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Abstract

We view a variety of established methods for ranked re-
trieval from a common angle, namely as a process of com-
bining query-independent rankings that were precomputed
for certain attributes. Apart from a general insight into what
effectively distinguishes various schemes from each other,
we obtain three specific results concerned with concept-
based retrieval. First, we prove that latent semantic index-
ing (LSI) can be implemented to answer queries in time
proportional to the number of words in the query, which
improves over the standard implementation by an order of
magnitude; a similar result is established for LSI’s proba-
bilistic sibling PLSI. Second, we give a simple and precise
characterization of the extent, to which latent semantic in-
dexing (LSI) can deal with polysems, and when it fails to do
so. Third, we demonstrate that the recombination of the in-
tricate, yet relatively cheap mechanism of PLSI for mapping
queries to attributes, with a simplistic, easy-to-compute set
of document rankings gives a retrieval performance which
is at least as good as that of the most sophisticated concept-
based retrieval schemes.

1. Introduction

Ranked retrieval, where in response to a query search re-
sults are presented as a list sorted by relevance scores, has
no doubt become the method of choice for retrieving infor-
mation from very large data repositories, in particular the
world wide web, where the entirety ofall somehow rele-
vant items is often too large to be even skimmed through,
let alone checked thoroughly. The main challenge in ranked
retrieval is, of course, to compute scores which reflect the
intuitive notion of relevance in an adequate manner. Many
schemes have been devised to that end, making use of quite
different kinds of information for obtaining such scores, for
example, term frequencies, assumed underlying concepts,

links between documents, or explicit directories made and
maintained by humans.

The starting point of this work is to take a common,
somewhat unusual view on schemes for ranked retrieval.
Namely, we see them as consisting of the following three
components:

1. a number of query-independent and hence precom-
putabledocument rankings, where each ranking is as-
sociated with what we call anattribute.
Such an attribute could correspond to any of the infor-
mation sources mentioned above. It could be a term,
or it could refer to a cluster of documents, or an entry
in a directory or some ontology. But attributes do not
have to correspond to concepts in an intuitive sense.
They could also stand for a user’s list of favorite doc-
uments or a global popularity measure like PageRank
[15]. All three of our main results come from an un-
usual choice for these attributes.

2. The second component is afolding-in mechanismthat
maps query to attributes;

3. and as a third component we need anaggregation
mechanismthat makes rankings pertaining to a given
(weighted) set of attributes into one global ranking.

This view of ranked retrieval as rank aggregation is in-
spired by the works of Fagin [6, 7], but our goal is com-
pletely different from Fagin’s. His work is aimed at the par-
ticular problem of efficient top-k retrieval. We are look-
ing for new insights into which parts of various established
schemes work how well and at which price.

We specifically apply our view to retrieval schemes that
try to uncover and benefit from thelatent conceptsunder-
lying a collection. We consider schemes that are based on a
linear transformation of the original term spacelike the ba-
sic vector space model, and latent semantic indexing (LSI)
and its many variants (Section 2), as well as schemes that
make use ofnon-linear such transformations, like PLSI (a
probablistic variant of LSI) and NMF (Sections 3 and 4).
We obtain the following three results:



Exploiting query sparseness:Most queries consist of
only few words, in web search typically only one, two, or
three [19]. The straightforward implementation of LSI-type
schemes, however, cannot exploit this sparsity for faster re-
trieval. We show, in Section 2.1 that by taking as our at-
tributes not the latent factors, but simply the original terms,
at mostq rankings have to be combined whereq is the num-
ber of words in the query. For PLSI, a similar result follows
from a careful analysis of its folding-in mechanism; this is
described in Section 3.1.

Dealing with polysems:The (in)ability of linear vector-
based retrieval methods to cope with polysems (words with
different meaning in different contexts, e.g., surfing the web
vs. surfing on water), has only been vaguely commented on
in previous work [16] [9]. In Section 2.2, we give a precise
characterisation of the extent to which the linear schemes,
including LSI, can deal with polysemy, and in which situa-
tions they are bound to fail.

