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The proliferation of computational problemsinvolving massie data setshasnecessi-
tated the designof computational paradigmsthat model the extra constrairts placed
on systemsprocessingvery large inputs. Among these algorithmic paradigms, the

pass-e cient model capturesthe constrairts that the input may be much too large

to t in main memory for processing,and that systemperformanceis optimized by

sequetial accesdo the data in storage. Thus, in the pass-e cient model of compu-
tation, an algorithm may make a constart number of sequetial passesver read-only
input while using a small amourt of random accessmemory The resourcesto be

optimized are memory, number of passesand per elemein processingtime.

We give pass-e cient algorithms for clustering and nding structure in large
amourts of data. Our algorithms have the property that the number of passes
allotted is an input parameterto the algorithm. We answer questionsregarding the
intrinsic tradeo s betweenthe number of passesusedby a pass-e cient algorithm
and the amourt of random accessmemory required. Our algorithms use adaptive
sampling techniquesthat are quite generaland can be usedto solve many massie
data set problems.

The rst family of clustering problemsthat we consideris learning mixtures of
distributions. In these problems, we are given samplesdrawn accordingto a prob-
ability distribution known as a mixture of distributions, and must reconstruct the
density function of the original mixture. Our algorithms show tradeo s betweenthe

number of passesand the amourt of memory required: if the algorithm makesa few



extra passesthe amourt of memoryrequireddropso sharply. We also prove lower
boundson the amourt of memory neededby any "-passrandomizedalgorithm, thus
showing that our tradeo is nearly tight. The secondfamily of clustering problems
that we consideris the combinatorial optimization problem of facility location and
related problems. Our pass-e cient algorithms for this problem exhibit the same
sharp tradeo s asour algorithm for learning mixtures of distributions.

We alsogive clustering algorithms that are not in the streaming model for parti-

tioning a graph to appraximately minimize certain natural objective functions.
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Chapter 1

In tro duction

The modern phenomenonof our growing ability to store extremely large amourts of
information on computer systemshasbeenaccompaniedoy the proliferation of such
massiwe data setsfor many di erent problem domains. Thesedata setsoccurin sud
disparate areasas the analysis of comnunications networks, sciertic computing,
analysis of commercialtransactions, and bioinformatics. Massiwe data setspresen
new and fascinating challengesfor the designof algorithms that can e cien tly cope
with the added stressesof computing on inputs of sizesthat are often measuredin
terabytes.

The memory spaceof a typical computer system may be abstractly viewed as
organizedinto two broad categories:random accessnemory, which can be accessed
very e ciently but hasa limited capacity, and storage,which relatively has a very
large capacity but is very slow to access.Storagedevicesusually consistof secondary
storagein the form of disks, or sometimestertiary storage,in the form of tapesand
optical devices. The main di culties of massiwe data set computation arise from
the constraint that su ciently large data setscannot t into the main memory of a

computer and thus must be placedinto storage. Computing thus cannot occur with



the data entirely in memory, but rather must be performed with the data on disk

It is well known that reading and writing to secondaryand tertiary storageis
the performancelimiting factor for computations on data in storage,and that the
throughput of the 1/0O subsystemis optimized for sequetial accessof the data in
storage devices. Tapes are obvious examplesof storage devicesthat exhibit this
phenomenon,but disks also exhibit this behavior: random accessequiresthat the
disk head physically move and then wait for the disk to rotate to the appropriate
position beforereadingcan occur. Thesepenalties,known respectively as seektimes
and rotational latency, are very expensive and can be avoided by reading the data
sequetially without seeking. For massie data set calculations, frequent random
accesvill sewerely lower performance.

The role of theoretical computersciences to provide rigorousstudiesof the intrin-
sic possibilities and impossibilities of computability and resourceusage.Algorithms
designedin the traditional theoretical models of computation are often not suitable
for practical massie data set computation, becausemary features of traditional
computation cannot be reconciledwith the stringent constrairts of massi\e data set
computation. For example,the traditional models of computation do not make any
distinction between storageand memory, e ectively assumingthat all computation
occursin memoryand that an arithmetic operation will costasmuch asaccesgo any
data elemen. The blurring of storageand memory canyield algorithms that require
large amourts of random accessnemory and pay no premium for frequert random
accesof the data. Lastly, polynomial running time is often not a good criterion for
e ciency. From a practical perspective, if the size of the input is very large, even
guadratic running time can be prohibitiv ely expensiwe.

Thus, in order to reasonrigorously about the performanceof algorithms that

adhereto the strict designprinciples of massie data setcomputation, it is necessary



to abstract the notions of storageand memory, and to preciselyde ne the meaningof
\v ery little random access."A theoretical model of computation that addresseshe
concernsoutlined above is the pass-e cient model of computation. In this model,
the data is presented as a read-only array that must be accessedn a small number
of sequetial passesusing a small amourt of memory Related theoretical models
for massiwe data setsinclude streaming algorithms, sliding window algorithms, and
sublinear algorithms that rely on samplingthe data.

In the pass-e cient model for massie data sets, the two resourcesthat we are
most concernedwith arethe number of passever the input array and the amourt of
memoryrequiredby the algorithm. A natural questionto askis: whatis the intrinsic
power of each pass? For example,can a two passalgorithm solve a problem using
much lessspacethan a one passalgorithm? Is this tradeo betweenthe number of
passesand the amourt of memory intrinsic to the problemor is it just an artifact of
an ine cien t algorithmic useof passes?n this dissertation, we will considerthese
typesof questionsfor problemswith natural massie data set applications.

Someof the most important massie data set problemsinvolve clustering and
learning. Clustering is a vaguely de ned classof problemsin which data elemens
must be partitioned into a number of groupssud that \similar" elemetts are placed
in the samegroup and \dissimilar" elemeits are placed in di erent groups. The
choice of a precisemeaningfor \similar* and the choice of a clustering objective is
often very speci ¢ to the givenapplication domain,and canbeadi cult judgmert to
make. Massie data setapplicationsof clusteringare of greatinterestto practitioners
of data mining and information retrieval, who attempt to extract structure and learn
relations from large amourts of data; clustering is a major sub eld of sud studies.
Motivated by these practical concerns,much work on massie data set algorithms

for clustering has appearedin the theoretical computer scienceliterature.



Clustering problemsin computer sciencecanbe roughly classi ed aseither gener-
ative clustering or worst-aseclustering by combinatorial optimization. In generative
clustering, we assumethat the data are samplesdrawn accordingto k di erent ran-
dom processesand our task is to learn attributes of the di erent processes.In
worst-caseclustering by combinatorial optimization, we do not assumeanything
about the input; instead we partition the data points in orderto optimize somepre-
de ned objective function of the partition. We will considerpass-e cient algorithms
for generatiwe clustering and both pass-e cient and convertional conmbinatorial op-

timization algorithms for worst-caseclustering.

1.1 Pass-Ecien t and Streaming Algorithms

1.1.1 Denition of the Mo dels

In this dissertation, we are concernedwith the pass-e cient model of computation.
In this model, the input is given asa read-onlyarray of n elemeis. The order of the
elemerts is arbitrary, and is assumedto be adversarial; in particular, the elemens
cannot be assumedto be in sorted order. Algorithms may only accessthe data
through a constart number of complete,sequetial passesver the ertire array. The
algorithm isideally allowed O(1) bits of random accessnemory (although o(n) might
be necessary)n which to perform and store intermediate calculations and sketches
of the data. While processingead elemen of the input array, the algorithm may
only use computing time that is ideally independent of n, but after ead pass,it is
allowed more computing time (typically o(n)). We are most concernedwith three
resources:the number of passesthe amourt of random accessmemory required,
and the per-elemetrcompute time. Multiple passalgorithms were rst considered

in [59], and were rst called pass-e cient in [23].



The classof pass-e cient algorithms that perform their calculationsin a single
passare known asstreaming algorithms (thesealgorithms are typically allowed poly-
logarithmic per-elemetrcompute time). If the data arrive online at suc a high rate
that one cannot (or doesnot careto) store all of it, then one passalgorithms are
especially appealing becausethey only needto read ead input elemen in the data

streamonce;an input elemen may be immediately deletedafter being processed.

1.1.2 A brief survey of streaming and pass-ecien t algo-

rithms

Streamingand pass-e cient algorithms have beenconsideredn the theoretical com-
puter scienceliterature for many di erent problems with natural applications to
massie data sets. The rst work in the streaming model was due to Munro and
Paterson[59], who deweloped singleand multiple passalgorithms for median nding,
selection,and sorting. Henzinger,Raghavan, and Rajagopalan[38] consideredcom-
puting basicgraph properties related to query processing,n oneor multiple passes,
and proved lower boundson the amourt of memory needed.

Computing statistics is a very appealing massie data set problem. Calculating
frequencymomerts and related problemsin the streaming model is a fundamenal
and well-studied area. In the frequencymomert problem, we are given a data stream
consistingof pairs < i; a >, wherei 2 [n] is an index of a bucket anda 2 [m] is a
number to placein the budcket. Here,[n] denotesthe setf1;:::;ng. If & = i Ga> @
is the sum of the numbersplacedin budket i, then the kth frequencymomern is give
by P ak. Alon, Matias, and Szegedy[3] deweloped small spacestreamingalgorithms

for approximating the frequency momerns for k = 0;2, and were the rst to use

commnunication complexity to prove lower bounds of ( n! 5%) for k 5 on the



amourt of memory required by streaming algorithms. Indyk [43] then presened
small spacestreaming algorithms for the casewhere0 k 2. The lower bounds
on memory were improved by Bar-Yossef,Jayram, Kumar, and Sivakumar [9] and
Charkrabarti, Khot and Sun[12 to T n* Z¥) 1 for k 2. Indyk and Woodru [45]
then presened algorithms with matching upper bounds. Algorithms for the related
problemsof nding the L?! distance betweentwo vectors given in adversarial order
in a streamand nding the length of a vector given as a stream of dynamic updates
were given by Feigerbaum, Kannan, Strauss,and Viswanathan [30] and Indyk [43],
respectively.

A number of clustering algorithms have appearedin the streaming model. We
will examinethis body of work more carefully in Section1.2.2. Streamingalgorithms
existfor k-certer [14], k-median[16, 36], and clusteringto minimize the sumof cluster
diameters[17].

Histogram construction and maintenanceis an important problemin the database
literature; the problem hasalsobeenstudied in the context of streamingalgorithms.

Guha, Koudas, and Shim [35] consideredthe following problem: given a stream of

F with k piecessud that P JF(i) &j? is minimized. They gave a 1+ factor
approximation algorithm using spaceO(k?= logn). A variant of the problemiis that
of histogram maintenance[32, 33|, in which the as are presened as a stream of
updatesof the form \add 7 to a3", and the algorithm must always be able to output
a histogram for the current state of the a;s. Gilbert et al. [33] provide a one pass
1+ approximation algorithm that usestime per update and total spacepolynomial
in (k; 1= logjjajj; or logjjajj.;logn).

Frieze,Kannan, and Vempala[31] rst proposedsamplingthe rows and columns

1The notation O() and T ) is asymptotic notation that suppressegolylog factors



ofanm n matrix to nd the bestlow-rank approximation of a matrix to within a
small additive error in time independert of m and n. Deshpande Rademadter, Vem-
pala, and Wang [20] shoved that successi® rounds of adaptive samplingwill reduce
the error exponertially in the number of rounds. Sincesamplesfrom the matrix can
be drawn in a singlepass,thesealgorithms canbe adaptedto the pass-e cient model
in a straightforward fashion. Drineaset al. [22] provided a samplingalgorithm, which
can be implemerted in the pass-e cient model, to compute an approximate singu-
lar value decompsition of a matrix. They showved that the algorithm can then be
applied to compute a 2-apprakimation to the NP -Hard "3 clustering problem. The
samplingparadigmwasimproved and applied to pass-e cient algorithms for approx-
imate matrix multiplication, for computing a succinctapproximate represemation of
a matrix, and for appraximate linear programming [24, 25, 26].

Feigerbaum et al. [29] consideredgraphs presetied in read-only arrays. They
gave streamingalgorithms for sud problemsas nding appraximate spannersdiam-
eter and girth. They also consideredmultiple passalgorithms and showved that one
cannot nd verticesat distanced from a given vertex using fewer than d passesand
O(n) space.

A variant of the model has beenintroduced by Aggarwal, Datar, Rajagopalan,
and Ruhl [2], who proposedaugmeriing the multiple passmodel by adding a sorting
primitiv e. In their new model, the elemerts in the input array may now be sorted
basedon a chosenfeature calculatedfrom the input elemets, in addition to beingac-
cessedhrough a small number of passes.The authors' justi cation for this addition
is basedon their claim that sorting on disk is in fact one of the few non-sequetial
primitiv esthat can be implemerted to maximize the throughput of the I/O system.
They proved that certain problemscan be solved more e cien tly in terms of passes

and spaceif sorting were allowed.



1.2 Our Contribution

In this dissertation, we presen pass-e cient algorithms for two families of clustering
problemsand convertional algorithms for a third clustering problem.

An interesting feature of our pass-e cient algorithmsis that the number of passes
over the input array that the algorithms may make is an input parameter. Our
algorithms will exhibit sharptradeo s betweenthe number of passeghey make and
the amourt of memory they require. Furthermore, we will prove for someof these
algorithms that the tradeo is nearly tight and is thus an intrinsic property of the
power of the pass-e cient model for this problem.

Although the two clustering problemsthat we considerin the pass-e cient model
are quite di erent, our generalapproad of adaptive samplingimplemerted in mul-
tiple passesds surprisingly the same. In a single pass,we draw a small sample of
sizem from the input array and storeit in memory After the pass,we compute a
solution on the sample. The crucial obsenation is that this solution will be a good
solution for a large proportion of the input. In a subsequen passwe determinethe
small set of points of the input array that are not clusteredwell by this solution,
and recursiwely solwe the problem on thesepoints. Thus, we draw a sampleof sizem
from thesepoints, e ectively samplingthem at a much higher rate than in previous
iterations. This will provide us with many more samplesfrom the input elemens
that are\di cult" to appraximate.

We note that this generalframework is similar to the madine learning technique
of boosting (for a detailed description of boosting and its cortext of madine learn-
ing, seethe book by Kearns and Vazirani [49]). A weak classi cation algorithm is
an algorithm that will correctly classify a set of points with an error that is only

slightly better than random guessingwhereasa strong classi cation algorithm is an



algorithm that will take an input parameter > 0 and classifywith error at most .
Boosting is a technique that usesa weaklearning algorithm asa subroutine to derive
a strong learning algorithm. As an analogto the weak classi er, we usean algorithm
to solwe the problem coarselyon a sample. We then usethis routine repeatedly to

derive an accuratesolution.

