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The proliferation of computational problemsinvolving massive data setshasnecessi-

tated the designof computational paradigmsthat model the extra constraints placed

on systemsprocessingvery large inputs. Among thesealgorithmic paradigms, the

pass-e�cient model capturesthe constraints that the input may be much too large

to �t in main memory for processing,and that systemperformanceis optimized by

sequential accessto the data in storage.Thus, in the pass-e�cient model of compu-

tation, an algorithm may makea constant number of sequential passesover read-only

input while using a small amount of random accessmemory. The resourcesto be

optimized are memory, number of passes,and per element processingtime.

We give pass-e�cient algorithms for clustering and �nding structure in large

amounts of data. Our algorithms have the property that the number of passes

allotted is an input parameter to the algorithm. We answer questionsregarding the

intrinsic tradeo�s between the number of passesusedby a pass-e�cient algorithm

and the amount of random accessmemory required. Our algorithms use adaptive

sampling techniquesthat are quite generaland can be usedto solve many massive

data set problems.

The �rst family of clustering problems that we consideris learning mixtures of

distributions. In theseproblems,we are given samplesdrawn accordingto a prob-

abilit y distribution known as a mixture of distributions, and must reconstruct the

density function of the original mixture. Our algorithms show tradeo�s betweenthe

number of passesand the amount of memory required: if the algorithm makesa few



2

extra passes,the amount of memory required drops o� sharply. We alsoprove lower

boundson the amount of memory neededby any `-passrandomizedalgorithm, thus

showing that our tradeo� is nearly tight. The secondfamily of clustering problems

that we consideris the combinatorial optimization problem of facility location and

related problems. Our pass-e�cient algorithms for this problem exhibit the same

sharp tradeo�s as our algorithm for learning mixtures of distributions.

We alsogive clustering algorithms that are not in the streamingmodel for parti-

tioning a graph to approximately minimize certain natural objective functions.
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Chapter 1

In tro duction

The modern phenomenonof our growing abilit y to store extremely large amounts of

information on computer systemshasbeenaccompaniedby the proliferation of such

massive data setsfor many di�erent problem domains. Thesedata setsoccur in such

disparate areasas the analysis of communications networks, scienti�c computing,

analysisof commercial transactions, and bioinformatics. Massive data setspresent

new and fascinating challengesfor the designof algorithms that can e�cien tly cope

with the addedstressesof computing on inputs of sizesthat are often measuredin

terabytes.

The memory spaceof a typical computer system may be abstractly viewed as

organizedinto two broad categories:random accessmemory, which can be accessed

very e�cien tly but has a limited capacity, and storage,which relatively has a very

largecapacity but is very slow to access.Storagedevicesusually consistof secondary

storagein the form of disks, or sometimestertiary storage,in the form of tapesand

optical devices. The main di�culties of massive data set computation arise from

the constraint that su�cien tly large data setscannot �t into the main memory of a

computer and thus must be placedinto storage.Computing thus cannot occur with
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the data entirely in memory, but rather must be performed with the data on disk.

It is well known that reading and writing to secondaryand tertiary storage is

the performancelimiting factor for computations on data in storage,and that the

throughput of the I/O subsystemis optimized for sequential accessof the data in

storage devices. Tapes are obvious examplesof storage devicesthat exhibit this

phenomenon,but disks also exhibit this behavior: random accessrequiresthat the

disk head physically move and then wait for the disk to rotate to the appropriate

position beforereadingcan occur. Thesepenalties,known respectively asseektimes

and rotational latency, are very expensive and can be avoided by reading the data

sequentially without seeking. For massive data set calculations, frequent random

accesswill severely lower performance.

The roleof theoreticalcomputerscienceis to provide rigorousstudiesof the intrin-

sic possibilitiesand impossibilitiesof computability and resourceusage.Algorithms

designedin the traditional theoretical modelsof computation are often not suitable

for practical massive data set computation, becausemany features of traditional

computation cannot be reconciledwith the stringent constraints of massive data set

computation. For example,the traditional modelsof computation do not make any

distinction betweenstorageand memory, e�ectively assumingthat all computation

occursin memoryand that an arithmetic operation will costasmuch asaccessto any

data element. The blurring of storageand memorycan yield algorithms that require

large amounts of random accessmemory and pay no premium for frequent random

accessof the data. Lastly, polynomial running time is often not a good criterion for

e�ciency . From a practical perspective, if the sizeof the input is very large, even

quadratic running time can be prohibitiv ely expensive.

Thus, in order to reasonrigorously about the performanceof algorithms that

adhereto the strict designprinciples of massive data set computation, it is necessary
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to abstract the notionsof storageand memory, and to preciselyde�ne the meaningof

\v ery little random access."A theoretical model of computation that addressesthe

concernsoutlined above is the pass-e�cient model of computation. In this model,

the data is presented as a read-only array that must be accessedin a small number

of sequential passesusing a small amount of memory. Related theoretical models

for massive data sets include streaming algorithms, sliding window algorithms, and

sublinearalgorithms that rely on sampling the data.

In the pass-e�cient model for massive data sets, the two resourcesthat we are

most concernedwith arethe number of passesover the input array and the amount of

memoryrequiredby the algorithm. A natural questionto askis: what is the intrinsic

power of each pass? For example,can a two passalgorithm solve a problem using

much lessspacethan a onepassalgorithm? Is this tradeo� betweenthe number of

passesand the amount of memory intrinsic to the problem or is it just an artifact of

an ine�cien t algorithmic useof passes?In this dissertation, we will considerthese

typesof questionsfor problemswith natural massive data set applications.

Someof the most important massive data set problems involve clustering and

learning. Clustering is a vaguely de�ned classof problems in which data elements

must be partitioned into a number of groupssuch that \similar" elements are placed

in the samegroup and \dissimilar" elements are placed in di�erent groups. The

choice of a precisemeaningfor \similar" and the choice of a clustering objective is

often very speci�c to the givenapplication domain,and canbea di�cult judgment to

make. Massive data setapplicationsof clusteringareof great interest to practitioners

of data mining and information retrieval, who attempt to extract structure and learn

relations from large amounts of data; clustering is a major sub�eld of such studies.

Motivated by thesepractical concerns,much work on massive data set algorithms

for clustering hasappearedin the theoretical computer scienceliterature.
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Clustering problemsin computersciencecanbe roughly classi�ed aseither gener-

ative clusteringor worst-caseclusteringby combinatorial optimization. In generative

clustering, we assumethat the data are samplesdrawn accordingto k di�erent ran-

dom processes,and our task is to learn attributes of the di�erent processes. In

worst-caseclustering by combinatorial optimization, we do not assumeanything

about the input; insteadwe partition the data points in order to optimize somepre-

de�ned objective function of the partition. We will considerpass-e�cient algorithms

for generative clustering and both pass-e�cient and conventional combinatorial op-

timization algorithms for worst-caseclustering.

1.1 Pass-E�cien t and Streaming Algorithms

1.1.1 De�nition of the Mo dels

In this dissertation, we are concernedwith the pass-e�cient model of computation.

In this model, the input is given asa read-onlyarray of n elements. The order of the

elements is arbitrary, and is assumedto be adversarial; in particular, the elements

cannot be assumedto be in sorted order. Algorithms may only accessthe data

through a constant number of complete,sequential passesover the entire array. The

algorithm is ideally allowedO(1) bits of randomaccessmemory(although o(n) might

be necessary)in which to perform and store intermediate calculationsand sketches

of the data. While processingeach element of the input array, the algorithm may

only usecomputing time that is ideally independent of n, but after each pass,it is

allowed more computing time (typically o(n)). We are most concernedwith three

resources: the number of passes,the amount of random accessmemory required,

and the per-element-compute time. Multiple passalgorithms were �rst considered

in [59], and were �rst called pass-e�cient in [23].
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The classof pass-e�cient algorithms that perform their calculations in a single

passareknown asstreaming algorithms (thesealgorithms are typically allowed poly-

logarithmic per-element-compute time). If the data arrive online at such a high rate

that one cannot (or does not care to) store all of it, then one passalgorithms are

especially appealing becausethey only needto read each input element in the data

stream once;an input element may be immediately deletedafter being processed.

1.1.2 A brief surv ey of streaming and pass-e�cien t algo-

rithms

Streamingand pass-e�cient algorithms have beenconsideredin the theoretical com-

puter scienceliterature for many di�erent problems with natural applications to

massive data sets. The �rst work in the streaming model was due to Munro and

Paterson[59], who developed singleand multiple passalgorithms for median�nding,

selection,and sorting. Henzinger,Raghavan, and Rajagopalan[38] consideredcom-

puting basicgraph properties related to query processing,in oneor multiple passes,

and proved lower boundson the amount of memory needed.

Computing statistics is a very appealing massive data set problem. Calculating

frequencymoments and related problems in the streaming model is a fundamental

and well-studiedarea. In the frequencymoment problem,we aregivena data stream

consistingof pairs < i; a > , where i 2 [n] is an index of a bucket and a 2 [m] is a

number to placein the bucket. Here, [n] denotesthe set f 1; : : : ; ng. If ai =
P

<i;a> a

is the sum of the numbersplacedin bucket i , then the kth frequencymoment is give

by
P

ak
i . Alon, Matias, and Szegedy[3] developed small spacestreamingalgorithms

for approximating the frequency moments for k = 0; 2, and were the �rst to use

communication complexity to prove lower bounds of 
( n1� 5=k) for k � 5 on the
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amount of memory required by streaming algorithms. Indyk [43] then presented

small spacestreaming algorithms for the casewhere0 � k � 2. The lower bounds

on memory were improved by Bar-Yossef,Jayram, Kumar, and Sivakumar [9] and

Charkrabarti, Khot and Sun [12] to ~
( n1� 2=k) 1 for k � 2. Indyk and Woodru� [45]

then presented algorithms with matching upper bounds. Algorithms for the related

problemsof �nding the L 1 distancebetween two vectors given in adversarial order

in a stream and �nding the length of a vector given asa streamof dynamic updates

were given by Feigenbaum, Kannan, Strauss,and Viswanathan [30] and Indyk [43],

respectively.

A number of clustering algorithms have appeared in the streaming model. We

will examinethis body of work morecarefully in Section1.2.2. Streamingalgorithms

exist for k-center [14], k-median[16,36],andclusteringto minimize the sumof cluster

diameters[17].

Histogramconstructionandmaintenanceis an important problemin the database

literature; the problem hasalsobeenstudied in the context of streamingalgorithms.

Guha, Koudas, and Shim [35] consideredthe following problem: given a stream of

n real numbers a1; : : : ; an in sorted order, construct a piecewiseconstant function

F with k piecessuch that
P

i jF (i ) � ai j2 is minimized. They gave a 1 + � factor

approximation algorithm usingspaceO(k2=� logn). A variant of the problem is that

of histogram maintenance [32, 33], in which the ai s are presented as a stream of

updatesof the form \add 7 to a3", and the algorithm must always be able to output

a histogram for the current state of the ai s. Gilbert et al. [33] provide a one pass

1+ � approximation algorithm that usestime per update and total spacepolynomial

in (k; 1=�; logjjajj 1 or logjjajj 2; logn).

Frieze,Kannan, and Vempala[31] �rst proposedsampling the rows and columns

1The notation ~O(�) and ~
( �) is asymptotic notation that suppressespolylog factors
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of an m � n matrix to �nd the best low-rank approximation of a matrix to within a

small additive error in time independent of m and n. Deshpande,Rademacher, Vem-

pala, and Wang [20] showed that successive roundsof adaptive samplingwill reduce

the error exponentially in the number of rounds. Sincesamplesfrom the matrix can

bedrawn in a singlepass,thesealgorithms canbeadaptedto the pass-e�cient model

in a straightforward fashion. Drineaset al. [22] provided a samplingalgorithm, which

can be implemented in the pass-e�cient model, to compute an approximate singu-

lar value decomposition of a matrix. They showed that the algorithm can then be

applied to compute a 2-approximation to the NP -Hard `2
2 clustering problem. The

samplingparadigmwasimprovedand applied to pass-e�cient algorithms for approx-

imate matrix multiplication, for computing a succinctapproximate representation of

a matrix, and for approximate linear programming [24, 25, 26].

Feigenbaum et al. [29] consideredgraphs presented in read-only arrays. They

gave streamingalgorithms for such problemsas�nding approximate spanners,diam-

eter and girth. They also consideredmultiple passalgorithms and showed that one

cannot �nd verticesat distanced from a given vertex using fewer than d passesand

O(n) space.

A variant of the model has been introduced by Aggarwal, Datar, Rajagopalan,

and Ruhl [2], who proposedaugmenting the multiple passmodel by adding a sorting

primitiv e. In their new model, the elements in the input array may now be sorted

basedon a chosenfeaturecalculatedfrom the input elements, in addition to beingac-

cessedthrough a small number of passes.The authors' justi�cation for this addition

is basedon their claim that sorting on disk is in fact one of the few non-sequential

primitiv esthat can be implemented to maximize the throughput of the I/O system.

They proved that certain problemscan be solved more e�cien tly in terms of passes

and spaceif sorting were allowed.
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1.2 Our Con tribution

In this dissertation,we present pass-e�cient algorithms for two familiesof clustering

problemsand conventional algorithms for a third clustering problem.

An interesting featureof our pass-e�cient algorithms is that the number of passes

over the input array that the algorithms may make is an input parameter. Our

algorithms will exhibit sharp tradeo�s betweenthe number of passesthey make and

the amount of memory they require. Furthermore, we will prove for someof these

algorithms that the tradeo� is nearly tight and is thus an intrinsic property of the

power of the pass-e�cient model for this problem.

Although the two clusteringproblemsthat we considerin the pass-e�cient model

are quite di�erent, our generalapproach of adaptive sampling implemented in mul-

tiple passesis surprisingly the same. In a single pass,we draw a small sampleof

sizem from the input array and store it in memory. After the pass,we compute a

solution on the sample. The crucial observation is that this solution will be a good

solution for a large proportion of the input. In a subsequent passwe determine the

small set of points of the input array that are not clustered well by this solution,

and recursively solve the problem on thesepoints. Thus, we draw a sampleof sizem

from thesepoints, e�ectively sampling them at a much higher rate than in previous

iterations. This will provide us with many more samplesfrom the input elements

that are \di�cult" to approximate.

We note that this generalframework is similar to the machine learning technique

of boosting (for a detailed description of boosting and its context of machine learn-

ing, seethe book by Kearns and Vazirani [49]). A weak classi�cation algorithm is

an algorithm that will correctly classify a set of points with an error that is only

slightly better than random guessing,whereasa strong classi�cation algorithm is an
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algorithm that will take an input parameter � > 0 and classifywith error at most � .

Boosting is a technique that usesa weaklearningalgorithm asa subroutine to derive

a strong learning algorithm. As an analogto the weakclassi�er, we usean algorithm

to solve the problem coarselyon a sample. We then usethis routine repeatedly to

derive an accuratesolution.

1.2.1 Generativ e Clustering: Learning mixture mo dels in

multiple passes

We present algorithms for the unsupervisedlearning of mixtures of distributions in

the pass-e�cient model of computation. This research appearedin [13].

Supposewe are given k probability distributions F1; : : : ; Fk over a universe
,

each with a mixing weight wi > 0, such that
P

i wi = 1. A point drawn accordingto

the mixture of thesek distributions is de�ned by choosing the i th distribution with

probability wi and then picking a point accordingto Fi . If F is the density function

of the mixture, the problem we consider is: can we approximately reconstruct F

from samplesplacedin a read-only input array? More precisely, our goal is to �nd a

function G such that the L 1 distancebetweenF and G is at most � :
R


 jF � Gj � � .

We �rst considerthe casewhere
 = R and each Fi is uniform over somecontiguous

interval (a;b) � R. Wecall the resulting mixture a mixture of k uniform distributions.

Supposethat X is a set of n points randomly chosenfrom R accordingto a mix-

ture of k-uniform distributions with density function F . X can be ordered(possibly

by the adversary) to producea sequencethat constitutes the read-only input array.

Our problem is then: design a pass-e�cient algorithm that approximates F from

the input array X . Our pass-e�cient learning algorithm for this problem has the

property that its memory requirement dropso� sharply asa function of the number
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of passesallotted.

Our Results and Techniques

We present the following results. Here ` is any positive integer chosenby the user.

1. We give a 2`-pass algorithm for learning a mixture of k uniform distribu-

tions with error at most � using ~O(k3=�2=`) bits of RAM, for any integer

` > 0, provided that the number of samplesin the input array satis�es n =


 � (1:25̀ k6=�6). Alternativ ely, we can view this as an algorithm with error

at most � ` that uses ~O(k3=�2 + k`=� ) bits of memory, provided that n =

~
(1 :25̀ k6=�6` ).

2. We slightly generalizeour learning problem and prove a lower bound of



� �

1
2�

� 1=(2` � 1)
c� 2`+1

�
for the bits of RAM neededby any `-passrandomized

algorithm that solves the generalproblem, where c is a �xed constant. We

strengthen our pass-e�cient algorithm in order to provide an upper bound of

~O(1=�4=`) on bits neededby an `-passalgorithm.

3. We generalizeour multiple passalgorithm for uniform distributions to algo-

rithms for learning a mixture of k linear distributions and learning a mixture

of k two dimensional uniform distributions. The former is a mixture of dis-

tributions over the domain R such that each Fi has a density function that

is linear over somecontiguous interval. The latter is a mixture of distribu-

tions over the domain R2 such that each Fi is uniform over someaxis-aligned

rectangle.

The error of our algorithm falls exponentially with the number of passeswhile hold-

ing the amount of memory required constant. An alternative interpretation is that

memory falls sharply with the number of passes,while holding the error constant.
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Making morepassesover the data allows our algorithms to uselessspace,thus trad-

ing oneresourcein the pass-e�cient model for the other. This feature demonstrates

the potential for multiple passesby providing 
exible performanceguarantees on

spaceneededand passesused; the algorithm can be tailored to the speci�c needs

and limitations of a given application and systemcon�guration.

The lower bound provesthat this tradeo� betweenthe number of passesand the

amount of memoryrequiredis nearly tight for a slightly moregeneralproblem. Thus,

this exponential tradeo� is an intrinsic property of the problem.

Wenow describe the generaltechniquefor our multiple passalgorithm. In a single

pass,we partition the domain into a set of intervals basedon samplesof the input

array. Our algorithm will then estimate F on each of these intervals separately.

In a secondpass, we count the number of points in X that lie in each of these

intervals and run a subroutine called Constan t? , which determineswhether or not

F is (approximately) constant on each interval. If F is constant on an interval I ,

then the density of F can be estimatedeasilyby the number of points of X that fall

in the interval. If F is not constant on I , the algorithm recursively estimatesthe

density in the interval during the subsequent passes,in e�ect \zooming in" on these

more troublesomeintervals until we are satis�ed with our approximation.

The crucial component of the above algorithm is a one-passsubroutine that uses

a small amount of spaceto determineif F is constant on a given interval. We prove

that Indyk's one-passalgorithm for computing the `1 length of a vector given as

a stream of dynamic updates [43] can be used to solve this problem using extra

spaceat most O((` log(1=�) + logk) log(`k=� � )) (we will discussthis algorithm in

Section2.2.1).

In order to prove lower boundsfor multiple passalgorithms, we appeal to known

results for the communication complexity of the GT (Greater Than) function, which
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determinesfor two inputs a;b whether a > b. Speci�cally, we show that any `-pass

algorithm that solvesour problem will induce a (2` � 1)-round protocol for the GT

function. Known lower bounds[56]on the (2` � 1)-round communication complexity

of GT will then provide lower boundsfor the memory usageof `-passalgorithms.

Related Work

Our problem of learning mixtures of uniform distributions is similar to histogram

construction and maintenance,which we mentioned in Section1.1.2. The streaming

algorithm for histogram maintenance[32] will compute the best piecewiseconstant

representation of the density of a set of points, without assumingany sort of gen-

erative model for the input. Thus, this problem is in someways more generalthan

learning mixtures of uniform distributions (however, it is subtly di�erent), but very

di�erent from the two dimensional case,or the linear case. We note that this al-

gorithm for histogram maintenanceis singlepassand doesnot have the interesting

tradeo� properties.

Generative mixture modelsis oneof the major clusteringdomainsin data mining.

Much work has beendone on the unsupervised learning of mixtures of k Gaussian

distributions in high dimension,which involvesestimation of the parametersof the

constituent Gaussians,(i.e. their centers, covariancematrices, and mixing weights).

Assumptionson the separationof the Gaussiansneedto be madein order to prove

rigorousresultsabout the accuracyof thesealgorithms; the problemsare ill-de�ned if

the Gaussiansoverlap too much. The �rst paper in the theoretical computer science

literature on this problem was due to Dasgupta [19], who gave an algorithm for

learning the centers of the constituent Gaussians.The result was later improved in

a seriesof papers by Arora and Kannan [4], Vempalaand Wang [69], and Kannan,

Salmasian,and Vempala[47].
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1.2.2 Clustering by Com binatorial Optimization: Appro xi-

mating facilit y location in multiple passes

Facility Location is a well-studied problem in combinatorial optimization. In this

problem, we are given a metric space(X ; d) consisting of a set X of n points, a

distancemetric d on X , and a facility cost f i for each x i 2 X . The problem is to

�nd a set F � X that minimizes the objective function
P

x i 2 F f i +
P

x i 2 X d(x i ; F ),

whered(x i ; C) denotesthe distancefrom x i to the closestpoint in the set C.

A primary obstacle for designingpass-e�cient algorithms with small spacere-

quirements is that there are easy-to-constructinstancesof the facility location prob-

lem that cannotbeapproximated to within any constant factor with fewer than 
( n)

facilities. Intuitiv ely, this indicatesthat onecannot hope to designan algorithm that

provides a solution to the problem using o(n) space.Indeed,we can prove that any

`-passrandomizedalgorithm that approximates even the cost of the optimum solu-

tion will needat least 
( n=`) space,usinga simpleapplication of the communication

complexity of the set disjointnessfunction.

We addressthesedi�culties by parameterizingthe amount of spaceusedby our

algorithm by the number of facilities openedby the approximate solution. Thus, our

algorithm will use 3(` � 1) passesto compute a solution with approximation ratio

O(`) using at most ~O(k� n2=`) bits of memory, where k� is the number of facilities

openedby the approximate solution. Note that for many instancesk � may in fact

be much smaller (or possibly much larger) than the number of facilities openedin

an optimum solution.

A compelling feature of this algorithm is that the amount of memory decreases

sharply asthe number of passesincreases.Thus, making a few morepasseswill sub-

stantially reducethe amount of spaceusedby the algorithm at the cost of slightly
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increasingthe approximation ratio. The similarity of this tradeo� to the tradeo�

for our learning algorithm is not a coincidence:the generalframework of adaptive

sampling implemented in multiple passesthat can be usedto learn mixtures of dis-

tributions can alsobe adapted to facility location.