Cheap but effective concept-based retrieval:In Section
4, we will replace the expensive precomputation of PLSI,
which is a major bottleneck for large-scale use, by a simplis-
tic and easy-to-compute set of document rankings, where
this time we takethe documents as attributes(again not
the concepts). In a series of experiments, we get results
which are consistently superior to those obtained by a num-
ber of state-of-the-art methods, including the original PLSI
scheme.

The overall character of this paper is that of a collec-
tion of insights and small results as we obtained them from
taking an unusual, bird’s eye view on the vast literature on
ranked retrieval. We hope that others find this view useful
and fruitful, too.

2. LSI and its many relatives

Latent semantic indexing (LSI) [2] became famous as the
first fully automatic technique for ranked retrieval that ad-
dresses the problems of both synonyms and polysems. LSI
is based on what is usually referred to as thevector space
model(VSM) [17], where queries and documents are rep-
resented as vectors in a high-dimensional space, with each
dimension corresponding to one of the words, in that con-
text calledterms, that make up the given document collec-
tion, and with each entry being a measure of how promi-
nent that term is for that query or document, e.g., the num-
ber of times it occurs. The whole corpus is thus viewed as a
large term-document matrix. The relevance of a query to a
document is measured by the similarity between the corre-
sponding vectors, the most common measure being the co-
sine of the angle, which is equal to the dot product of the
normalized vectors, and which is1 for parallel vectors,0
for orthogonal ones,−1 when the angle is180 degrees, and
somewhere in-between otherwise.

The key idea of LSI is to map both queries and docu-
ments from them-dimensional space, wherem is the num-
ber of terms, to a space of significantly lower dimensionk,
and compute vector similarities in the reduced space instead
of in the original one. The hope is that while the dimen-
sions of the original space correspond to the specific terms
used, the dimensions of the lower-dimensional space corre-
spond more to the (relatively few) intuitive concepts under-
lying this term usage. We will therefore refer to the origi-
nal m-dimensional space asterm spaceand to the reduced
k-dimensional space asconcept space.

For LSI the map from term space to concept space is ob-
tained via thesingular value decomposition(SVD) [8] of
the term-document matrix; more precisely, the vectors in
term space are projected on thek most significant left sin-
gular vectors, i.e., those pertaining to thek largest singular
values.

What we have to say in the following, however, applies
to any scheme that uses a linear mapL from term space
to concept space, that is,L is ank × m matrix. In particu-
lar, this covers the numerous variants and extensions of LSI,
e.g., [10] [5] [11], the straightforward use of non-negative
matrix factorization (NMF) [13] [20], semi-discrete matrix
factorization [12], and the basic vector space model (take
k = m andL as them ×m identity matrix).

2.1. Exploiting query sparseness

Consider any concept-reduction scheme with a linear
mapL, as described above. A straightforward way to cast
such a scheme in our framework would be to take as at-
tributes thek dimensions of the concept space, and as sim-
ilarity score between a document and a concept simply
the corresponding (normalized) coordinate in the concept
space; this would work. Due to the linearity ofL, it is, how-
ever, also possible — and will in fact give more interest-
ing insights — to take thetermsto be the attributes, which
we will demonstrate next.1

We write the query asq =
∑

t nq,t et, whereet denotes
the unit vector for the dimension corresponding to termt
andnq,t is the term frequency of this term in the query. The
cosine similarities between a queryq and a documentd can
then be written as

simLSI(q, d) =
(Lq)T Ld

|Lq| · |Ld|

=
1

|Lq|
∑

t

nq,t
(Let)T Ld

|Ld|
,

1 Mapping the concept space back to the term space is itself not a new
idea; it is the conjunction with our rank aggregation view which gives
us a new result here.



where we have used the linearity ofL. Now simply define
the score of documentd for attribute (term)t as

st(d) :=
(Let)T Ld

|Ld|
.