1.2.1 Generativ e Clustering: Learning mixture models in

multiple passes

We presen algorithms for the unsupervisedlearning of mixtures of distributions in
the pass-e cient model of computation. This researtr appearedin [13].

eat with a mixing weightw; > 0, sud that w; = 1. A point drawn accordingto

i
the mixture of thesek distributions is de ned by choosingthe ith distribution with
probability w; and then picking a point accordingto F;. If F is the density function
of the mixture, the problem we consideris: can we approximately reconstruct F
from samplesplacedin a read-onlyinput array? More precisely our goalisto nd a
function G sud that the L! distancebetweenF and G is at most : R jF  Gj
We rst considerthe casewhere = R andead F; is uniform over somecortiguous
interval (a;b) R. Wecall the resulting mixture a mixture of k uniform distributions.
Supposethat X is a setof n points randomly chosenfrom R accordingto a mix-
ture of k-uniform distributions with density function F. X canbe ordered(possibly
by the adversary) to produce a sequencehat constitutes the read-only input array.
Our problem is then: designa pass-e cient algorithm that approximates F from

the input array X. Our pass-e cient learning algorithm for this problem has the

property that its memory requiremern dropso sharply asa function of the number



of passesllotted.

Our Results and Techniques
We presen the following results. Here ™ is any positive integer chosenby the user.

1. We give a 2 -passalgorithm for learning a mixture of k uniform distribu-
tions with error at most using O(k3=27) bits of RAM, for any integer
© > 0, provided that the number of samplesin the input array satises n =

(1:25k8=©). Alternativ ely, we can view this as an algorithm with error
at most  that usesO(k®=2 + k=) bits of memory, provided that n =

T1 :25k8=9),

2. We slightly generalizeour learning problem and prove a lower bound of
7 @ Do 241 for the bits of RAM neededby any -passrandomized
algorithm that solwesthe general problem, where c is a xed constart. We
strengthen our pass-e cient algorithm in order to provide an upper bound of

O(1= %) on bits neededby an "-passalgorithm.

3. We generalizeour multiple passalgorithm for uniform distributions to algo-
rithms for learning a mixture of k linear distributions and learning a mixture
of k two dimensional uniform distributions. The former is a mixture of dis-
tributions over the domain R sud that ead F; has a density function that
is linear over some cortiguous interval. The latter is a mixture of distribu-
tions over the domain R? sud that eat F; is uniform over someaxis-aligned

rectangle.

The error of our algorithm falls exponertially with the number of passeswhile hold-
ing the amourt of memory required constart. An alternative interpretation is that

memory falls sharply with the number of passeswhile holding the error constart.

10



Making more passesver the data allows our algorithms to uselessspace thus trad-
ing oneresourcein the pass-e cient model for the other. This feature demonstrates
the potertial for multiple passesby providing exible performanceguararteeson
spaceneededand passesused;the algorithm can be tailored to the speci ¢ needs
and limitations of a given application and systemcon guration.

The lower bound provesthat this tradeo betweenthe number of passesand the
amourt of memoryrequiredis nearly tight for a slightly moregeneralproblem. Thus,
this exponential tradeo is an intrinsic property of the problem.

We now descrike the generaltechnique for our multiple passalgorithm. In asingle
pass,we partition the domain into a set of intervals basedon samplesof the input
array. Our algorithm will then estimate F on ead of these intervals separately
In a secondpass, we court the number of points in X that lie in eat of these
intervals and run a subroutine called Constan t?, which determineswhether or not
F is (approximately) constart on ead interval. If F is constart on an interval I,
then the density of F canbe estimatedeasily by the number of points of X that fall
in the interval. If F is not constart on |, the algorithm recursiwely estimatesthe
density in the interval during the subsequenpassesin e ect \zoomingin" on these
more troublesomeintervals until we are satis ed with our appraximation.

The crucial componert of the above algorithm is a one-passsubroutine that uses
a small amourt of spaceto determineif F is constart on a giveninterval. We prove
that Indyk's one-passalgorithm for computing the "; length of a vector given as
a stream of dynamic updates [43] can be usedto solwe this problem using extra
spaceat most O((" log(1=) + logk) log("k= )) (we will discussthis algorithm in
Section2.2.1).

In orderto prove lower boundsfor multiple passalgorithms, we appealto known

resultsfor the communication complexity of the GT (Greater Than) function, which

11



determinesfor two inputs a;b whether a > b. Speci cally, we show that any "-pass
algorithm that solvesour problemwill inducea (2° 1)-round protocol for the GT
function. Known lower bounds[56]onthe (2° 1)-round comnunication complexity

of GT will then provide lower boundsfor the memory usageof "-passalgorithms.

Related Work

Our problem of learning mixtures of uniform distributions is similar to histogram
construction and maintenance,which we mertioned in Section1.1.2. The streaming
algorithm for histogram maintenance[32] will compute the best piecewiseconstart
represetation of the density of a set of points, without assumingany sort of gen-
erative model for the input. Thus, this problem is in someways more generalthan
learning mixtures of uniform distributions (howewer, it is subtly di erent), but very
di erent from the two dimensional case,or the linear case. We note that this al-
gorithm for histogram maintenanceis single passand doesnot have the interesting
tradeo properties.

Generative mixture modelsis oneof the major clusteringdomainsin data mining.
Much work has beendone on the unsupervisedlearning of mixtures of k Gaussian
distributions in high dimension,which involves estimation of the parametersof the
constituert Gaussiansi.e. their certers, covariance matrices, and mixing weighs).
Assumptionson the separationof the Gaussiansneedto be madein order to prove
rigorousresultsabout the accuracyof thesealgorithms; the problemsareill-de ned if
the Gaussiansoverlap too much. The rst paper in the theoretical computer science
literature on this problem was due to Dasgupta [19], who gave an algorithm for
learning the certers of the constituert Gaussians.The result was later improved in
a seriesof papers by Arora and Kannan [4], Vempalaand Wang [69], and Kannan,

Salmasian,and Vempala[47].
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1.2.2 Clustering by Combinatorial Optimization:  Appro Xxi-

mating facilit y location in multiple passes

Facility Location is a well-studied problem in combinatorial optimization. In this
problem, we are given a metric space(X;d) consisting of a set X of n points, a
distance metric d on X, and a facility costf; for ead x; 2 X. The problem is to
nd asetF X that minimizesthe objective function i xi2F Ti ¥ i xi2x d(Xi; F),
whered(x;; C) denotesthe distancefrom x; to the closestpoint in the setC.

A primary obstaclefor designingpass-e cient algorithms with small spacere-
qguiremerts is that there are easy-to-constructinstancesof the facility location prob-
lem that cannotbe appraximated to within any constart factor with fewerthan ( n)
facilities. Intuitiv ely, this indicatesthat onecannothopeto designan algorithm that
provides a solution to the problem using o(n) space.Indeed, we can prove that any
“-passrandomizedalgorithm that approximates even the cost of the optimum solu-
tion will needat least ( n=") space,usinga simple application of the commnunication
complexity of the set disjointnessfunction.

We addressthesedi culties by parameterizingthe amourt of spaceusedby our
algorithm by the number of facilities openedby the appraximate solution. Thus, our
algorithm will use3(" 1) passedo compute a solution with approximation ratio
O(") using at most O(k n%") bits of memory wherek is the number of facilities
openedby the approximate solution. Note that for many instancesk may in fact
be much smaller (or possibly much larger) than the number of facilities openedin
an optimum solution.

A compelling feature of this algorithm is that the amourt of memory decreases
sharply asthe number of passesncreases.Thus, making a few more passeswill sub-

stantially reducethe amourt of spaceusedby the algorithm at the cost of slightly

13



increasingthe approximation ratio. The similarity of this tradeo to the tradeo
for our learning algorithm is not a coincidence:the generalframework of adaptive
samplingimplemerted in multiple passeghat can be usedto learn mixtures of dis-
tributions can alsobe adaptedto facility location.

We also proposean alternative way of addressingthe di cult y presened by the
( n=") lower bound onthe amourt of spaceneededby an "-passalgorithm for facility
location. We de ne the k-facility location problemto be a hybrid betweenk-median
and facility location, wherewe must nd the bestfacility location solution that uses
at most k facilities. A situation where this might arise is if we are constrainedto
building at most k facilities (perhapswe only have a limited amourt of labor, time,
or equipmert), but eat potential facility will incur a di erent cost. k-medianis a
special caseof the problem when all facilities costsare 0. We adapt our multiple

passalgorithm to solwe this problem using a small amourt of extra space.

Our Results and Techniques

We presen the following results:

1. For any integer~ 2, our main algorithm for facility location is a 3(  1)-
passalgorithm with appraximation ratio O(") that usesat most O(k n?) bits
of memory, where k is the number of facilities openedby the approximate

solution.

2. We adapt our main algorithm to an algorithm for k-facility location with ap-
proximation ratio O(*) using3’ passesind at most O(k( Y= n'*) bits of mem-

ory.

3. We prove a lower bound of ( n=") for the number of bits neededby any "-pass

randomizedalgorithm that computesthe cost of the optimum facility location
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solution to within any polynomial factor.

For facility location, our technique is a conbination of the generalapproad for
our learning algorithm and a generalizationof a sublinear bicriterion approximation
algorithm for k-median deweloped by Indyk [42]. The high level description is that
we take a sample S from the input array X and cluster the samplewith a known
facility location algorithm. The resulting facilities can then be shovn to be a good
clustering for X, exceptfor a small set of outliers. In subsequen passeswe \zoom
in" on the outliers by recursiwely calling our algorithm on those points and sampling

them at a higher frequency

Related Work

Many algorithms with constart factor appraximation ratios have beendesignedfor
facility location in the traditional models of computation, including [15, 54, 55, 62],
as well as approximation sdhemesfor instancesthat lie in the Euclidean plane [5].
It is also known that the problem cannot be approximated to within a factor of
1.46,unlessNP  DTIME (n'°9'°9m) [34]. In this paper, we considerpass-e cient
algorithms for facility location.

The three most basic clustering problemsin combinatorial optimization are k-
certer, k-median, and facility location. k-certer and k-median are the problems of
nding a set of cernters C X, jCj k, that minimizes the objective function
max; d(x;; C) and P . d(xi; C), respectively. Charikar, Chekuri, Feder,and Motwani
[14] designeda single passconstart factor appraximation algorithm for k-certer that
usesat most O(k) extra memory; this algorithm hasthe addedappealthat it follows
a bottom-up approad to clustering, known as hierarchical agglomeratiwe cluster-
ing, which is known to be very e cient in practice. Guha, Mishra, Motwani, and

O'Callaghan [36] designeda single passalgorithm for k-medianwith appraximation
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ratio 2°=) using at most O(n ) extra space,for > 0. This was later improved
by Charikar, O'Callaghan, and Panigrahy [16] to a constarnt factor approximation
ratio usingat most O(k log? n) extra space.Charikar and Panigrahy [17] alsogave a
streamingalgorithm for the objective function of nding k clustersthat minimize the
sum of cluster diameters,using O(k) space,but alsousing ck certers, for somecon-
stant c. Thesealgorithms adieve nearly optimum spaceusageand constart factor
approximation ratios and thus cannot be substartially improved. Howe\er, prior to
this work, no small spacepass-e cient or streamingalgorithm existedfor the general
caseof facility location.

Indyk [44] designeda one passalgorithm for highly restricted geometricinstances
of facility location. If the input is cortained in the lattice f1;:::; gd RY, his
algorithm will nd an O(dlog® ) approximation to the optimum cost of a facility
location solution using spaceat most O(log®® (' + n)), for the casewhenthe facility
costsare restricted to be uniform. Note that if the diameter of the input is diam,
then diam=p d diam.

Meyerson[55] gave an online algorithm with an approximation ratio of O(log n) if
the demandpoints in the data stream are orderedarbitrarily , and an approximation
ratio of O(1) if they are orderedrandomly. Note that theseappraximation ratios are
stronger than competitiv e ratios: the algorithm will output a solution with cost at
most O(log n) times the o ine optimum, rather than the best possibleonline solu-
tion. Note that, in general,online algorithms do not optimize for space.Meyerson's
algorithm thususes ( n) space but satis esthe rigid online requiremen that it must
always maintain a solution with ead elemen it processesThis online algorithm was
a crucial subroutine in the one passk-median algorithm givenin [16].

Badoiu, Czumgj, Indyk, and Sohler[8] considermassiwe data set algorithms for

facility location. They deweloped an algorithm that runs in time O(nlog?n) for
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appraximating the cost of the optimum solution for the restricted casewhere all
nodes have uniform facility cost. Sincethe input to the problem consistsof ( n?)
pairwise distancesbetweenn points, the running time of the algorithm is sublinear
in the size of the input. They also prove a lower bound of ( n?) on the running
time of any algorithm that appraximates the cost of the optimum facility location

solution, for the generalcasewherefacility costsare unrestricted.

1.2.3 Clustering by Combinatorial Optimization: Graph Par-
titioning

In a graph partitioning problem, we are asked to nd a set of edgesor nodes to
remove from a graphin order to partition the nodesinto a set of disjoint, connected
componerts. Usually we optimize an objective function that dependson the number
of removed edgesand propertiesof the partition of the graph output by the algorithm.
Eadh componernt of the partition can be thought of as a cluster, and thus graph
partitioning algorithms are a form of top-down clustering.

We consideran NP -Hard graph partitioning problem that we call the sum-of-
squaes partition problem. In the node cut version, we are given an integer m and
want to remove m nodes (and their adjacen edges)that partition the graph into
componerts f C;g sud that P jCij? is minimized. This is a natural problem, since
intuitiv ely a partition of the graph that minimizesthis objective function will have
its large componerts all be of roughly equal size. We presen a greedy bicriterion-
appraximation algorithm that will remove a setof O(m log"® n) nodesthat partitions
the graph into componerts nCio sud that P jCij2 O(1)OPT, whereOPT is the
optimum value of the objective function when at most m nodesare removed. The

algorithm is simple to descrike: it repeatedly appliesknown algorithmsto nd and
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remove sparsenode cuts from the graph. This greedy partitioning cortinues until
( mlog* n) nodeshave beenremoved. Our algorithm generalizeso the edge cut
version,which hasa much simpler analysis. We also prove complemetary hardness
of appraximation results, reducing from minimum vertex cover, which cannot be
approximated to within a constart factor of 1.36[21].