We alsoproposean alternative way of addressingthe di�cult y presented by the


( n=`) lower bound on the amount of spaceneededby an `-passalgorithm for facility

location. We de�ne the k-facility location problemto be a hybrid betweenk-median

and facility location, wherewe must �nd the best facility location solution that uses

at most k facilities. A situation where this might arise is if we are constrainedto

building at most k facilities (perhapswe only have a limited amount of labor, time,

or equipment), but each potential facility will incur a di�erent cost. k-median is a

special caseof the problem when all facilities costs are 0. We adapt our multiple

passalgorithm to solve this problem using a small amount of extra space.

Our Results and Techniques

We present the following results:

1. For any integer ` � 2, our main algorithm for facility location is a 3(` � 1)-

passalgorithm with approximation ratio O(`) that usesat most ~O(k� n2=`) bits

of memory, where k� is the number of facilities opened by the approximate

solution.

2. We adapt our main algorithm to an algorithm for k-facility location with ap-

proximation ratio O(`) using3` passesand at most ~O(k(` � 1)=`n1=`) bits of mem-

ory.

3. We prove a lower bound of 
( n=`) for the number of bits neededby any `-pass

randomizedalgorithm that computesthe cost of the optimum facility location
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solution to within any polynomial factor.

For facility location, our technique is a combination of the generalapproach for

our learning algorithm and a generalizationof a sublinearbicriterion approximation

algorithm for k-median developed by Indyk [42]. The high level description is that

we take a sampleS from the input array X and cluster the samplewith a known

facility location algorithm. The resulting facilities can then be shown to be a good

clustering for X , except for a small set of outliers. In subsequent passes,we \zoom

in" on the outliers by recursively calling our algorithm on thosepoints and sampling

them at a higher frequency.

Related Work

Many algorithms with constant factor approximation ratios have beendesignedfor

facility location in the traditional modelsof computation, including [15, 54, 55, 62],

as well as approximation schemesfor instancesthat lie in the Euclidean plane [5].

It is also known that the problem cannot be approximated to within a factor of

1.46, unlessNP � DTIME (nlog log n ) [34]. In this paper, we considerpass-e�cient

algorithms for facility location.

The three most basic clustering problems in combinatorial optimization are k-

center, k-median, and facility location. k-center and k-median are the problemsof

�nding a set of centers C � X , jCj � k, that minimizes the objective function

maxi d(x i ; C) and
P

i d(x i ; C), respectively. Charikar, Chekuri, Feder,and Motwani

[14]designeda singlepassconstant factor approximation algorithm for k-center that

usesat most O(k) extra memory; this algorithm hasthe addedappeal that it follows

a bottom-up approach to clustering, known as hierarchical agglomerative cluster-

ing, which is known to be very e�cien t in practice. Guha, Mishra, Motwani, and

O'Callaghan [36] designeda singlepassalgorithm for k-median with approximation
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ratio 2O(1=� ) using at most O(n� ) extra space,for � > 0. This was later improved

by Charikar, O'Callaghan, and Panigrahy [16] to a constant factor approximation

ratio usingat most O(k log2 n) extra space.Charikar and Panigrahy [17] alsogave a

streamingalgorithm for the objective function of �nding k clustersthat minimize the

sum of cluster diameters,using O(k) space,but alsousing ck centers, for somecon-

stant c. Thesealgorithms achieve nearly optimum spaceusageand constant factor

approximation ratios and thus cannot be substantially improved. However, prior to

this work, no small spacepass-e�cient or streamingalgorithm existedfor the general

caseof facility location.

Indyk [44] designeda onepassalgorithm for highly restricted geometricinstances

of facility location. If the input is contained in the lattice f 1; : : : ; � gd � Rd, his

algorithm will �nd an O(d log2 � ) approximation to the optimum cost of a facility

location solution usingspaceat most O(logO(1) (� + n)), for the casewhenthe facility

costsare restricted to be uniform. Note that if the diameter of the input is diam,

then diam=
p

d � � � diam.

Meyerson[55]gave an online algorithm with an approximation ratio of O(logn) if

the demandpoints in the data streamare orderedarbitrarily , and an approximation

ratio of O(1) if they are orderedrandomly. Note that theseapproximation ratios are

stronger than competitiv e ratios: the algorithm will output a solution with cost at

most O(logn) times the o�ine optimum, rather than the best possibleonline solu-

tion. Note that, in general,online algorithms do not optimize for space.Meyerson's

algorithm thususes
( n) space,but satis�es the rigid online requirement that it must

always maintain a solution with each element it processes.This online algorithm was

a crucial subroutine in the onepassk-median algorithm given in [16].

Badoiu, Czumaj, Indyk, and Sohler [8] considermassive data set algorithms for

facility location. They developed an algorithm that runs in time O(n log2 n) for
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approximating the cost of the optimum solution for the restricted casewhere all

nodeshave uniform facility cost. Sincethe input to the problem consistsof �( n2)

pairwise distancesbetweenn points, the running time of the algorithm is sublinear

in the size of the input. They also prove a lower bound of 
( n2) on the running

time of any algorithm that approximates the cost of the optimum facility location

solution, for the generalcasewherefacility costsare unrestricted.

1.2.3 Clustering by Com binatorial Optimization: Graph Par-

titioning

In a graph partitioning problem, we are asked to �nd a set of edgesor nodes to

remove from a graph in order to partition the nodesinto a set of disjoint, connected

components. Usually we optimize an objective function that dependson the number

of removededgesandpropertiesof the partition of the graphoutput by the algorithm.

Each component of the partition can be thought of as a cluster, and thus graph

partitioning algorithms are a form of top-down clustering.

We consideran NP -Hard graph partitioning problem that we call the sum-of-

squares partition problem. In the node cut version, we are given an integer m and

want to remove m nodes (and their adjacent edges)that partition the graph into

components f Ci g such that
P

jCi j2 is minimized. This is a natural problem, since

intuitiv ely a partition of the graph that minimizes this objective function will have

its large components all be of roughly equal size. We present a greedybicriterion-

approximation algorithm that will remove a setof O(m log1:5 n) nodesthat partitions

the graph into components
n

~Ci

o
such that

P
j ~Ci j2 � O(1)OPT, whereOPT is the

optimum value of the objective function when at most m nodesare removed. The

algorithm is simple to describe: it repeatedly appliesknown algorithms to �nd and
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remove sparsenode cuts from the graph. This greedy partitioning continues until

�( m log1:5 n) nodeshave beenremoved. Our algorithm generalizesto the edgecut

version,which hasa much simpler analysis. We alsoprove complementary hardness

of approximation results, reducing from minimum vertex cover, which cannot be

approximated to within a constant factor of 1.36 [21].

The algorithm appearedin a paper with JamesAspnesandAleksandrYampolskiy

[7] on a problem of network security. Chapter 5 of this thesis will focus on our

algorithm and its analysis,but will alsodiscussat a high level its context in [7]. In

this study, we designeda gametheoretic model for the propagation of a virus in a

network represented as a graph, where the nodes are the usersand the edgesare

the connections.Each node must chooseto either install anti-virus software at some

known costC, or risk infection with a potential cost L. The virus starts at a random

initial node in the graph and will spreadto other nodesdependingupon the network

topology and the topology of the nodesthat choseto install anti-virus software. Our

study proved many game theoretic properties of this system, showing that sel�sh

behavior will incur a cost to the entire system that is much higher than the best

cost that can be achieved. As an alternative to anarchy, we considereda centralized

solution to the problem of computing the set of nodeson which to install anti-virus

software that will minimize the expectedcost to the entire network. This algorithmic

problemreducesto the sum-of-squarespartition problem;our algorithm thus induces

an approximation algorithm for �nding the best con�guration of anti-virus software

installation.

Related Work

The seminal work of Leighton and Rao [53] on multicommodity 
o ws and sparse

cuts inspired much work on many di�erent graph partitioning problems. Roughly, a
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sparsecut is a cut with fewedgesthat partitions the graph into largecomponents (we

will de�ne the sparsity of a cut preciselyin Chapter 5). Leighton and Rao designed

an O(logn) approximation algorithm for �nding the sparsestcut. Their work was

improvedby Arora, Rao,and Vazirani [6] who gavean algorithm with approximation

ratio O(
p

logn). Problemsrelatedto �nding the sparsestcut include�nding balanced

cuts, k-balancedpartitions, � -separators,and graph bisections. A � -separator is a

setof edgeswhoseremoval partitions the graph into connectedcomponents such that

each component hasat most �n nodes. A k-balancedpartition is an O(k)-separator

that createsat most k components. A c-balancedcut is a cut that will partition the

nodes into two components, each of size at least cn. An approximation algorithm

for minimum c balancedcuts can be found in [6]. Even, Naor, Rao, and Schieber

[27] designedapproximation algorithms for �nding minimum balanced separators

and k-balancedpartitions. Feige and Krauthgammer [28] designedapproximation

algorithms for the minimum graph bisectionproblem of �nding the smallestcut that

will divide the graph into two components of sizeexactly n=2.

Kannan, Vempala, and Vetta [48] designeda graph partitioning algorithm for

clustering that involved recursively removing sparsecuts. They proved that their

algorithm computeda graph partitioning that approximately optimized any balance

of the following criteria: each component has a high conductance(a measureof

\how well-knit" a graph is, with connectionsto sparsity), and the proportion of all

the edgesthat crossthe cut is small.

1.3 Notes to the Reader

In this thesis,wewill assumethat the readeris familiar with basicconceptsand nota-

tion from calculus,probability theory [10], linear algebra[41], randomizedalgorithms
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[58], and basiccomplexity classes[64].

In Chapter 2, we review the background that we will usein our algorithms and

proofs: boundson the weight of tails of probability distributions, small spacestream-

ing algorithms for computing the norms of vectors, and computational complexity.

In Chapter 3, we present our results for learning mixtures of distributions. In Chap-

ter 4, we present our results for facility location and related problems. In Chapter

5, we present an approximation algorithm for the sum-of-squares-partitionproblem.

In Chapter 6, we will make someconcludingremarksaswell asdiscussexciting open

problemsthat arise from this research.
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Chapter 2

Preliminaries

In this dissertation we study the theory of algorithms for both traditional compu-

tation and massive data set computation. We �rst review someof the algorithmic

techniques that can be used for both traditional and pass-e�cient algorithms; we

then review background material speci�c to streamingand pass-e�cient algorithms,

and lastly review communication complexity, which is often applied to proving lower

boundson the spaceusageof streamingand pass-e�cient algorithms.

The study of the intrinsic computational resourcesrequired to solve a problem

are approached from two di�erent directions. The theory of algorithms attempts to

determine how little time or spaceis su�cien t for an abstract computer to solve

a computational problem. Computational complexity theory attempts to determine

how much time or spaceis necessaryfor an algorithm to solve a problem. Thesetwo

�elds complement each other: lower boundson the amount of time or spacerequired

to solve such problems as facility location are very helpful to algorithm designers,

who can narrow their search for e�cien t algorithms to those that respect the lower

bounds. Similarly, algorithmic resultsproviding upper boundson the resourceusage

required for solving a problem will focus a complexity theorist's search for lower
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bounds.

2.1 General Purp ose Algorithmic Tools

Many fundamental optimization problems,including facility location andmany of the

graph partitioning problems (including the sum-of-squarespartition problem), can

be proved to be computationally intractable under somelong-standing conjectures

from complexity theory. However, if wearesatis�ed with an algorithm that is slightly

suboptimum, algorithms for �nding such solutionsare often very practical. The �eld

of approximation algorithms addressessuch issues.For a minimization problem, we

say that an algorithm hasapproximation ratio � � 1 if it will alwaysoutput a solution

with cost at most � OPT, where OPT is the cost of the optimum solution to the

instance. For a maximization problem, we say that an algorithm hasapproximation

ratio � , for 0 � � � 1, if it will always output a solution with costat least� OPT. For

a comprehensive survey of approximation algorithms, seethe book by Vazirani [67]

or the book edited by Hochbaum [39].

2.1.1 Bounds on Tails of Distributions

A major paradigm in algorithm designand analysisis the useof randomness.Algo-

rithms that canutilize the resultsof randomcoin tossescanoften perform better than

their deterministic counterparts. This is perhapscounter-intuitiv e, sincea random

coin toss will provide no insight into the structure of the problem under considera-

tion. Whether or not the perceived power of randomnesscan be attributed to either

the intrinsic power of coin tossesor to a lack of somecrucial insight on the part of

algorithm designersis an openquestion. (SeeSection2.3 for a discussionof results in

a di�erent areaof theoretical computer sciencewhererandomnesscan be proven to
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be helpful.) For surveysof topics in randomizedalgorithms, seethe books [57, 58].

We will review someof the bounds on the probability of random variables de-

viating far from their means. These theoremsare fundamental to the analysis of

randomizedalgorithms and computational learning theory. We will operate in both

discrete and continuous probability spaces.For a review of probability theory, see

the textbooks by Billingsley or Sinai: [10, 63].

Mark ov and Cheb yshev Inequalities

The Markov inequality is the most basic, and the weakest, of thesebounds. It has

the appeal that it is the strongest inequality that requires almost no knowledge

of the random variable. The only restriction is that the random variable must be

non-negative.

Let X be a random variable with �nite mean,such that X � 0. Then:

Pr [X � tE [X ]] �
1
t
:

The proof of the Markov inequality is a particularly simple proof by contradiction.

Supposethat the Markov inequality doesnot hold. Then Pr [X � tE [X ]] > 1
t , which

implies that E [X ] > 1=t � tE [X ] > E [X ].

A stronger inequality that requiresknowing the secondmoment of the random

variable is the ChebyshevInequality. If X is a random variable (that can possibly

take negative values)with �nite meanand variance,then

Pr
h
jX � E [X ] j � t

p
Var [X ]

i
�

1
t2

The Chebyshev inequality can be derived by applying the Markov inequality to the

random variable (X � E [X ])2. The inequality generalizesto higher order moments.
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Cherno� Bounds

A moreinvolvedapplication of the Markov inequality will yield sharper concentration

propertiesfor sumsof independent randomvariables,known asCherno� Bounds[67].

Let X i be a sequenceof n independent, identically distributed random variables

taking valuesin f 0; 1g, with E [X i ] = � . Let �X =
P n

i =1 X i

n be an estimate of � . For

0 < � < 1, we then have the Cherno� bound for the upper tail:

Pr
� �X � (1 + � )�

�
� e� n�� 2=4

and the lower tail:

Pr
� �X � (1 � � )�

�
� e� n�� 2=2:

We have stated these inequalities for sequencesof independent, identically dis-

tributed random variablesthat take valuesof either 0 or 1; they can be generalized

to the casewherethe X i s take valuesin [0; 1] and are not identically distributed [40].

V C Bounds

Our proofsmake useof a powerful statistical tool known asthe Vapnik-Chervonenkis

(VC) Dimension and its associated VC Bound. They were introduced to the theo-

retical computer sciencecommunity by the seminalpaper of Blumer, Ehnrenfeucht,

Haussler,and Warmuth [11], who usedVC boundsto prove results in computational

learning theory.

Considerthe following scenario.Let X 1; : : : ; X m be independent identically dis-

tributed random variables taking values in universe 
 and drawn according to a

probability measure� (� : 
 ! [0; 1] is a function such that � (A) givesthe probabil-

it y that X i 2 A) and let C be a family of sets(we require a few technical conditions
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such asthe measurability of � and C with respect to some� -algebraF over 
, which

will always be true for our well-behaved applications). A sampleof m points drawn

accordingto � is then an instantiation of theseX i s; call the sampleX . Given a set

U 2 C, we can estimate � (U) by the number of points of the samplethat lie in U:

jX \ Uj=m. A natural questionto ask is: How closeis this empirical estimate likely

to be to the true value of � (U)? Cherno� boundsgive sharp boundson the relative

error of the estimate for a �xed U 2 C. VC bounds, on the other hand, give sharp

boundson the absoluteerror of the estimate for all U 2 C simultaneously.

VC Boundsaregiven in terms of the VC dimensionof C, which is a combinatorial

measureof the complexity of the constituent setsof C. Wesay that Cshattersthe set

of k points X = f x1; : : : ; xkg if for all subsetsU � X , there exists a set C 2 C such

that X \ C = U. The VC dimensionof C is the largestk such that there existsa set

of k points that canbe shatteredby C. For the purposesof this dissertation,we only

needto know that the VC dimensionof the set of all open intervals in R, which is

given by f (a;b)ja < b;a;b2 Rg, is d = 2 and the VC dimensionof the set of all axis-

alignedrectanglesin R2, which is given by f (a;b) � (c;d)ja < b;c < d;a;b;c;d 2 Rg,

is d = 4. We then have the following tail inequality.

Fact 1 (V apnik and Cherv onenkis, Talagrand bound) (Theorem1.2 from [65])

Let C be a family of measurable sets with VC dimension d, and let � > 0, � > 0.

Then there existsa constant c0 suchthat if X is a set of m samplesdrawn according

to � , and

m � c0
1
� 2

�
d log

�
1
�

�
+ log

�
1
�

��
; (2.1)

then

Pr
�
sup
U2C

�
�
�
�
jX \ Uj

m
� � (U)

�
�
�
� � �

�
� � :

The power of the VC bound lies in the fact that the error is boundedsimultaneously
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for all setsin C.

Vapnik and Chervonenkis [66] were the �rst to use VC dimension in order to

prove bounds similar to Fact 1. Talagrand [65] later derived the optimum bound,

but this doesnot changethe asymptotic samplecomplexity for our purposes.

Union Bound

The so-calledunion bound is not a tail inequality, but is a simple inequality that is

quite useful for the analysisof algorithms. Supposewe are given a probability space

(
 ; F ; � ). For any sequenceof events A i 2 F , � ([ A i ) �
P

� (A i ).

2.2 Pass-E�cien t and Streaming Algorithms

In this sectionwe review algorithmic techniquesand results that apply primarily to

streamingand pass-e�cient computation.

2.2.1 Appro ximating the `1 norm of a stream of dynamic

up dates

Consider a data stream X consisting of pairs of the form < i; a > , i 2 [n] and

a 2 f � M ; : : : ; M g. This stream represents vector v 2 Rn , where each component

of the vector is given by vi =
P

<i;a> 2 X a. Thus, each time we seea pair < i; a >

from the data stream, we add the integer a to the i th component of v. We de�ne

the quantit y L1(X ) =
� P

i 2 [n]

�
�
�
P

<i;a> 2 S a
�
�
�
�

. The `p norm of a vector v 2 Rn is

de�ned as jjvjj p = j
P n

i=1 vp
i j1=p (thus the 2-norm is the standard Euclidean norm:

jj vjj 2 = jvj =
p P n

i=1 v2
i ). Note that L 1(X ) = jjvjj 1 is the `1 length of v. Indyk

designeda one passalgorithm for this problem. We state a weaker version of his

result that is suitable for our purposes:

26



Fact 2 [43] There is an algorithm that wil l �nd an estimateof L 1(S) that is within an

additiveerror of � L 1 (S)
2 of L1(S) with probability 1� � and that usesO(logM log(1=� ))

bits of memory, O(logM log(n=� )) random bits, and O(log(n=� )) arithmetic opera-

tions per pair < i; a > .

Indyk's algorithm works roughly as follows. In order to avoid storing all compo-

nents of the vector v at a cost of 
( n) bits of memory, the algorithm projects the

vector into a randomly chosensubspaceof low dimensiond. Supposethe random

projection is de�ned by a random d � n matrix A. The algorithm maintains the d

dimensionalvector ~v, which it initializes to 0. Upon reading the element < i; a > ,

it will update ~v by setting ~v  ~v + A(a~ei ), where ~ei is the i th basis vector of Rn

with 1 in the i th component and 0 in all other components. After all elements of

the data stream have been processed,we have ~v = Av. Random projection is a

major algorithmic tool for speeding up algorithms for problems with instancesin

high dimensionalvector spaces.For a treatment of random projection and someof

its applications in theoretical computer science,seethe book by Vempala[68].

The random projection will approximately preserve the norm of the vector, but

vastly reduceits dimensionto d, and hencereducethe number of components that

needto be stored to d. At �rst glance,it may seemnecessaryto store the projection

matrix of size at least dn; however, pseudorandomgeneratorsfor spacebounded

computationsallow usto insteadstorea small, truly randomseedandgeneratethe dn

(pseudorandom)entries of the projection matrix. Thus, insteadof storing the matrix,

werun the pseudorandomgeneratoron the samerandomseedto generateeach matrix

element as we needit, and then delete it from memory immediately after using it.

Thesepseudorandomgeneratorsfor spacebounded computation were designedby

Nisan [60] and do not use hard core bits and thus do not require cryptographic

assumptionssuch as the existenceof oneway functions.
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2.3 Comm unication Complexit y

Communication complexity is an important model in complexity theory that has

found applications in proving lower bounds for the spacecomplexity of streaming

and pass-e�cient algorithms. Alon, Matias, and Szegedy[3] were the �rst to make

this connection. We will discussthis application of communication complexity in

Section 2.3.2. Other techniques for proving lower bounds on streaming and pass-

e�cien t algorithms include usinginformation theory [9]. Communication complexity

was a model �rst introduced by Yao [70]. Seethe book by Kushilevitz and Nisan

[52] for a survey of results and applications of communication complexity.

We now give a brief description of the most basic model of communication

complexity. Two players, Alice and Bob, get input parameters a 2 f 0; 1gn and

b 2 f 0; 1gn , respectively; neither knows anything about the other's input. The

players' goal is to cooperate and compute f (a;b), for someboolean function f :

f 0; 1gn � f 0; 1gn ! f 0; 1g. Sinceneither player knows the entire input to f , neither

player can compute the solution outright without �rst \consulting" with the other

player. Each player thus alternately sendsand receives messages(in the form of

bit strings) until one of them can determine f (a;b). We assumethat each player

has an arbitrary amount of computing power, in terms of time and space,and that

the players are cooperating in order to minimize the amount of communication (i.e.

neither player will \lie"). Thus, we are most interested in the number of bits of

communication that are intrinsically neededin order to compute the function.

Alice and Bob's communication is not haphazard,but rather governedby a pro-

tocol �( a;b) that determineswhen each player sendsa message,and the contents

of that message.The contents of the messagesent by a given player is a function

of the player's private input and the transcript of the messagescommunicated thus
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far. At the end of the protocol, oneof the two players will have the value of f (a;b).

The communication cost of the protocol, cost(�( a;b)), is de�ned as the aggregate

number of bits in all messagessent.

Example: A trivial protocol � to compute f (a;b) is for Bob to send a message

containing b, and for Alice to then compute f (a;b). In this case,cost(�( a;b)) = n

for all a;b. In general,we hope to do better than sendingoneplayer's entire input,

although this is not always possible.