For a given query, combining these scores with weightsnq,t

then gives the same overall scores for a documentd as be-
fore, except for the factor of1/|Lq|, which, however, has no
influence on the ranking of the documents,

We have thus shown that LSI and all its (linear) relatives,
despite their being designed as concept-based retrieval tech-
niques, can be viewed as aggregating rankings for individ-
ual terms, not concepts. This has a number of interesting
consequences. As a first immediate result, we get

Theorem 1. LSI, or any other method that uses a linear
map from term to concept base, can be implemented as a
rank aggregation scheme such that a query withq keywords
can be processed by combining merelyq rankings.

In comparison, the straightforward implementation of
these methods requires the combination ofk rankings, in-
dependent of the query, wherek is the number of concepts.
For the majority of queries, which consist of only very few
words [19], Theorem 1 improves on this by an order of mag-
nitude.

2.2. LSI and polysems

The fact that LSI and its relatives do mere linear aggre-
gation of rankings for the individualtermsmakes it easy to
characterize to which extent these methods can deal with
polysems and when they fail. Note that the wit of the fol-
lowing theorem does not lie in its mathematics (which is
trivial) but in its interpretation: if only for some polysem
in the query the score of an undesired documentd− is suf-
ficiently high compared to that of a desired documentd+,
thend− will be ranked befored+, even if the other words
in the query give evidence againstd−.

Theorem 2. For a queryq containing a polysemp, a doc-
umentd+ (matching the intended meaning) is ranked be-
fore a documentd− (matching an unintended meaning) if
and only if

sp(d−)− sp(d+) <
∑

t∈q\{p}

(st(d+)− st(d−)).

As a concrete example consider theClassic3corpus,
which was considered in several recent works [18] [4], and
which is a simple union of the three classical collections
Medline (1033 medical abstracts), Cranfield (1400 abstracts
on aeronautics), and Cisi (1460 abstracts on information
science)[1]. The term “pressure” (or rather its stem) is a
polysem in that it occurs frequently in both Medline and

Cranfield documents; however, it occurs about 9 times more
often in Cranfield than in Medline. The term “blood”, on
the other hand, only occurs in Medline, but its overall fre-
quency is 4 times less than that of “pressure”. Due to the
phenomenon formalized in Theorem 2, LSI fails badly on
this query, in that there isnot a single Medline document
among the top 10 documents.2 In contrast, the PLSI scheme
of [9], which we discuss in the next section, does exactly
the right thing in that itranks all related Medline documents
higher than those from Cranfield.

3. PLSI and NMF

Probabilistic latent semantic indexing (PLSI) [9] follows
the same principle as LSI in that both queries and doc-
uments are mapped from a given high-dimensional term
space to a concept space of given, and typically much lower
dimensionk. There are two main differences between LSI
and PLSI. One is that the approximate matrix decomposi-
tion computed by PLSI has only non-negative entries, that
is, we can view PLSI as computing for each document a
probability distribution over concepts, and, by duality, for
each concept a probability distribution over terms. (As a
consequence, the concepts in PLSI often make sense to a
human, i.e., terms with a high probability for a given con-
cept do indeed belong to the same semantic topic — the
same is rarely ever true for the latent factors of LSI.)

The other main difference is that PLSI’s mechanism for
mapping queries to concepts is inherently non-linear, while
for LSI and its relatives it is linear. In order to map a query
from term space to concept space, a process referred to as
’folding-in’, PLSI tries to find the probability distribution
over thek concepts which maximizes the likelihood of ob-
taining the given query, assuming that the query is gener-
ated by repeatedly picking from that distribution over the
concepts a concept, and then picking from that concept a
random term, according to the precomputed distribution of
terms for that concept. This is a complex optimization prob-
lem (with no closed-form solution), which PLSI solves ap-
proximately by the iterative EM algorithm [3]. The formu-
las of the iteration are stated in the proof of Theorem 3.