The algorithm appearedin a paper with JamesAspnesand AleksandrYampolskiy
[7] on a problem of network security. Chapter 5 of this thesis will focus on our
algorithm and its analysis,but will alsodiscussat a high level its cortext in [7]. In
this study, we designeda gametheoretic model for the propagation of a virus in a
network represeted as a graph, where the nodes are the usersand the edgesare
the connections.Eadh node must chooseto either install anti-virus software at some
known costC, or risk infection with a potential costL. The virus starts at a random
initial node in the graph and will spreadto other nodesdependingupon the network
topology and the topology of the nodesthat choseto install anti-virus software. Our
study proved many game theoretic properties of this system, shaving that sel sh
behavior will incur a costto the entire systemthat is much higher than the best
costthat canbe adhieved. As an alternative to anardy, we considereda certralized
solution to the problem of computing the set of nodeson which to install arti-virus
software that will minimize the expectedcostto the erntire network. This algorithmic
problemreducesto the sum-of-squaregartition problem;our algorithm thusinduces
an approximation algorithm for nding the best con guration of anti-virus software

installation.

Related Work

The seminal work of Leighton and Rao [53] on multicommodity ows and sparse

cuts inspired much work on many di erent graph partitioning problems. Roughly, a
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sparsecut is a cut with fewedgeghat partitions the graphinto largecomponerts (we
will de ne the sparsity of a cut preciselyin Chapter 5). Leighton and Rao designed
an O(logn) appraximation algorithm for nding the sparsestcut. Their work was
improved by Arora, Rao, and Vazirani [6] who gave an algorithm with appraximation

ratio O(p logn). Problemsrelatedto nding the sparsestut include nding balanced
cuts, k-balancedpatrtitions, -separators,and graph bisections. A -separatoris a
setof edgesvhoseremoval partitions the graph into connectedcomponerts sud that

eat componert hasat most n nodes. A k-balancedpartition is an O(k)-separator
that createsat most k componerts. A c-balancedcut is a cut that will partition the

nodesinto two componerts, eat of sizeat leastcn. An appraximation algorithm

for minimum c¢ balancedcuts can be found in [6]. Even, Naor, Rao, and Sdieber
[27] designedapproximation algorithms for nding minimum balanced separators
and k-balanced partitions. Feige and Krauthgammer [28] designedapproximation

algorithms for the minimum graph bisectionproblem of nding the smallestcut that

will divide the graph into two componens of sizeexactly n=2.

Kannan, Vempala, and Vetta [48] designeda graph partitioning algorithm for
clustering that involved recursively removing sparsecuts. They proved that their
algorithm computeda graph partitioning that approximately optimized any balance
of the following criteria: ead componert has a high conductance(a measureof
\how well-knit" a graph is, with connectionsto sparsity), and the proportion of all

the edgesthat crossthe cut is small.

1.3 Notes to the Reader

In this thesis,we will assumehat the readeris familiar with basicconceptsand nota-

tion from calculus,probability theory [10], linear algebra[41], randomizedalgorithms
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[58], and basiccomplexity classed64].

In Chapter 2, we review the badground that we will usein our algorithms and
proofs: boundson the weight of tails of probability distributions, small spacestream-
ing algorithms for computing the norms of vectors, and computational complexity.
In Chapter 3, we presen our resultsfor learning mixtures of distributions. In Chap-
ter 4, we presen our results for facility location and related problems. In Chapter
5, we preseit an approximation algorithm for the sum-of-squares-partitionproblem.
In Chapter 6, we will make someconcludingremarksaswell asdiscussexciting open

problemsthat arisefrom this researb.
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Chapter 2

Preliminaries

In this dissertation we study the theory of algorithms for both traditional compu-
tation and massie data set computation. We rst review someof the algorithmic
techniquesthat can be usedfor both traditional and pass-e cient algorithms; we
then review badkground material speci ¢ to streamingand pass-e cient algorithms,
and lastly review commnunication complexity, which is often appliedto proving lower
boundson the spaceusageof streamingand pass-e cient algorithms.

The study of the intrinsic computational resourcesrequired to solve a problem
are approadied from two di erent directions. The theory of algorithms attempts to
determine how little time or spaceis su cient for an abstract computer to sole
a computational problem. Computational complexity theory attempts to determine
how much time or spaceis necessaryor an algorithm to solwe a problem. Thesetwo
elds complemen ead other: lower boundson the amourt of time or spacerequired
to solve sud problemsas facility location are very helpful to algorithm designers,
who can narrow their seart for e cient algorithms to thosethat respect the lower
bounds. Similarly, algorithmic results providing upper boundson the resourceusage

required for solving a problem will focus a complexity theorist's seart for lower
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bounds.

2.1 General Purp ose Algorithmic Tools

Many fundamertal optimization problems,including facility location and many of the
graph partitioning problems (including the sum-of-squaregartition problem), can
be proved to be computationally intractable under somelong-standing conjectures
from complexity theory. Howe\er, if we are satis ed with an algorithm that is slightly

suboptimum, algorithms for nding sud solutionsare often very practical. The eld

of appraximation algorithms addressesud issues.For a minimization problem, we
say that analgorithm hasapproximation ratio 1if it will always output a solution
with cost at most OPT, where OPT is the cost of the optimum solution to the
instance. For a maximization problem, we say that an algorithm hasapproximation

ratio , forO 1, if it will always output a solution with costat least OPT. For
a comprehensie survey of approximation algorithms, seethe book by Vazirani [67]

or the book edited by Hochbaum [39].

2.1.1 Bounds on Tails of Distributions

A major paradigmin algorithm designand analysisis the use of randomness.Algo-
rithms that canutilize the resultsof random cointossescanoften perform better than
their deterministic courterparts. This is perhapscourter-intuitiv e, sincea random
coin tosswill provide no insight into the structure of the problem under considera-
tion. Whether or not the perceived power of randomnesscan be attributed to either
the intrinsic power of coin tossesor to a lack of somecrucial insight on the part of
algorithm designerss an open question. (SeeSection2.3for a discussionof resultsin

a di erent areaof theoretical computer sciencewhererandomnesscan be proven to
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be helpful.) For surveysof topics in randomizedalgorithms, seethe books[57, 5§].
We will review someof the bounds on the probability of random variables de-
viating far from their means. Thesetheoremsare fundamertal to the analysis of
randomizedalgorithms and computational learning theory. We will operate in both
discrete and cortinuous probability spaces.For a review of probability theory, see

the textb ooks by Billingsley or Sinai: [10, 63].

Mark ov and Chebyshev Inequalities

The Markov inequality is the most basic, and the wealest, of thesebounds. It has
the appeal that it is the strongestinequality that requires almost no knowledge
of the random variable. The only restriction is that the random variable must be
non-negatiwe.

Let X be arandom variable with nite mean,sud that X 0. Then:

PriX tE[X]] %:

The proof of the Markov inequality is a particularly simple proof by cortradiction.
Supposethat the Markov inequality doesnot hold. ThenPr[X tE[X]] > % which
impliesthat E[X]> 1=t tE[X]> E[X].

A stronger inequality that requiresknowing the secondmomert of the random
variable is the Chebyshevnequality. If X is a random variable (that can possibly
take negative values)with nite meanand variance,then

h p____ 1
Pr jX E[X]] t Var[X] o

The Chelyshevinequality can be derived by applying the Markov inequality to the

random variable (X  E[X])2. The inequality generalizego higher order momerts.
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Cherno Bounds

A moreinvolved application of the Markov inequality will yield sharper concetration
propertiesfor sumsof independer randomvariables,known asCherno Bounds[67].

Let X; be a sequenceof n independer, idertically distributed random variables
P

taking valuesin f0; 1g, with E[X;]= . Let X = inj Xi pe an estimate of . For

0< < 1, wethen have the Cherno bound for the upper tail:

Prr X (1+) e

and the lower tail:

PrXx (1 ) e n *=2.

We have stated these inequalities for sequence®f independen, identically dis-
tributed random variablesthat take valuesof either O or 1; they can be generalized

to the casewherethe X;stake valuesin [0; 1] and are not idertically distributed [40].

V C Bounds

Our proofs make useof a powerful statistical tool known asthe Vapnik-Chervonenkis
(VC) Dimension and its assaiated VC Bound. They were introducedto the theo-
retical computer sciencecommnunity by the seminal paper of Blumer, Ehnrenfeud,
Haussler,and Warmuth [11], who usedVC boundsto prove resultsin computational

learning theory.
tributed random variables taking valuesin universe and drawn accordingto a

probability measure ( : ! [0;1]is afunction sud that (A) givesthe probabil-

ity that X; 2 A) and let C be a family of sets(we require a few technical conditions
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sud asthe measurability of and Cwith respectto some -algebraF over , which
will always be true for our well-behaved applications). A sampleof m points drawn
accordingto is then an instantiation of theseX;s; call the sampleX . Given a set
U 2 C, we canestimate (U) by the number of points of the samplethat lie in U:
JX '\ Uj=m. A natural questionto askis: How closeis this empirical estimate likely
to beto the true value of (U)? Cherno boundsgive sharp boundson the relative
error of the estimate for a xed U 2 C. VC bounds, on the other hand, give sharp
boundson the absoluteerror of the estimate for all U 2 C simultaneously.

VC Boundsare givenin terms of the VC dimension of C, which is a combinatorial

measureof the complexity of the constituernt setsof C. We say that Cshattersthe set

that X \ C = U. The VC dimensionof Cis the largestk sud that there existsa set
of k points that canbe shatteredby C. For the purposesof this dissertation, we only
needto know that the VC dimensionof the set of all open intervals in R, which is
givenby f (a;bja< b;a;b2 Rg, isd = 2 and the VC dimensionof the set of all axis-
alignedrectanglesin R?, which is givenby f (a;b) (c;d)ja< b;c< d;a;b;c;d 2 Rg,

is d = 4. We then have the following tail inequality.

Fact 1 (Vapnik and Cherv onenkis, Talagrand bound) (Theorem1.2from [65])
Let C be a family of measurable setswith VC dimensiond, andlet > 0, > 0.

Then there existsa constant ¢y suchthat if X is a setof m samplesdrawn aacording

to , and
1 1 1
m ¢c— dlog - +log - ; (2.1)
then
Pr sup X\ Uj V)
u2C

The power of the VC bound liesin the fact that the error is boundedsimultaneously
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for all setsin C.
Vapnik and Chervonenkis [66] were the rst to useVC dimensionin order to
prove bounds similar to Fact 1. Talagrand [65] later derived the optimum bound,

but this doesnot changethe asymptotic samplecomplexity for our purposes.

Union Bound

The so-calledunion bound is not a tail inequality, but is a simple inequality that is
quite usefulfor the analysisof algorithms. Supposewe are given a probability space

P
( ;F; ). Forany sequenceofevents A; 2 F, ([ A) (A).

2.2 Pass-Ecien t and Streaming Algorithms

In this sectionwe review algorithmic techniquesand results that apply primarily to

streaming and pass-e cient computation.

2.2.1 Appro ximating the “; norm of a stream of dynamic
up dates

Consider a data stream X consisting of pairs of the form < i;a >, i 2 [n] and

L P . . .
of the vectoris givenby vi = _... ,x @ Thus, eat time we seea pair < i;a >
from the data stream, we add the integer a to the ith componert of v. We de ne
: P P . :
the quartity L,(X) = i2;n]  <ia> 2s@ - The "p norm of a vectorv 2 R" is

P
de ned asijjvijj, = j ., VPj**? (thus the 2-norm is the standard Euclidean norm:

|
jiviiz = jvj = P i.; V7). Note that L1(X) = jjvjj; is the *; length of v. Indyk
designeda one passalgorithm for this problem. We state a wealer version of his

result that is suitable for our purposes:
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Fact 2 [43] Thereis an algorithmthat will nd an estimateof L 1(S) that is within an
additive error of Ll—és) of L1(S) with protability 1  andthat usesO(logM log(1=))
bits of memory, O(logM log(n=)) random bits, and O(log(n=)) arithmetic opera-

tions per pair < i;a>.

Indyk's algorithm works roughly asfollows. In order to avoid storing all compo-
nerts of the vector v at a costof ( n) bits of memory the algorithm projects the
vector into a randomly chosensubspaceof low dimensiond. Supposethe random
projection is de ned by arandomd n matrix A. The algorithm maintains the d
dimensionalvector v, which it initializes to 0. Upon reading the elemen < i;a >,
it will update v by settingv v+ A(ae), wheree is the ith basisvector of R"
with 1 in the ith componert and O in all other componerts. After all elemens of
the data stream have been processed,we have v = Av. Random projection is a
major algorithmic tool for speedingup algorithms for problems with instancesin
high dimensionalvector spaces.For a treatment of random projection and someof
its applicationsin theoretical computer science seethe book by Vempala[68].

The random projection will approximately presene the norm of the vector, but
vastly reduceits dimensionto d, and hencereducethe number of componerts that
needto be storedto d. At rst glance,it may seemnecessaryo store the projection
matrix of size at least dn; howewer, pseudorandomgeneratorsfor spacebounded
computationsallow usto insteadstorea small, truly randomseedand generatethe dn
(pseudorandom)ertries of the projection matrix. Thus, insteadof storing the matrix,
we run the pseudorandongeneratoron the samerandomseedo generateead matrix
elemen aswe needit, and then deleteit from memory immediately after using it.
These pseudorandomgeneratorsfor spacebounded computation were designedby
Nisan [60] and do not use hard core bits and thus do not require cryptographic

assumptionssud asthe existenceof oneway functions.
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2.3 Comm unication Complexit y

Comnunication complexity is an important model in complexity theory that has
found applications in proving lower bounds for the spacecomplexity of streaming
and pass-e cient algorithms. Alon, Matias, and Szegedy{3] werethe rst to make
this connection. We will discussthis application of commnunication complexity in
Section 2.3.2. Other techniquesfor proving lower bounds on streaming and pass-
e cien t algorithmsinclude usinginformation theory [9]. Communication complexity
was a model rst introducedby Yao [70]. Seethe book by Kushilevitz and Nisan
[52] for a survey of results and applications of comnunication complexity.

We now give a brief description of the most basic model of comnunication
complexity. Two players, Alice and Bob, get input parametersa 2 f0;1g" and
b 2 f0;1g", respectively; neither knows anything about the other's input. The
players' goal is to cooperate and compute f (a;b), for some boolean function f
f0;1g" f0;1g" ! f0;1g. Sinceneither player knows the ertire input to f, neither
player can compute the solution outright without rst \consulting” with the other
player. Eacd player thus alternately sendsand receives messagegin the form of
bit strings) until one of them can determinef (a;b). We assumethat eat player
has an arbitrary amourt of computing power, in terms of time and space,and that
the players are cooperating in order to minimize the amourt of commnunication (i.e.
neither player will \lie"). Thus, we are most interested in the numker of bits of
communiation that are intrinsically neededin order to compute the function.