D(f ) = min� maxa;b cost(�( a;b)), which is the cost of the best protocol on its

worst caseinput pair, is called the deterministic communication complexity of the

function f .

If the players are given accessto private random coin tosses,then we can have

randomized protocols. A randomizedprotocol must determine the correct value of

f (a;b) with probability at least 2=3. The randomizedcommunication complexity of

the function f is then the cost of the best randomizedprotocol over its worst case

input pair, and is denotedby R(f ). Clearly, R(f ) � D(f ). For certain problems,

the communication complexity of a randomizedprotocol can be proved to be much

smaller than its deterministic counterpart.

We will be interestedin the communication problemsassociated with the follow-

ing functions:

Equalit y : EQn : f 0; 1gn � f 0; 1gn ! f 0; 1g, such that EQn (a;b) = 1 if and only if

a = b.

Greater Than : GTn : f 0; 1gn � f 0; 1gn ! f 0; 1g, such that GTn (a;b) = 1 if and

only if a > b.

Disjoin tness : DISJn : f 0; 1gn � f 0; 1gn ! f 0; 1g, such that DISJn (a;b) = 1 if and

only if 8i 2 [n]; ai 6= bi .
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Fact 3 The following classicresultshold:

1. D(EQn ) = n, R(EQn ) = �(log n)

2. D(GT n) = n, R(GT n ) = �(log n)

3. D(DISJn) = n, R(DISJn ) = �( n).

Note that the randomizedprotocols for EQ and GT are provably much better than

the deterministic protocols that must communicate all n bits of oneplayer's input.

The communication complexity of the disjointnessfunction wasprovedby Kalyana-

sundaramand Schnitger [46] and Razborov [61] and is often usedfor proving lower

boundsfor streamingalgorithms. Indeed,we will useit in a straightforward manner

to prove complexity results for pass-e�cient algorithms for facility location.

2.3.1 r -round comm unication complexit y

The basiccommunication complexity model hasbeengeneralizedin many ways and

has also beenrestricted in many ways. Our interest in pass-e�cient algorithms for

generative clustering leads us to consider the restriction of the model to r -round

communication complexity.

In this model, we only allow protocols in which the players may send a total

of at most r messages;for the sake of simplicity, we require that Alice send the

�rst message.The cost of an r -round protocol � on input a;b is de�ned slightly

di�erently than in the unrestricted case.We de�ne costr (�( a;b)) asthe length of the

longestmessagesent by oneof the players. The randomizedr -round communication

complexity of a function f is then the cost of the best randomizedr -round protocol

on its worst caseinstance,and is denotedby Rr (f ).

The following fact wasprovedby Miltersen, Nisan,Safra,andWigderson[56], who

used a more general technique to prove results about asymmetric communication,
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which is a communication problem whereAlice and Bob get inputs of very di�erent

size.

Fact 4 [56] Rr (GT n ) = 
( n1=r c� r ) for someconstant c.

The lower bound is nearly tight, since there exists a randomizedr -round protocol

for GTn with complexity at most O(n1=r logn) [56]. Recall that R(GT n ) = �(log n);

the optimum protocol requiresO(logn) roundsof communication, which is consistent

with Fact 4.

2.3.2 Connections to streaming and pass-e�cien t algorithms

The technique presented in this section for reducing communication complexity to

the spacecomplexity of pass-e�cient and streaming algorithms is standard, but we

state it more precisely. We �rst de�ne a streaming-compatible reduction from a com-

munication problem f to a target function g. We then show how the communication

complexity of f can be usedto prove lower bounds on the memory necessaryfor a

streamingor pass-e�cient algorithm for g.

Suppose we are interested in the communication problem associated with the

function f : f 0; 1gn � f 0; 1gn ! f 0; 1g. A streaming-compatible reduction from f

to a target function g : f 0; 1gm ! f 0; 1g is an integer t and a pair of functions

� A : f 0; 1gn ! f 0; 1gt and � B : f 0; 1gn ! f 0; 1gm� t such that g(� A (a) � � B (b)) = 1

if and only if f (a;b) = 1, wherethe � operator denotesconcatenationof two strings

of bits. There is no restriction on the computational complexity of � A and � B ; they

can be arbitrary functions.

Streaming-compatiblereductions are suitable for proving lower bounds for the

memoryusageof pass-e�cient algorithms for the target function g. The main insight

is that if we have a randomized`-passalgorithm P for g that usesat most M (P)
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bits of memory in the worst case,this can inducea 2` � 1 round protocol with worst

casecost M (P).

Theorem 5 Supposethere existsan ` passalgorithm P that wil l computea function

g correctly with probability at least 2/3 that usesat most M (P) bits of memory in

the worst case. If there existsa streaming-compatible reduction from f to g, then

1. M (P) � R2`� 1(f )

2. M (P) � R(f )
2` � 1.

Pro of: Let � A and � B be the functions associated with the streaming-compatible

reduction. The `-passalgorithm for g will induce a 2` � 1 round protocol for the

communication problemf in the following manner. SupposeAlice and Bob aregiven

inputs a and b, respectively. They will simulate P on the read-only input array with

entries given by � A (a) � � B (b).

Alice simulatesthe �rst passof P on � A (a) andsendsa messageto Bob containing

the contents of the algorithm's working memory. Bob then simulates the remainder

of the �rst passof P on � B (b), and sendsa messageto Alice containing the contents

of the algorithm's working memory. Alice then simulates the secondpassof P. They

continue in this manner until they have simulated all ` passes,exchanging a total

of 2` � 1 messages.At this point, with probability at least 2=3, Bob will be able to

computeg(� A (a) � � B (b)) and can thus compute f (a;b).

This protocol for f exchanged2` � 1 messages,each of sizeat most M (A). Thus,

M (A) � R2`� 1(f ). The total number of bits communicated is at most (2` � 1)M (A).

Thus, M (A) � R(f )=(2` � 1). 2
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Chapter 3

Pass-E�cien t Algorithms for

Generativ e Clustering

In this Chapter, we will considerpass-e�cient algorithms for the problem of learning

mixtures of distributions.

Mixture Learning Problem: Given � > 0 and a set of independent samples

drawn according to a mixture of k uniform distributions in R with density function

F , �nd a function G suchthat
R

R jF � Gj � � .

This algorithmic problem has not beenpreviously studied in any model of com-

putation. As we mentioned in Section1.2.1,this problem is related to the previously

studied problems of histogram maintenance in the streaming model and learning

mixtures of Gaussiansin the conventional model of computation.

Our main result is a 2` passalgorithm that usesat most ~O(k3=�2=`) bits of memory

and a nearly matching lower bound for a slightly stronger problem. In Section3.2,

we give a onepassalgorithm for learningmixtures of k uniform distributions. In Sec-

tions 3.3and 3.4,we present our main algorithm and its complementary lower bound

on the memoryrequirements, respectively. In Sections3.5 and 3.6, we generalizeour
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algorithm to learn mixtures of linear distributions in R and to learn mixtures of

uniform distributions in R2, respectively.

3.1 Preliminaries

We �rst prove that the probability density function inducedby a mixture of uniform

distributions can be described as a piecewiseconstant function.

Lemma 6 Given a mixture of k uniform distributions (ai ; bi ); wi , let F be the induced

probability density function on R. F (except possiblyat at most 2k points) can be

represented as a collection of at most 2k � 1 disjoint open intervals, with a constant

valueon each interval.

Pro of: We show how to construct the partition of the real line and the constant

valuesthat F holds on the partition.

First, consider the sequencede�ned by combining the ai s and bi s into a single

sorted sequenceof 2k points and eliminating all duplicate points. Call this new

sequenceci ; i = 1; : : : ; m � 2k.

Then, considerthe following m � 1 intervals: I i = (ci ; ci +1 ) for i = 1; : : : ; m � 1.

Theseintervalscover the entire support of F (the set f x : F (x) 6= 0g),exceptpossibly

at the ci s (of which there are at most 2k.)

Note that F is constant on each interval (ci ; ci +1 ) because,by de�nition of the

ci s, no endpoint of the original intervals falls in the open interval (ci ; ci +1 ). Let di be

the value of F on I i .

If � I i is the characteristic function of interval I i (i.e. � I i (x) = 1 if x 2 I i and 0 if

x =2 I i ) then

F (x) =
X

i

di � I i (x) (3.1)
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Figure 3.1: A mixture of 3 uniform distributions, labeled as a step function with 4
steps. h2 = 0 is not labeled; it is the density of the third step.

exceptpossiblyat the points ci . 2

Sincethe abovecharacterizationof F holdsexcepton a setof measurezero,it will

su�ce for our algorithm to learn F with this representation. We will be somewhat

lax in our language,and say that a set of intervals partitions somelarger interval I ,

even if there are a �nite number of points of I that are not included in any interval

of the partition.

De�nition 1 We de�ne the step function representation of a mixture of k uniform

distributions to be the set of at most 2k � 1 pairs, (x i ; x i +1 ); hi , for i = 0; : : : ; m � 1 �

2k suchthat the density of the mixture is a constant hi on the interval (x i ; x i +1 ).

Implicit in this de�nition is the fact that the m stepsform a partition of the interval

(x0; xm ).

De�nition 2 The support of a mixture of uniform distributions givenby stepfunc-

tion representation(x i ; x i +1 ); hi consisting of m stepsis the interval (x0; xm ). If F

is the density function of the mixture, we denoteits support by Support(F) .

De�nition 3 A jump of a step function is a point where the density changes(i.e.

an endpoint shared by two di�er ent stepsof the mixture).

We will work exclusively with the step function representation of the mixture.
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3.2 A Single Pass Algorithm

In this section, we present a single passalgorithm that with probability 1 � � will

learn the density function of a mixture of k uniform distributions within L 1 distance

� using at most ~O(k2=�2) bits of memory.

OneP ass is a divide and conqueralgorithm, reminiscent of mergesort. Given

a uniform random sample of m = ~O(k2=�2) points drawn from the datastream,

OneP ass �rst initializes the computation, then sorts the m points. It calls subrou-

tine Cluster , which divides the sampleinto two halvesand recursively approximates

the density function F in each half. Cluster then appliesa merging procedurethat

decideswhether or not the last interval of one half can be merged with the �rst

interval of the other half.

Beforedescribingthe algorithm, we make the following de�nition.

De�nition 4 Supposewe havea set of points S and two intervals J � J 0. We say

that the empirical density of J is consistent with J 0 on S, or simply J is consistent

with J 0 on S, if

�
�
�
�

jJ \ Sj
jSjlength(J )

�
jJ 0 \ Sj

jSjlength(J 0)

�
�
�
� �

�
97k logm

�
1

length(J )
:

The algorithm is described in Figure 3.2.

We de�ne the baseintervals to be the intervals of size2 createdin the basecase

of Cluster . We de�ne an intermediate interval to be an interval that was output

by one of the calls to Cluster in the recursion,but not necessarilyone of the �nal

output intervals. We say that Cluster mergestwo intermediate intervals I k1 and J1

if in Step 5 it choosesto output the set of intervals containing K = I k1 [ J1.

36



Input: datastreamX , such that jX j � m (seebelow).

1. In onepass,draw a sampleof size

m = O
�

k2 log2(k=�) + log2 log(1=� )
� 2

�
log

k
�

+ log
1
�

��
(3.2)

from X , wherem is a power of 2. Sort the samples,and call the set S.

2. Call Cluster on S, and let the resulting intervals be ~J1; : : : ; ~Jv.

3. Output the approximate density function, G, asthe stepfunction given

by the intervals
n

~Ji

o
with densitiesjS \ ~Ji j=(mlength( ~Ji )).

Subroutine Cluster

Input: A set of t sorted points, T = f s1; : : : ; stg.

Base Case: If t < 3, then output interval (s1; st+1 ), wherest+1 is the point

following st in S. Note that T � (s1; st+1 ).

Main Recursion:

1. Set T1 =
�

s1; : : : ; st=2

	
and T2 =

�
st=2+1 ; : : : ; st

	

2. Call Cluster on T1, and let the resulting intervals be I 1; : : : ; I k1 .

3. Call Cluster on T2 and let the resulting intervals be J1; : : : ; Jk2 .

4. Set K = I k1 [ J1.

5. If the empirical densities of both I k1 and J1 are consistent with K

on T, then output the set of intervals f I 1; : : : ; I k1 � 1; K ; J2; : : : ; Jk2g.

Otherwise,output the set of intervals f I 1; : : : ; I k1 ; J1; : : : ; Jk2 g

Figure 3.2: Algorithm OneP ass
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If viewed from a bottom-up perspective, the basic idea of OneP ass is that the

basecaseconsistsof a partition of Support(F) into baseintervals. Adjacent inter-

mediate intervals are then repeatedly mergedtogether if the empirical densitiesof

the two intervals are similar enough.After all mergers,the resulting intervals de�ne

the stepsof the output function, G. Care must be taken in choosingwhich adjacent

intervals to considerfor merging; each time an interval is merged,a small error is

induced. If we considermerging indiscriminately, then we can potentially induce a

large aggregateerror if an interval participates in too many mergers.The recursion

de�ned by Cluster givesa structure for choosingthe mergers,such that no interval

is involved in more than logm mergers.This fact is explicitly usedfor the proof of

Lemma 8.

A simplecalculation will show that we have chosenm in Equation 3.2 such that,

with the appropriateconstants, the VC bound guaranteesthat with probability 1� � ,

�
�
�
�
jS \ I j

m
�

Z

I
F

�
�
�
� �

�
194k logm

for all intervals I � Support(F). It follows that with probability 1 � � ,

�
�
�
�

R
I F

length(I )
�

jS \ I j
mlength(I )

�
�
�
� �

�
194k logm

�
1

length(I )
; (3.3)

for all intervals I � Support(F). The results of this sectionare conditioned on this

event occurring.

Lemma 7 The output of OneP ass contains at most 4k steps.

Pro of: Supposethe number of baseintervals is N , which is somepower of 2. Note

that Cluster is called exactly N � 1 times. If we can show that all but 4k � 1 of

those calls to Cluster result in a merger, then we have shown the total number of
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intervals in the output of OneP ass is 4k, sinceeach mergerreducesthe number of

intervals by one.

Thus, we seekto prove that all but 4k � 2 of the calls to Cluster result in a

merger,using the following claim.

Claim: Supposetwo adjacent intermediate intervals I 1 and I 2 are contained in the

samestep of F , which hasdensity h. Then both I 1 and I 2 are consistent with I 1 [ I 2

on S.

Pro of of Claim: By Inequality (3.3), we know that both I 1 and I 2 satisfy:

�
�
�
�h �

jI i \ Sj
mlength(I i )

�
�
�
� �

�
194k logm � length(I i )

and that I 1 [ I 2 satis�es:

�
�
�
�h �

j(I 1 [ I 2) \ Sj
mlength(I 1 [ I 2)

�
�
�
� �

�
194k logm � length(I 1 [ I 2)

:

Combining thesetwo inequalities yields

�
�
�
�

j(I i ) \ Sj
mlength(I i )

�
j(I 1 [ I 2) \ Sj

mlength(I 1 [ I 2)

�
�
�
� �

�
194k logm

�
1

length(I i )
+

1
length(I 1 [ I 2)

�

�
�

97k logm � length(I i )
:

This provesthe claim.

Thus, two adjacent intervals will fail to mergein Step5 of Cluster only if oneor

both contains a jump in F . Sincethere are at most 2k � 1 jumps in F , and each can

induceat most two failed mergers(one,which fails to mergean intermediate interval

containing the jump with the intermediateinterval to its right, and the other with the

intermediate interval to its left). The algorithm may fail to mergetwo intermediate
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intervals at most 4k � 2 times and the lemma follows. 2

Lemma 8 Suppose J is an intermediate interval output by somecall to Cluster .

Then
�
�
�
�

R
J G

length(J )
�

R
J F

length(J )

�
�
�
� �

�
96klength(J )

:

Pro of: Sinceall intervalsoutput by some(possiblyintermediate) call to Cluster are

contained in oneof the stepsoutput by OneP ass, we know that J � ~Ji , where ~Ji is

somestep of the output distribution G with density jS \ ~Ji j=(mlength( ~Ji )).

If J were produced by someintermediate call to Cluster (i.e. J is not part of

the output, but rather J is strictly contained in ~Ji ), then J must have beenmerged

into somelarger intermediate interval J1 in Step5 of somecall to Cluster . If J1 is a

strict subsetof ~Ji , then in turn J1 must have beenmergedinto somelarger interval

J2, and so forth until we �nally reach ~Ji . If we set J0 = J and Jt = ~Ji , we have the

following chain of inclusions: J = J0 � J1 � : : : � Jt � 1 � Jt = ~Ji . Sincethe depth

of the recursionof OneP ass is logm, the number of mergersJ is involved in is at

most logm. Hence,t � logm.

By the designof the algorithm, J j is mergedinto J j +1 only if Jj is consistent with

Jj +1 on S; thus, we must have for all 0 � j � t � 1

�
�
�
�

jS \ Jj j
mlength(J j )

�
jS \ Jj +1 j

mlength(J j +1 )

�
�
�
� �

�
97k logmlength(J j )

:

Thus, we can estimate the error:

�
�
�
�
�

jS \ J j
mlength(J )

�
jS \ ~J j

mlength( ~J )

�
�
�
�
�

�
t � 1X

j =0

�
�
�
�

jS \ Jj j
mlength(J j )

�
jS \ Jj +1 j

mlength(J j +1 )

�
�
�
�

�
t � 1X

j =0

�
97k logm � length(J j )

�
�

97klength(J )
;
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where the last inequality follows from the fact that t � logm and length(J ) �

length(Jj ), for all j .

The Lemma then follows from applying Inequality (3.3) and the fact that jS \

~Ji j=mlength( ~Ji ) is preciselythe value of G on interval J :

�
�
�
�

R
J G

length(J )
�

R
J F

length(J )

�
�
�
� �

�
�
�
�
�

jS \ J j
mlength(J )

�
jS \ ~Ji j

mlength( ~Ji )

�
�
�
�
�

+

�
�
�
�

jS \ J j
mlength(J )

�

R
J F

length(J )

�
�
�
�

�
�

97klength(J )
+

�
194k logm � length(J )

�
�

96klength(J )
;

for m su�cien tly large. 2

Theorem 9 One passalgorithm OneP ass wil l learn a mixture of k uniform distri-

butions to within L 1 distance � with probability at least 1 � � , using at most ~O
�

k2

� 2

�

bits of memory.

Pro of: Consider a step ~Ji of the approximate distribution G, and let t i be the

number of jumps of F that occur in ~Ji . We seekto prove the following bound on the

error induced by G on ~Ji :

Z

~J i

jF � Gj � (t i + 1)
�

6k
: (3.4)

We know that there are at most 4k of the ~Ji s from Lemma 7, and
P

t i � 2k � 1,

sincethere are at most 2k � 1 jumps in F . Inequality (3.4) implies that

Z
jF � Gj =

X

i

Z

~J i

jF � Gj �
X

i

(t i + 1)
�

6k
� �;

from which the theorem follows.

We now prove the veracity of Inequality (3.4). Consideroneof the intervals that

comprisesa step of the output distribution, ~Ji . Recall that the intervals createdby
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Cluster in the basecaseof the recursionformeda partition of Support(F) , and that

for such an interval C, jC \ Sj < 3. Thus, the step ~Ji can be partitioned into a set

of thesebaseintervals. Supposethe jumps occur at points x1; : : : ; xt i 2 ~Ji . Let Cj

be the baseinterval such that x j 2 Cj .

Now considerthe set U = ~Ji n ([ j Cj ). Since ~Ji is an interval and the Cj s are

intervals, of which there are at most t i , U is a union of at most t i + 1 intervals. Let

theseintervals be D1; : : : ; D l , where l � t i + 1. Note that sincethe Cj s are all the

intervals that contain jumps, it follows that the D j s do not contain jumps and hence

are each contained in a step of F .

We �rst bound the error induced by the Cj s. Fix a Ct . From the VC-bound,

�
�
�
�
jS \ Ct j

m
�

Z

Ct

F

�
�
�
� �

�
194k logm

:

SincejS\ Ct j=m < 3=m, it follows that
R

Ct
F � �=(97k logm): Lemma8 thus implies

that
R

Ct
G < 2�=(96k). It then follows that

Z

Ct

jF � Gj �

�
�
�
�

Z

Ct

F +
Z

Ct

G

�
�
�
� � 3

�
96k logm

�
�

32k
:

We now bound the error induced by the D j s. Fix such a D t . We may assume

that jS \ D t j=m � �=24k; otherwise,we can show that the induced error on D j is

small using the sameargument as for the Cts.

Claim: If jS \ D t j � 16, there exists an intermediate interval I such that I � D t

and jS \ I j � 1=4jS \ D t j.

Pro of of claim: Let q = jS\ D t j. Recallthat S = f s1; : : : ; smg wasthe setof sample

points, in sorted order. Then S \ D t = f sp; sp+1 ; : : : ; sp+ qg, for someinteger p. Note

that 2blog(q=2)c > q=4. Thus, there must exist an integer j such that p � j �2blog(q=2)c �
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(j + 1) � 2blog(q=2)c � p + q. The set
�

sr jj � 2blog(q=2)c � r � (j + 1) � 2blog(q=2)c
	

� D t

will be the input set T to one of the calls to Cluster , and thus will comprisean

entire intermediate interval I . This provesthe claim.

SinceF and G are both constant on D t and henceare both constant on I � D t ,

j
R

I F �
R

I Gj =
R

I jF � Gj. By Lemma8 it follows that j
R

I F �
R

I Gj � �=96k. Since

the value of F and G are constant on all of D t , we know that

Z

D t

jF � Gj =
length(D t )
length(I )

Z

I
jF � Gj �

length(D t )
length(I )

�
96k

:

By the VC bound,wecanshow that
R

I F � 1=8
R

D t
F , which impliesthat length(I ) �

1=8length(D t ). Combining this fact with the above inequality yields

Z

D t

jF � Gj �
�

12k
:

This implies that the total error induced by ~Ji is

Z

~J i

jF � Gj =
X

j

Z

Cj

jF � Gj +
X

j

Z

D j

jF � Gj � t i
�

12k
+ (t i + 1)

�
12k

� (t i + 1)
�

6k
;

which provesthat Inequality (3.4) is correct. 2

3.3 Multiple Passes

In this section,we show that additional passescan signi�cantly reducethe amount

of memoryneededto achieve a �xed level of accuracy. Given a mixture of k uniform

distributions with density function F and an integer `, algorithm SmallRam can

approximate F to within L 1 distance� with 2` passes,usingat most ~O(k3=�2=`) mem-

ory, provided that n = ~
 ((1:25̀ k6)=�6` ). We �rst give an algorithm with accuracy� `
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that usesspaceat most ~O(k3=�2 + `k=�).