3.1. Exploiting sparse queries in PLSI

We have seen that LSI can be made to exploit sparse
queries by implementing it as an aggregation of rankings
that were precomputed for the individualterms. This ap-
proach does not work for PLSI, however, due to its non-
linear folding-in mechanism.

2 We remark that we observed the same phenomenon, though not nec-
essarily for the same query, for various (randomly selected) variants
and extensions of LSI.



Nevertheless, PLSI can process sparse queries with equal
efficiency, owing to the following theorem, which says that
by PLSI’s folding-in a query cannot have more non-zero
entries in concept space than in term space.3 Note that the
analogous statement for LSI is not true.

Theorem 3. If we run PLSI’s folding-in algorithm until
convergence then a query withr distinct terms is “gener-
ally” assigned at mostr concepts with non-zero probabil-
ity. Here “generally” refers to the assumption that a ran-
dom overdetermined linear system does not have a solution.

Proof. Hofmann [9] uses the following iterative update
equations to obtain an approximate non-negative factoriza-
tion of the given term-document matrix. The notation is ex-
plained after the formulas.

p(zk|di, wj) =
p(wj |zk) p(zk|di)∑

l p(wj |zl) p(zl|di)
(1)

p(wj |zk) =
∑

i n(di, wj) p(zk|di, wj)∑
m

∑
i n(di, wm) p(zk|di, wm)

p(zk|di) =

∑
j n(di, wj) p(zk|di, wj)

n(di)
(2)

Following Hofmann’s terminology, we here use
p(wj |zk) to denote the probability of thejth term for
the kth conceptz, and p(zk|di) to denote the probabil-
ity of thekth concept for theith document; it should be un-
derstood that

∑
j p(wj |zk) = 1 and

∑
k p(zk|di) = 1.

Further,p(zk|di, wj) denotes the probability that the occur-
rence of thejth term in theith document was generated
by the kth concept. Then(di, wj) are simply the fre-
quencies of thejth term in theith document, andn(di)
refers to the total number of terms in theith docu-
ment.

Essentially the same equations are used to fold-in a
query. That is, for a given queryq containing certain key
words we try to, conceptually, find the mix of concepts
present in the query, i.e., a distributionp(zk|q). For the
folding-in computation thep(wj |zk) are kept constant. We
replace alldi’s by q as there is only one “document” of in-
terest. Equations (1) and (2) are then iterateduntil conver-
gencewith the aim of estimating thep(zk|q).

For clearer notation we define the empirical distribution
of terms in the querŷp(wj |q) = n(q, wj)/n(q).

On convergence of (1) and (2) we have

p(zk|q) =
∑

j

p̂(wj |q)
p(wj |zk) p(zk|q)∑

l p(wj |zl) p(zl|q)

3 In particular, in response to a single-term query, always exactly one
of k precomputed rankings is returned. In that case, we can even show
that the iteration cannot get stuck at a local minimum: a slight increase
in the optimalp(zk|q) will always have a positive impact on the rela-
tive entropy between the empirical distributionp(wj |q), then concen-
trated at a single term, and

∑
k

p(wj |zk) p(zk|q).

Under the assumption thatp(zk|q) 6= 0 we can cancel
this term on both sides so that the equation above becomes

1 =
∑

j

p̂(wj |q)
p(wj |zk)∑

l p(wj |zl) p(zl|q)

Let ck,j = p̂(wj |q) p(wj |zk) and xj =
1/

∑
l p(wj |zl) p(zl|q). With this notation, we get for

eachk with p(zk|q) > 0 an equation

1 =
∑
j=1

ck,j xj .