Alice and Bob's comnunication is not haphazard,but rather governedby a pro-
tocol ( a;b) that determineswhen eat player sendsa messageand the cortents
of that message.The contents of the messagesert by a given player is a function

of the player's private input and the transcript of the messagesommnunicated thus
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far. At the end of the protocol, one of the two playerswill have the value of f (a;b).
The communication cost of the protocol, cost( ( a;b)), is de ned as the aggregate

number of bits in all messagesert.

Example: A trivial protocol to computef (a;b) is for Bob to senda message
cortaining b, and for Alice to then computef (a;b). In this case,cost( ( a;b) = n
for all a;b. In general,we hope to do better than sendingone player's ertire input,

although this is not always possible.

D(f) = min max,,cost ( a;b)), which is the cost of the best protocol on its
worst caseinput pair, is called the deterministic communiction complexity of the
function f .

If the players are given accesdo private random coin tosses,then we can have
randomizel protocols. A randomized protocol must determine the correct value of
f (a;b) with probability at least 2=3. The randomizedcomrmunication complexity of
the function f is then the cost of the best randomizedprotocol over its worst case
input pair, and is denotedby R(f). Clearly, R(f) D(f). For certain problems,
the comnunication complexity of a randomizedprotocol can be proved to be much
smallerthan its deterministic courterpart.

We will beinterestedin the communication problemsassaiated with the follow-

ing functions:

Equality : EQ, :f0;1g" f0;1g"! f0;1g, sud that EQ,(a;b) = 1 if and only if

a=h

Greater Than : GT, :f0;1g" f0;19"! fO0;1g, suc that GT,(a;b) = 1 if and

only if a> h.

Disjoin tness : DISJ, :f0;1g" f0;1g" ! fO0;1g, sud that DISJ,(a;b) = 1if and
onlyif 8i 2 [n];a 6 L.
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Fact 3 The following classicresultshold:
1. D(EQ,) = n, R(EQ,) = (log n)
2. D(GT,) = n, R(GT,) = (log n)
3. D(DISJ,) = n, R(DISJ,) = ( n).

Note that the randomizedprotocolsfor EQ and GT are provably much better than
the deterministic protocolsthat must comrmunicate all n bits of one player's input.
The comnmunication complexity of the disjointnessfunction wasprovedby Kalyana-
sundaramand Sdnitger [46] and Razborov [61] and is often usedfor proving lower
boundsfor streamingalgorithms. Indeed, we will useit in a straightforward manner

to prove complexity results for pass-e cient algorithms for facility location.

2.3.1 r-round communication complexit y

The basiccommnunication complexity model has beengeneralizedn many ways and
has also beenrestricted in many ways. Our interest in pass-e cient algorithms for
generative clustering leads us to considerthe restriction of the model to r-round
communiation complexity.

In this model, we only allow protocols in which the players may senda total
of at most r messagesfor the sake of simplicity, we require that Alice sendthe
rst message.The cost of an r-round protocol on input a;b is de ned slightly
di erently than in the unrestricted case.We de ne cost (( a;b)) asthe length of the
longestmessagesert by oneof the players. The randomizedr-round comnunication
complexity of a function f is then the cost of the best randomizedr-round protocol
on its worst caseinstance,and is denotedby R'(f).

The following fact wasproved by Miltersen, Nisan, Safra,and Wigderson[56], who

used a more generaltechnique to prove results about asymmetric communication,
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which is a commnunication problem where Alice and Bob get inputs of very di erent

size.
Fact 4 [56] R"(GT,) = ( n¥"c ") for someconstant c.

The lower bound is nearly tight, sincethere exists a randomizedr-round protocol
for GT, with complexity at most O(n**" logn) [56]. Recallthat R(GT,) = (log n);
the optimum protocol requiresO(log n) roundsof communication, which is consistem

with Fact 4.

2.3.2 Connections to streaming and pass-e cien t algorithms

The technique preserted in this sectionfor reducing comnunication complexity to
the spacecomplexity of pass-e cient and streaming algorithms is standard, but we
state it more precisely We rst de ne a streaming-comgpatible reduction from a com-
munication problemf to atarget function g. We then shov how the commnunication
complexity of f can be usedto prove lower bounds on the memory necessaryfor a
streaming or pass-e cient algorithm for g.

Suppose we are interested in the comnunication problem assaiated with the
function f : f0;1g" f0;1g" ! f0;1g. A streaming-compatible reduction from f
to a target function g : f0;1g" ! fO0;1g is an integer t and a pair of functions

A:f01g" ! fO;1g and g :f0;1g" ! f0;1g" 'sucthat g( a(a) s(D) =1
if andonly if f (a;b) = 1, wherethe operator denotesconcatenationof two strings
of bits. There is no restriction on the computational complexity of 5 and g; they
can be arbitrary functions.

Streaming-compatiblereductions are suitable for proving lower bounds for the
memory usageof pass-e cient algorithms for the target function g. The main insight

is that if we have a randomized -passalgorithm P for g that usesat most M (P)
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bits of memoryin the worst case this caninducea 2" 1 round protocol with worst

casecostM (P).

Theorem 5 Supmsethere existsan = passalgorithm P that will computea function
g correctly with probability at least 2/3 that usesat most M (P) bits of memory in

the worst case. If there existsa streaming-compatible reduction from f to g, then
1. M(P) R?Z )

2. M(P) X0

Proof: Let 5 and g be the functions asseiated with the streaming-compatible
reduction. The "-passalgorithm for g will inducea 2° 1 round protocol for the
comnunication problemf in the following manner. SupposeAlice and Bob are given
inputs a and b, respectively. They will simulate P on the read-onlyinput array with
ertries givenby A(a) g (b).

Alice simulatesthe rst passof P on 4 (a) and sendsa messagéo Bob cortaining
the cortents of the algorithm's working memory Bob then simulates the remainder
of the rst passof P on g(b), and sendsa messagdo Alice cortaining the cortents
of the algorithm's working memory Alice then simulatesthe secondpassof P. They
cortinue in this manner until they have simulated all = passes.exdanging a total
of 22 1 messagesAt this point, with probability at least 2=3, Bob will be able to
computeg( a(@) g(b) and canthus computef (a;b).

This protocol for f exchanged2® 1 messagesad of sizeat mostM (A). Thus,
M(A) R? (f). The total number of bits commnunicatedis at most(2° 1)M (A).
Thus,M(A) R(f)=2" 1).2
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Chapter 3

Pass-E cien t Algorithms for

Generativ e Clustering

In this Chapter, we will considerpass-e cient algorithms for the problem of learning

mixtures of distributions.

Mixture Learning Problem: Given > 0 and a set of independent samples
drawn according to a mixture of k uniform distributions in R with density function
R

iF G

F, nd afunction G suchthat R

This algorithmic problem has not beenpreviously studied in any model of com-
putation. As we mertioned in Section1.2.1,this problemis related to the previously
studied problems of histogram maintenance in the streaming model and learning
mixtures of Gaussiansin the corventional model of computation.

Our main resultisa 2’ passalgorithm that usesat most O(k3= 27) bits of memory
and a nearly matching lower bound for a slightly stronger problem. In Section3.2,
we give a one passalgorithm for learning mixtures of k uniform distributions. In Sec-
tions 3.3and 3.4, we presen our main algorithm and its complememary lower bound

on the memoryrequiremerts, respectively. In Sections3.5and 3.6, we generalizeour
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algorithm to learn mixtures of linear distributions in R and to learn mixtures of

uniform distributions in R?, respectively.

3.1 Preliminaries

We rst prove that the probability density function inducedby a mixture of uniform

distributions can be descriked as a piecewiseconstart function.

Lemma 6 Givena mixture of k uniform distributions (a;; h); w;, let F be theinduced
prokability density function on R. F (except possiblyat at most 2k points) can be
represente as a collection of at most2k 1 disjoint open intervals, with a constant

value on each interval.

Pro of: We shav how to construct the partition of the real line and the constart
valuesthat F holds on the partition.

First, considerthe sequencede ned by combining the ajs and bs into a single
sorted sequenceof 2k points and eliminating all duplicate points. Call this new
sequence;i = 1;:::;m 2Kk

Then, considerthe following m lintervals: I; = (G;c+) fori=1;:::;m 1.
Theseintervals cover the ertire support of F (the setfx : F(x) 6 0g),exceptpossibly
at the ¢s (of which there are at most 2k.)

Note that F is constart on ead interval (¢;G+1) becauseby de nition of the
G's, no endpoint of the original intervals falls in the openinterval (c;; c+1). Let d; be
the value of F on I;.

If , isthe characteristic function of interval I; (i,e. |, (x) = 1ifx 2 I; andOif
X Z 1) then

X
F(x) = d 1, (x) (3.1)
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jump jump
e N /)

h1 h3

ho
X0 X1 X2 X3 X4

support

Figure 3.1: A mixture of 3 uniform distributions, labeled as a step function with 4
steps. h, = 0 is not labeled;it is the density of the third step.

exceptpossibly at the points ¢. 2

Sincethe above characterization of F holdsexcepton a setof measurezero, it will
su ce for our algorithm to learn F with this represetation. We will be somewhat
lax in our language,and say that a set of intervals partitions somelarger interval I,
ewven if there are a nite number of points of | that are not included in any interval

of the partition.

De nition 1 We de ne the step function represetation of a mixture of k uniform

2k suchthat the density of the mixture is a constant h; on the interval (X;; Xj+1).

Implicit in this de nition is the fact that the m stepsform a partition of the interval

(X0 Xm).

De nition 2 The support of a mixture of uniform distributions given by stepfunc-
tion representation (x;; Xj+1 ); h; consisting of m stepsis the interval (Xo;Xm). If F

is the density function of the mixture, we denoteits supmrt by Support(F) .

De nition 3 A jump of a stepfunction is a point wheee the density changes(i.e.

an endmint sharmed by two di er ent stepsof the mixture).

We will work exclusiwvely with the step function represeration of the mixture.
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3.2 A Single Pass Algorithm

In this section, we presen a single passalgorithm that with probability 1 will
learn the density function of a mixture of k uniform distributions within L?! distance
using at most O(k?= 2) bits of memory

OneP ass is a divide and conqueralgorithm, reminiscenn of mergesort. Given
a uniform random sample of m = O(k?=2) points drawn from the datastream,
OneP ass rst initializes the computation, then sorts the m points. It calls subrou-
tine Cluster , which dividesthe sampleinto two halvesand recursively appraximates
the density function F in ead half. Cluster then appliesa merging procedurethat
decideswhether or not the last interval of one half can be mergedwith the rst
interval of the other half.

Before describingthe algorithm, we make the following de nition.

De nition 4 Supmwsewe havea set of points S and two intervals 3  J% We say
that the empirical density of J is consistemn with J°on S, or simply J is consister
with J%on S, if

jJ\ Sj ja% Sj 1 .
jSjlength(J) jSjlength(J9 97 logm length(J)"

The algorithm is descrited in Figure 3.2.

We de ne the baseintervals to be the intervals of size2 createdin the basecase
of Cluster . We de ne an intermediate interval to be an interval that was output
by one of the callsto Cluster in the recursion,but not necessarilyone of the nal
output intervals. We say that Cluster mergestwo intermediate intervals |, and J;

if in Step 5 it choosesto output the set of intervals cortaining K = Iy, [ J;.
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Input: datastream X, sud that jXj m (seebelow).

1. In onepass,draw a sampleof size

k2log?(k=) + log? log(1=)
2

m= 0 IogE + Iog} (3.2)

from X, wherem is a power of 2. Sort the samples,and call the setS.

3. Output the appraximate density function, G, asthe stepfunction given
n o

by the intervals J; with densitiesjS\ Jijj=(mlength(J;)).

Subroutine Cluster

Input: A setoft sortedpoints, T = fsy;:::;s0.

Base Case: If t < 3, then output interval (S;; St+1), Where s, is the point
following s; in S. Notethat T (Sy; St+1)-

Main Recursion:

1. SetTy = Sp;:::;S=2 and Ty = Sip41;::0;St

4. SetK = Iy, [ Ji.

5. If the empirical densities of both I, and J; are consisten with K

Figure 3.2: Algorithm OneP ass
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If viewed from a bottom-up perspective, the basicidea of OneP ass is that the
basecaseconsistsof a partition of Support(F) into baseintervals. Adjacert inter-
mediate intervals are then repeatedly mergedtogether if the empirical densitiesof
the two intervals are similar enough. After all mergers,the resulting intervals de ne
the stepsof the output function, G. Care must be takenin choosingwhich adjacert
intervals to considerfor merging; ead time an interval is merged,a small error is
induced. If we considermerging indiscriminately, then we can potertially induce a
large aggregateerror if an interval participates in too many mergers. The recursion
de ned by Cluster givesa structure for choosingthe mergers,sud that no interval
is involved in more than logm mergers. This fact is explicitly usedfor the proof of
Lemma 8.

A simple calculation will showv that we have chosenm in Equation 3.2 sud that,
with the appropriate constarts, the VC bound guararteesthat with probability 1,

JS\ 1j
m | 194 logm

for all intervals|  Support(F). It followsthat with probability 1

R
, F IS\ 1j 1
length(l)  mlength(l) 194 logm length(l)’

(3.3)
for all intervals|  Support(F). The results of this sectionare conditioned on this
ewvert occurring.

Lemma 7 The output of OneP ass contains at most 4k steps.

Pro of: Supposethe number of baseintervals is N, which is somepower of 2. Note
that Cluster is calledexactly N 1 times. If we can shav that all but 4k 1 of

those calls to Cluster result in a merger,then we have shovn the total number of
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intervals in the output of OneP ass is 4k, sinceead mergerreducesthe number of
intervals by one.
Thus, we seekto prove that all but 4k 2 of the callsto Cluster resultin a

merger, using the following claim.

Claim: Supposetwo adjacen intermediate intervals 1, and |, are cortained in the
samestep of F, which hasdensity h. Then both I; and |, are consistet with 1] I,

onS.

Pro of of Claim: By Inequality (3.3), we know that both I, and I, satisfy:

i\ Sj
mlength(l;) 194k logm length(l;)

andthat I, [ I, satis es:

j(a[ 12)\ §j :
mlength(l¢ [ 1) 194 logm length(l.] I,)°

Combining thesetwo inequalities yields

i)\ Sj j(:[ 1)\ §j 1, 1
mlength(l;) mlength(l1[ 1) 194 logm length(l;) length(l{[ 1)

97k logm length(l i):

This provesthe claim.

