any setup will fail to con-
vince if it has insuf cient light throughput, especially
when competing against undesired effects such as rst-
surface re ections.

BRDF Parameters/Properties

Bell-shaped highlights.For many glossy real-world ma-
terials (as well as most analytical BRDF models, for
that matter), the highlights follow Gaussian or power-of-
cosine distributions, or sums thereof.

Anisotropy, where the re ectance varies with the tangent
orientation of the sample.

Modulation of absolute re ectivity.

Colour modulation.

Multi-lobe BRDFs, for instance the rather popular
model of diffuse- glossy+ specular.

“Off-normal” highlights, e.g., when the average micro-
facet orientation does not coincide with the macroscopic
normal, e.g. scale/sawtooth structures, hair.

Retrore ection, as has been observed for diffuse sur-
faces PWKJ07.

Bl

B2

B3
B4
BS

B6

B7

Higher-Level Texture Layout

Spatial extent.In order for an observer to appreciate the

re ectance function, a display needs to have a certain

minimum size to display the shape of highlights.

Spatial variation, where the display is formed by an ar-

ray of individually controllable “texels”.

T3 Normal variation, where the perception of re ectance is
further supported by displaying non- at surfaces.

T1

T2

3.1. Approaching the Problem in a Passive Way

While our task is rather well-de ned—modulate the angular
distribution of light re ected on a surface—it is hard to come
up with “the” one ideal path to its solution. In fact, a host of
different approaches can be imagined, each one with its own
set of advantages and drawbacks.

The very rst design decision is whether the display
should be optically active or passive (Fig@e Active sys-
tems are very exible. They naturally meet Criterion P4 and,
depending on the implementation, are potentially compati-
ble with all of B1-T3. However, the performance of today's
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light eld sensing and output devices is bound to collide with
P2 and P3. Purely optical setups, on the other hand, offer the
fastest possible response (all “processing” being done at the
very speed of light) and virtually unlimited dynamic range.
We argue that, since real-world re ectance is optically pas-
sive, it must be possible to mimic it by passive means. The
following families of passive setups can be imagined:

Holography. In principle, holographic techniques could be
applied to display different information, i.e. re ectances, for
different viewing directions. These techniques are referred
to as angle-multiplexed holograms, e.y1dk93]. Volume
holographic storage device®fl00] are reacting to selec-
tive directionalillumination. Holographicwavelengthmul-
tiplexing [RLY92] could even store wavelength-dependent
BRDFs HHA 10]. However, to our best knowledge, the
combination of these different holographic techniques to
form a re ectance eld display has not been demonstrated.

Integral Photography inspired approach. Using an opti-

cal multiplexer, the 4D space spanned by the incident and
outgoing hemispheres is mapped to a plane, where the cor-
responding radiance values can be modulated by a 2D mask.
[FRSLO§ implemented a similar idea in transmission; a re-
ective counterpart could for instance be imagined using
lenslet and mirrorlet arrays. While this approach allows for
almost arbitrary modulation, its resolution is inherently lim-
ited. As [FRSLOg demonstrated, an impression of continu-
ity (and hence, théook of re ectance) is hard to achieve
using a lenslet array that shoots out rays from different lo-
cations, unless a massive array of identical pixels is being
viewed from a large distance, or an elaborate system of dif-
fusors is employed. More importantly, though, multiplex-
ing approaches trade resolution for ef ciency, and inherently
lose a lot of light when sharp highlights need to be resolved.
Considering the above, any implementation of the Integral
Photography idea will have to struggle to meet Criteria P5,
T1 and T2. Also, a dynamic but optically passive device has
yet to be demonstrated.

Redistribution. Since real BRDFs span only a small sub-
space of all possible 4D distributions, general 4D modu-
lation may not be necessary. A different, more natural ap-
proach to our problem is to redistribute the available light dy-
namically. Inspired by how real materials function on a mi-
croscopic level, a desired re ectance distribution can be ob-
tained through a controlled scattering procesMR09.
There are numerous (static and dynamic) ways of achiev-
ing this, and the principle by itself does not collide with any
of our criteria. What appears particularly interesting in this
context is the idea of stacking functional layers to extend
the space of achievable BRDFs. For instance, by mount-
ing a switchable diffusor (LC-TEC FOS-25x30-PSCT, a
cholesteric LC panel) on top of a mirror, we were able to
switch between two different re ectance pro les: mirror-
ing (with slight haze) and diffuse. We demonstrate another
multi-layer application in Sectio6.3.