Written in matrix form, this is

1 = C x,

where the bold one on the left-hand side denotes anl-
dimensional column vector with all ones, wherel is the
number of conceptszk for which p(zk|q) > 0. Also ob-
serve that̂p(wj |q) = 0 implies ck,j = 0 for all k. For a
query with onlyr distinct terms, the matrixC has there-
fore dimensionsl × r, after its all-zero rows have been re-
moved.

Then, if C has rank at leastr, r rows ofC will already
define a unique solutionx, which will generally not be con-
sistent with the remainingl − r rows. In that case, we must
havel ≤ r for a solution to exist, that is, for a query with
r distinct terms we useat mostr distinct concepts to gener-
ate the query.

Observe that for any reasonable document collection the
term distributionp(wj |zk) computed by PLSI for the indi-
vidual concepts will indeed be linearly independent, since
this helps to improve the cross-entropy relative to the origi-
nal term-document matrix, which is the objective that PLSI
tries to minimize.

We finally remark that in practice a finite number of it-
erations will usually give onlyapproximate convergence.
Similarly, the use of a temperature parameterβ (see [9] for
details) for the folding-in of queries has the effect of pulling
thep(zk|q) towards an equidistribution where all concepts
are equally relevant to the query. For these cases, Theorem
3 at least guarantees that there will be only a small num-
ber ofdominantconcepts.

4. The power of non-linear folding-in

As reported in [9], and as indicated by our example
from Section 2.2, PLSI can to a large extent overcome
the problem with polysems which we have formally char-
acterised for LSI-type schemes in Section 2.2. Unfortu-
nately, however, PLSI’s approximate factorization of the
term-document matrix is costly to compute: whennz is



the number of non-zero entries in the term-document ma-
trix andk is the number of concepts, each iteration requires
O(nz · k) operations, and the number of iterations required
typically lies in the hundreds. The query processing, on the
other hand requires mereO(q ·k) operations, whereq is the
number of terms in the query, and is thus relatively cheap,
especially for short queries.

What we show in this section is, that the expensive doc-
ument rankings of PLSI can be replaced by very simplistic
and easy-to-compute rankings atno loss in retrieval preci-
sion. Our findings give strong evidence that the superior re-
trieval precision of PLSI-type schemes is above all due to
the folding-in mechanism, andnot due to the heavy pre-
computation.

4.1. A new simple algorithm

The algorithm we present here was again born from
looking at an existing ranked-retrieval scheme — PLSI in
this case — as a rank aggregation process as we described it
in the introduction and then making an alternative, unusual
choice of attributes. Namely, we here takeas attributes the
documents. To obtain a ranking for each such attribute, we
simply take the cosine similarities between each document
and the document that constitutes the respective attribute
and normalize the contribution of each document in the2-
norm, in order to avoid that an ’average’ document gets a
high score in every ranking. These rankings can in fact, as
we have done in our implementation, be computed on-the-
fly when they are required. The folding-in mechanism we
leave as in the original PLSI scheme, except that queries
are now mapped to distributions over documents, not con-
cepts, and that we use the normalized term-document matrix
for this process. The running time of this procedure is pro-
portional to the number of occurrences of the query terms
in the corpus, which lies about an order of magnitude (but
not more) above the requirements for the original PLSI.

4.2. Experiments

We tested our simple algorithm against two state-of-
the-art concept-finding schemes, presented in [14]. Both of
these compute an approximate non-negative matrix factor-
ization (NMF) by means of an iterative local search. One
method is aimed at minimizing theEuclidean distancefrom
the product of the factorization to the original matrix, which
is exactly what LSI does without the non-negativity con-
straint; we therefore name this method NMF-LSI. The other
method is aimed at minimizing theKullback-Leibler diver-
genceor cross-entropywhich is exactly the objective PLSI
tries to minimize, too; we therefore name this method NMF-
PLSI.4 For both methods, we chose document rankings in

the straightforward way, as we described it at the beginning
of Section 2.1.