Thus, two adjacert intervals will fail to mergein Step5 of Cluster only if oneor
both cortains a jump in F. Sincethere areat most2k 1jumpsin F, and ead can
induce at most two failed mergers(one, which fails to mergean intermediate interval
cortaining the jump with the intermediateinterval to its right, and the other with the

intermediate interval to its left). The algorithm may fail to mergetwo intermediate
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intervals at most 4k 2 times and the lemma follows. 2

Lemma 8 SupmseJ is an intermediate interval output by somecall to Cluster .

Then R R

J G J F .
length(J) length(J)  96klength(J)’

Pro of: Sinceall intervals output by some(possiblyintermediate) call to Cluster are
cortained in oneof the stepsoutput by OneP ass, we know that J  Jj, whereJ;j is
somestep of the output distribution G with density jS\ Jjj=(mlength(J;)).

If J were produced by someintermediate call to Cluster (i.e. J is not part of
the output, but rather J is strictly cortained in Jj), then J must have beenmerged
into somelarger intermediate interval J; in Step5 of somecall to Cluster . If J; isa
strict subsetof Jj, then in turn J; must have beenmergedinto somelarger interval
J,, and soforth until we nally readt Ji. If we setJo = J and J; = J;, we have the
following chain of inclusions:J = Jo J;  ::: Jy 1 Jiy = Ji. Sincethe depth
of the recursionof OneP ass is logm, the number of mergersJ is involved in is at
most logm. Hence,t logm.

By the designof the algorithm, J; is mergedinto J; ., only if J; is consistet with
Jj+1 on S; thus, we must haveforall0 j t 1

IS\ Jji JS\ Jju] .
mlength(J;)  mlength(Jj+1) 97k logmlength(J;)

Thus, we can estimate the error:

iS\ Jj iS\ Ji X1 s\ g IS\ Jj]
mlength(J)  mlength(J) mlength(J;)  mlength(Jj+1)

i =0
Xl
o 97logm length(J;) 97klength(3d)’
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where the last inequality follows from the fact that t logm and length(J)
length(J;), for all j.
The Lemma then follows from applying Inequality (3.3) and the fact that jS\

Jij=mlength(J;) is preciselythe value of G oninterval J:

R R : : : : : : R
;G ;F jS\ Jj IS\ Jij N IS\ Jj ;F
length(J) length(J) mlength(J)  mlength(J;) mlength(J) length(J)

+ .
97%length(J) 194klogm length(J)  96éklength(J)’
for m su ciently large. 2

Theorem 9 One passalgorithm OneP ass will learn a mixture of k uniform distri-
butions to within L? distanee with protability at least1 , using at most O K

bits of memory.

Pro of: Consider a step J; of the approximate distribution G, and let t; be the
number of jumps of F that occurin J;. We seekto prove the following bound on the

error inducedby G on J;:

Z
JF  Gj (ti+1)&: (3.4)

Ji

P
We know that there are at most 4k of the Jis from Lemma7,and t; 2k 1,
sincethere are at most 2k 1 jumps in F. Inequality (3.4) implies that
z x £ X

jF Gj= jF  Gj ti+ 1)—

j J i Iil J | (ti+ D
from which the theorem follows.

We now prove the veracity of Inequality (3.4). Considerone of the intervals that

comprisesa step of the output distribution, Ji. Recallthat the intervals created by
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Cluster in the basecaseof the recursionformeda partition of Support(F), and that

for sud aninterval C, JC\ Sj < 3. Thus, the step J; can be partitioned into a set

be the baseinterval sud that x; 2 C;.

Now considerthe setU = Ji n([;C;j). SinceJ; is an interval and the C;s are
intervals, of which there are at most t;, U is a union of at mostt; + 1 intervals. Let
theseintervals be D4;:::; D), wherel t; + 1. Note that sincethe C;s are all the
intervals that cortain jumps, it followsthat the D; s do not cortain jumps and hence
are ead cortained in a step of F.

We rst bound the error induced by the Cjs. Fix a C;. From the VC-bound,

S\ Gy :
m c 194 logm’

SincejS\ Cij=m< 3=m, it followsthat F =(97klogm): Lemmag8 thusimplies

Ct

R
that c, G< 2=(96Kk). It then follows that

Z Z Z

IF ' F+ 3 ;
C, : ©l C, C G 96klogm 3%

We now bound the error induced by the D;s. Fix sud a D;. We may assume
that ]S\ Dij=m  =24K; otherwise,we can show that the induced error on D; is

small using the sameargumen asfor the C;s.

Claim: If ]S\ Dy 16, there exists an intermediate interval | sud that | D

andjS\ 1j 1=4S\ Dyj.

that 29°9(9°2)¢ > g=4. Thus, there must exist anintegerj sucthat p j 2beg(@=2)c
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(] + 1) 2b|09(q=2)c p+ Q. The set Srjj 2blog(q=2)c r (J + 1) 2b|og(q=2)c Dt
will be the input set T to one of the calls to Cluster , and thus will comprisean

ertire intermediate interval 1. This provesthe claim.

SinceF and G are both constart on D; and henceare both constart onl Dy,

R

. R R, . . R R .
i, F ,Gi= |JF Gj. Byl Lemmasit followsthat |  F Gj =96k. Since

the value of F and G are constart on all of Dy, we know that

z VA
iF . length(Dy) iF length(Dy)

o, = Jength(l) | J TJength(l) 96

R
By the VC bound, we canshow that

1=8length(D:). Combining this fact with the above inequality yields

R
F 1=8 , F,whichimpliesthat length(l )

Z

DtJF Gj %

This implies that the total error inducedby Jj is

Z X Z X Z
jF Gj= jJF Gj+

jF G ti—+(t+1)
i G ‘

o, 12k (ti + 1)&;

R | ix

which provesthat Inequality (3.4) is correct. 2

3.3 Multiple Passes

In this section, we shav that additional passescan signi cantly reducethe amourt
of memory neededto achieve a xed level of accuracy Given a mixture of k uniform
distributions with density function F and an integer °, algorithm SmallRam can
approximate F to within L! distance with 2° passesusingat most O(k3= ) mem-

ory, provided that n = ~((1:25k®)=%). We rst give an algorithm with accuracy
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that usesspaceat most O(k3= 2+ ‘k=).

SmallRam makesuseof a subroutine called Constan t?. Constan t? is a single
pass algorithm that will determine whether or not a datastream corntains points
drawn from a distribution with a constart density function. In Section 3.3.2, we

descrike the algorithm and prove the following theorem about its performance:

Theorem 10 LetH be a mixture of at mostk uniform distributions. Given a datas-
tream X consisting of jX| = O(k—f-, log(1=)) samplesdrawn according to H, with
prokability 1 single passalgorithm Constan t? will accept if H is uniform, and
will reject if H is not within L distancee of uniform. Constan t? usesat most

O((log(1= ) + logk) log(1=)) bits of memory.

3.3.1 The Algorithm

Subroutine Estimate draws a random sample S of sizem = O(k?=?) from the
input stream. It sorts S and patrtitions it into O(k=) intervals. Estimate then
calls Constan t? on ead of the intervals; Constan t? usesthe ertire datastream
X to determine if the distribution is constart on ead interval. If F is closeto
constart on an interval |, we can output the interval as a step of the nal output
G with a constant densily estimate derived from the quartity jX \ 1], which we
can determine in one passover the datastream. SincejXj is large, this estimate
will be very accurate. Howewer, if F is far from constart on |, then estimating its
density by a constart is too coarse;thus we repeat the processby recursiwely calling
Estimate on|l. This recursive call canbe thought of as\zoomingin on the jumps."”
SeeFigure 3.4.

Given a sequenceof points X and an interval J, we de ne Xj; to be the subse-

guenceof X that consistsof points that fall in J. If X is presetied asa data stream,
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a passover X can simulate a passover the data stream X ;.

Our main algorithm is givenin Figure 3.3.

Input : datastreamX of samplesfrom distribution with density F, sud that

1:25k6 Kk

n=jXj= 5 log — (3.5)

1. Initialize p  1,J Support(F) (Note that J can be found in the
rst passof the algorithm).

2. Call Estimate onp, J.

Subroutine Estimate
Input: interval J, and level p.
Main Recursion:

1. In a single pass,draw a sampleS of sizem = %Iog X from
Xjs, and storeit in memory

9

2. Sort the samplesin S in ascendingorder. If p = 1, setq 20k

otherwisesetq (9=10) m.

m;

3. Partition J into m=qdisjoint openintervalsfJPg, sud that jS\ JFj = g
for all i.

4. In a secondpass, court the exact number of points of X, the ertire
datastream, that fall in ead of the Js.

5. Also in the secondpass,ched if F is near uniform on interval JP by
calling Constan t? on JP with error parameter =2k, for eah JP in
parallel. Mark thoseintervals J” that Constan t? rejects. SetMP be
the set of marked intervals.

6. If interval J” is not marked in the previousstep, output it asa step of
G with density jX \ JPj=(nlength(J/)).

7. 1f p< °, for eah JP 2 MP, run Estimate onJ JPp  p+1in
parallel with all other level p+ 1 copiesof Estimate .
If p= ", output ead interval J° 2 MP asa step of G with density 0.

Figure 3.3: Algorithm SmallRam

Remark The order in which this recursiwe algorithm computesead call to Esti-

mate hasa natural structure de ned by the level of the call (de ned by its parameter
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Figure 3.4: Zooming. (A) A step distribution. (B) Intervals createdin Step 3 of
somecall to Estimate . One of them cortains a jump and has beenmarked. (C)
Estimate is recursiwely called on the marked interval.

p): All level p copiesof Estimate arerun in parallel, then all level p+ 1 copiesare
run in parallel, and soforth. All copiesof Estimate running in parallel may read
the datastream simultaneously thus limiting the total number of passeer level to

two. The total number of passess therefore2'.

We say that aninterval J? createdin Step 3 of alevel p call is a level p interval.

The following lemma statesthat the weight of F is roughly the samein all level

p intervals.

Lemma 11 Let JP be an interval created in Step 3 of a levelp call to Estimate .
With prokability at least1 ~ =(25k2), JP contains at most P=2k proportion of the

total weightof F, and at least (8=10)° P=2k proportion of the total weight. That is,

Pro of: We usea simple inductive argumert to prove that an interval JP createdat
level p contains at least (8=10)° P=2k proportion of the total weigh of F. Assume
that all level p 1 intervals have at least (8=10)° ! P 1=2k proportion of the total
weight of F, with probability at least1 (p 1) =(50k?'2). Supposeinterval JP
is marked in a level p call to Estimate . Note that J was cortained in somelevel

p linterval 3§ ! that was markedin level p 1.
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Claim: If J * cortains at least (8=10)° * P =2k proportion of the weigh of F,
then JP cortains at least (8=10) fraction of the weight of J% ! with probability at

leastl  =(50k2"2).
Pro of of Claim: Considerthe level p call to Estimate with J§ ! asinput. It was
this call that createdJP. Sincewe chosem = ( k?=2log('k= )), applying the VC
bound will show that with probability at leastl ~ =(50k?"?),
. 4
jS\ Jf 1.
m JP 10 '

SinceJP waschosensothat jX \ JPj = (9=10) jX \ J%j, J° cortains at least (8=10)

fraction of the total weight of J§ !, This provesthe claim.

By the inductive hypothesis,J? * cortains at least (8=10)° ! P 1=2k fraction of
the weight of F with probability 1 (p 1) =(50k?2); thus J° cortains at least
(8=10) P=2k fraction of the weight of F with probability 1 p =(50k??), which
follows from the union bound from Section2.1.1.

The basecaseof the induction follows from the sameargumert asthe proof of

the claim, exceptwe note that at the rst level, in Step 2 we had setq = m.

9 _
10 2k
It follows from the VC bound that

Z

oS\ 1
Ji m 10 2k’

from which it follows that J! will cortain at least 2 - of the weigtt of F.
We can prove that JP cortains at most P=2k of the weigh of F with probability

at leastl p =(50k2'2) with an analogousargumert. 2

Corollary 12 Let J” be someinterval created in step3 of Estimate , and supmpse
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< 8=10. With prokability at least1 ~ =(20k?"), the datastream X satis es

: : Kk

X\ JPj= log — (3.6)
Pro of: By Lemmal1,weknow that any giveninterval cortains at least(8=10) ( =2k)
proportion of the weigh of F with probability at least1  =(25k?"). Sincethere are
su cien tly many points in X, (this quartity is given in Equation (3.5)), the lemma

follows from an application of the Cherno bound. 2

Lemma 13 With prolability at least 1 =2, the aggegate numter of intervals

marked in levelp calls to Estimate is at most2k 1, for all p.

Pro of: We prove this Lemmaby induction onthe level. Assumethat at most2k 1
intervalsaremarkedin the (p 1)th iteration with probability at leastl (p 1) =2".

Sincelevel p calls to Estimate are only executedon intervals marked in the
p 1th iteration, by the inductive hypothesis,there are at most 2k 1 level p calls
to Estimate , with probability 1 (p 1) =2'. Thus, the total number of level p
intervals is at most (10=9)2k= (2k 1). With probability 1  =4", Corollary 12
holds for all level p intervals.

BecauseCorollary 12 ensureghat we have an adequatenumber of samplepoints
fall in all level p intervals, we may apply Theorem10. Thus, with probability 1 =27,
Constan t? will work as guararteed on all level p intervals. Constan t? will reject
interval JP only if F is not uniform on JP (i.e. J° cortains a jump). Sincethere are
atmost2k 1jumpsin F, at most2k 1 intervalscanberejected,and thus marked

in the pth iteration, with probability at leastl p =2". 2

We summarizeall the ewerts from the above lemmasand corollary:

Corollary 14 With prokability at least1 =2, the following are true:
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1. Any levelp interval contains at most P=2k proportion of the weight.
2. Equation (3.6) holdsfor all intervals created in Step3 of Estimate .
3. There are at most2k 1 calls to Estimate at any level.

4. No call to Constan t? fails. (Recall that Constan t? is a Monte Carlo algo-

rithm.)

We now prove the main theorem of this section.

Theorem 15 With prohkability at least1 , SmallRam will compute an approxi-
mation to F within L? distancee  of F, usingat most2" passesand O(k%= 2+ k=)

bits of memory.

Pro of: We condition this proof on all four items of Corollary 14 being true, which
has probability at leastl  =2.