SmallRam makesuseof a subroutinecalledConstan t? . Constan t? is a single

pass algorithm that will determine whether or not a datastream contains points

drawn from a distribution with a constant density function. In Section 3.3.2, we

describe the algorithm and prove the following theoremabout its performance:

Theorem 10 Let H be a mixture of at most k uniform distributions. Given a datas-

tream X consisting of jX j = ~O( k5

� 5 log(1=� )) samplesdrawn according to H , with

probability 1 � � singlepassalgorithm Constan t? wil l accept if H is uniform, and

wil l reject if H is not within L 1 distance � of uniform. Constan t? usesat most

O((log(1=� ) + logk) log(1=� )) bits of memory.

3.3.1 The Algorithm

Subroutine Estimate draws a random sample S of size m = ~O(k2=�2) from the

input stream. It sorts S and partitions it into O(k=�) intervals. Estimate then

calls Constan t? on each of the intervals; Constan t? usesthe entire datastream

X to determine if the distribution is constant on each interval. If F is close to

constant on an interval I , we can output the interval as a step of the �nal output

G with a constant density estimate derived from the quantit y jX \ I j, which we

can determine in one passover the datastream. Since jX j is large, this estimate

will be very accurate. However, if F is far from constant on I , then estimating its

density by a constant is too coarse;thus we repeat the processby recursively calling

Estimate on I . This recursive call can be thought of as\zooming in on the jumps."

SeeFigure 3.4.

Given a sequenceof points X and an interval J , we de�ne X jJ to be the subse-

quenceof X that consistsof points that fall in J . If X is presented asa data stream,
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a passover X can simulate a passover the data stream X jJ .

Our main algorithm is given in Figure 3.3.

Input : datastreamX of samplesfrom distribution with density F , such that

n = jX j = 

�

1:25̀ k6

� 6`
� ` � log

�
k`
� �

� �
(3.5)

1. Initialize p  1, J  Support(F) (Note that J can be found in the
�rst passof the algorithm).

2. Call Estimate on p, J .

Subroutine Estimate
Input: interval J , and level p.
Main Recursion:

1. In a single pass,draw a sampleS of size m = �
�

8k2

� 2 log
�

`k
��

� �
from

X jJ , and store it in memory.

2. Sort the samplesin S in ascendingorder. If p = 1, set q  9�
20k m;

otherwiseset q  (9=10) � �m .

3. Partition J into m=qdisjoint openintervals f J p
i g, such that jS\ J p

i j = q
for all i .

4. In a secondpass,count the exact number of points of X , the entire
datastream,that fall in each of the J p

i s.

5. Also in the secondpass,check if F is near uniform on interval J p
i by

calling Constan t? on J p
i with error parameter � `=2k, for each J p

i in
parallel. Mark those intervals J p

i that Constan t? rejects. Set M p be
the set of marked intervals.

6. If interval J p
i is not marked in the previousstep, output it asa step of

G with density jX \ J p
i j=(nlength(J p

i )).

7. If p < `, for each J p
i 2 M p, run Estimate on J  J p

i , p  p + 1, in
parallel with all other level p + 1 copiesof Estimate .
If p = `, output each interval J p

i 2 M p as a step of G with density 0.

Figure 3.3: Algorithm SmallRam

Remark The order in which this recursive algorithm computeseach call to Esti-

mate hasa natural structure de�ned by the level of the call (de�ned by its parameter
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Figure 3.4: Zooming. (A) A step distribution. (B) Intervals created in Step 3 of
somecall to Estimate . One of them contains a jump and has beenmarked. (C)
Estimate is recursively called on the marked interval.

p): All level p copiesof Estimate are run in parallel, then all level p + 1 copiesare

run in parallel, and so forth. All copiesof Estimate running in parallel may read

the datastreamsimultaneously, thus limiting the total number of passesper level to

two. The total number of passesis therefore2`.

We say that an interval J p
i createdin Step 3 of a level p call is a level p interval.

The following lemma states that the weight of F is roughly the samein all level

p intervals.

Lemma 11 Let J p
i be an interval created in Step 3 of a level p call to Estimate .

With probability at least 1 � � �=(25k2`), J p
i contains at most � p=2k proportion of the

total weightof F , and at least (8=10)p� p=2k proportion of the total weight. That is,

�
8
10

� p

�
� p

2k
�

Z

J p
i

F �
� p

2k
:

Pro of: We usea simple inductive argument to prove that an interval J p
i createdat

level p contains at least (8=10)p� p=2k proportion of the total weight of F . Assume

that all level p � 1 intervals have at least (8=10)p� 1� p� 1=2k proportion of the total

weight of F , with probability at least 1 � (p � 1)� �=(50k2`2). Supposeinterval J p
i

is marked in a level p call to Estimate . Note that J p
i was contained in somelevel

p � 1 interval J p� 1
i 0 that was marked in level p � 1.
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Claim: If J p� 1
i 0 contains at least (8=10)p� 1� p� 1=2k proportion of the weight of F ,

then J p
i contains at least (8=10)� fraction of the weight of J p� 1

i 0 with probability at

least 1 � � �=(50k2`2).

Pro of of Claim: Considerthe level p call to Estimate with J p� 1
i 0 as input. It was

this call that createdJ p
i . Sincewe chosem = 
( k2=�2 log(`k=� � )), applying the VC

bound will show that with probability at least 1 � � �=(50k2`2),

�
�
�
�
�
jS \ J p

i j
m

�
Z

J p
i

F

�
�
�
�
�

�
1
10

�:

SinceJ p
i waschosenso that jX \ J p

i j = (9=10)� jX \ J p
i 0j, J p

i contains at least (8=10)�

fraction of the total weight of J p� 1
i 0 . This provesthe claim.

By the inductive hypothesis,J p� 1
i 0 contains at least (8=10)p� 1� p� 1=2k fraction of

the weight of F with probability 1 � (p � 1)� �=(50k2`2); thus J p
i contains at least

(8=10)p� p=2k fraction of the weight of F with probability 1 � p� �=(50k2`2), which

follows from the union bound from Section2.1.1.

The basecaseof the induction follows from the sameargument as the proof of

the claim, exceptwe note that at the �rst level, in Step 2 we had set q = 9
10 � �

2k � m.

It follows from the VC bound that

�
�
�
�
�

Z

J 1
i

F �
jS \ J 1

i j
m

�
�
�
�
�

�
1
10

�
�

2k
;

from which it follows that J 1
i will contain at least 8

10 � �
2k of the weight of F .

We can prove that J p
i contains at most � p=2k of the weight of F with probability

at least 1 � p� �=(50k2`2) with an analogousargument. 2

Corollary 12 Let J p
i be someinterval created in step3 of Estimate , and suppose
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� < 8=10. With probability at least 1 � � �=(20k2`), the datastream X satis�es

jX \ J p
i j = 


�
k5

� 5`
� ` � log

�
k`
� �

��
: (3.6)

Pro of: By Lemma11,weknow that any giveninterval contains at least(8=10)̀ (� ` =2k)

proportion of the weight of F with probability at least1� � �=(25k2`). Sincethere are

su�cien tly many points in X , (this quantit y is given in Equation (3.5)), the lemma

follows from an application of the Cherno� bound. 2

Lemma 13 With probability at least 1 � � =2, the aggregate number of intervals

marked in levelp calls to Estimate is at most 2k � 1, for all p.

Pro of: We prove this Lemmaby induction on the level. Assumethat at most 2k � 1

intervalsaremarked in the (p� 1)th iteration with probability at least1� (p� 1)� =2`.

Since level p calls to Estimate are only executedon intervals marked in the

p � 1th iteration, by the inductive hypothesis,there are at most 2k � 1 level p calls

to Estimate , with probability 1 � (p � 1)� =2`. Thus, the total number of level p

intervals is at most (10=9)2k=� � (2k � 1). With probability 1 � � =4`, Corollary 12

holds for all level p intervals.

BecauseCorollary 12 ensuresthat we have an adequatenumber of samplepoints

fall in all level p intervals,wemay apply Theorem10. Thus,with probability 1� � =2`,

Constan t? will work as guaranteed on all level p intervals. Constan t? will reject

interval J p
i only if F is not uniform on J p

i (i.e. J p
i contains a jump). Sincethere are

at most 2k � 1 jumps in F , at most 2k � 1 intervals canbe rejected,and thus marked

in the pth iteration, with probability at least 1 � p� =2`. 2

We summarizeall the events from the above lemmasand corollary:

Corollary 14 With probability at least 1 � � =2, the following are true:

48



1. Any levelp interval contains at most � p=2k proportion of the weight.

2. Equation (3.6) holdsfor all intervals created in Step3 of Estimate .

3. There are at most 2k � 1 calls to Estimate at any level.

4. No call to Constan t? fails. (Recall that Constan t? is a Monte Carlo algo-

rithm.)

We now prove the main theoremof this section.

Theorem 15 With probability at least 1 � � , SmallRam wil l computean approxi-

mation to F within L 1 distance � ` of F , using at most 2` passesand ~O(k3=�2 + `k=�)

bits of memory.

Pro of: We condition this proof on all four items of Corollary 14 being true, which

hasprobability at least 1 � � =2.

We �rst bound the amount of memory used. At any level of the computation,

we are running at most 2k � 1 parallel copiesof Estimate . Sinceeach copy uses

at most O(m) bits of memory, the total amount of memory usedby Estimate is at

most 2k � O(m).

Each call to Constan t? requiresat most O((` log(1=�) + logk) log(`k=�� )) bits

of memory. Sincewe run at most O(k=�) copiesof Constan t? in parallel, the total

memory usedby our algorithm is at most:

2k � O(m) + O
�

`k
�

�
log

1
�

+ logk
�

log
�

1
��

��
= O

��
k3

� 2
+

`k
�

log
1
�

�
log

�
`k
��

��
:

We next prove that the algorithm outputs a good approximation to F . Note

that after all ` levels of the algorithm, our approximation G consistsof a partition

of Support(F) into disjoint intervals, with a constant density on each interval.
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We classifythe intervals that de�ne the stepsof G into two types.

1. Unmarked intervals that had their densitiesestimated in Step 6 of somecall

to Estimate . A type (1) interval J p
i can further be classi�ed into one of two

cases:

(a) F is constant on J p
i .

(b) F hasa jump in J p
i , but this was not detectedby Constan t? .

2. Intervals marked in level ` that had their density estimatedby 0 in Step 7 of a

level ` call to Estimate .

A bound for the error from typ e (1), case (a) in terv als

SupposeJ p
i is a type (1), case(a) interval. It follows from the Cherno� bound

and Corollary 14, item 2, that with probability at least 1 � � �=(32k2`),

�
�
�
�
�
jX \ J p

i j
n

�
Z

J p
i

F

�
�
�
�
�

�
� `

4k

Z

J p
i

F:

This inequality then implies that

� `

4k

Z

J p
i

F �

�
�
�
�
�
jX \ J p

i j
n

�
Z

J p
i

F

�
�
�
�
�

=

�
�
�
�
�

Z

J p
i

G �
Z

J p
i

F

�
�
�
�
�

=
Z

J p
i

jF � Gj;

wherethe last equality follows from the fact that F and G are both constant on J p
i .

Let � be the set of all type (1) case(a) intervals. Since there are at most

((10=9)4`k 2=�) intervals in �, the probability that the above inequality holds for

all of them is at least 1 � � =4. The total error induced by all such intervals is at
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most:
X

J p
i 2 �

Z

J p
i

jF � Gj �
� `

4k

X

J p
i 2 �

Z

J p
i

F �
� `

4k
:

A bound for the error from typ e (1), case (b) in terv als

Supposethat J p
i belongsto case(b). It follows from the Cherno� bound and

item 2 of Corollary 14 that with probability 1 � � �=(32k2`),

�
�
�
�
�

jX \ J p
i j

nlength(J p
i )

�

R
J p

i
F

length(J p
i )

�
�
�
�
�

�
� `

8k2length(J p
i )

Z

J p
i

F

�
� `

8k2length(J p
i )

:

De�ne �F jJ p
i

= 1
length (J p

i )

R
J p

i
F to be the averagedensity of F on J p

i . SinceJ p
i wasnot

marked, we know that subroutineConstan t? acceptedwhenrun on J p
i . This means

that F is at most � `=2k in L1 distancefrom constant on J p
i :

Z

J P
i

�
�
�F � �F jJ p

i

�
�
� �

� `

2k
:

Combining the two inequalities above givesus

� `

2k
+

� `

8k2
�

Z

J p
i

�
�
�
�F �

jX \ J p
i j

nlength(J p
i )

�
�
�
� =

Z

J p
i

jF � Gj :

If t1 is the number of case(b) intervals, the total error inducedby all case(b) intervals

is at most (� ` =2k + � ` =8k2) � t1, with probability at least 1 � � =4.

A bound for the error from typ e (2) in terv als

Each interval of type (2) was created at a level ` call to Constan t? . Thus by

Corollary 14, item 1, each contains at most � `=2k proportion of the weight of F .

Estimating F on theseintervals by 0 will inducean error of at most � `=2k. The total

error induced by type (2) intervals is at most � `=2k � t2, where t2 is the number of
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type 2 intervals.

A bound for the total error

Sincetype (1) case(b) and type (2) intervals only occur at jumps in stepsof F ,

t1 + t2 � 2k � 1. Thus, with probability at least 1 � � , the total error is at most

� `

4k
+ (t1 + t2)

�
� `

2k
+

� `

8k2

�
�

� `

4k
+ (2k � 1)

�
� `

2k
+

� `

8k2

�

�
� `

4k
+

(2k � 1)� `

2k
+

� `

4k
= � ` :

2

If we analyze the algorithm with � 1=` in place of � , we get an � approximation

requiring ~O(k3=�2=`) bits of memory. Note that the k`=� term disappears, because

we assumethat ` = O(log(1=�)) (memory usagedoesnot decreasebeyond a constant

factor if ` � log(1=�)).

Corollary 16 With probability at least 1 � � , there exists an algorithm that wil l

compute an approximation to F within L 1 distance � of F , using 2` passesand

~O(k3=�2=`) bits of memory.

3.3.2 Testing in terv als for uniformit y: Pro of of Theorem 10.

Wenow describe the singlepasssubroutineConstan t? calledby SmallRam . Given

a datastream of n samplesfrom a mixture of k uniform distributions with density

function H , Constan t? will acceptH if it is constant, and reject if it is not within

� in L1 distanceof constant.

By suitably scaling and translating the input, we may assumewithout loss of

generality that the support of H is exactly the interval [0; 1]. Thus, our subroutine

will determinewhether
R1

0 jH � 1j � � or not.
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Preliminaries

The � -smoothed distribution of H . For easeof exposition of the proof of Theo-

rem 10, we introducethe � -smoothed distribution of H � , which is a smoothed version

of H .

De�nition 5 Given a mixture of k uniform distributions that de�nes a probability

density H and a number 0 < � � 1, de�ne the � -smoothed distribution to be the

following distribution, with density H � . Let i � 1=� � 1 be the integer such that

x 2 (i� ; (i + 1)� ]. Then

H � (x) =
1
�

Z (i +1) �

i�
H (y)dy:

It is immediate that H � is a step distribution consistingof at most 1=� steps. Thus,

let hi be the constant density of H � on each of the intervals (i� ; (i + 1)� ). Let

� i = jhi � 1j be the di�erence betweenthe density of H � and 1 on the i th interval.

Our interest in H � lies in the following useful properties.

Lemma 17 If H is uniform, then H � is also uniform.

Lemma 18 Let � < � =5k and I = (x i ; x i +1 ); wi be a stepof H . Supposethat

jwi length(I ) � length(I )j >
�
2k

:

If H � is the density function of the � - smoothed distribution of H , then for somestep

I 0 of H � , we havejH � (x) � 1j > � =2k for x 2 I 0.

Pro of: There are two cases.

Case 1: wi length(I ) > length(I ) + � =2k. CaseA can be broken down into two

subcases.
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Subcase A: length(I ) � 2� . Immediately, we know that wi > 1 + � =2k. Since

length(I ) � 2� , there must exist an integer j such that (j � ; (j + 1)� ) � I . On the

domain (j � ; (j + 1)� ), H � will have the samedensity as H . Thus, the density of H �

on (j � ; (j + 1)� ) will be at least 1 + � =2k.

Subcase B: length(I ) < 2� . Then we know that at least half of I is contained

in a singleinterval (j � ; (j + 1)� ) of the � partition. Also, we know that wi length(I ) �

� =2k. By de�nition, for x 2 (j � ; (j + 1)� ),

H � (x) =
1
�

Z (j +1) �

j �
H dy �

1
�

Z

I \ (j � ;(j +1) � )
H dy �

1
2�

Z

I
H =

1
2�

wi length(I ) �
5
4

> 1+
�
2k

;

for � =k small enough.

Case 2: wi length(I ) � length(I ) � � =2k. In this case,we must have length(I ) � 2� .

The proof follows the treatment in Subcase A above. 2

Corollary 19 If � � � =5k and H is not within L 1 distance � of uniform, there

existsa stepof H � suchthat � i � � =2k.

The two lemmasand the corollary establish the connectionbetweenH and H � .

We will prove that Constan t? will accept if H � is uniform, and will reject if there

exists a step with density hi of H � such that jhi � 1j > � =2k. Lemma 17 and

Corollary 19 establishthat this is su�cien t for the guarantee of Theorem10.

The algorithm and its pro of of correctness

First, we de�ne two random variablesbasedon the datastreamthat can be usedto

estimate � i .
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1. Let N i = jX \ (i� ; (i + 1)� ) j be the number of points of X that fall into the

interval (i� ; (i + 1)� ). Note that that E[N i =n� ] = hi .

2. Let �̂ i =
�
�
� 1

�
N i
n � 1

�
�
� be an estimate of � i basedon the datastream. Note that

E[�̂ i ] = � i .

The random variable �̂ i gives an estimate of � i , the quantit y we are interested

in. However, in a single passwe do not have enoughspaceto compute and store

�̂ i for all 1=� valuesof i . The proof of the next lemma usesIndyk's algorithm for

the small spacecomputation of the length of a vector given as a dynamic stream of

updates(seeSection2.2.1) to estimate jj �̂ jj 1. From the value of jj �̂ jj 1, we can glean

our desiredinformation: a small value of jj �̂ jj 1 implies that all �̂ i are small, whereas

a large value implies that at least one �̂ i is large.

Lemma 20 In a single pass over X , we can compute an estimate � such that

(1=2)jj �̂ jj 1 � � � (3=2)jj �̂ jj 1 with probability at least 1 � � , using space at most

O(log(� n) log(1=� )) .

Pro of: First considerthe construction of a datastreamSX derived from X :

1. For each element x 2 X , let j x 2 [1=� ] be the integer such that x 2 (j x � ; (j x +

1)� ). We append < j x ; 1 > to SX .

2. We append to SX the 1=� elements < i; � � n > , for all i 2 [1=� ].

Clearly Indyk's algorithm on input SX can be simulated in a singlepassover X . We

have:

L1(SX ) =
1=�X

i =0

jN i � � nj = � n
X

i

�
�
�
�
1
�

N i

n
� 1

�
�
�
� = � njj �̂ jj 1:

Thus, in a single passwe can derive an estimate � of jj �̂ jj 1 such that (1=2)jj �̂ jj 1 �

� � (3=2)jj �̂ jj 1 with Indyk's algorithm using spaceat most O(log(� n) log(1=� )). 2
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SeeFigure 3.5 for the formal description of the algorithm.

Input: datastreamX such that

jX j = ~O

 �
k
�

� 2 1
� 3

log
1
�

!

= ~O
�

k5

� 5
log

1
�

�

1. Set �  � =(5k).

2. Simulate Indyk's algorithm on X , asdescribed in Lemma 20. Let � be

the estimate of jj �̂ jj 1 output by the algorithm.

3. accept if � � � =5k. Otherwise, reject .

Figure 3.5: Algorithm Constan t?

Pro of of Theorem 10: Since n = ~O(k2=(� 2� 3) log(1=� )), an application of the

Cherno� bound implies that with probability at least 1 � � , for all 1=� = O(k=� )

choicesof i simultaneously: if hi � 2 then jN i � hi � nj � � �
40k � n, which implies that

j�̂ i � � i j �
� �
20k

:

If hi � 2 then the Cherno� bound yields jN i � hi � nj � � �
20k hi � n, which implies that

�̂ i �
1
2

�
�
k

:

We prove the correctnessof Constan t? by consideringtwo cases:

Case 1: H � is uniform. Then hi = 1 for all i , and � i = 0 for all i . Thus, �̂ i �

1
20k � � for all i . By Lemma 20, this implies that � � 3

2 jj �̂ jj 1 � � =5k; therefore
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Constan t? will acceptH � . Appealing to Lemma 17 it follows that Constan t? will

acceptif H is uniform.

Case 2: There exists at least one hi such that jhi � 1j � � =2k. Then jj �̂ jj 1 �

� =2k � 1
20k � � > � =(2:5k). By Lemma 20, this implies that � � 1

2 jj �̂ jj 1 > � =5k;

therefore Constan t? will reject H � . Appealing to Corollary 19, it follows that

Constan t? will reject if H is not within L 1 distance� of uniform. 2

3.4 Matc hing bounds on memory usage of ran-

domized algorithms

In this section,weslightly generalizeour learningproblemand considerlower bounds

on the amount of memory neededby any ` passrandomizedalgorithm for this new

problem. We then present nearly matching upper bounds for this generalproblem

by adapting our algorithm from the previoussection.

These lower bounds will con�rm that a compelling performancefeature of our

algorithm, its exponential tradeo� betweenthe amount of memory required and the

number of passestaken, is closeto the best possible. We �rst de�ne the following

generalizedlearning problem:

Generalized Learning Problem: Let F be the density function of a mixture

of at most 1=� uniform distributions over the domain [0; 1] � R. Let t 2 [0; 1] be

the largestnumber such that F is a step distribution with at most k stepson [0; t].

Given a datastream X consisting of su�ciently many independentsamplesfrom F ,

with probability at least 1 � � , �nd a function G and a number t0 > t such that
Rt0

0 jF � Gj < � .

Intuitiv ely, the problem is to learn the density function of the �rst k stepsof a
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step distribution that contains at most 1=� steps.

We useknown lower bounds for the communication complexity of r -round pro-

tocols to prove that any ` passalgorithm needsat least 

� �

1
2�

� 1=(2` � 1)
c� 2`+1

�
bits

of memory to solve this problem for the k = 3 case. We then generalizeour al-

gorithms for learning mixtures of k-uniform distributions to algorithms for solving

the generalizedlearning problem. Thesealgorithms will provide an upper bound of

~O(k3=�4=`) on the number of bits of memory neededby an ` passalgorithms, if ` is

an even integer.