Our own design, which will be covered in the rest of this
paper, belongs to theedistribution family of BRDF dis-
plays. We use a liquid surface as the re ecting base geome-
try, and reshape it over space and time by inducing surface
waves. The design allows for dynamic modulation of the an-
gular spread of the re ected light over a limited range, but
not its intensity. Our prototypes meet Criteria P1-P5, B1-B2
and T1, and further miniaturisation may allow for B5 and T2
as well.

4. Characterisation of Re ectance by Surface Waves

The operation principle of our device is to excite surface
waves in a medium that supports relatively free travel of

these waves. For our experiments, we use an interface be-

tween air and water.

We arenotaiming at producing standing waves that would
generate oscillating, yet stationary, microgeometry. Instead
we rely ontime-averagingof travelling waves. If the gener-
ated height eld varies fast enough, this results in an impres-
sion of a static microfacet distribution at every surface point.
Mathematically, this is akin to averaging over a static height

eld of in nite extent.

From the earliest days, microfacet-based models have
been expressing re ectance as the product gfr@babil-
ity density functiofPDF) of re ection directions, and addi-
tional material, geometry and normalisation terms (see e.g.
Eq. 11 in [TS67). As a physical surface and Fresnel re ec-
tor, our device naturally takes care of all of these, so we can
focus on controlling the PDF.

In the following, we discuss the PDF generated by a single
sine wave of small amplitude. For small andgle®.g.

f<5 0:0873rad 1)

the trigonometric functions can be approximated to an error
of less than 0.4% by the rst term of their Taylor series:

sin(f) tan(f) cogf) )

Also, we can safely assume that interre ections are absent.

f (rad) and 1

4.1. Single Sine Wave in One Dimension

N

Figure 3: On a half-wave height eld {x) = asin(kx) (red),
an incident ray (blue) with an angleto the vertical (green)
is re ected.
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Assume a sine wave idirection as depicted in Figu2
2p

T; )

a being the amplitude the wave number anld the wave-
length of the excited wave. The angiéx) of the surface
normal at positiorx, measured in a mathematically positive
sense with respect to the vertical axis, is related to the slope
of the function as follows:

h(x) = asin(kx); wherek =

dh

i (4)

Eq. 1is met if the roughnesak=:r is small. Then, a light
ray incident at x;h(x) under a xed anglé to the vertical
will be mirrored into the re ection anglé:

@O o cogkn) b

tana(x) = h4x) = — = akcogkx):

dx)=2a(x) b %)

The PDFfDD(d), i.e., the likelihood of a ray in aensem-

ble of rays incident under the angteto be re ected into the
angled, can now be imagined as the limit case of a value his-
togram ofd(x): the probability ford to lie within an in nites-
imal interval dl is the combined measure of all intervabs d
which are mapped tocd

For symmetry reasons, it is suf cient to look at the rst
half-wave of our height eld X 2 [0;p=K]), whered(X) is
monotonically decreasing and therefore bijective, so that
fbn(d) can be obtained as the derivative of the inverse of

d(x), normalised by the measure of the interval:

oo kd(@ 1d__; d+b
5,@= 5 4 p dd-®
1
- p 6
p 4r2 (d+b)? ©

A plot of this function can be seen in Figudgblue curve).
Without the assumption of Egg, the PDF turns out slightly
bulkier. Please refer to the appendix for a full derivation.

4.2. Multiple Sine Waves in One or Two Dimensions
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Figure 4: PDFs for sum-of-sinusoid functions in the linear
limit (small amplitude, normal incidence,= 0:5). As more
sinusoidal terms are added up, the distribution converges to
a Gaussian pro le.
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When we shoot an ensemble of rays at our height eld,
the exact shape of the surface is not of importance. In fact,
we can treat the orientation of microfacets as a random vari-
able that follows a probability distribution of EG. As n
sinusoidal terms are superimposed in our device, this cor-
responds to an addition of random vanabll%s+ + DE

If we can ensure that tlﬁD areindependent and identically
distributed(iid), the central limit theorem states that the PDF
of the their sum is the-fold convolution of the individual
PDFs, and that it approaches a Gaussian distribution for a
large number of termsg3S01]. In practice, we observe a sat-
isfactory bell shape already for 5 superimposed sinusoidal 5. Construction of Devices
waves, see Figl.