We rst bound the amourt of memory used. At any level of the computation,
we are running at most 2k 1 parallel copiesof Estimate . Sinceead copy uses
at most O(m) bits of memory, the total amourt of memory usedby Estimate is at
most 2k  O(m).

Ead call to Constan t? requiresat most O((" log(1=) + logk) log("k= )) bits
of memory Sincewe run at most O(k=) copiesof Constan t? in parallel, the total
memory usedby our algorithm is at most:
2k O(m)+ O —k Iog}+logk log 1 =0 k—§+ llog} log —k

We next prove that the algorithm outputs a good approximation to F. Note
that after all ~ levels of the algorithm, our approximation G consistsof a partition

of Support(F) into disjoint intervals, with a constart density on ead interval.
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We classifythe intervals that de ne the stepsof G into two types.

1. Unmarked intervals that had their densitiesestimatedin Step 6 of somecall
to Estimate . A type (1) interval JP can further be classi ed into one of two

cases:

(@) F is constart on JP.
(b) F hasajump in JP, but this was not detectedby Constan t?.

2. Intervals marked in level ° that had their density estimatedby 0 in Step7 of a

level ° call to Estimate .

A bound for the error from type (1), case (a) interv als
SupposeJ? is a type (1), case(a) interval. It follows from the Cherno bound

and Corollary 14, item 2, that with probability at least1 =(32k?"),

) ) Z
n ‘]ip 4k Jip '
This inequality then implies that
4 ) . Z Z Z
_ g XA F o= G F
4k ‘]ip n Jip ZJip Jip
= jJF Gj;

wherethe last equality follows from the fact that F and G are both constart on J?.
Let be the set of all type (1) case(a) intervals. Since there are at most
((10=9)4'k?=) intervals in , the probability that the above inequality holds for

all of them is at least1  =4. The total error induced by all sud intervals is at
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most:
X Z ~ X Z N
JF | — Fo—:
L

JP2 i P2 i
A bound for the error from type (1), case (b) interv als
Supposethat J° belongsto case(b). It follows from the Cherno bound and

item 2 of Corollary 14 that with probability 1 =(32k?"),

R
: : | Z
X\ P Vi F S F
nlength(d”)  length(JP) 8k2length(Jf) ;e
8kzlength(dP)

R
De ne Fj,r = m ,» F to bethe aveagedensity of F on JP. SinceJ was not
marked, we know that subroutine Constan t? acceptedwhenrun on JP. This means

that F is at most =2k in L* distancefrom constart on J":

Z

, F o Flyp x

Combining the two inequalities above givesus

B z X\ 37

+ — - - =
2k 8k2 e nlength(JP) 3P

jF  Gj:

If t; isthe number of case(b) intervals, the total error inducedby all case(b) intervals
isat most ( =2k + =8k?) t;, with probability at least1  =4.
A bound for the error from type (2) interv als

Ead interval of type (2) was createdat a level * call to Constan t?. Thus by
Corollary 14, item 1, ead cortains at most =2k proportion of the weigh of F.
Estimating F on theseintervals by 0 will inducean error of at most =2k. The total

error induced by type (2) intervals is at most =2k t,, wheret, is the number of
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type 2 intervals.
A bound for the total error

Sincetype (1) case(b) and type (2) intervals only occur at jumps in stepsof F,
t;+t, 2k 1. Thus,with probability at least1l , the total error is at most

a1

—+ (ty + 1) ' Be

S T
il 2k 8k?

o2k 1)
4+ M= 4 =
2K 2k 4K

If we analyzethe algorithm with = in place of , we get an approximation
requiring O(k3= %) bits of memory Note that the k’= term disappears, because
we assumehat ~ = O(log(1=)) (memory usagedoesnot decreasédeyond a constart

factorif = log(1=)).

Corollary 16 With prokability at least 1 , there exists an algorithm that will
compute an approximation to F within L! distanee of F, using 2° passesand

O(k3= %) bits of memory.

3.3.2 Testing interv als for uniformit y: Pro of of Theorem 10.

We now descrite the singlepasssubroutine Constan t? calledby SmallRam . Given
a datastream of n samplesfrom a mixture of k uniform distributions with density
function H, Constan t? will acceptH if it is constant, and reject if it is not within
in L! distanceof constart.
By suitably scaling and translating the input, we may assumewithout loss of
generalily that the support of H is exactly the interval [0; 1]. Thus, our subroutine

R
will determine whether Ole 1 or not.
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Preliminaries

The -smoothed distribution of H. For easeof exposition of the proof of Theo-
rem 10, we introducethe -smaoothad distribution of H |, which is a smoothed version

of H.

De nition 5 Given a mixture of k uniform distributions that de nes a prolability
density H and a numbker 0 < 1, de ne the -smoothed distribution to be the
following distribution, with density H . Let i 1= 1 be the integer such that
x2 (@ ;(i+1)] Then
1 Z (i+1)
H(x)=- H (y)dy:
|
It is immediatethat H is a step distribution consistingof at most 1= steps. Thus,
let h; be the constart density of H on ead of the intervals (i ;(i + 1) ). Let

i = jhy 1 bethe di erence betweenthe density of H and 1 on the ith interval.

Our interestin H liesin the following useful properties.
Lemma 17 If H is uniform, thenH is also uniform.

Lemma 18 Let < =bk andl = (Xxj;Xj+1);w; be astepof H. Supmsethat

jwilength(l') length(l)j > E:

If H is the density function of the - smamthed distribution of H, then for somestep

1°of H , wehavejH (x) 1j> =2k forx21°

Pro of: There are two cases.

Case 1. wilength(l) > length(l) + =2k. CaseA can be broken down into two

subcases.
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Subcase A: length(l) 2 . Immediately, we know that w; > 1+ =2k. Since
length(l) 2 , there must exist an integerj sud that (j ;(j +1) ) 1. Onthe
domain(j ;(j +1) ), H will have the samedensity asH. Thus, the density of H
on(j ;(j+ 1)) wil beat least1+ =2k.

Subcase B: length(l) < 2 . Then we know that at least half of | is cortained
in asingleinterval (j ;(j +1) ) ofthe partition. Also, we know that w;length(l)

=2k. By de nition, forx 2 (j ;(j + 1) ),

Z +1) 1% 1%
H (x)= - Hdy - Hdy 5

H = iwilength(l) E)> 1+ —;
j NG G+ ) 2

| 4 2k

for =k small enough.

Case 2: wilength(l) length(I)  =2k. In this case we must have length(l) 2 .

The proof follows the treatment in Subcase A above. 2

Corollary 19 If =5k and H is not within L! distanee of uniform, there

existsa stepof H suchthat =2k.

The two lemmasand the corollary establishthe connectionbetweenH and H .
We will prove that Constan t? will acceptif H is uniform, and will reject if there
exists a step with density h; of H sud that jh; 1) > =2k. Lemma 17 and

Corollary 19 establishthat this is su cient for the guarartee of Theorem 10.

The algorithm and its pro of of correctness

First, we de ne two random variablesbasedon the datastreamthat can be usedto

estimate ;.
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1. Let Ny = jX \ (i ;(i+ 1) )j bethe number of points of X that fall into the

interval (i ;(i + 1) ). Note that that E[N;=n ] = h;.

2. Let N = l% 1 be an estimate of ; basedon the datastream. Note that

E[N]= .

The random variable / givesan estimate of ;, the quartity we are interested
in. Howewer, in a single passwe do not have enoughspaceto compute and store
A for all 1= valuesof i. The proof of the next lemma usesindyk’s algorithm for
the small spacecomputation of the length of a vector given as a dynamic stream of
updates(seeSection2.2.1) to estimatejj*jj;. From the value of jj *jj;, we can glean
our desiredinformation: a small value of jj jj; implies that all » are small, whereas

a large value implies that at leastone % is large.

Lemma 20 In a single pass over X, we can compute an estimate such that
(1=2)jj Mjj1 (3=2)jj Mjj1 with probability at least 1, using space at most
O(log( n)log(1=)).

Pro of: First considerthe construction of a datastream Sy derived from X :

1. For eath elemen x 2 X, let jx 2 [1= ] bethe integersud that x 2 (jx ;(jx +

1) ). Weappend< jy;1> to Sx.
2. We appendto Sy the 1= elemets <i; n>,foralli2[1=].

Clearly Indyk's algorithm on input Sy canbe simulated in a singlepassover X . We

have:
)g X 1N
Li(Sx)= jNi nj= n -

i=0 i

1= ity

Thus, in a single passwe can derive an estimate of jjAjj, sud that (1=2)jj \ji1

(3=2)jj Njj1 with Indyk's algorithm using spaceat most O(log( n) log(1=)). 2
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SeeFigure 3.5 for the formal description of the algorithm.

Input: datastreamX sud that

!
5211 KS 1

Xj=0O —log- =0 —log-

1. Set =(5k).

2. Simulate Indyk's algorithm on X, asdescribedin Lemma20. Let be

the estimate of jj Ajj; output by the algorithm.

3. accept if =bk. Otherwise,reject .

Figure 3.5: Algorithm Constan t?

Pro of of Theorem 10: Sincen = O(k?>=( ? 3)log(1=)), an application of the
Cherno bound implies that with probability at least1 , for all 1= = O(k=)

choicesof i simultaneously:if h;  2thenjN; h; nj ;5 n, which implies that

If h; 2thenthe Cherno boundyieldsjN; h; nj  5-h; n, which implies that

We prove the correctnessof Constan t? by consideringtwo cases:

Case 1: H is uniform. Then h; = 1for all i, and ; = O for all i. Thus, A

s for all i. By Lemma 20, this implies that 3iiMi =5k; therefore
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Constan t? will acceptH . Appealingto Lemma17it follows that Constan t? will

acceptif H is uniform.

Case 2: There exists at least one h; sud that jh; 1 =2k. Then jj"jj1
=2k ﬁ > =(2:5k). By Lemma 20, this implies that %jj Nij1 > =bk;
therefore Constan t? will reject H . Appealing to Corollary 19, it follows that

Constan t? will rejectif H is not within L! distance of uniform. 2

3.4 Matc hing bounds on memory usage of ran-
domized algorithms

In this section,we slightly generalizeour learning problemand considerlower bounds
on the amourt of memory neededby any = passrandomizedalgorithm for this new
problem. We then presen nearly matching upper bounds for this generalproblem
by adapting our algorithm from the previous section.

Theselower boundswill conrm that a compelling performancefeature of our
algorithm, its exponertial tradeo betweenthe amourt of memory required and the
number of passedaken, is closeto the best possible. We rst de ne the following

generalizedearning problem:

Generalized Learning Problem: Let F be the density function of a mixture
of at most 1= uniform distributions over the domain [0;1] R. Lett 2 [0;1] be
the largestnumler suchthat F is a step distribution with at most k stepson [0; t].
Given a datastream X consisting of su ciently many independentsamplesfrom F,
with prolability at least 1 , nd a function G and a numter t° > t such that

Ro

o JF Gj<

Intuitiv ely, the problem is to learn the density function of the rst k stepsof a
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step distribution that cortains at most 1= steps.

We use known lower bounds for the commnunication complexity of r-round pro-
tocolsto prove that any = passalgorithm needsat least zi @ Do 241 pits
of memory to solwe this problem for the k = 3 case. We then generalizeour al-
gorithms for learning mixtures of k-uniform distributions to algorithms for solving
the generalizedlearning problem. Thesealgorithms will provide an upper bound of

O(k3= %) on the number of bits of memory neededby an * passalgorithms, if * is

an ewen integer.

3.4.1 A Lower Bound

We will usethe comrmunication complexity framework and the result from [56] that

R"(GT,) = ( n*c ") (seeSection2.3) to prove the following Theorem:

Theorem 21 Any -passrandomizel algorithm that solvesthe Genemlized Learn-
ing Problemfor k = 3 with prokability at least 2=3 and error requires at least
12(2\ l) c 2°+1

7 bits of memory, for some xed constant c.

Proof: Fix k=3; > 0andm = 1=2 ). We will give a streaming compatible re-
duction from the comrmunication problem GT,, to the GeneralizedLearning Problem
with input parametersk and . Thus, supposethere exists an = passalgorithm A
that solvesthe GeneralizedLearning Problem with probability 2/3 and that usesat
most M (A) bits of memory Wewill provethat A inducesa2 1-round protocol for
GTn, that usesat most M (A) bits of comnunication per message.This will prove
that M(A) R? YGT,)= (1 =2)% Y.

Supposethat Alice and Bob are given vectorsa;b2 f0;1g™. Alice will construct
a probability density function %£. £ will be a piecewiseconstart function on ead

of the 2m intervals (i=m; (i + 1=2)=m] and ((i + 1=2)=m;(i + 1)=m] as follows: set
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A(X) = 2ay i for x 2 (i=m; (i + 1=2)=m] and £(X) = 2(1 an, ;) forx 2 ((i +
1=2)=m; (i + 1)=m].
Bob will construct a similar function P, but \reversed”: B(x) = 2(1 by i)
for x 2 (i=m; (i + 1=2)=m] and £ (x) = 2h, ; for x 2 ((i + 1=2)=m; (i + 1)=m].
Alice (Bob) generatesan arbitrarily large set of independen samplesdrawn ac-
cordingto , ( p) of arbitrary precisionand placesthem in a datastream X, (Xp).
We require that jX,j = jXpj. The datastreamformed by appending X, to X5, de-
noted by X, Xy, canbe viewed ashaving beendrawn from the distribution de ned
by density function = TA + 2. Notethat isa step function with at most 1=

2

steps.

Claim: If Bob is given the solution to the GeneralizedLearning Problem on datas-

tream X = X, Xy with parameterk = 3, he can compute GT,(a; b).

Pro of of Claim: Bob hasin his possessiorthe vector b and the output of the
algorithm: a number t° sud that on (0;t9, is comprisedof at least 3 steps,and a
function approx sud that

Z o
j approxj < (3.7)
0

In orderto computeGT ,(a;b), all Bob needsto do is learn the bits & fori | ,
wherej is the highestorder bit for which the vectorsa and b di er. Note that s
a step function consistingof 3 stepson the interval (0;(j + 1)=m): it hasa constart
value of 1 on (0;j =m) sincea = b for bitsi > j . If & = 1 (and correspndingly
b = 0)thenit hasa constart valueof2on (j =m;(j + 1=2)=m) and a value of 0 on
((j +1=2)=m;(j + 1)=m). If & = 0 (and correspndingly 3 = 1), the situation

is reversed.Note that t° (j + 1)=m.
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Bob cancompute GT ,(a;b) in the following manner. He nds (by enumeration)

+ 7*? sudh that

N|w)>

a vector & 2 f0;1g™ that inducesthe probability density ~ =
jo~ approxi . Bobthenoutputs 1i & b

The correctnessof this schemefollows from the obsenation that & = a; for all
bits i J . Supposethis were not the case,that & di ered from a by a bit & for
i j . Then jo~ j 2, but sinceBob is guararteed inequality (3.7), it follows

R
from the triangle inequality that $j~ approxi , which is a cortradiction.