3.4.1 A Lower Bound

We will usethe communication complexity framework and the result from [56] that

Rr (GT n ) = 
( n1=r c� r ) (seeSection2.3) to prove the following Theorem:

Theorem 21 Any `-pass randomized algorithm that solvesthe Generalized Learn-

ing Problem for k = 3 with probability at least 2=3 and error � requires at least



� �

1
2�

� 1=(2` � 1)
c� 2`+1

�
bits of memory, for some�xed constant c.

Pro of: Fix k = 3; � > 0 and m = 1=(2� ). We will give a streaming compatible re-

duction from the communication problemGTm to the GeneralizedLearningProblem

with input parametersk and � . Thus, supposethere exists an ` passalgorithm A

that solvesthe GeneralizedLearning Problem with probability 2/3 and that usesat

most M (A) bits of memory. We will prove that A inducesa 2` � 1-roundprotocol for

GTm that usesat most M (A) bits of communication per message.This will prove

that M (A) � R2`� 1(GT m ) = 
(1 =(2� )2`� 1).

Supposethat Alice and Bob are given vectorsa;b2 f 0; 1gm . Alice will construct

a probability density function � A
a . � A

a will be a piecewiseconstant function on each

of the 2m intervals (i=m; (i + 1=2)=m] and (( i + 1=2)=m;(i + 1)=m] as follows: set
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� A
a (x) = 2am� i for x 2 (i=m; (i + 1=2)=m] and � A

a (x) = 2(1 � am� i ) for x 2 (( i +

1=2)=m;(i + 1)=m].

Bob will construct a similar function � B
b , but \reversed": � B

b (x) = 2(1 � bm� i )

for x 2 (i=m; (i + 1=2)=m] and � B
b (x) = 2bm� i for x 2 (( i + 1=2)=m;(i + 1)=m].

Alice (Bob) generatesan arbitrarily large set of independent samplesdrawn ac-

cording to � a (� b) of arbitrary precisionand placesthem in a datastreamX a (X b).

We require that jX aj = jX bj. The datastream formed by appending X b to X a, de-

noted by X a � X b, can be viewed ashaving beendrawn from the distribution de�ned

by density function � = � A
a
2 + � B

b
2 . Note that � is a step function with at most 1=�

steps.

Claim: If Bob is given the solution to the GeneralizedLearning Problem on datas-

tream X = X a � X b with parameterk = 3, he can computeGTm (a;b).

Pro of of Claim: Bob has in his possessionthe vector b and the output of the

algorithm: a number t0 such that on (0; t0), � is comprisedof at least 3 steps,and a

function � approx such that

Z t0

0
j� � � approxj < �: (3.7)

In order to computeGTm (a;b), all Bob needsto do is learn the bits ai for i � j � ,

wherej � is the highest order bit for which the vectorsa and b di�er. Note that � is

a step function consistingof 3 stepson the interval (0; (j � + 1)=m): it hasa constant

value of 1 on (0; j � =m) sinceai = bi for bits i > j � . If aj � = 1 (and correspondingly

bj � = 0) then it hasa constant valueof 2 on (j � =m;(j � + 1=2)=m) and a valueof 0 on

(( j � + 1=2)=m;(j � + 1)=m). If aj � = 0 (and correspondingly bj � = 1), the situation

is reversed.Note that t0 � (j � + 1)=m.
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Bob can computeGTm (a;b) in the following manner. He �nds (by enumeration)

a vector ~a 2 f 0; 1gm that inducesthe probability density ~� = � A
~a
2 + � B

b
2 , such that

Rt
0 j ~� � � approxj � � . Bob then outputs 1 i� ~a � b.

The correctnessof this schemefollows from the observation that ~ai = ai for all

bits i � j � . Supposethis were not the case,that ~a di�ered from a by a bit ai for

i � j � . Then
Rt

0 j ~� � � j � 2� , but sinceBob is guaranteed inequality (3.7), it follows

from the triangle inequality that
Rt

0 j ~� � � approxj � � , which is a contradiction.

Thus, ~aj � = aj � . This provesthe claim.

We now describe the 2` � 1-round protocol for computing GTm (a;b). Alice sim-

ulates the �rst passof algorithm A on X a to �nd the contents of memory at this

intermediate stageof the pass. ShesendstheseM (A) bits of memory to Bob. Bob

continues the simulation of the �rst passof A on X b and sendshis M (A) bits of

memory to Alice. They simulate each passof A in this fashionuntil all ` passeshave

beencompleted,sendinga total of 2` � 1 messagesof sizeat most M (A).

After the completion of the communication, Bob will have the output of A run

on datastreamX a � X b, from which he can determineGTm (a;b). 2

3.4.2 An Upp er Bound

In this sectionwe generalizeour algorithm for learning a mixture of k-uniform distri-

butions to one that will solve our generalizedlearning problem. Our algorithm will

provide the following upper bound on the amount of memory neededby a 2` pass

algorithm:

Theorem 22 There existsa 2` passalgorithm that wil l solvethe Generalized Learn-

ing Problemwith probability at least 1� � and error � ` , usingat most ~O(k3=�2 + `k=�)

bits of memory.
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By transforming the parameters� and `, we arrive at the following corollary, which

is an upper bound comparableto the lower bound of Theorem21.

Corollary 23 For even`, there exists an `-passalgorithm that can solvethe Gen-

eralized Learning problemwith probability 2/3 and error � using at most ~O(k3=�4=`)

bits of memory.

We show how to modify algorithm SmallRam from the previoussectionto solve

our generalizedproblem. Recall the recursive organization of SmallRam . The 2`

passeswere organizedinto ` successive calls to Estimate . The pth call to Esti-

mate was assignedlevel p.

The input to a call to Estimate is an interval J . In the �rst passof this call,

we drew a samplefrom X jJ and partitioned J into level p subintervals with weight

�( � ) (or �( �=k) if p = 0) of the weight that fell in J . In the secondpass,we tested

each subinterval for uniformit y by calling subroutine Constan t? ; if F was closeto

constant on a subinterval then we estimated F 's density on J with high accuracy

using the entire datastream. If F was not closeto constant on J , we marked the

subinterval and recursively estimatedF on the subinterval in subsequent passes.In

the �nal pair of passes,marked intervals were estimatedby a constant 0.

In order to adapt SmallRam to solving the generalizedlearning problem, we

make the following three modi�cations:

1. In Step 5, call Constan t? with error parameter� `+1 =2 and with input param-

eter 1=� in lieu of k (i.e. Constan t? will assumethat its input is a mixture

of at most 1=� uniform distributions, rather than k). By Theorem 10, Con-

stan t? will needO(` log(1=�) log(`k=�� )) bits of memory.

2. After all level p calls to Estimate terminate, we may potentially have a large

number of level p+ 1 recursive calls to Estimate . We do not executethem all,
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but rather only the calls on the k intervals that are closestto 0. We \drop"

the recursive calls on all other intervals, and thus do not have estimatesof F

on the entire domain.

3. In addition to outputting the densitiesof intervals, output t 2 (0; 1), which is

the largest number such that we have estimatesof F (x) for all x 2 (0; t).

Pro of sketch of Theorem 22: We �rst bound the amount of memory neededby

the modi�ed algorithm. Due to our secondmodi�cation, we know that there are at

most k recursive calls at any level. Each of theseparallel calls takesa sampleof size

~O(k2=�2) in its �rst pass,and in its secondpassmakesO(k=�) calls to Constan t? ,

each of which usesat most O(` log(1=�) log(`k=�� )) bits of memory. Thus, the total

memory usageof the algorithm is ~O(k3=�2 + `k=�).

We next bound the error of our algorithm for the generalizedlearning problem.

The crux of the analysisof the error of SmallRam relies on four properties. We

present their analogsfor the generalizedalgorithm. The �rst three properties are

proved in a similar manner to those of SmallRam by applying VC and Cherno�

bounds; we will not repeat thesearguments here. The fourth follows immediately

from the modi�cations given above.

1. The weight of F that lies in each level ` interval is at most � `=2k.

2. Estimating F on unmarked intervals on which F is constant incurs a negligible

error, due to the large datastream.

3. Estimating F by a constant on unmarked intervals on which F contains a jump

incurs an error of at most � `+1 =2, due to our guaranteesfor Constan t? .

4. At most k recursive calls were madeat each level p.
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Let G be the approximation to the �rst k stepsof F producedby our modi�ed

algorithm, given by:
Rt

0 jF � Gj. The algorithm outputs G as a constant on a set

of intervals that partitions (0; t). There are three types of intervals: (a) unmarked

intervals in which F does not contain a jump, (b) unmarked intervals in which F

does contain a jump (there are at most 1=� since F is a mixture of at most 1=�

distributions), (c) marked level ` intervals estimatedas 0 (there are at most k).

The total error is then:

Z t

0
jF � Gj = error from (a)+error from (b)+error from (c) � 1=��� `+1 =2+k�� `=2k � � ` :

2

3.5 Learning mixtures of linear distributions

A linear distribution has a density function that is a linear function de�ned over

a continuous interval in R. In this section we consider the problem of learning a

mixture of k linear distributions in R. Let F be the density function of the mixture.

We will need to make the assumption that the algorithm is given an upperbound

on F , call it w: F (x) � w for all x in the domain. As with mixtures of uniform

distributions, we can describe F as a piecewiselinear density function with at most

O(k) di�erent pieces: ai x + bi for x 2 (x i ; x i +1 ). Note that a mixture of uniform

distributions is a special caseof a mixture of linear distributions.

3.5.1 Testing in terv als for linearit y.

Constan t? can be strengthenedto test whether or not a datastream of samplesis

drawn from a distribution that is within L 1 distance� of a singlelinear distribution.
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For the rest of this section,wewill write \linear" in lieu of \single linear distribution."

We will prove the following analogto Theorem10.

Theorem 24 Let H be the densityfunction of a probability distribution that is piece-

wiselinear, with at most k. Let w � 0 be an upperbound on H (i.e. H (x) � w for all

x 2 R). Given a datastream X consisting of ~O(k5w5=� 5) samplesdrawn according

to H , there existsan algorithm Linear? that with probability 1� � wil l accept if H

is linear and wil l reject if H is not within L 1 distance � of linear. The algorithm

usesO((log(1=� ) + logk + logw) log(1=� )) bits of memory.

By suitably scaling,we may assumethat the domain of H is the interval (0; 1).

As before,for easeof exposition of the proof of correctnessof Linear? , we will work

with the � -smoothed distribution of H . Note that the � -smoothed distribution of H

will be constant on each of the 1=� intervals (j � ; (j + 1)� ) that de�ne the partition

for the � -smoothed distribution. Let hi be the density of the distribution on the

interval (i� ; (i + 1)� ).

Denoteby interpH (x) the line that passesthrough the two points (� =2; H � (� =2))

and (1 � � =2; H � (1 � � =2)). More explicitly, it is given by the function interpH (x) =

ax + b where

a =

 
h 1

� � 1 � h0

1 � �

!

(3.8)

and b= h0 � a� =2. It is immediate that if H is linear, then H (x) = interpH (x).

Set � j =
�
�
�hj � 1

�

R(j +1) �
j � interpH (x)

�
�
� to be the di�erence betweenhi and the av-

eragevalue of interpH (x) on the interval (j � ; (j + 1)� ).

Lemma 25 If H is linear, then � j = 0 for all j .

Lemma 26 Let � � � =(6kw). Suppose that there exists some component of H ,

ai x + bi for x 2 (x i ; x i +1 ), suchthat
Rx i +1

x i
jH (x) � interpH (x)j dx � � =k. Then there

existsa j suchthat � j � � =2k.
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Pro of: De�ne J = f j 2 Zj(j � ; (j + 1)� ) \ (x i ; x i +1 ) 6= ;g to bethe setof indicesthat

correspond to intervals that intersect (x i ; x i +1 ). Let 
 j be the L1 distancebetween

H (x) and interpH (x) on the interval (j � ; (j +1) � ), givenby 
 j =
R(j +1) �

j � jH (x) � interpH (x)j dx.

Claim: There are at most 3 valuesof j 2 J such that and 1
� 
 j 6= � j .

Pro of of Claim: There are only three ways this can occur:

1. When (j + 1)� > x i +1 . This only occursfor onevalue of j , maxj 2 J j .

2. When j � � x i . Similarly, this only occursfor onevalue of j , minj 2 J j .

3. The de�nitions of � j and H � imply that

� j =

�
�
�
�
�
hj �

1
�

Z (j +1) �

j �
interpH (x)dx

�
�
�
�
�

=
1
�

�
�
�
�
�

Z (j +1) �

j �
(H (x) � interpH (x)) dx

�
�
�
�
�
:

It is apparent that � j 6= 1
� 
 j only when H (x) � interpH (x) changessign in

(j � ; (j + 1)� ). For j such that (j � ; (j + 1)� ) � (x i ; x i +1 ), this occursfor at most

one j , sinceH (x) and interpH (x) are both linear in (x i ; x i +1 ).

This provesthe claim.

The assumptionthat ai x + bi � w for all x 2 (x i ; x i +1 ) implies that


 j =
Z (j +1) �

j �
jai x + bi � interpH (x)j � w� ; (3.9)

for all j such that (j � ; (j + 1)� ) � (x i ; x i +1 ).

From Inequality (3.9) with � � � =(6kw) and
P

j 2 J 
 j � � =k, it follows that

4 � jJ j � 1=� . Again from Inequality (3.9) and then averaging,it follows that for at

least four of j 2 J , 
 j � � � =2k.

From our claim, we know that � j = 
 j =� � � =2k for at least oneof thesefour j .

2
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Corollary 27 If H is not within L 1 distance � of linear, there existsa j such that

� j � � =2k.

As in the uniform case,we estimate the value of � i from the datastream.

1. Let ^interpH be someestimateof interpH , such that

�
�
�
�
�

Z (j +1) �

j �

�
^interpH (x) � interpH (x)

�
dx

�
�
�
�
�

= O
�

� �
k

�
:

(we will show how to compute ^interpH later).

2. Let N i = jX \ (j � ; (j + 1)� )j.

3. Let �̂ i =
�
�
� N i

n� � 1
�

R(i +1) �
i�

^interpH (x)dx
�
�
� .

If the datastreamcontains n = ~O(k5w2=� 5) points, then we can decideif any � i

satis�es � i � � =2k by approximating jj �̂ jj 1 using Indyk's algorithm as we did for

Constan t? . With Lemma 25 and Corollary 3.5.1 in lieu of their counterparts from

Section3.3.2, the proof of correctnessis the sameas for Theorem10, except for the

added(but straightforward) accounting of the error causedby estimating interpH (x).

All that remains to be shown is how to �nd the estimate ^interpH . In order to

do so, we estimate the valuesof h0 and h 1
� � 1. Our estimatesare ĥ0 = N0=(n� ) and

ĥ1=� � 1 = N1=� � 1, respectively, which can be computed in the passsimultaneously

with Indyk's algorithm in small space. (Note that when we use Indyk's algorithm

to approximate � i , we do not needto know ^interpH until after the datastream has

beenexamined. Seethe proof of Lemma 20.) Sincen = ~O(k2w2=(� 2� 3 log(1=� ))), it

follows from the Cherno� bound that jN i � n� hi j = O(� � =k)hi � n. Thus, jĥi � hi j =

O(� � =k), under the assumptionthat hi � maxx H (x) � w. By Equation (3.8), our

error in calculating the slope and intercept of interpH (x) will be at most O(� � =k).
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As desired,for all j we have

�
�
�
�
�

Z (j +1) �

j �

�
interpH (x) � ^interpH (x)

�
dx

�
�
�
�
�

= 2O(� � =k)� = O(� � 2=k):

Remark When we useLinear? as a subroutine for our algorithm, we will needto

determineif somesubinterval I of the domain of H is closeto linear. Call the length

of this subinterval l . Testing I for linearity can be done with the samealgorithm

as above, except we only analyze the subinterval (without scaling it to be (0; 1)).

In this case,the � smoothed distribution won't consist of 1=� intervals, but rather

only l=� intervals. We compute the line interpH j I from the �rst and last of the l=�

intervals.

3.5.2 The algorithm

The 2` passalgorithm for �nding a function G that approximates F to within L 1

distance� ` is the sameasSmallRam , exceptwe usesubroutine Linear? in lieu of

Constan t? , and for those intervals J that we do not mark (i.e. they are within � `

of linear) we approximate F by ^interpF jJ , which we showed how to �nd accurately

in the previoussection.

Theorem 28 There existsan algorithm that, with probability at least 1� � , can learn

a mixture of k linear distributions within L 1 distance � ` using at most ~O(k3=�2) bits

of memory. The algorithm requires the datastream to havesize ~O(k5w5=�5).

The proof of the above theoremfollows the proof of Theorem15.
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3.6 Learning mixtures of uniform distributions in

two dimensions

We now consider the problem where F is the density function of a mixture of k

uniform distributions on axis-alignedrectanglesin (0; 1)� (0; 1) � R2. Wecall such a

distribution a mixture of k uniform(2) distributions. Similarly, we will call a mixture

of uniform distributions over intervals in R a mixture of uniform(1) distributions.

F can be described by k axis alignedrectangles,Ri � (0; 1) � (0; 1), i = 1; : : : ; k,

each with weight wi . Our algorithms will handle the casewhere the rectangles

intersect. Note that each of theserectanglesis de�ned by four boundary lines. We

say that F is vertical on a rectangleR = (0; a) � (0; b) if R doesnot contain any of

the horizontal boundary lines of the Ri s that de�ne F .

3.6.1 Testing rectangles for verticalit y

Our algorithm will require an analog to Theorem 10. In this section we will prove

the following Theorem,using the sametechnique asthe proof of Theorem10. In R2,

the L1 distancebetweentwo functions F; G : R2 ! R is given by
R

R2 jF � Gj.

Theorem 29 Let H be the density function of a mixture of k uniform(2) distribu-

tions over universe R � R2, and let w be an upper bound on H (i.e. H (x) � w

for all x 2 R2) and let X be a datastream of samplesdrawn according to H , such

that jX j = ~
( w2k12=�12). There exists a single pass algorithm that with probabil-

ity 1 � � wil l accept if H is vertical on R and wil l reject if H is not within

L1 distance � of a vertical mixture of 8k-uniform(2) distributions, using at most

O((log 1=� + logk + logw) log(1=� )) bits of memory.
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V1 V2 V3 V4 V3V2V1 V4(A) (B)

Figure 3.6: (A) The � -areapartition of a rectangle. (B) A rectangleof the mixture
given by dotted lines, superimposedon the partition. Note that sinceV2 and V3 are
adjacent rectanglesthat do not contain corners,their densitiesare the same.

We may assumethat R = (0; a) � (0; b) is a rectangle. We �rst de�ne the � -area

partition of R, which is a two dimensionalanalog to the partition associated with

the � smoothed distribution.

De�nition 6 Given a rectangle R = (0; a) � (0; b), a � -area partition of R is a

partition of R into a set of 1=� vertical rectanglesof equal area, f Vi g, such that

Vi = (i� a; (i + 1)� a) � (0; b).

SeeFigure 3.6a. Let the � =8kw-area partition of R be given by the set f Vi g.

Given a rectangleS = (a1; a2) � (b1; b2) � R, de�ne the function ~HS : (b1; b2) ! R

by ~HS(x) =
Ra2

a1
H (x; y)dx.

Lemma 30 If H is vertical on R, then each ~HVi is a constant function, for all Vi

in the � -area partition of R.

Lemma 31 If � < � =(8kw) and each ~HVi is within L1 distance � 2=16wk of a con-

stant function for all Vi , then H is within L1 distance � of a vertical mixture of at

most 8k + 1 uniform(2) distributions on R.

Pro of: Assumethe condition of the lemma holds. We will show the existenceof a

vertical function G that is within L 1 distance� of H .
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Recall that H is a mixture of uniform distributions on k di�erent axis aligned

rectangles.Each of theseconstituent rectangleshas four corners. Thus, at most 2k

of the Vi s contain cornersof rectangles.

Claim: Assumingthe condition of the lemma, if Vi and Vi +1 are adjacent rectangles

of the � -area partition, that do not contain corners, then H on Vi [ Vi +1 can be

approximated by a constant function with error in L 1 distanceat most 2� 2=16wk.

Pro of of claim: SinceVi doesnot contain any cornersof mixture rectangles,it does

not contain any vertical boundary edges(since Vi itself takes up an entire vertical

strip of R). Furthermore, any horizontal boundary edgemust cut through all of Vi .

Thus, H (x1; y) = H (x2; y) = ~HVi (y) for all (x1; y); (x2; y) 2 Vi . Thus, if ~GVi (y) = c

is a constant approximation to the function ~HVi with L1 error at most � 2=16wk,

then the constant function GVi (x; y) = c=� is a good approximation to H in Vi :
R

Vi
jH � GVi j � � 2=(16wk).

If Vi and Vi +1 are adjacent strips such that neither contain cornersof endpoints,

then it follows that H (x1; y) = H (x2; y) = ~HVi (y) = ~HVi +1 , for all (x1; y); (x2; y) 2

Vi [ Vi +1 . Thus, the function GVi [ Vi +1 = c=� will be within L 1 distance2� 2=16wk

from H on Vi [ Vi +1 . SeeFigure 3.6b.

Using induction, it can be shown that H can be approximated by a constant

function on m adjacent partition rectanglesthat do not contain cornerswith error

at most m� 2=16kw.

We now show how we can partition R into 8k + 1 vertical rectanglesand assigna

constant value on each rectangle,such that the inducedfunction on R is within � in

L1 distanceof H : (a) H on each of the at most 2k Vi s that contain a corner can be

estimatedarbitrarily by 0. The total weight of H in each Vi is at most w� � � =8k.

Sincethere are at most 2k of theseVi s, the total error is at most 2k � � =8k = � =2.
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(b) The remainingkw=� Vi s canbe partitioned into a set of at most 4k + 1 larger

rectangles,such that H on each large rectangleT that contains t of the Vi s can be

estimatedby a constant with error at most t� 2=16wk. Sincethere areat most 8kw=�

of the Vi s, the total error is at most � =2. 2

Thus, we will designour algorithm to acceptif all ~HVi are constant, and reject if

at least one ~HVi is not within L1 distance � 2=16kw of constant. If H is vertical on

R, then our algorithm will acceptsinceall ~HVi will be constant; if H is not within �

of a vertical mixture of 8k rectangles,then our algorithm will reject.

We now show how to determinewhether or not all of the distributions de�ned by

the ~HVi s are closeto constant. The crucial observation is that since ~HVi is a mixture

of k uniform(1) distributions over R, we can determine if it is closeto uniform in a

manner similar to Constan t? . We outline the details below.