The results of our comparison surpassed our own expec-
tations. On three standard test collections — one small, one
of medium size, and one large — our algorithm was consis-
tently and significantly better than all its competitors. Our
results are summarized in Table 1 below. A ’—’ indicates
that the computation either ran out of memory or did not
finish within one day on a dedicated compute server with
two 3-GHz processors and 4 GB of main memory. A∗ in-
dicates that the same memory and time constraints permit-
ted only a relatively small, suboptimal number of concepts.
All computations were done with Matlab.

To further support our hypothesis of the outstanding sig-
nificance of folding-in for retrieval, the lower part of Table
1 also gives the figures for a number of schemes, including
ours and the two NMF variants, when implemented with a
simple linear folding-in (LIN). For this, we considered two
variants: multiplication with the transpose of the matrix of
concept vectors, and multiplication with its pseudo-inverse
(for LSI, the two coincide). For each scheme, we picked the
variant which gave the best results. As can be seen from
the comparison of the rows for NMF-LSI, NMF-PLSI, and
SIMPLE, average precision for the linear schemes was con-
sistently worse among all methods and all collections where
the factorizations could still be computed.

Cranfield Reuters Ohsumed

NMF-LSI EM 30.1% 41.9% 2.3%∗

NMF-PLSI EM 22.5% — —

SIMPLE EM 38.2% 46.5% 20.0%

COSINE LIN 32.8% 36.0% 12.8%

LSI LIN 31.9% 20.5%∗ —

NMF-LSI LIN 25.8% 27.2% 0.8%∗

NMF-PLSI LIN 17.9% — —

SIMPLE LIN 30.1% — —

Table 1. Average precisions for Cranfield
(2836 terms, 1400 documents, 225 queries),
Reuters (5701 terms, 21578 documents, 119
queries) , and Ohsumed (99117 terms, 233445
documents, 63 queries)[1].

Here are some more details on our experiments. We re-
moved obvious stopwords and used stemming (Porter). For

4 We also implemented PLSI itself, which, however, we could not, de-
spite our best efforts, get to perform better than NMF-PLSI, which is
why we omitted it in our figures.



Cranfield and Ohsumed, average precisions were computed
based on the queries and relevant assessments that are avail-
able for these collections. Reuters only comes with topic la-
bels, from which we synthesized queries by taking for each
topic the most significant terms from a random sample, in a
very similar fashion to as it is done in [5]. We ran all our ex-
periments with tf as well as with tf.idf term weighting, and
for each experiment took the better of the two (which in
almost all cases was tf.idf). We also tried various dimen-
sions for each entry in Table 1 between48 and1000 and in
each case picked the one which gave the best result. Sim-
ilarly, the EM-based folding-in has a parameterβ (called
the inverse temperature[9]), and for each entry in Table 1,
we picked thatβ from the sequence0.1, 0.2, . . . , 1.0 which
gave the best result. We actually found the choice ofβ a cru-
cial performance factor: for all the methods we considered,
including ours, there was a difference of about10% in aver-
age precision between the best choice and settingβ = 1.0.
A choice of β = 0.6 gave an average precision at most
2% away from the optimum for every method. The num-
ber of iterations of the EM-based folding-in was set to10
for the small Cranfield corpus and to60 for the larger cor-
pora to ensure a high degree of sparseness as guaranteed by
Theorem 3.

5. Conclusions

By viewing ranked retrieval as a process of aggregation
of precomputed rankings, we obtained three small but ap-
parently new results: a reformulation of LSI that can exploit
query sparseness, a precise characterization of the extent to
which LSI can deal with polysems, and a replacement of the
compute-intensive part of PLSI by one that is much simpler
and easier to compute, without loss in retrieval quality.

A more general insight to be obtained from our view is
a generic way to combine ranked retrieval schemes of com-
pletely different origins. It would be interesting to imple-
ment a scheme combination along these lines and test its ef-
fectiveness in a web-scale setting.
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