10 Hz 20 Hz 30 Hz
Figure 5: Resonance pro le of one of the wave generators
in Setup 1, as observed through de ection of a laser beam.
Trajectories were recorded in 1 Hz steps.

We built two incarnations of the same principle on different
Note that the distributiorfbo only depends onm, i.e. the scales. Both setups consist of a at water surface on which a
productof amplitude and wave number. Since the wavenum- pair of actuators excites crossing planar waves. We use voice
ber is directly related to the excitation frequency through the coils that are fed with an ampli ed audio signal from the
dispersion relation of the medium, we can generate identical computer. Our signal source is the free software Puredata
distributions (same) using different combinations of wave  [Pug running a patch that synthesises a stereo signal from
number and amplitude. sine wave terms of different frequency and amplitude.

Independence, in our setting, translates to a vertical mo-  Setup 1 (large, slow)consists of the ripple tank system
tion of every point on the dynamic height eld surface thatis WA-9897 by Pasco, Inc., a device designed for demonstra-
as non-repetitive as possible. We choose excitation frequen- tion experiments in physics classes. We use a pair of ripple

cies that relate like large prime numbers to approximate this. generators (each with a bar-shaped lever and modi ed to ac-
cept audio input) on a at water tank with wedge-shaped

soft foam beaches at the borders to suppress re ections, and
a surface of approximately 2323 cn?.

The variance of a superposition ofidentical distribu-
tions is related to the roughness 8§ = ns3 = n 2r?,
wheres3 = 2r2 is the variance of the single-sine distribu- _ . )
tion (Eq. 6). Within the linear approximation, we can thus Setup 2 (smalll, fast)is a downscaled version built from a
generate Gaussian re ectance pro les of a desired variance Pair of 2.5-inch hard disk drives (Figuf. The platters and

by scaling all amplitudes of the sinusoidal terms uniformly. ~ the controller boards as well as part of the aluminium frames
were removed, leaving only the arm assemblies in place. To

each arm we attached a small bar-shaped piece of plastic to
dip into the water, and mounted both frames crosswise. A
small water receptacle (approx. 2 cn® in size) is placed
underneath the actuators.

In our device we are using orthogonally travelling planar
waves in thex- andy-directions. At suf ciently smalkr val-
ues, the waves decouple and the two-dimensional PDF of
the re ection directions simply becomes the product of two

distributionsféo andf%g, both of the form in Eqg6.

6. Results
4.3. Connection to Analytical BRDF Models 6.1. Characterisation

Since the variances on tieandy-axes can be chosen inde- By de ecting a laser beam, we characterised the achieved
pendently, our display can reproduce BRDFs with elliptical surface normal variation for the “slow” Setup 1. The re-
highlights as popularised by WartiVar93. Note that our sponse of the actuator and its coupling to the water surface
varlances2 describes the re ection angle whereas Ward's varies with the frequency of the signal. In Figliewe see
axy is related to the haIf-angIe Hence, the distributions are that the ef C|ency peak is located around 20 Hz when the
comparable wheaX’y 4a2’ . system is in contact with water. The resonance frequency of
the uncoupled actuators is approximately 40 Hz. In Figure
we investigate the 1-dimensional case as described in Sec-
tion 4.1 The driving signal is a sum of sinusoids with dif-
ferent amplitudes and frequencies. The amplitudes of each
term were individually adjusted to yield a constant rough-
ness parameteron the water surface by adjusting the peak
de ection angle of a laser beam. The resulting brightness
In conclusion, our device is capable of displaying micro- pro les agree surprisingly well with the theoretical predic-
facet BRDF models with anisotropic Gaussian microfacet tions. Due to its smaller size, Setup 2 responds considerably
distribution. The parameters of the model can be directly re- faster than Setup 1. We managed to excite water waves at fre-
lated to the parameters that control our device. guencies as high as 800Hz, although viscous damping limits