Set � = � 2=80k2w and let the � -smoothed distribution of ~HVi be ~HVi� . Let the in-

tervals de�ned by the � -smoothed distribution be (x i
0; x i

1); (x i
1; x i

2); : : : ; (x i
1=� � 1; x i

1=� )

and hi
j be the density of ~HVi� on the interval (x i

j ; x i
j +1 ). Note that x i

j = x0 + j � .

As in Section 3.3.2, it can be shown that if � i
j =

�
�
�hi

j � �
R

(x i
j ;x i

j +1 )� (b1 ;b2 ) H
�
�
� �

� 2=32wk2 for all j , then ~HVi is within � 2=16wk of uniform. Thus, our algorithm

determineswhether or not � i
j � � 2=32wk2 for all i and j . In order to estimate each

� i
j , we de�ne the following random variables:

1. N i
j =

�
�X \

�
V i \

�
(x i

j ; x i +1
j ) � (0; b)

� � �
� .

2. �̂ i
j = jN i

j =n� �
P

j N i
j =nj. Note that E[�̂ i

j ] = � i
j .

If we require that jX j = ~
( w2k4=(� 4� 4� 2) = ~
 (w2k12=� 12), then from the VC

bound, for all i; j it follows that jN i
j =� n � hi

j j � � 2� � =200wk2 and that jN i
j =n �

R
Vi

H j � � 2� � =200wk2.
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Thus, j� i
j � �̂ i

j j � � 2� � =100wk2. Let � be the vector of dimension1=� � whose

entries consist of all the � i
j s. As we argued before, if all 1=� � of the � j

i = 0, then

j�̂ i
j j � � 2� � =100wk2 for all i; j . This implies that jj �̂ jj 1 is lessthan � 2=100wk2. If

somej� j
i j � � 2=32wk2, then this implies that somej�̂ j

i j � � 2=50wk2. This implies

that jj �̂ jj 1 � � 2=50wk2. Thus, if our algorithm acceptsif jj �̂ jj 1 � � 2=100wk2, rejects

if jj �̂ jj 1 � � 2=50k2, and otherwiseacts arbitrarily , then it will acceptif H is vertical

and will reject if it is not within � of vertical.

We use Indyk's algorithm to approximate jj �̂ jj 1 to within a factor of 1=4 in a

single passusing spaceO((log 1=� + logk + logw) log1=� ). With this solution, we

can solve the above problem.

3.6.2 The Algorithm

The algorithm for learning a mixture of k-uniform(2) distributions is similar to the

algorithm in the onedimensionalcase.We show how to modify SmallRam in order

to learn a mixture of k uniform(2) distributions:

Theorem 32 Let F be the density function of a mixture of k uniform(2) distribu-

tions, suchthat F (x) � w for all x 2 R2. SupposeX is a datastream drawnaccording

to F , with a su�cient number of elements.There existsa 4` + 1-passalgorithm that

approximates F to within L 1 distance � ` using at most ~O(`k 4=�3 + `2k=�) bits of

memory.

Pro of sketch: The main algorithm can be organizedinto ` recursive calls, each

of which requires two passes. At a pth level call, the input is a rectangle Rp =

(0; a) � (0; b) � R. We give an outline of the recursive algorithm:

1. In the �rst pass, we draw a sample of size m from X jRp . If p = 1, we set

m = �( � 2=k2); for subsequent p, we set m = �( � 2). We use this sample to
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partition Rp into a set of rectanglesf Ri g, such that

(a) Each rectangleRi can be written as (0; a) � (x1
i ; x2

i ) (i.e. they are \hori-

zontal").

(b) Each rectangle has at least 0:8� (or 0:8�=k if p = 1) proportion of the

weight of F in Rp and at most 0:9� (or 0:9�=k if p = 1). It can be shown

that 0:8p� p=k �
R

R i
F � 0:9p� p=k.

2. In the secondpassof each pair of passes,wecheck each of the �( k=�) subrectan-

glesRi to seeif they arewithin � `+1 =8k of vertical using the onepassalgorithm

from Section3.6.1. We set the failure probability to be at most 1 � O(� � c`kc)

for someconstant c. With theseinput parameters,each call to the subroutine

will require O((log 1=� + logk + logw)`2 log(k=�� )) bits of memory. We mark

the Ri s that are rejected. Note that sincethe Ri s are horizontal rectangles,at

most 2k of them can contain horizontal boundary lines; thus, at most 2k of

them are marked.

3. If F is within � `+1 of a mixture of 8k vertical uniform(2) distributions in R, then

projecting points onto the x axis will form a mixture of at most 4k uniform(1)

distributions. Call this distribution ~FR i . Wecanlearn ~FR i to within L1 distance

� `+1 =2 by calling our 2` passalgorithm SmallRam from the previoussection.

Call this approximation ~F 0
R i and set GR i (x; y) = ~F 0

R i (x) for all (x; y) 2 Ri , to

be our approximation to F in Ri . We claim that

Z

(x;y )2 R i

jGR i (x; y) � F (x; y)j �
� `+1

4k
:

It is straightforward to prove that ~F 0
R i is within L1 distance � `+1 =8k of the

distribution constructed in the proof of Lemma 31. Sincethis distribution is
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within L1 distance� `+1 =8k of F in R, by the triangle inequality we know that

F is within L1 distance� `=4k of our approximation ~F 0
R i .

4. In parallel, recursively approximate the density of F in each of the rectangles

Ri that were marked in Step 2.

The above algorithm can be implemented in 4` + 1 passes;the 2` passesusedby

each call to SmallRam canbe run in parallel with the passesof the main algorithm.

The algorithm needs ~O(`k 4=�3 + `2k2=�2) bits of memory, sinceeach call to Small-

Ram uses ~O(k3=�2 + `k=�) bits of memory, and there are at most O(`k=�) parallel

calls to SmallRam .

The proof that the total error of the function output by the algorithm doesnot

exceed� ` is similar to the analysisof the error of SmallRam . 2

If we transform � , we arrive at the following corollary.

Corollary 33 There exists a 4` + 1 pass algorithm that wil l learn F to within L 1

distance � using at most ~O(k4=�3=`) bits of memory.
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Chapter 4

Pass-E�cien t Algorithms for the

Facilit y Lo cation Problem

In this chapter, we considerpass-e�cient algorithms for the fundamental worst-case

clustering problem of facility location.

Facilit y Lo cation Problem: Given a metric space (X ; d) and a facility cost f i

for each x i 2 X , �nd a set of facilities F that minimizes the objective function:
P

x i 2 F f i +
P

x i 2 X d(x i ; F ).

We present a 3` � 1 passalgorithm that usesat most ~O(k� n2=`) bits of mem-

ory, where k� is the number of facilities openedby our approximate solution. The

algorithm will achieve an approximation ratio of O(`). Although the facility lo-

cation problem and the problem of learning mixtures of linear distributions seem

completely unrelated, the paradigm of adaptive sampling implemented in a small

number of passeswill apply to both situations. Indeed, our facility location algo-

rithm exhibits the samesharp tradeo� between the number of passestaken by the

algorithm and the amount of memory required: the amount of memorywill decrease

with 1=` in the exponent.

75



In Section4.1 we will review a known sampling-basedk-median algorithm that

will provide someof the ideasthat we will use in Section 4.2 for our main facility

location algorithm. In Section4.3, we will consideralgorithms for k-facility location,

a problem that we de�ne to be a hybrid between k-median and facility location.

Lastly, in Section 4.4 we prove lower bounds on the spaceusageof `-passfacility

location algorithms; although the lower boundswill be far from tight, they will give

us much insight into the intrinsic spacecomplexitiesof the problem.

4.1 Review of Indyk's sublinear k-median algo-

rithm

Recall that the k-median problem is to �nd a set C � X , such that jCj = k, that

minimizes the objective function
P

x i 2 X d(x i ; C). In this section, we give a sketch

of a sampling-basedalgorithm for k-medianby Indyk [42] that providessomeof the

intuition for our facility location algorithm in Section 4.2. The algorithm runs in

time ~O(kn); sincethe input contains the representation of a metric spaceconsisting

of �( n2) pairwise distances,this is a sublinear algorithm for massive data sets. Let

OPT be the value of the optimum objective function of the k-median instance. We

call a k-medianalgorithm an (� ; � )-bicriterion approximation algorithm if it produces

a solution with cost at most � OPT using at most � k centers. We assumethat such

an algorithm exists, and we treat it as a black box. A possiblecandidate for the

black box includes the (1 + 
 ; 1 + 2=
 ) algorithm (for any 
 > 0) by Charikar and

Guha [15] that runs in time ~O(n2).

Indyk's algorithm can be roughly stated as follows:

1. Take a sampleof sizes = O(
p

kn logk) from the nodes.
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2. Run the black box algorithm on the sampleto get a set C of � k centers.

3. Sort the points in X basedon their distancefrom C (i.e. d(x i ; C)), and identify

the set R that contains the n � ~O(
p

nk) points closestto the centers in C.

4. Run the black box algorithm on X n R to get an additional � k centers, and

output all 2� k centers.

Indyk proved that the above algorithm would output a solution with 2� k centers

that costsat most O(1)OPT, where OPT is the optimum objective function value

for a solution with exactly k centers.

We sketch the proof of correctnessof the algorithm. Fix an optimum k-median

solution with centersc1; : : : ; ck and let Ci denotethe setof points servicedby center ci .

Let I =
n

i : jCi j � ~
 (
p n

k )
o

be the set of indicesthat correspond to \large" clusters

in the optimum solution. Sincetheselarge clustersshouldbe well-represented in the

sampleS, we expect that the centers in C are a \good approximation" for all points

that lie in the set [ i 2 I Ci , that is
P

x i 2f[ i 2 I Ci g d(x i ; C) � O(1)OPT. (This intuition

can be formalized by applying the Markov inequality and Cherno� bounds.) Since

the number of points that lie outside of [ i 2 I Ci is at most k � ~O(
p n

k ) = ~O(
p

kn), it

follows that
P

x i 2 R d(x i ; C) �
P

x i 2f[ i 2 I Ci g
d(x i ; C) � O(1)OPT.

Usingthe k-medianblack box, the algorithm then clustersthe setX nR consisting

of outlying points that are not closeto the centers in C; sincethe optimum centers

can induce a clustering of cost at most 2OPT on the nodes in X n R, the cost of

clustering the outliers with � k centers will be at most O(1)OPT. The algorithm

runs in time ~O(kn), sinceit runs an ~O(n2) time bicriterion black box algorithm for

k-median on instancesof size ~O(
p

kn).
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4.2 The Algorithm: Pass-E�cien t FL

In this section,we prove the main result of the chapter:

Theorem 34 Let ` > 0 be any integer. With probability at least 1 � 1=n, 3(` � 1)

pass algorithm Pass-E�cien t FL wil l output a solution with cost at most 36(̀ �

1)� OPT, where � is the approximation ratio of a suitable facility location algo-

rithm. If the solution opens k � facilities, then the extra memory used is at most

O(k� n2=` log2 n log(maxi f i )) .

Note that the spacecomplexity has a factor of log(maxi f i ). We note that any

algorithm that readseach facility cost must useat least log(maxi f i ) bits of memory.

4.2.1 Overview

We �rst give a high-level overview of our iterativ e algorithm Pass-E�cien t FL .

At each iteration it takes a sample from the input array and computesa facility

location solution on the sample. The algorithm identi�es and removesfrom consid-

eration those points of the entire input array that are servicedwell by the solution

on the sample, and iterates on points not servicedwell. In subsequent iterations,

the algorithm increasesthe rate at which points are sampled(i.e. elements in the

i th iteration are picked with probability roughly n(i +1) =`=n) until the last iteration,

when we sampleeach point with probability 1.

More speci�cally, in Step 1 of iteration i , Pass-E�cien t FL takesa sampleSi

of the input array X i . In Steps2 and 3 it computesan approximate facility location

solution on Si that opensa set of facilities Fi . In Step 4, the algorithm tests to see

if the number of facilities in Fi is small. If so, then each cluster of Si on average

must be large; intuitiv ely this condition will be enoughto show that the facilities

Fi openedby clustering the sampleSi are in fact a good solution for a very large
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subset, Ri � X i , of the points from X i . In the next iteration we can recurseon

the much smaller set of points X i +1 = X i n Ri for which Fi is a poor solution. In

this case,the number of samplesthat we take (and hencethe spacecomplexity of

our algorithm) will not change from this iteration to the next: although the next

iteration will sampleat a higher frequency, this will be balancedby its having many

fewer points in X i +1 to consider. If the number of clusters in Fi is large, then we

cannot make any guaranteesabout how well Fi will cluster X i , and we must recurse

on almost the entire input array. In this case,the number of samplestaken in the

next iteration will increaseby a factor of n1=`.

It is worth noting that our algorithm usesideasfrom previously designedsam-

pling basedalgorithms for k-median presented in Section 4.1, but its adaptation

to multiple passesand to facility location contains many new insights into these

problems. Informally, facility location is often consideredan \easier" problem than

k-median; the number of facilities is not �xed and thus an approximation algorithm

has more 
exibilit y in �nding a low-cost solution. However, this 
exibilit y enjoyed

by algorithms in the conventional model of computation is the root of the di�culties

facedby small-spacepass-e�cient algorithms: One must know how many potential

facilities to store in memory prior to calculating the solution. For k-median, this is

easysincewe know that the solution must contain exactly k medians,but for facility

location a solution may use anywhere from 1 to n facilities. Thus, central to any

small-space,pass-e�cient algorithm for facility location is an accurate estimate of

the number of facilities required. Storing in memory many fewer than the optimum

number would leadto a solution with a poor approximation ratio, while storing many

more than the requisite number will result in a potentially large waste of storage.

Furthermore, estimating the number of facilities required is a non-trivial problem

that cannot be gleanedfrom a single samplefrom the input. Thus, in essenceour
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algorithm performs an iterativ e, small-spacesearch for the correct number of facil-

ities while simultaneously �nding a good solution. This feature is the core of the

algorithm that makes it possibleto solve facility location when the naive sampling

that is adequatefor k-median will fail.

The algorithm usesa black box facility location algorithm with approximation

ratio � that requiresonly a linear amount of space(for example,[15]). We require

that the black box solvea slightly strongerfacility location problemwith non-uniform

demands. Each point in X is assignedan integerdemandei . The objective is to �nd

a set of facilities F that minimizes
P

x i 2 F f i +
P

x i 2 X ei � d(x i ; F ).

The algorithm also calls a subroutine One � PassSelect(Y; k), where Y is a

datastream of numbers and k an integer. One � PassSelect(Y; k) will return an

element of Y between the jY j � 2k and jY j � k largest elements of Y. Since we

will require that k = n(` � 1)=` , it will require too much memory to store the k largest

elements of Y . Thus, One � PassSelect(Y; k) is a sampling basedalgorithm that

will useat most O(( jYj=k) logn) bits of memory to solve the problem. We discuss

this algorithm in Section4.2.3.

4.2.2 The Algorithm and pro of of correctness

A technical issuethat we must addressis how the metric spaceis presented in the

input array. For example, distancescan be given implicitly by a function of the

nodes(for instance,Euclideanor Hamming distance). A generalapproach would be

that each point is represented by an (n � 1)-dimensionalvector giving its distanceto

every other point in X . We will �rst assumethat distancesare given by a function,

and then later show how to relax this assumptionand achieve the sameperformance

guaranteesfor the more generalcase.

As a preprocessingstep to the algorithm, we round the facility cost of each
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node down to the nearestpower of 2 and solve this modi�ed instance, as in [55].

By rounding each facility cost, we have ensuredthat there are at most logmaxi f i

distinct valuesof facility costs; if we run an algorithm with approximation ratio �

with thesefacility costs, the resulting solution will have an approximation ratio of

at most 2� for the original facility costs.

Algorithm Pass-E�cien t FL is given in Figure 4.1. In order to assist the

readerin managingthe proliferation of variable namesin this section,we provide the

following table:

name meaning

X original input

d distancemetric on X

n jX j

` total number of iterations

X p points still to be clusteredafter p iterations

np jX pj

Sp sampledrawn in pth iteration

sp jSpj

Fp set of facilities found in pth iteration

Rp set of points in X p \clustered well" by Fp

F 0
p set of potential facilities found in Step 2

Fapprox �nal set of facilities

k� jFapproxj

c the constant from Lemma 36

� approximation ratio of black box algorithm

d0 metric d with distancesscaledup by np=sp

F � set of optimum facilities
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Input: Metric space(X ; d) and facility costsf f i g.
Initialize: X 1  X , n1  n, Fapprox  ; .
Main Lo op: For p = 1; : : : ; ` � 1, do:

1. In one pass, draw a sample Sp from X p uniformly at random with
replacement of size

sp = c
n(p+1) =`

n
� np logn;

wherec is the constant from Lemma36. If p = ` � 1, set S` � 1  X ` � 1.

2. In a secondpassover X , for each node x 2 Sp and each distinct facility
cost f , store the facility closestto x with cost f . Call this set of nodes
F 0

p; note that jF 0
pj � sp logmaxi f i .

3. Construct the following instanceof facility location on a subsetof X :
metric space(Sp [ F 0

p; d0) whered0(x; y) = (np=sp) � d(x; y), with facility
costs the same. Let the demand for each point of Sp be 1, and the
demandof each point in F 0

p n Sp be 0.

Solve the instance using a black box algorithm for facility loca-
tion with approximation ratio � . Let Fp be the set of facilities.

4. (a) If jFpj < sp=(cn1=` logn) and p 6= ` � 1, run algorithm One-P ass
Select to �nd an element e 2 X p such that d(e;Fp) is between
the np � np � n� 1=` and np � 1

2np � n� 1=` elements of X p with largest
servicecost. Set Rp  f x : x 2 X p; d(x; Fp) � d(e;Fp)g.

(b) If jFpj � sp=(cn1=` logn) and p 6= ` � 1, set Rp  Sp.

(c) If p = ` � 1, set R` � 1  X ` � 1.

5. Set X p+1  X p n Rp, np+1  jX p+1 j, Fapprox  Fapprox [ Fp, and
p  p + 1.

Output the facilities Fapprox.

Figure 4.1: Algorithm Pass-E�cien t FL

Remarks

1. In our proofswe will assumethat the points in Rp are servicedby the facilities

in Fp, even though there may be closerfacilities found in other iterations.

2. At the ` � 1th iteration of the algorithm, we are at the special casewhereour

\sample" contains all remaining points that have yet to be clustered.
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3. Note that in Step 1, we assumethat we know the value of np. We don't know

the value exactly, but know it to within a factor of 2, which is enough to

implement Step 1.

In order to prove Theorem 34, we �rst bound the cost of Fapprox on X in

Lemma 37, then bound the amount of memory used by Pass-E�cien t FL in

Lemma 38.

De�nition 7 Let service(S;F ) =
P

x i 2 S d(x i ; F ) denotethe servicecost of servicing

points in S with facilities F . De�ne cost(S;F; � ) =
P

x i 2 F f i + � service(S;F ) to be

the total cost of servicingthe setof points S with the facilities F , with distance scaled

by a factor of � .

In order to bound the cost of the �nal solution, cost(X ; Fapprox; 1), we �rst

present the following lemma,which is partially adaptedfrom an argument from [42]:

Lemma 35 For �xed p, with probability at least 1� 1=(10`n 2), cost(Sp; Fp; np=sp) �

9� OPT.

Pro of: Fix an optimum solution on X p that opens a set of facilities F � � X ,

with cost(X p; F � ; 1) = OPTp � OPT. The cost of these facilities on the sample

Sp with distancesscaledby np=sp as in Step 3 is cost(Sp; F � ; np=sp) =
P

x i 2 F � f i +

np

sp

P
x i 2 Sp

d(x i ; F � ). By the Markov inequality, we know that with probability at

most 1=3,
np

sp

X

x i 2 Sp

d(x i ; F � ) � 3
X

x i 2 X

d(x i ; F � ):

Thus, with probability at least 2/3, we have cost(Sp; F � ; np=sp) �
P

x i 2 F � f i +

3
P

x i 2 X d(x i ; F � ) � 3OPT.

Note that possiblyF � contains points that are not in Sp [ F 0
p. Thus, we construct

a set of facilities ~F � � Sp [ F 0
p. For each node x i 2 F � , �nd the closestnode in Sp,
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Figure 4.2: Consider the cost of servicing a point x 2 Sp. c� , with facility cost
f , is the facility used by the optimum solution, s 2 Sp is the closestpoint in Sp

to c� , and c0 2 F 0
p is the closestpoint to sp with facility cost f . Then d(x; c0) �

d(x; s) + d(s;c0) � d(x; s) + d(s;c� ) � d(x; c� ) + 2d(s;c� ) � 3d(x; c� ):

and add the closestfacility of cost f i 2 F 0
p to ~F � . A standard argument will show

that service(Sp; ~F � ) � 3� service(Sp; F � ). SeeFigure 4.2. Thus, cost(Sp; ~F � ; np=sp) �

3cost(Sp; F � ; np=sp) � 9OPT. The black box algorithm will �nd a solution with cost

at most 9� OPT.

We can boost the probability to 1 � 1=(10`n 2) by repeating Steps1, 2 and 3 in

parallel O(logn) times (note that one would never have the situation ` > n), and

choosingthe solution with the smallestvalue of cost(Sp; F; np=sp).2

Wewill alsousethe following Lemmathat Charikar, O'Callaghan,and Panigrahy

usedfor proving the correctnessof a onepassalgorithm for k-median with outliers:

Lemma 36 [16] Let S be a sampleof s points taken uniformly at random from X ,

where s � ck logn=�, for someconstant c. With probability at least 1 � 1
n2 , for all

subsetsC � S, jCj = k, we can service at least a 1 � �=2 fraction of the points of X

with centers at C with cost at most 2 jX j
jSj service(S;C).

Lemma 37 With probability at least 1� 1=n, cost(X ; Fapprox; 1) � 36� (` � 1)OPT.

Pro of: Since the Rps form a partition of X , and Fapprox = [ pFp, we know

cost(X ; Fapprox; 1) �
P

p cost(Rp; Fp; 1).

Claim: cost(Rp; Fp; 1) � 18� OPT.
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Pro of of claim: Recall that Sp is a sample of size sp from data stream X p of

size np. We have two cases. If in Step 4 of Pass-E�cien t FL , we found that

jFpj � sp=(cn1=` logn), then the claim follows immediately from Lemma 35, since

np=sp � 1 and Rp = Sp.

Otherwise, in Step 4 we found that jFpj < sp=(cn1=` logn). In this case,we can

view Fp as a set of k = sp=(cn1=` logn) centers. SinceSp is a sampleof X p of size

at least ckn1=` logn points, it follows from Lemma 36, that at least a 1 � 1=(2n1=`)

fraction of X can be servicedwith cost at most 2(np=sp) � service(Sp; Fp). SinceRp

is a set containing at most a 1 � 1=(2n1=`) fraction of the points of X p closestto

facilities in Fp, we have that service(Rp; Fp; 1) � 2(np=sp) � service(Sp; Fp). Thus,

cost(Rp; Fp; 1) � 2

0

@
X

x i 2 Fp

f i +
np

sp
service(Sp; F )

1

A � 18� OPT;

wherethe last inequality follows from Lemma 35. This provesthe claim.