Thus, & = & . This provesthe claim.

We now descrike the 2°  1-round protocol for computing GT ,(a; b). Alice sim-
ulates the rst passof algorithm A on X, to nd the cortents of memory at this
intermediate stageof the pass. ShesendstheseM (A) bits of memory to Bob. Bob
continues the simulation of the rst passof A on X, and sendshis M (A) bits of
memoryto Alice. They simulate ead passof A in this fashionuntil all ~ passeshave
beencompleted,sendinga total of 2 1 messagesf sizeat most M (A).

After the completion of the communication, Bob will have the output of A run

on datastream X, Xy, from which he can determine GT ,(a;b). 2

3.4.2 An Upp er Bound

In this sectionwe generalizeour algorithm for learning a mixture of k-uniform distri-
butions to onethat will solve our generalizedearning problem. Our algorithm will
provide the following upper bound on the amourt of memory neededby a 2° pass

algorithm:

Theorem 22 There existsa 2" passalgorithm that will solvethe Genemlized Learn-
ing Problemwith probability at least1 ~ anderror , usingat most O(k3= 2+ k=)

bits of memory.
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By transforming the parameters and °, we arrive at the following corollary, which

is an upper bound comparableto the lower bound of Theorem 21.

Corollary 23 For even’, there existsan "-passalgorithm that can solvethe Gen-
eralized Learning problemwith protability 2/3 and error  using at most O(k3= 4)

bits of memory.

We show how to modify algorithm SmallRam from the previoussectionto solve
our generalizedproblem. Recall the recursive organization of SmallRam . The 2°
passeswere organizedinto ~ successig calls to Estimate . The pth call to Esti-
mate was assignedevel p.

The input to a call to Estimate is an interval J. In the rst passof this call,
we drew a samplefrom X j; and partitioned J into level p subintervals with weigh
( ) (or ( =k)if p= 0) of the weight that fell in J. In the secondpass,we tested
ead subinterval for uniformity by calling subroutine Constan t?; if F was closeto
constart on a subinterval then we estimated F's density on J with high accuracy
using the entire datastream. If F was not closeto constart on J, we marked the
subinterval and recursiely estimated F on the subinterval in subsequen passes.In
the nal pair of passesmarked intervals were estimated by a constart O.

In order to adapt SmallRam to solving the generalizedlearning problem, we

make the following three modi cations:

1. In Step5, call Constan t? with error parameter *!=2 and with input param-
eter 1= in lieu of k (i.e. Constan t? will assumethat its input is a mixture
of at most 1= uniform distributions, rather than k). By Theorem 10, Con-

stant? will needO(" log(1=)log(k= )) bits of memory

2. After all level p callsto Estimate terminate, we may potertially have a large

number of level p+ 1 recursiwe callsto Estimate . We do not executethem all,
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but rather only the calls on the k intervals that are closestto 0. We \drop"
the recursiwe calls on all other intervals, and thus do not have estimatesof F

on the ertire domain.

3. In addition to outputting the densitiesof intervals, output t 2 (0; 1), which is

the largest number sud that we have estimatesof F (x) for all x 2 (0;t).

Pro of sketch of Theorem 22: We rst bound the amourt of memory neededby
the modi ed algorithm. Due to our secondmodi cation, we know that there are at
most k recursiwe calls at any level. Eac of theseparallel calls takesa sampleof size
O(k?=2) in its rst pass,and in its secondpassmakesO(k=) callsto Constan t?,
ead of which usesat most O(" log(1=)log(Ck= )) bits of memory Thus, the total
memory usageof the algorithm is O(k3=2 + “k=).

We next bound the error of our algorithm for the generalizedlearning problem.
The crux of the analysisof the error of SmallRam relies on four properties. We
presen their analogsfor the generalizedalgorithm. The rst three properties are
proved in a similar manner to those of SmallRam by applying VC and Cherno
bounds; we will not repeat theseargumerts here. The fourth follows immediately

from the modi cations given above.
1. The weight of F that liesin ead level " interval is at most =2k.

2. Estimating F on unmarked intervals on which F is constart incurs a negligible

error, due to the large datastream.

3. Estimating F by a constart on unmarked intervals on which F cortains a jump

incurs an error of at most *'=2, due to our guararteesfor Constan t?.

4. At most k recursiwe calls were madeat ead level p.

62



Let G be the appraximation to the rst k stepsof F producedby our modi ed
algorithm, given by: R;th Gj. The algorithm outputs G as a constart on a set
of intervals that partitions (0;t). There are three typesof intervals: (a) unmarked
intervals in which F doesnot cortain a jump, (b) unmarked intervals in which F
does cortain a jump (there are at most 1= sinceF is a mixture of at most 1=
distributions), (c) marked level * intervals estimated as O (there are at most k).

The total error is then:

Z

jF Gj = error from (a)+error from (b)+error from (c) 1= *'=2+k =2k
0

3.5 Learning mixtures of linear distributions

A linear distribution has a density function that is a linear function de ned over
a cortinuous interval in R. In this section we considerthe problem of learning a
mixture of k linear distributions in R. Let F be the density function of the mixture.
We will needto make the assumptionthat the algorithm is given an upperbound
onF, callit w: F(x) w for all x in the domain. As with mixtures of uniform
distributions, we can descrite F as a piecewiselinear density function with at most
O(k) dierent pieces: ax + i for x 2 (Xi;Xj+1). Note that a mixture of uniform

distributions is a special caseof a mixture of linear distributions.

3.5.1 Testing interv als for linearit v.

Constan t? can be strengthenedto test whether or not a datastream of samplesis

drawn from a distribution that is within L? distance of a singlelinear distribution.
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For the rest of this section,we will write \linear" in lieu of\single linear distribution.”

We will prove the following analogto Theorem 10.

Theorem 24 LetH bethe densityfunction of a prokability distribution that is piece-
wiselinear, with at mostk. Letw 0 bean upperboundonH (i.e. H(x) w for all
x 2 R). Given a datastream X consisting of O(k®w®= ®°) samplesdrawn according
to H, there existsan algorithm Linear? that with protability 1 will accept if H
is linear and will reject if H is not within L distanee of linear. The algorithm

usesO((log(1= ) + logk + logw) log(1=)) bits of memory.

By suitably scaling, we may assumethat the domain of H is the interval (0; 1).
As before,for easeof exposition of the proof of correctnesof Linear? , we will work
with the -smoothed distribution of H. Note that the -smaothed distribution of H
will be constart on ead of the 1= intervals (j ;(j + 1) ) that de ne the partition
for the -smaothed distribution. Let h; be the density of the distribution on the
interval (i ;(i+ 1) ).

Denoteby interp, (x) the line that passeghrough the two points ( =2;H ( =2))
and (1 =2H (1 =2)). More explicitly, it is given by the function interp, (x) =
ax + bwhere !

a= — (3.8)

andb= hy a =2. It isimmediatethat if H is linear, then H(x) = interpy (x).
Ri.y . .
Set ;= h 1 j(’ Y interp, (X) to be the di erence betweenh; and the av-

eragevalue of interp, (x) onthe interval (j ;(j + 1) ).
Lemma 25 If H is linear, then ; = Ofor all j.
Lemma 26 Let =(6kw). Suppse that there exists some compnent of H,

R,
ax+ b for x 2 (x;;Xi+1), suchthat "' jH(x) interp, (x)j dx =k. Then there

Xi

existsaj suchthat =2k.

64



Proof: DeneJd =1fj 2 Zj(j ;(j + 1) )\ (Xi;Xi+1) 6 ;g to bethe setof indicesthat
corresnd to intervals that intersect (x;; x;+1). Let ; bethe L, distancebetween

R i+ . . .
H (x) andinterpy, (x) ontheinterval (j ;(j+1) ), givenby ; = j(‘ 2 JH(x) interpy (x)j dx.
Claim: There are at most 3 valuesof j 2 J suc that and* ; 6 ;.
Pro of of Claim: There are only three ways this can occur:

1. When (j + 1) > X;+1. This only occursfor onevalue of j, max;z;j .
2. When | Xi. Similarly, this only occursfor onevalue of j, min;,; j.

3. The de nitions of ; andH imply that

1 Z (+1) Z (j +1)
= h - interp, (X)dx = — (H(x) interpy(x))dx :
j j
It is apparert that ; 6 1 ; only whenH(x) interp,(x) changessign in

(G ;G+2)). Forj sudhthat (j ;(j+1)) (Xi;Xi+1), this occursfor at most

onej, sinceH (x) and interp, (x) are both linear in (X;j; Xj+1).
This provesthe claim.

The assumptionthat ajx + b  w for all x 2 (X;; Xj+1) implies that

Z i+
= jax+h interpy(X)] w ; (3.9
j
forallj suhhthat (j ;(j + 1)) (Xi;Xj+1)-
From Inequality (3.9) with =(6kw) and P 2 =k, it follows that
4 jJj 1= . Again from Inequality (3.9) and then averaging,it follows that for at
leastfour ofj 2 J, ; =2k.

From our claim, we know that ; = ;= =2k for at least one of thesefour j .
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Corollary 27 If H is not within L! distanee of linear, there existsa j suchthat

j :2k
As in the uniform case,we estimate the value of ; from the datastream.

1. Let intéip,, be someestimate of interp,,, sud that

Z (j+1)

interﬁH(x) interpy (x) dx = O s
j

(we will shav how to computeintétp,, later).
2. Let Ny = jX\ (j ;( +1))j.

R.
3. Let A= N 20 intdhp, (x)dx .

If the datastreamcortains n = O(k°w?= °) points, then we can decideif any ;
satises | =2k by appraximating jj*jj1 using Indyk's algorithm as we did for
Constan t?. With Lemma25 and Corollary 3.5.1in lieu of their courterparts from
Section3.3.2,the proof of correctnesss the sameas for Theorem 10, exceptfor the
added(but straightforward) accouring of the error causedby estimating interp, (x).

All that remainsto be shown is how to nd the estimate intép,,. In order to
do so, we estimate the valuesof hy and h: ;. Our estimatesare Ho = No=(n ) and
fi- 1 = Ni= 4, respectively, which can be computedin the passsimultaneously
with Indyk's algorithm in small space. (Note that when we use Indyk's algorithm
to approximate ;, we do not needto know inte’\rpH until after the datastream has
beenexamined. Seethe proof of Lemma20.) Sincen = O(k?w?=( 2 3log(1=))), it
follows from the Cherno boundthat jN; n hij= O( =Kh; n. Thus,jfii hij=
O( =k), under the assumptionthat h; max,H(x) w. By Equation (3.8), our

error in calculating the slope and intercept of interp, (x) will be at most O(  =Kk).
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As desired,for all j we have

Z (j+1)

_ interpy (x) interf)\H (x) dx =20( =k} =O( ?2=k):

j
Remark When we uselLinear? asa subroutine for our algorithm, we will needto
determineif somesubinterval | of the domainof H is closeto linear. Call the length
of this subinterval |. Testing | for linearity can be done with the samealgorithm
as above, except we only analyzethe subinterval (without scalingit to be (0; 1)).
In this case,the smoothed distribution won't consistof 1= intervals, but rather
only I=intervals. We compute the line interp,; from the rst and last of the I=

intervals.

3.5.2 The algorithm

The 2° passalgorithm for nding a function G that approximates F to within L?!
distance  is the sameas SmallRam , exceptwe usesubroutine Linear? in lieu of
Constan t?, and for thoseintervals J that we do not mark (i.e. they are within

of linear) we appraximate F by inte’r‘ijJ, which we shaved how to nd accurately

in the previoussection.

Theorem 28 There existsan algorithm that, with prokability at least1 , canlearn
a mixture of k linear distributions within L* distanee ~ using at most O(k3= ?) bits

of memory. The algorithm requires the datastream to havesize O(k>w®°= °).

The proof of the above theorem follows the proof of Theorem 15.
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3.6 Learning mixtures of uniform distributions in
two dimensions

We now considerthe problem where F is the density function of a mixture of k
uniform distributions on axis-alignedrectanglesin (0;1) (0;1) R2?. Wecall suc a
distribution a mixture of k uniform(2) distributions. Similarly, we will call a mixture
of uniform distributions over intervalsin R a mixture of uniform(1) distributions.

F canbe describked by k axis alignedrectangles,R; (0;1) (0;1),i = 1;:::;Kk,
eah with weight w;. Our algorithms will handle the casewhere the rectangles
intersect. Note that eat of theserectanglesis de ned by four boundary lines. We
s& that F is vertical on a rectangleR = (0;a) (O;b) if R doesnot cortain any of

the horizortal boundary lines of the R;s that de ne F.

3.6.1 Testing rectangles for verticalit y

Our algorithm will require an analogto Theorem 10. In this sectionwe will prove
the following Theorem, using the sametechnique asthe proof of Theorem10. In R?,

R
the L! distancebetweentwo functions F; G : R?! R is given by reJF Gj.

Theorem 29 Let H be the density function of a mixture of k uniform(2) distribu-
tions over universeR  R?, and let w be an upper boundon H (i.e. H(x) w
for all x 2 R?) and let X be a datastream of samplesdrawn aacording to H, such
that jXj = T w?k'?2=12). There exists a single pass algorithm that with probabil-
ity 1 will accept if H is vertical on R and will reject if H is not within
L! distane of a vertical mixture of 8k-uniform(2) distributions, using at most

O((log1= + logk + logw) log(1=)) bits of memory.
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(A) Vi \Z V3 va4 Vi V2 V3 \Z

Figure 3.6: (A) The -areapartition of a rectangle. (B) A rectangleof the mixture
given by dotted lines, superimposedon the partition. Note that sinceV, and V; are
adjacen rectanglesthat do not cortain corners,their densitiesare the same.

We may assumethat R = (0;a) (0;b) is a rectangle. We rst de ne the -area

partition of R, which is a two dimensionalanalogto the partition asseiated with

the smaoothed distribution.

De nition 6 Given a rectangleR = (0;a) (0;b), a -area partition of R is a
partition of R into a set of 1= vertical rectanglesof equal area, fV;g, such that

Vi=( a(+1)a (0Db.