While the surface waves modulate the specular or glossy
part of these models, the diffuse term can be realised by us-
ing a ground plane made of Labsphere Spectralon, an almost
Lambertian re ector. The colour of the diffuse re ection can
be in uenced by a transmissive Iter; we demonstrate this
by dyeing the water prior to modulating the water surface.

c 2011 The Author(s). The de nitive version is available ajldh.eg.org.
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Figure 6: Various views of Setup 2 built from a pair of discarded 2.5-inch hard diisles. From left to right: Components, top
view, close-up on actuator 2, water surface and checkerboard target.
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Figure 7: We veri ed the insights from Sectich1 by su-
perimposing sinusoids on the water surface of Setup 1 and
observing the de ection of a laser beam. Top, left: idealised
temporal pro le of water wave; right: photos of laser beam.
Bottom: intensity pro les. Note the similarity to Figude

the reach of such high-frequent waves to a few millimetres or Figure 9: Real-time blur as displayed by Setup 2. The
centimetres. We found the setup to be most ef cient for fre- checkerboard scale is 1 mm.

guencies around 200Hz, with de ection angles of up to 30
for single sine waves, ar  0:13. If distortions of the trajec-
tory can be tolerated, de ection angles of 50  0:20) are
achievable. Above that, the actuators become unstable but
droplet formation is not observed even for much higher am-
plitudes. As we relate our de ection angle to Ward's BRDF
model through the variance (Sectidr?), we obtain a range

of 0 axy < 0:14, which overlaps with the values measured
by Ward (004 ayy 0:26). The smaller Setup 2 allows for comparable results at a
much faster speed, enabling the observer (or a video camera)
to directly perceive the angular blur. Figugeshows four
representative frames from the accompanying video where
In Figure 8, we compare the re ectance of our Setup 1 the amplitudes in X and Y direction are manually adjusted
re ecting a checkerboard pattern with a raytraced simula- in real time.

tion of a comparable setting. The photos are long-exposure
shots, which, given the slow response of the device, were
required in order to achieve satisfactory temporal averaging.
The anisotropic blur of the re ection is very similar in nature
to the simulated result.

6.2. Re ectance

¢ 2011 The Author(s). The de nitive version is available aglii.eg.org.
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Setup 2 shows that miniaturisation brings a lot of bene ts,

since the achievable frequencies are approximately recipro-
cal to the geometric scale. Scaling down the setup by another

order of magnitude may for instance enable temporal multi-
plexing of different lobes.

6.3. Diffuse+ Specular

Also using Setup 2, we placed a diffuse re ector underneath
the water surface and dyed the liquid. As can be seen in Fig-
ure 10, this adds greatly to the range of displayable BRDFs,

however in our case the shallow water layer leads to an in-
crease of viscous damping.

-

Figure 10: Macrophotos of Setup 2 (checker size 1 mm). By
adding a diffuse white substrate and injecting coloured inks
(here done manually), we obtain a combination of a dy-
namic anisotropic glossy and a static diffuse lobe.

c 2011 The Author(s). The de nitive version is available ajldh.eg.org.

Figure 11: Re ection of a human eye in Setup 2b lled with
liquid metal. Left: resting. Right: in motion. The distortions
are caused by surface tension.

6.4. Liquid Metal

In order to obtain a higher re ectivity especially for near-
normal directions, we replaced the water in Setup 2 with an
eutectic alloy of gallium, indium and tin. The nontoxic sub-
stance has a melting point of18 C and is therefore liquid

at room temperature. The increased viscosity, mass density,
strong surface tension and incessant formation of an oxide
layer make it dif cult to control the surface shape. In partic-
ular, planar waves are rather hard to obtain even at very small
amplitudes. However, we can still control a slight variation
in the re ectance (Figuré.1).

7. Discussion

The limitations of our device can be broadly classi ed into
two categories: practical issues of our prototypical imple-
mentation, and fundamental limitations of the general de-
sign. In the following we discuss the major practical limita-
tions of our prototype and suggest alternative ways of imple-
mentation.