With the claim, we have:

cost(X ; Fapprox; 1) �
` � 1X

p=1

cost(Rp; Fp; 1) � 18� (` � 1)OPT:

Recall that we rounded the facility cost down to the nearestpower of 2. This will

increasethe cost of the solution by at most a factor of two. Thus, the approximation

ratio of the algorithm is 36� (` � 1). 2

Lemma 38 The amount of memory used by Pass-E�cien t FL is at most

O(k� n2=` log2 n log(maxi f i )) , where k� is the number of facilities output by the algo-

rithm.

Pro of: By induction, we will prove that sp � c(maxi<p jFi j) � n2=` logn for p � 1.
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We will arti�cially set jF0j = 1 (this is just for the basecaseanalysis; there is no

F0 constructed by our algorithm). Since the �nal set of facilities output by the

algorithm, Fapprox, satis�es jFapproxj � maxp� 0 jFpj, the lemma will follow (note

the extra (log n log(maxi f )) factor in the lemma,which is derived from the boosting

in Lemma 35, and the fact that we must store the set F 0
p from Step 2).

Assume the inductive hypothesis for all level p � m: sm � c(maxi<m jFi j) �

n2=` logn.

If at Step 5 of the algorithm, we had found that jFm j < sm=(cn1=` logn), then

nm+1 � nm =n1=`. This implies that

sm+1 � c
n(p+1) =`

n
� nm+1 logn � c

np=`

n
� nm logn = sm � c

�
max
i � m

jFi j
�

� n2=` logn:

If on the other hand at Step 5, we had found that jFm j � sm=(cn1=` logn) then

sm+1 � n1=`sm � c jFm j n2=` logn:

Note that the maximum memory requirement of the algorithm is just the size of

the sample,sincewe assumethat the black box algorithm will useonly an amount

of spacethat is linear in the size of the input and becausethe call to One-P ass

Select will useat most O(n1=`) bits of memory, by Lemma 39. 2

Combining Lemmas37 and 38 provesTheorem34.

Remark Thus far, we have assumedthat distancesare presented to the algorithm

as an easily computed function of the input points, but this will not be possiblefor

generalmetric spaces.As we mentioned before,a di�erent approach would be that

each input point is given by an (n � 1) dimensionalvector giving its distancesto all

other points. In this case,when we samplethe points in Step 1, we do not want to
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store the entire (n � 1) dimensionalvector in memory. Instead, in the �rst passwe

would draw our sampleand in the secondpasswe could then store an (jSpj � 1)-

dimensionalvector for each node that contains the distancebetween the node and

the jSpj nodes in the sample. The algorithm may then proceedas stated. Note

this would then require on the order of (k � )2n4=` integersof working memory, but

correspondingly X would contain n2 integers.

4.2.3 Appro ximate selection in one pass

In this section we describe the one-passsubroutine One-P ass Select called by

Pass-E�cien t FL . The algorithm is given in Figure 4.3. Its input is a datastream

of numbers Y and an integer k, and it outputs an element of Y that is betweenthe

jY j � 2k and jY j � kth largest elements of Y .

Of related interest is the paper of Munro and Paterson [59], who give a P pass

algorithm for selectingthe kth largestelement of a datastreamwith n elements, using

extra spaceat most O(n1=P log2� 2=P n). Munro and Patersonprove a nearly match-

ing lower bound on the spaceusageof deterministic P-passselection algorithms.

Our small-spacealgorithm One-P ass Select avoids making more than onepassby

random samplingand guaranteeing only approximate selection.

Input: Datastream Y of m numbers, integer k.

1. In onepass,take a sampleS of sizes = c0(m=k) log(1=� ) uniformly at

random with replacement from Y for someconstant c0 > 0.

2. Sort S and output e, the
�
s � 3

2
k
m s

�
th largest element of S.

Figure 4.3: Algorithm One-P ass Select

87



Lemma 39 One-P ass Select wil l �nd an elementbetween the m � k and m � 2kth

largestelementsof Y with probability at least 1 � � using at most c0(m=k) log(1=� )

bits of extra memory, for appropriately chosenconstant c0 > 0.

Pro of: Let y1; : : : ; ym be the elements of Y in ascendingorder, with ties broken

arbitrarily . (We considerall elements of the array to be distinct, but somemay take

the samevalue.) De�ne index : Y ! [m], to be the function that takesan element

z 2 Y and mapsit to the unique index such that z = yindex(z) .

We�rst provean upper boundon Pr [index(e) � m � k]. Let si bethe i th element

chosenuniformly at random for the sample.Let X i be a random variable that is 1 if

index(si ) � m � k and 0 otherwise. Note that E [X i ] = k=m. If constant c0 is chosen

appropriately, an application of the Cherno� bound yields:

Pr

"
X

i

X i �
�

1 +
1
2

�
k
m

s

#

�
�
2

:

Note that index(e) � m � k implies that at least 3
2(k=m)s of the elements of S have

indicesthat are greater than m � k; this correspondsto the event that
P

X i � 3
2

k
m s.

Thus, Pr [index(e) � m � k] � � =2.

We next prove an upper bound on Pr [index(e) � m � 2k]. Let Yi be a random

variable that is 1 if index(si ) � m � 2k and 0 otherwise. SinceE [Yi ] = 2k=m, an

application of the Cherno� bound yields (again, for appropriately chosenc0):

Pr

"
X

i

Yi �
�

1 �
1
10

�
2k
m

s

#

�
�
2

:

Note that index(e) � m� 2k impliesthat
P

Yi � 9
10

2k
m s. Thus,Pr [index(e) � m � 2k] �

� =2.

It follows that Pr [m � 2k � index(e) � m � k] � 1 � � . 2
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4.3 k-Facilit y Lo cation

In Figure 4.4,we give algorithm k-FL , which is an adaptation of our facility location

algorithm to solving the following hybrid problem between k-median and facility

location:

k-Facilit y Lo cation Problem: Given a metric space (X ; d) and a facility cost

f i for each point x 2 X , �nd a set F � X , such that jF j � k, that minimizes the

objective function:
P

x i 2 F f i +
P

x i 2 X d(x i ; F ).

Note that k-median is a special caseof k-facility location where f i = 0 for all i

and that facility location is the special casewherek = n.

Theorem 40 There exists a 3` pass algorithm with approximation ratio O(`) for

k-facility location using extra space at most O(k(` � 1)=`n1=` log2 n log(maxi f i )) .

The algorithm is simpler than Pass-E�cien t FL , and can be considereda general-

ization of Indyk's algorithm that we outlined in Section4.1 to multiple passesfor k

facility location.

Pro of: If the black box k-median and facility location algorithms use only a lin-

ear amount of space, then it is clear that the above algorithm will use at most

~O(k(` � 1)=`n1=`) extra space. Thus, in order to prove Theorem 40, we just need to

bound cost(X ; Fapprox; 1). We �rst bound the cost of the set of facilities F prior to

running the k-median approximation algorithm as we did in Section4.2:

cost(X ; F; 1) �
X

p

cost(Rp; Fp; 1): (4.1)

Claim: cost(Rp; Fp; 1) � O(� )OPT.
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Input: Metric space(X ; d), facility costsf f i g, integer k.

Initialize: X 1  X , p  1, F  ; .

Main Lo op: For p = 1; : : : ; `, do:

1. In a single pass,draw a sampleSp of sizes = ck(` � 1)=`n1=` logn from

the datastreamX p. For p = `, just set S`  X ` .

2. In a secondpass,run a black box approximation algorithm for facility

location on Sp taking into considerationall facilities in X exactly as in

Pass-E�cien t FL . Call the output Fp.

3. Call One-P ass Select to �nd a point e 2 X p such that e is within the

kp=`n1� p=` and (1=2)kp=`n1� p=` points of X p that are farthest away from

Fp. Set Rp  f x : x 2 X p; d(x; Fp) < d(e;Fp)g.

4. Set X p+1  X p n Rp, F  F [ Fp, and p  p + 1.

Run a k-median algorithm on the set F , with each x i 2 F weighted by the

number of points in X that it services.Output the resulting set of k facilities

as Fapprox.

Figure 4.4: Algorithm k-FL

Pro of of claim: SinceSteps 1 and 2 of k-FL are identical to Steps 1, 2, and 3

in Pass-E�cien t FL , we can apply Lemma 35 to deducethat cost(Sp; Fp; np=s) �

9� OPT.

Fix an optimum k-facility location solution on X p with facilities C = f c1; : : : ; ckg.

Let Ci be the set of points in X p that are servicedby ci and let the set of indices

corresponding to large clusters in C be I =
�

i : jCi j � 1
2k� (` � p)=`n1� p=`

	
. Note that

jX pj � k(p� 1)=`n1� (p� 1)=`. Sincewe are drawing a sampleof sizes = ck(` � 1)=`n1=` logn
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points from X p, we will have jX pj=s < (1=c)k� (` � p)=`n1� p=` logn; the sampleSp will

contain many points from Ci for i 2 I with high probability. Intuitiv ely if we cluster

Sp, theselargeCi s will be servicedwell. Indeed,we canprove with an argument that

is exactly the sameas the argument in [42] (but with the addition of facility costs)

that if constant c is chosenappropriately,

cost([ i 2 I Ci ; Fp; 1) � O(� )OPT:

Note that the number of points of X p that do not fall in [ i 2 I Ci is at most

k � 1
2k� (` � p)=`n1� p=` = 1

2kp=`n1� p=`. Sincethe set Rp excludesat least the 1
2kp=`n1� p=`

points of X p that arefarthest away from facilities in Fp, it followsthat cost(Rp; Fp; 1) �

cost([ i 2 I Ci ; Fp; 1) � O(1)OPT. This provesthe claim.

The claim, along with Equation (4.1), implies that cost(X ; F; 1) � O(`)OPT.

However, F may not be a feasiblesolution becauseit may contain more than k facil-

ities. Thus, the �nal step in the algorithm is to run a constant factor approximation

algorithm for k-medianon F , with each point in F weighted by the number of points

in X that it services.The result will be a subsetof k facilities. Reasoningsimilar to

the proof of Theorem2.3 from [36] will prove that service(X ; Fapprox) = O(`)OPT.

Lastly, sinceFapprox � F , it follows that
P

x i 2 Fapprox f i �
P

x i 2 F f i � O(`)OPT.

Thus, cost(X ; Fapprox; 1) = O(`)OPT. 2

4.4 Lower bounds for multiple pass clustering

Using the communication complexity of the set disjointnessproblem, we can prove

the following lower bound:

Theorem 41 Any ` pass randomized algorithm that, with probability at least 2=3,
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computesan O(nm ) approximation to the cost of the optimum solution to facility

location, where m > 0 is any constant, must useat least 
( n=`) bits of memory.

Pro of: We show there is a streaming compatible reduction from the disjointness

problem to the facility location problem.

SupposeAlice and Bob have private subsetsA; B � [n], respectively, and want

to communicate to determinewhether jA \ B j � 1 or jA \ B j = 0. Let a;b2 f 0; 1gn

be the characteristic vectors of the sets A and B (i.e. ai = 1 i� i 2 A, bi = 1 i�

i 2 B).

Given sets A and B, construct the following instance of facility location with

2n nodesxa
i ; xb

i for i = 1; : : : ; n: d(xa
i ; xb

i ) = 1 for all i , and all other distancesare

arbitrarily large. If ai = 0, set f xa
i

= 1. If ai = 1, set f xa
i

= nm+1 . Similarly, If bi = 0,

set f xb
i

= 1. If bi = 1, set f xb
i

= nm+1 . It follows that if A and B are disjoint, then

the instancehascost 2n. Otherwise, the instancehascost at least nm .

We then set the functions � A (A) to represent the set of points xa
i and integers

f ai
x for i = 1; : : : ; n, and � B (B ) to represent the set of points xb

i and the integersf bi
x .

Alice and Bob can thus simulate a 2` � 1 round protocol for the disjointnessproblem

by simulating an ` passfacility location algorithm on the instance � A (A) � � B (B )

(seethe proof of Theorem5.)

Sincethe randomizedcommunication complexity of the disjointnessproblem is

known to be R(DISJ) = �( n), it follows that any pass-e�cient algorithm that com-

putes facility location will use at least 
( n=(2` � 1)) bits of memory by applying

Theorem5. 2

The lower bound provesthat it is not possibleto designa pass-e�cient algorithm

that uses less than o(n) space. Thus, our small-spacebound on the amount of

memory required must necessarilybe parameterizedby k � .
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4.5 Remaining Questions

Two major questionsabout the complexity of passe�cien t algorithms for facility

location remain after this study. The spaceusageof Pass-E�cien t FL is given by

~O(k� n2=`). Can the algorithm be adapted in order to changethe dependencefrom

k� to kOPT , where kOPT is the number of facilities openedby an optimum solution.

(Since kOPT neednot be smaller than k� , this is not necessarilybetter in terms of

resourceusage,but it is in somesensemore elegant.) The proof of our lower bound

on the spacerequired by pass-e�cient algorithms for facility location usedinstances

of facility location that required ! (n) facilities for any approximation. Is it possible

to prove lower bounds on instancesthat require only k facilities in the optimum

solution but that require ! (k) spaceto solve in a small number of passes?Would it

then be possibleto verify that the tradeo� betweenpassesand memory required is

tight?
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Chapter 5

Graph Partitioning Algorithms

In this chapter, we considerapproximation algorithms in the usual Turing model of

computation for the clustering of an arbitrary, undirected graph. This is a new and

interesting NP -hard variant of classicalgraph partitioning problemsthat we call the

Sum-of-squaresPartition Problem.

Sum-of-Squares Partition Problem: Given an undirected graph G = (V; E)

and an integer m, removea set F � V of at most m nodesin order to partition the

graph into disconnected components H1; : : : ; H l , such that
P

i jH i j2 is minimized.

The edgecut version of the sum-of-squares-partitionproblem is similar, but asks

for the removal of m edges,rather than nodes,to disconnectthe graph.

Wecall an algorithm for the sum-of-squarespartition probleman (� ; � )-bicriterion

approximation algorithm, for � ; � � 1, if it outputs a node cut consisting of at

most � m nodesthat partitions the graph into connectedcomponents f H i g such that
P

jH i j2 � � � OPT, where OPT is the objective function value of the optimum

solution that removesat most m nodes.

In Section 5.2, we present an algorithm for this problem and in Section 5.3 we
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provecomplementary hardnessof approximation results. Our main algorithmic result

is:

Theorem 42 There existsa polynomial time
�
O(log1:5 n); O(1)

�
-bicriterion approx-

imation algorithm for the sum-of-squarespartition problem.

5.1 Motiv ation: A net work securit y problem

This combinatorial optimization problem arosein the context of a study of a model

of virus propagation and network security in collaboration with JamesAspnesand

Aleksandr Yampolskiy. We give a brief summary of the main results of this study

and the role of the sum-of-squarespartition problem. We refer the reader to the

journal versionof the paper for more details [7].

The Mo del

The network topology is modeled as an undirected graph G = (V; E), with V rep-

resenting the set of hosts and E representing the links betweenthem. Each host is

facedwith the decisionto either purchaseand install anti-virus software at a �xed

cost C, or remain vulnerable and risk the possibility of infection, with a potential

cost L. After the hosts have made their decisions,the virus initially attempts to

infect a single, randomly chosennode; call it v0. If the node is vulnerable, then the

virus will infect the node v0 and eventually spreadto all of its vulnerableneighbors.

The virus continuesspreadingin this fashion;ultimately, a vulnerablenode v in the

graph will becomeinfected if there existsa path from v0 to v in G that is not blocked

by a securenode.

Considerthe following, equivalent interpretation of the virus propagationmodel.

Supposethat the nodesin subsetR � V chooseto purchasethe anti-virus software
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at a cost C. Removing the subsetR from V will partition the graph G into disjoint,

connectedcomponents H1; : : : ; Hk of vulnerable nodes. Initially , the virus attempts

to infect a randomly chosennode v0. If v0 is vulnerable, then for the singleH i such

that v0 2 H i , all nodes in H i will be infected, while all other nodes will remain

una�ected.

In our model, the individual cost to each host is de�ned as its expected cost,

which is C if the host installs anti-virus software, and L � (Probabilit y of infection)

otherwise. The social cost to the entire systemis de�ned asthe sumof the individual

costs. Using the symbols from the previousparagraph,the cost of the entire system

can easily be shown to be

C � jRj +
L
n

X

i

jH i j2: (5.1)

We will refer to the social cost of the optimum choiceof R as the social optimum.

A Game Theoretic Approac h

A natural questionthat arisesfrom this model is: How shouldhostsdecidewhetheror

not to purchaseanti-virus software? If hostsare free to make their own decisions,a

standardgame-theoreticapproach to this problemis to assumethat they arerational

and sel�sh. With theseassumptions,a host will install anti-virus software if the cost

C is lower than the expectedcost of infection.

A con�guration is in NashEquilibrium if no vulnerablehost would otherwisewant

to install anti-virus software, and if no securehost would rather be vulnerable than

pay C. In order to study this type of sel�sh behavior, we analyzedthe social cost of

the worst-casecon�guration in NashEquilibrium. The ratio of the costof the worst-

caseNash Equilibrium to the social optimum is often called the price of anarchy,

becauseit measuresthe degreeto which sel�sh behavior will hurt the systemas a
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whole. In somenetwork topologiesthe price of anarchy is very high, �( n), which

implies that sel�sh behavior can be grosslysuboptimum in terms of social cost. In

particular, the optimum solution on the star graph topology with C = Ln=(n � 1)

will have the property that the optimum solution is to install anti-virus software on

the center node, which will achieve a social cost of C + L(n � 1)=n. It can be shown

that installing anti-virus software on any singlenode will be in NashEquilibrium; if

this node is not the center node, then the social cost will be C + L(n � 1)2=n. The

price of anarchy will then be:

C + L(n � 1)2=n
C + L(n � 1)=n

=
L(n � 1)

2L(n � 1)=n
= n=2:

A Centralized Solution

In essence,sel�sh behavior results in a locally optimized solution, which we proved

can be a factor of �( n) away from the social optimum. As an alternative to anarchy,

the hosts may instead relinquish their autonomy and have their decision imposed

upon them by a globally optimized solution. It can be shown that �nding an opti-

mum central solution is NP -hard. However, the bicriterion approximation algorithm

for sum-of-squarespartition provides an O(log1:5 n) approximation to the social op-

timum, which is much moredesirablethan the �( n) approximation derived from the

worst-caseNash Equilibrium. Recall Equation (5.1), the expressionfor the social

cost of installing anti-virus software on a set R. In order to approximately optimize

this social cost function, we can run our algorithm for sum-of-squarespartition for

all choicesof m, the number of nodesto remove, and pick the best solution in terms

of social cost.
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5.2 Pro of of Theorem 42

In this section, we will describe the algorithm PartitionGraph that will achieve

a (O(log1:5 n); O(1)) bicriterion approximation ratio for the sum-of-squarespartition

algorithm. Wewill work with black box approximation algorithms for the fundamen-

tal problem of �nding sparsecuts in graphs. Beforepresenting our main algorithm,

we will reviewparts of the sparsecut literature and will show the connectionbetween

�nding sparsecuts and approximating the sum-of-squarespartition problem.

5.2.1 Preliminaries: Sparse Cuts

Let G = (V; E) be an undirected graph. We denotethe edgecut de�ned by a vertex

set S � V and �S by E(S; �S), which consistsof the edgesbetweenthe vertex set S

and �S. If G = (V; E) is a directed graph, the cut betweenS and �S is the set of edges

from S directed to �S, which we alsodenoteby E(S; �S).

De�nition 8 (sparsit y: edge cut version ) Let G = (V; E) be an undirected or

directed graph. The sparsity of cut E(S; �S) is given by

jSj � j �Sj
jE(S; �S)j

: (5.2)

We can alsoconsiderremoving nodesto disconnectthe graph.

De�nition 9 (sparsit y: node cut version ) Let G = (V; E) be an undirected graph.

The sparsity of nodecut R that partitions the residualverticesV nR into disconnected

componentsV1 and V2 is given by

�
jV1j + jRj

2

� �
jV2j + jRj

2

�

jRj
: (5.3)
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Imp ortan t Note: In the literature, sparsity is usually de�ned as the inverse of

expression(5.2), and �nding the sparsestcut is a minimization problem. We have

presented it asa maximization problem,sincethis is morenatural for our application.

Kno wn algorithms for sparse edge cuts

Leighton and Rao [53] �rst posedthe question of �nding the sparsestcut in their

study of multicommodity 
o ws. They gave an 
(1 =logn) approximation algorithm

for the sparseedgecut problem (when sparsestcut is de�ned as a maximization

problem). Later, Arora, Rao, and Vazirani [6] presented an algorithm with approxi-

mation ratio 
(1 =
p

logn); their algorithm embedsthe graph into a metric over Rd,

calculatedby a semide�nite programming relaxation of sparsestcut, and then com-

putesa randomizedrounding that relieson the geometricstructure of the embedding.

Agarwal, Charikar, Makarychev, and Makarychev [1] extendedthis algorithm to �nd

sparseedgecuts in directed graphs. All three of thesesparsecut algorithms extend

to the casewherethe edgesof the graph are weighted.

Finding a sparse node cut

Known sparsecut algorithms usually solve edgecut problems. For our purposes,cuts

that involve removing nodesin order to disconnectthe graph are morerelevant. The

algorithms mentioned above �nd edgecuts in graphs,and are not directly applicable

to our problem. However, there is a well-known procedurefor reducing a node cut

problem on an undirected graph to an edgecut problem on a weighted, directed

graph. For completeness,we outline the procedure. A similar discussionin [53]

considersthe related problem of �nding a balancednode cut in a graph.

Fact 43 If � � is the optimum sparsity of any node cut in an undirected graph G =

(V; E), the Agarwal, Charikar, Makarychev,and Makarychevalgorithm can be used
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to �nd a node cut with sparsity at least � � =c
p

logn, for someconstant c.

Pro of: We now state a well-known procedurefor reducinga node cut problem in an

undirected graph to an edgecut problem in a weighted, directed graph.

The reduction is as follows: form directed graph G� with vertex set V � =

f vjv 2 Vg[f v0jv 2 Vg andedgesetE � = f (v; v0)jv 2 Vg[f (v0; v)jv 2 Vg[f (v0; u)j(u; v) 2 Eg[

f (u0; v)j(u; v) 2 Eg. The weight of the f (v; v0)jv 2 Vg edgesare 1, and weight of all

other edgesis in�nit y.