1. Ourdisplay exhibits a limited range of surface roughness.
With higher amplitudes, the nonlinearities in our physi-
cal system become hard to predict. By investigating the
dominating effects and modelling them in the predictive
model, it could be possible to achieve wider scattering

pro les.

We are currently limited to BRDFs consisting of a single
white Gaussian lobe in conjunction with a xed coloured
diffuse component. Further miniaturisation, e.g. using
piezos as actuators, might enable temporal multiplexing
of different lobes. The ink-based colouring layer cur-
rently used to model the diffuse component can be re-
placed by a passive trans ective display technology.

The Fresnel re ection factor is currently the one of water.

By adding refractive index altering agents to the medium
in our device, a predictable change of re ectivity could be

achieved that is closer to many real-world solid materials
like plastics, resins or coatings.

4. Currently, we are only using two orthogonally crossing
planar waves to generate BRDFs separable in the two di-
mensions. A more general implementation of the prin-
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A. PDF of a Sine-Shaped Height Field

Given a height eldh(x), the re ection directiord of a light
ray incident a{(x; h(x)) under a xed anglé to the vertical
is given as

d(x) ‘% 2tan 1hx) b @)

Now, consider the wave to generate a microfacet distribu-
tion. In our experiments we achieve this situation by time-
averaging over the waves traveling by. As seen from&q.
the re ection directions directly depend on the derivative of
the height eld, hYx). Thus, knowledge of the distribution
of the height eld derivatives yields the probability density
function of re ection directions caused by the height eld.

This can be achieved by considering a random process
which describes light rays as they hit the height eld at ran-
dom positions. The problem then becomes to compute the
probability density of a function of a random variable. The
initial distribution (of hit points) is assumed to be uniform
over the domain of a half-wave (E8§):

k=p X2 [0;p=kK]

fx(X)= 0 else

; (8)

to which Eq.7 is applied to obtain the directional distribu-
tion. The choice of a unit distribution is valid if the ampli-
tude of the wave is small such that the microfacets can be
considered as lying in the plane of the macro-surface, only
exhibiting the orientations of the sine wave. From probabil-
ity theory [GS07] the probability density of the random vari-
ableY generated by applying a functigrto another random
variableX is

1
M= @ ) ) ©
In our case this yields
_ Kk didgg @) |
fo(@ = - S8 (10)
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wheref d(x)g 1(d) is the inverse of the direction function,
Eq. 7, and fp is the probability density of the re ection di-
rections,

cos 1 @(d+h)=2)

k
fdg (o= — @y
and
drdgg * o 1 1+ tan((d+ b)=2)% 12)
dd Zakzv' | a(@D=7

azk?
Thus, the probability density function for the re ection di-
rection due to a sine wave is given by:

1 1+ tan(d+b)=2)?

2 a1 tart(?;k;nfz)f

fo(d) = (13)

wherej j has been dropped becaﬁgm—gl(d) is strictly
negative. Amplitude and wave number enter the equation as
a common factor = ak= 2pa=l . As a consequence, the
BRDF is invariant to changes @mandk that leave constant.
Changing the incident angle only results in a shift of the
distribution and does not affect its shape.

A.1. Mean and Variance

In order to quantify the amount of angular blur caused by a
given PDF, we compute its variance. Since there are many
complicating factors in the non-linear regime, we constrain
ourselves to small values of This allows us to use the
angle-linearised version of the PDF, Egfor which we can
derive the variance in closed form.

The mean is found at b, as expected. For the variance
s%, we exploit the shift-invariance of the PDF and ket 0:

Z;
2 _ 2
= d* fr dd
0 2r Do
Z d?
- ap 42
" # o
_ 201, d dq a2 P

2r
#2r

= 4r?tan lp——
2p 42 2

(14)
2r

where the integration bounds are due to the domain of the
inverse tangent. To compute the integral we have to take lim-
its from the left at the right boundary and from the right at
the left boundary of the interv@l 2r :::2r].

|

1

2p

lim 2
d 2r

4r?tan ! p4dj = r? (15)

r2 o2

The variance of the angle-linearised directional distribution
is thus given bys3 = 2r2.