Supposewe have a node cut in G that removesa set R to partition V n R into

components V1 and V2; this cut hasnode cut sparsity

(jV1j + jRj=2) + (jV2j + jRj=2)
jRj

:

A corresponding directededgecut in G� is the cut (S� ; �S� ), whereS� = f v0jv 2 V1g[

f vjv 2 V1g[ f vjv 2 Rg and f S� g = f v0jv 2 V2g[ f vjv 2 V2g[ f v0jv 2 Rg. The edges

crossingthe cut are preciselyf (v; v0)jv 2 Rg. Thus, the edgesparsity of the cut in

G� is
(2jV1j + jRj) � (2jV2j + jRj)

jRj
:

The sparsitiesof the node and edgecuts are the same,up to the scalingfactor of 4.

Suppose we have a directed edgecut in G� de�ned by (S� ; �S� ) with non-zero

sparsity. Only edgesof the form (v; v0) will crossthe cut, sinceall other edgeshave

weight in�nit y. In a similar mannerasabove, it canbe shown that the set of vertices

f vj(v; v0) crossesthe cutg corresponds to a set of removed vertices in G that will

de�ne a node cut with the exact samesparsity as the cut in G� (again up to the

scalingfactor of 4). 2
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Connections between sparse cuts and sum-of-squares partitioning

Our algorithm for solving the sum-of-squarespartition problem will take a general

approach that is similar to the greedylogn-approximation algorithm for set cover.

A high-level description is that we repeatedly remove the node cut that givesus the

best per-removed-node-bene�t, quanti�ed as its cost-e�ectiveness.

Supposewe have a connectedsubgraphH with k nodes. If node cut R creates

disconnectedcomponents with node setsV1 and V2, this cut hasdecreasedthe objec-

tive function value (
P

sizeof component 2) by k2 � jV1j2 � jV2j2. We thus de�ne the

cost-e�ectivenessof node cut R by (k2 � jV1j2 � jV2j2)=jRj. The cost-e�ectivenessof

R is equal to

k2 � jV1j2 � jV2j2

jRj
=

(jV1j + jV2j + jRj)2 � jV1j2 � jV2j2

jRj

=
jRj2 + 2jV1jjV2j + 2jRj(jV1j + jV2j)

jRj

=
2jV1jjV2j

jRj
+ jRj + 2(k � jRj)

=
2jV1jjV2j

jRj
+ 2k � jRj:

We then have the following relationship between �nding sparsecuts and cost-

e�ective cuts.

Lemma 44 Let H be a graph with k nodes. If � � is the maximum cost-e�ectiveness

of all node cuts of H , the Arora-Rao-Vazirani sparse cut algorithm wil l �nd a cut

with cost-e�ectivenessat least � � =(c
p

logk), for someconstant c.

Pro of: Considera node cut that removesnode set R and partitions the remaining

nodes of H into disconnectedcomponents with node sets V1 and V2. We can ma-

nipulate the expressionfor the cut's sparsity in a similar manner to our algebraic
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manipulation of the cost-e�ectivenessto determinethat

�
jV1j + jRj

2

� �
jV2j + jRj

2

�

jRj
=

jV1jjV2j
jRj

+
k
2

�
jRj
4

;

We then have the following relations between the cost-e�ectivenessof a cut, � ,

and its sparsity, � .

� =
jV1jjV2j

jRj
+

k
2

�
jRj
4

=
�
2

�
k
2

+
jRj
4

�
�
4

:

and

� > 2� :

Thus, we know there exists a node cut with sparsity at least � � =4 (i.e. the cut

with the highest cost-e�ectiveness).The sparsecut algorithm on H will �nd a node

cut with sparsity at least � � =(c
p

logk), for someconstant c. This node cut will have

cost-e�ectivenessat least 2� � =(c
p

logk). 2

5.2.2 The Algorithm

Wearenow readyto describeour algorithm PartitionGraph (seeFigure 5.1), which

is a (O(log1:5 n); O(1)) bicriterion approximation algorithm for the sum-of-squares

partition problem.

Wenow givesomelemmasthat characterizethe behavior of the PartitionGraph

algorithm.

Lemma 45 PartitionGr aph outputs a node cut with at most O(log1:5 n)m re-

moved nodes.
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Input: A Graph G and an integer m > 0.

Initialize: G1  G. F  ; . `  0.

1. Use the Arora-Rao-Vazirani sparsecut algorithm to �nd an approxi-

mate most cost-e�ective cut in each component of G` .

2. Let H1; : : : ; Hk be the components of G` in which the sparsecut algo-

rithm found a cut that removesat most (20c
p

logn)m nodes,wherec

is the constant from Lemma 44. If no such component exists, then

halt and output the partition of G that results from removing all nodes

in set F .

3. Otherwise, choosethe component H j from amongthose consideredin

Step 2 for which the cost-e�ectivenessis highest. Let R be the cut

that partitions H j into disconnectedcomponents V1 and V2 such that

H j = V1 [ V2 [ R.

4. SetF  F [ R and let G`+1 be the residualgraph inducedby removing

R from G` . If jF j > (36clog1:5 n)m, then halt and output the partition

of G that results from removing all nodesin set F .

5. Otherwise,set `  ` + 1 and repeat.

Figure 5.1: Algorithm PartitionGraph

Pro of: Sincethe algorithm halts as soon as we augment the set of marked nodes

such that jF j > (36clog1:5 n)m, we know that at the beginning of each iteration, F

contains at most (36clog1:5 n)m marked nodes. Sincewe add at most (20c
p

logn)m

marked nodes in the �nal iteration, the total number of marked nodes is at most

O(log1:5 n)m. 2
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Fix an optimum solution for the sum-of-squarespartition problem with objective

function value OPT and let F � be the optimum set of m removed nodes. In the

next few proofs,we will denotethe number of nodesin graph G by jGj. We will also

denotean \in tersection" of a graph G and a node set U by G \ U, which is the set

of nodesthat G and U share.

Lemma 46 Suppose after a number of iterations, the graph G` consists of k con-

nected componentsH1; : : : ; Hk , and let S =
P

jH i j2.

Either S � 72 � OPT or there exists a component H i such that the Arora-Rao-

Vazirani algorithm wil l �nd a node cut in H i with at most
�
20c

p
logn

�
m removed

nodesand cost-e�ectivenessat least S=(18cm
p

logn) (or possiblyboth).

Pro of: Assumethat S > 72�OPT. Note that the nodecut de�ned by the setF � \ G`

divides G` into a graph with objective function value at most OPT. This node cut

thus inducesa cost decreaseof at least S � S=72 > S=2.

De�ne F �
i = F � \ H i and mi = jF �

i j. Also, let the subgraphinducedby removing

verticesin F �
i \ H i from H i becomposedof connectedcomponents H j

i for j = 1; : : : ; r i

(i.e, the optimum set of marked nodespartitions H i into thesecomponents). Note

that
P

i

P
j jH j

i j2 � OPT.

Sincethe total reduction in our objective function valuefrom removing [ i F �
i from

G` is at least S=2 due to our assumptionthat S > 72� OPT > 2 � OPT, we have:

X

i

 

jH i j2 �
X

j

jH j
i j2

!

�
S
2

; (5.4)

becausethe outer summandon the left hand sideof the inequality is the amount the

objective function is reducedin each component.
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Let I be the set of indicesi for which

�
jH i j2 �

P r i
j =1 jH j

i j2
�

mi
�

S
4m

(5.5)

(i.e. the per-node-bene�t is at least S=(4m)). We have two cases.We show that the

�rst caseis consistent with the statement of the lemma, whereasthe secondcaseis

impossible.

1. There exists an i 2 I such that for all j = 1; : : : ; r i , jH j
i j � 1=3jH i j.

First considerthe subcasewhere mi � jH i j=50. Removing all of the at most

50mi nodesin H i will give us a trivial node cut with cost-e�ectivenessat least

jH i j2

50mi
�

S
200m

>
S

18cm
p

logn

for su�cien tly large n. The �rst inequality follows from the fact that H i and

mi satisfy Inequality (5.5). The secondinequality follows from the existenceof
p

logn in the denominator of the last term, which will dominate the constant

terms when n is su�cien tly large.

Now considerthe subcasewheremi < jH i j=50. We know that removing the mi

nodes in the set F �
i partitions H i into disconnectedcomponents H 1

i ; : : : ; H r i
i ,

such that jH j
i j � 1=3jH i j for all j .

Claim:
�

H j
i

	
j

can be partitioned into two setsof indicesJ1 and J2 such that
P

j 2 J1
jH j

i j � (1=3 � 1=50)jH i j and
P

j 2 J2
jH j

i j � (1=3 � 1=50)jH i j.

Pro of of claim: Construct J1 and J2 by successively consideringeach H j
i

and adding it to the J i that contains the fewest aggregatenodesin its compo-

nents. Sinceeach H j
i hassizeat most 1=3jH i j, the construction guaranteesthat
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�
�
�
P

H j
i 2 J1

jH j
i j �

P
H j

i 2 J2
jH j

i j
�
�
� � 1=3jH i j. Since

P
j jH j

i j � 49=50jH i j (because

we assumedthat mi < jH i j=50), the claim follows.

The claim implies that the set F �
i will de�ne a node cut of H i that creates

two disconnectedcomponents, V1 = [ j 2 J1H
j
i and V2 = [ j 2 J2H

j
i , such that

(1=3 � 1=50)jH i j � jV1j; jV2j and jV1j + jV2j � 49=50jH i j. These conditions

imply that jV1jjV2j � jH i j2=9. Thus, the cost-e�ectivenessof the cut will be

2
jV1jjV2j

jRj
+ 2jH i j � jRj �

2jH i j2

9mi
�

2
�

jH i j2 �
P r i

j =1 jH j
i j2

�

9mi
�

S
18m

;

where the last inequality follows from Inequality (5.5). Lemma 44 guarantees

that the sparsecut algorithm will �nd a cut in H i with cost-e�ectivenessat

least S=(18cm
p

logn). The node cut output by the algorithm cannot contain

morethan 20cm
p

logn nodes. Such a nodecut would have cost-e�ectivenessat

most S=(20cm
p

logn), sinceany cut in G` can decreasethe objective function

value by at most S, which is less than the guaranteed cost-e�ectivenessof

S=(18cm
p

logn).

2. For each i 2 I , there exists a j � such that jH j �

i j > 1=3jH i j. Also, note that

OPT >
P

i 2 I jH j �

i j2. We prove, by contradiction, that this casecannot occur.

Thus, assumethe casedoesoccur.

Claim:
P

i 2 I

�
jH i j2 �

P
j jH j

i j2
�

� S=8.

Pro of of claim: Let I bethe setof intervalssuch that
�

jH i j2 �
P r i

j =1 jH j
i j2

�
=mi �

S=(4m). Recalling equation (5.4), we have

S=2 �
X

i 2 I

 

jH i j2 �
X

j

jH j
i j2

!

+
X

i 2 I

 

jH i j2 �
X

j

jH j
i j2

!

:
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Also, we have

X

i 2 I

 

jH i j2 �
X

j

jH j
i j2

!

=
X

i 2 I

mi

�
jH i j2 �

P
j jH j

i j2
�

mi

�
X

i 2 I

mi
S

4m

�
S

4m

X

i 2 I

mi �
S
4

:

Combining thesetwo inequalities provesthe claim.

We have the inequalities:

OPT >
X

i 2 I

jH j �

i j2 �
X

i 2 I

1
9

jH i j2 �
1
9

�
S
8

;

wherewe usedour claim for the last inequality. Thus, OPT � S=72. This is a

contradiction to the assumptionwe madeat the �rst line of the proof.

2

We now present the proof of Theorem42.

Let aj be the number of connectedcomponents that comprisethe graph Gj at the

beginning of the j th iteration, and let thoseconnectedcomponents be H j
1; : : : ; H j

aj
.

Let Sj =
P aj

i =1 jH j
i j2 be the value of the objective function at the beginning of the

j th iteration; thus S0 � n2 is its initial value. Let l be the number of iterations the

algorithm needsto terminate, and Sl+1 be the objective function's �nal value.

We wish to show that after the algorithm terminates, we have reducedthe objec-

tive function value to Sl+1 = O(1) � OPT. Let F be the �nal set of nodesremoved

from G. If the algorithm terminates at Step 2 of the lth iteration becausethe sparse

cut algorithm only found node cuts with more than (20c
p

logn)m removed nodes,
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then from Lemma46 we know that Sl+1 � 72� OPT. Thus, we assumethis doesnot

occur, so that Sl+1 > 72� OPT (in order to apply the \either" part of Lemma 46 to

all iterations).

In order to reasonabout the decreasein the objective function value after each

iteration, we impute to each node in F a per-node-decreasein the objective function

value, given by the cost-e�ectivenessof its node cut. We then show that the total

imputed decreasewill decreasethe objective function by a factor of O(1)=n2, from

which the theoremwill follow.

More formally, supposethe set of marked nodes is given by the sequenceF =

f f 1; : : : ; f kg, wherethe nodesare in the order in which they were removed from the

graph: nodes removed at an earlier iteration occur earlier in the sequence.From

Lemma 45, we know that k = jF j = �(log 1:5 n)m.

Let bj be the iteration in which f j was removed. We impute to f j the value � j =

cost-e�ectivenessof cut removed in iteration bj . From Lemma 46, we know that

� j � Sbj =(18cm
p

logn).

Set T0 = S0 and Ti = Ti � 1 � � i to be the value of the objective function after

node f i 's per-node-decreasecontribution hasbeenaccounted for. Note Tk = Sl+1 .

Claim: For all i , Ti � Ti � 1 � Ti � 1=(18cm
p

logn)

Pro of of claim: Proving the claim reducesto proving that � i = Ti � 1 � Ti �

Ti � 1=(18cm
p

logn). Fix an i . We have two cases.

1. bi = bi � 1 (i.e. f i and f i � 1 were removed in the sameiteration). Then � i �

Sbi =(18cm
p

logn), but Sbi > Ti , sinceSbi is the objective function value at the

beginning of iteration bi , whereasTi is the objective function value \during"

iteration bi .

2. bi = bi � 1 + 1 (i.e. f i was removed in the iteration after f i � 1 was removed).
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Then � i � Sbi =(18cm
p

logn) = Ti =(18cm
p

logn), since in this caseTi is the

objective function value at the start of iteration bi .

This provesthe claim.

We therefore have Tk � T0(1 � 1=(18cm
p

logn))k � n2(1 � 1=(18cm
p

logn))k .

Sincek > 36cmlog1:5 n, it follows that Sl+1 = Tk = O(1) � O(1) � OPT, concluding

the proof of Theorem42.

The algorithm given above can be adapted in a straightforward way to yield an

algorithm for the edgecut versionof the sum-of-squarespartition problem(insteadof

taking sparsenode cuts, take sparseedgecuts), from which an analogto Theorem42

may be derived. The above analysisof the node cut algorithm is more complicated

than the corresponding analysisof the edgecut algorithm, sincenode cuts modify

the node set, causingmany di�culties.

5.3 Hardness of Appro ximation

In this section, we prove that it is hard to achieve a bicriterion approximation of

(� ; 1), for someconstant � > 1, by reduction from vertex cover. Hastad [37] proved

that it is NP -hard to approximate vertex cover to within a constant factor of 8=7� � ,

for any � > 0. Dinur and Safra [21] improved the lower bound to 10
p

5 � 21 � 1:36.

We show that if we have a graph G with a vertex cover of sizem, then a (1:18� �; 1)

algorithm for the sum-of-squarespartition problemcanbeusedto �nd a vertex cover

in G of sizeat most (1:36� 2� )m.

Theorem 47 It is NP -hard underCook reduction to approximatethesum-of-squares

partition problemto within a bicriterion factor (1:18� �; 1), for any � > 0.
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Pro of: Supposegraph G = (V; E), jV j = n, contains a vertex cover C consistingof

m nodes. Removing the m nodesof C and their incident edgeswill remove all edges

from the graph. This will partition the graph into n � m disconnectedcomponents

consistingof 1 node each.

If we considerC as a solution to the sum-of-squarespartition problem for re-

moving m nodes,the solution will have an objective function value of n � m. Thus,

an (� ; 1) approximation algorithm for sum-of-squarespartition will remove a set

R � V of nodes,such that jRj � � m, in order to achieve an objective function of at

most n � m. Let V 0 = V n R be the remaining nodes,and f H i g be the connected

components in the residual graph.

Let S be the nodes of V 0 that are contained in connectedcomponents of size

greater than 1 in the residualgraph. It follows that R [ S is a vertex cover of G. We

seekto bound the cardinality of R [ S.

We �rst observe that the number of nodesthat are contained in connectedcom-

ponents of size1 is jV 0 n Sj = n � jRj � jSj. Using the fact that if jH i j � 2, then

jH i j2 � 2jH i j, we note that

n � m �
X

i

jH i j2

�
X

i :jH i j=1

jH i j2 +
X

i :jH i j� 2

jH i j2

� n � jRj � jSj + 2jSj

� n � jRj + jSj:

This implies that jSj � jRj � m � � m � m, which implies that jR [ Sj � (2� � 1)m.

Thus, a (1:18� �; 1)-bicriterion approximation algorithm for sum-of-squarespar-

tition will �nd a vertex cover of size(1:36� 2� )m in G. If OPT V C is the cardinality of

the optimum vertex cover, then we cansearch for an approximately minimum vertex
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cover by running the algorithm described above for all m = 1; : : : ; n and outputting

the best vertex cover, which will have sizeat most (1:36� 2� ) � OPT V C . 2

As mentioned before,sum-of-squarespartition is intimately related to the prob-

lems of sparsestcut, balancedcut, and � -separator,all with uniform demands(i.e.

the nodesall have weight 1). There are no known hardnessof approximation results

for any of theseproblem; we speculate that techniques for proving hardnessof ap-

proximation for both � and � would yield hardnessof approximation for someof

thesefundamental cut problems,which have proved elusive thus far. We note that

Chawla et al. [18] and Khot and Vishnoi [51] have proved super-constant hardness

of approximation results for strongerversionsof theseproblems,speci�cally sparsest

cut and balancedcut with generaldemands,assumingthe uniquegamesconjectureof

Khot [50]. At the time of the submissionof this thesis,this is a strongerassumption

than P 6= NP .

111



Chapter 6

Conclusion and Future Work

In this dissertation we consideredclustering algorithms in traditional and massive

data setmodelsof computation. Wepresented algorithms in the pass-e�cient model,

in which the algorithm may only accessthe input by making a small number of

sequential passesover the input array. In this model, westudied the tradeo� between

passesand space,and found that, for natural massive data set problems,allowing a

few more passesover the input array can dramatically improve the spacecomplexity

of the algorithms. Furthermore, our pass-e�cient algorithms for clustering adhered

to a generalparadigm of adaptive sampling implemented in multiple passes:in one

pass, we sampled the input and computed a solution on the sample using small

space;in another passwe identi�ed the small set of points that were not \clustered

well" by this solution and recursively called the algorithm on the \outliers." We

demonstrated that this sampling paradigm is quite generalby adapting it to two

very di�erent problem domainswith seeminglyfew structural similarities: learning

density functions of generative mixture modelsand combinatorial optimization over

discretemetric spaces.
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6.1 Summary of Results

In Chapter 3, we presented pass-e�cient algorithms for learning mixturesof distribu-

tions. For any positive integer `, 2` passalgorithm SmallRam will learn a mixture

of k-uniform distributions within error � usingspaceat most ~O(k3=�2=`). Thus, if the

algorithm makesa few more passesover the data, the amount of memory required

decreasessharply. We then slightly generalizedthe problem to the generalized learn-

ing problem; using the r round communication complexity of the GT problem, we

proved that any ` passrandomizedalgorithm that solves the generalizedlearning

problem requiresat least 
(1 =�1=2` ) bits of memory, and strengthenedour algorithm

SmallRam to prove a nearly matching upperbound of ~O(1=�4=`) for the sameprob-

lem. We adaptedour algorithms for learning mixtures of uniform distributions in R

to the more generalproblemsof learning mixtures of uniform distributions over axis

aligned rectanglesin R2 and learning mixtures of linear distributions in R.

In Chapter 4, we presented pass-e�cient algorithms for the facility location prob-

lem, which is oneof the most well-studied clustering problemsin combinatorial op-

timization. In 3` passes,our algorithm computesan O(`) approximation using at

most ~O(k� n2=`) bits of memory, where k� is the number of facilities opened by a

near-optimum solution on X . The algorithm shows the sametradeo� of passesand

memory as the algorithm for learning mixtures of distributions. We proved a lower

bound of 
( n=`) on the amount of memoryneededby an ` passalgorithm for facility

location using the communication complexity of the DISJ function.

In Chapter 5, we presented algorithms for clustering graphs in the traditional

model of computation. The problem that we considered,the sum-of-squares parti-

tion problem, is motivated by a gametheoretic model of network security [7]. Our

algorithm for the sum-of-squarespartition problemusesknown algorithms for �nding
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sparsecuts to repeatedly remove sparsenode cuts in order to disconnectthe graph.

We showed that after this recursive cut procedureremoved a total of �(log 1:5 n)m

nodes from the graph, the sum of squaresof the sizesof the residual components

would be at most O(1)OPT. We proved complementary hardnessof approximation

results for the sum-of-squarespartition problem by reduction from vertex cover.

6.2 Massiv e Data Set Algorithms: Future Direc-

tions

This dissertationconsistsin largepart of pass-e�cient algorithms for clustering large

data sets. There is much potential for the analysisof algorithmic problemsfor nat-

ural massive data set problemsconsideredin the data mining and machine learning

communities, from the perspective of theoretical computer science.

For example, a direct extension of this dissertation work would be to design

pass-e�cient algorithms for other typesof distributions. In particular, learning mix-

tures of Gaussiandistributions in high dimensionswould be particularly compelling;

algorithms used in practice tend to be heuristic in nature, while algorithms with

theoretical guaranteesare not suitable for large data sets. An interesting variant of

this work would be to designalgorithms that will provably �nd the best �t mixture of

k distributions (uniform, linear, or Gaussian),while making no assumptionsabout

the distribution of the input.

Another extensionwould consist of adapting the pass-e�cient algorithm for fa-

cilit y location, which is quite general,to solve other interesting clustering problems

from combinatorial optimization. Of particular interest would be an algorithm for a

generalizationof the famousk-meansproblem to an arbitrary metric, in which we

must choosek centers C that minimize
P

i 2 X d(i; C)2. Good pass-e�cient algorithms
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exist for the important Euclideancase[22], but not for the generalizedmetric.

Thesearejust two important practical problemsthat may beabstractedandstud-

ied rigorously in the context of the pass-e�cient or other massive data set modelsof

computation. The potential for theoretical computerscienceto provide newperspec-

tivesand interesting insights into practical massive data set problemsis enormous;

this dissertation is just a part of the beginningof this exploration.
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