SeeFigure 3.6a. Let the =8kw-area partition of R be given by the set fV,g.
GivenarectangleS = (a;;a,) (b;b) R, dene the function Hs : (b;;b) ! R

— Raz .
by Hs(x) = a H (x; y)dx.

Lemma 30 If H is vertical on R, then each Hy, is a constant function, for all V,

in the -area partition of R.

Lemma 31 If < =(8kw) and each Hy, is within L! distancee 2=16wk of a con-
stant function for all V;, then H is within L* distance of a vertical mixture of at

most 8k + 1 uniform(2) distributions on R.

Pro of: Assumethe condition of the lemma holds. We will showv the existenceof a

vertical function G that is within L?! distance of H.
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Recall that H is a mixture of uniform distributions on k di erent axis aligned
rectangles. Eadh of theseconstituert rectangleshas four corners. Thus, at most 2k

of the V;s cortain cornersof rectangles.

Claim: Assumingthe condition of the lemma,if V; and V,;; are adjacen rectangles
of the -area partition, that do not cortain corners,then H on V; [ Vi;; can be

approximated by a constart function with error in L* distanceat most 2 2=16wk.

Pro of of claim: SinceV, doesnot cortain any cornersof mixture rectangles,it does
not cortain any vertical boundary edges(sinceV; itself takesup an ertire vertical
strip of R). Furthermore, any horizortal boundary edgemust cut through all of V;.
Thus, H(x1;y) = H(X2;y) = Hy,(y) for all (x1;y);(X2;y) 2 Vi. Thus,if Gy (y) = ¢
is a constart approximation to the function Hy, with L error at most 2=16wk,
then the constart function Gy, (x;y) = c= is a good appraximation to H in V;:
Rvi jH Gyj 2=(16wkK).

If Vi and V;,; are adjacen strips sud that neither contain cornersof endpoints,
then it follows that H(X1;y) = H(X2;y) = Hyv (y) = Hy,,, for all (x1;y); (X2;y) 2
Vi [ Via1. Thus, the function Gy,[v,,, = c= will be within L* distance 2 2=16wk
fromH onV;[ Vi.;. SeeFigure 3.6b.

Using induction, it can be showvn that H can be approximated by a constart
function on m adjacen partition rectanglesthat do not contain cornerswith error
at mostm 2=16kw.

We now showv how we can partition R into 8k + 1 vertical rectanglesand assigna
constart value on eat rectangle,sud that the inducedfunction on R is within  in
L! distanceof H: (a) H on ead of the at most 2k V;s that cortain a corner canbe
estimated arbitrarily by 0. The total weight of H in ead V; is at mostw =8k.

Sincethere are at most 2k of theseV;s, the total erroris at most2k =8k = =2.
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(b) The remainingkw= V;scanbe partitioned into a setof at most4k + 1 larger
rectangles,suc that H on ead large rectangleT that cortains t of the V;s can be
estimatedby a constart with error at mostt 2=16wk. Sincethere are at most 8kw=

of the V;s, the total error is at most =2. 2

Thus, we will designour algorithm to acceptif all Hy, are constart, and reject if
at leastone Hy, is not within L?! distance 2=16kw of constart. If H is vertical on
R, then our algorithm will acceptsinceall Hy, will be constart; if H is not within
of a vertical mixture of 8k rectangles,then our algorithm will reject.

We now shov how to determinewhether or not all of the distributions de ned by
the Hy, s are closeto constart. The crucial obsenation is that sinceHy, is a mixture
of k uniform(1) distributions over R, we can determineif it is closeto uniform in a
manner similar to Constan t?. We outline the details below.

Set = 2=80k?w andlet the -smoothed distribution of Ky, beHy, . Let the in-

tervals de ned by the -smoothed distribution be (xh; x}); (X;xb); 11 (X ixi.)
and hi be the density of Hy, on the interval (x};x,;). Note that x| = Xo + j
. . . R
As in Section3.3.2,it can be shown that if | = hi (4 1) (buite) H

2=32wk? for all j, then Hy, is within 2=16wk of uniform. Thus, our algorithm
determineswhether or not | 2=32wk? for all i andj. In order to estimate eat

J-i , we de ne the following random variables:

LN = X\ VA (x;x™) (Ob

2. N = jN/=n j N/=nj. Note that E[*]= .

If we require that jXj = T w2k?=( 4 % 2) = ~(w?k?= 1), then from the VC
bound, for all i;j it follows that jN/=n hfj 2 =200vk? and that jN/=n

R
WHi 2 =200wk?.
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Thus,j | 7j 2 =100wnk?. Let be the vector of dimensionl= whose
ertries consistof all the |s. As we arguedbefore,if all 1=  of the J'= 0, then
N 2 =100wk? for all i;j. This implies that jj~jj; is lessthan 2=100wk?. If
somej !j  2=32wk? then this implies that somej™j  2=50wk2 This implies
that j~j.  2=50wk2. Thus, if our algorithm acceptsif jj2jj1 ~ 2=100wk?, rejects
if Jj i 2=50k2, and otherwiseacts arbitrarily , then it will acceptif H is vertical
and will rejectif it is not within  of vertical.

We use Indyk's algorithm to appraximate jj”jj; to within a factor of 1=4 in a
single passusing spaceO((log 1= + logk + logw) log1=). With this solution, we

can solwe the above problem.

3.6.2 The Algorithm

The algorithm for learning a mixture of k-uniform(2) distributions is similar to the
algorithm in the onedimensionalcase.We shov how to modify SmallRam in order

to learn a mixture of k uniform(2) distributions:

Theorem 32 Let F be the density function of a mixture of k uniform(2) distribu-
tions, suchthat F(x) w for all x 2 R2. SupmwseX is a datastream drawn according
to F, with a su cient numker of elements. There existsa 4" + 1-passalgorithm that
approximates F to within L? distane  using at most O(k*= 3+ 2k=) bits of

memory.

Pro of sketch: The main algorithm can be organizedinto ~ recursiwe calls, eah
of which requirestwo passes. At a pth level call, the input is a rectangle R? =

(0;a) (0;b) R. We give an outline of the recursiwe algorithm:

1. In the rst pass,we draw a sample of sizem from Xjre. If p = 1, we set

m = ( 2=k?); for subsequenp, we setm = ( 2). We use this sampleto
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partition RP into a set of rectanglesf R;g, sud that

(@) Each rectangleR; can be written as(0;a) (x';x?) (i.e. they are \hori-

zortal").

(b) Ead rectangle has at least 0:8 (or 0:8=k if p = 1) proportion of the
weight of F in RP and at most 0:9 (or 0:9=k if p= 1). It canbe shown
R
that 0:8° P=k r F 09 P=k.

2. In the secondpassof eat pair of passesye chek ead of the ( k=) subrectan-
glesR; to seeif they arewithin ** =8k of vertical usingthe onepassalgorithm
from Section3.6.1. We set the failure probability to be at most1 O( °k°)
for someconstart c. With theseinput parameters,eat call to the subroutine
will require O((log 1= + logk + logw) 2?log(k= )) bits of memory We mark
the Rjs that are rejected. Note that sincethe R;s are horizortal rectangles,at
most 2k of them can cortain horizontal boundary lines; thus, at most 2k of

them are marked.

3. If F iswithin ** of amixture of 8k vertical uniform(2) distributions in R, then
projecting points onto the x axis will form a mixture of at most 4k uniform(1)
distributions. Call this distribution Fr,. WecanlearnFg, to within L distance

*1=2 py calling our 2° passalgorithm SmallRam from the previoussection.
Call this approximation F%, and setGg, (x;y) = F%, (x) for all (x;y) 2 Ry, to

be our appraximation to F in R;. We claim that

z

41

iGr. (X; F(X;y)j X
(XWRiJ R (X;Y) (X; )i K

It is straightforward to prove that F%, is within L! distance *!'=8k of the

distribution constructedin the proof of Lemma 31. Sincethis distribution is
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within L?! distance *'=8k of F in R, by the triangle inequality we know that

F is within L* distance =4k of our approximation F¥%, .

4. In parallel, recursively appraximate the density of F in eat of the rectangles

R; that were marked in Step 2.

The above algorithm canbe implemerted in 4° + 1 passesthe 2° passesisedby
ead call to SmallRam canberun in parallel with the passeof the main algorithm.
The algorithm needsO(k*= 3 + “2k?= 2) bits of memory, sinceead call to Small-
Ram usesO(k3= 2 + k=) bits of memory and there are at most O(‘k=) parallel
callsto SmallRam .

The proof that the total error of the function output by the algorithm doesnot

exceed is similar to the analysisof the error of SmallRam . 2

If we transform , we arrive at the following corollary.

Corollary 33 There existsa 4" + 1 passalgorithm that will learn F to within L?!

distane using at most O(k*= %) bits of memory.
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Chapter 4

Pass-E cien t Algorithms for the

Facilit y Location Problem

In this chapter, we considerpass-e cient algorithms for the fundamenal worst-case

clustering problem of facility location.

Facilit y Location Problem: Given a metric space (X;d) and a facility cost f;
for each x; 2 X, nd a set of facilities F that minimizes the objective function:

P P
XiZFfi+ Xi2X d(X“F)

We preset a 3 1 passalgorithm that usesat most O(k n?>*) bits of mem-
ory, wherek is the number of facilities openedby our approximate solution. The
algorithm will achieve an appraximation ratio of O("). Although the facility lo-
cation problem and the problem of learning mixtures of linear distributions seem
completely unrelated, the paradigm of adaptive sampling implemerted in a small
number of passeswill apply to both situations. Indeed, our facility location algo-
rithm exhibits the samesharp tradeo betweenthe number of passegaken by the
algorithm and the amourt of memoryrequired: the amourt of memorywill decrease

with 1="in the exponert.
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In Section4.1 we will review a known sampling-baseck-median algorithm that
will provide someof the ideasthat we will usein Section4.2 for our main facility
location algorithm. In Section4.3, we will consideralgorithms for k-facility location,
a problem that we de ne to be a hybrid between k-median and facility location.
Lastly, in Section 4.4 we prove lower bounds on the spaceusageof "-passfacility
location algorithms; although the lower boundswill be far from tight, they will give

us much insight into the intrinsic spacecomplexitiesof the problem.

4.1 Review of Indyk's sublinear k-median algo-
rithm

Recall that the k-median problemisto nd asetC X, sud that jCj = k, that
minimizes the objective function P «2x d(Xi; C). In this section, we give a sketch
of a sampling-basedalgorithm for k-medianby Indyk [42] that provides someof the
intuition for our facility location algorithm in Section4.2. The algorithm runs in
time O(kn); sincethe input contains the represetation of a metric spaceconsisting
of ( n?) pairwise distances,this is a sublinear algorithm for massiwe data sets. Let
OPT be the value of the optimum objective function of the k-medianinstance. We
call ak-medianalgorithm an( ; )-bicriterion approximation algorithm if it produces
a solution with costat most OPT using at most k certers. We assumethat sud
an algorithm exists, and we treat it as a black box. A possiblecandidate for the
black box includesthe (1 + ;1+ 2= ) algorithm (for any > 0) by Charikar and
Guha[15]that runsin time O(n?).

Indyk's algorithm can be roughly stated as follows:

1. Take a sampleof sizes = O(p kn logk) from the nodes.
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2. Run the black box algorithm on the sampleto get a setC of k certers.

3. Sort the points in X basedon their distancefrom C (i.e. d(x;; C)), and identify

: P— .
the setR that cortainsthe n  O( nk) points closestto the certers in C.

4. Run the black box algorithm on X nR to get an additional k certers, and

output all 2 k certers.

Indyk proved that the above algorithm would output a solution with 2 k certers
that costsat most O(1)OPT, where OPT is the optimum objective function value
for a solution with exactly k certers.

We sketch the proof of correctnessof the algorithm. Fix an optimum k-median

S o

Letl = i:jCGj ~( ) bethe setofindicesthat correspnd to \large" clusters
in the optimum solution. Sincetheselarge clustersshould be well-represeted in the
sampleS, we expect that the certersin C area\good appraximation” for all points
that lie in the set[ i, Ci, that is P %2 121 cigdXi;C)  O(1)OPT. (This intuition

can be formalized by applying the Markov inequality and Cherno bounds.) Since
the number of points that lie outside of [ i, C; is at most k O(p g) = C)(IO kn), it

follows that i % 2r d(Xi; C) i xi2f 12, cgdXi;C)  O(L)OPT.

Usingthe k-medianblack box, the algorithm then clustersthe setX nR consisting
of outlying points that are not closeto the certers in C; sincethe optimum certers
can induce a clustering of cost at most 20PT on the nodesin X nR, the cost of
clustering the outliers with  k certers will be at most O(1)OPT. The algorithm
runs in time O(kn), sinceit runs an O(n?) time bicriterion black box algorithm for

k-median on instancesof sizeO(p kn).
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4.2 The Algorithm: Pass-Ecien t FL

In this section, we prove the main result of the chapter:

Theorem 34 Let ™ > 0 be any integer. With prokability at least1 1=n, 3(C 1)
pass algorithm Pass-E cien t FL will output a solution with cost at most 36(

1) OPT, where is the approximation ratio of a suitable facility location algo-
rithm. If the solution opens k facilities, then the extra memory usel is at most

O(k n% log® nlog(max; f;)).

Note that the spacecomplexity has a factor of log(max; f;). We note that any

algorithm that readsead facility cost must useat leastlog(max; f;) bits of memory

42.1 Overview

We rst give a high-level overview of our iterative algorithm Pass-E cien t FL.
At ead iteration it takesa samplefrom the input array and computesa facility
location solution on the sample. The algorithm identi es and removesfrom consid-
eration those points of the entire input array that are servicedwell by the solution
on the sample, and iterates on points not servicedwell. In subsequen iterations,
the algorithm increasesthe rate at which points are sampled(i.e. elemers in the
ith iteration are picked with probability roughly n(*9==n) until the last iteration,
when we sampleead point with probability 1.

More speci cally, in Step 1 of iteration i, Pass-E cien t FL takesa sampleS;
of the input array X;. In Steps2 and 3 it computesan appraximate facility location
solution on S; that opensa set of facilities F;. In Step 4, the algorithm teststo see
if the number of facilities in F; is small. If so, then ead cluster of S; on average
must be large; intuitiv ely this condition will be enoughto shaw that the facilities

F; openedby clustering the sampleS; are in fact a good solution for a very large
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subset, R; Xi, of the points from X;. In the next iteration we can recurseon
the much smaller set of points Xi,; = X; nR; for which F; is a poor solution. In
this case,the number of samplesthat we take (and hencethe spacecomplexity of
our algorithm) will not changefrom this iteration to the next: although the next
iteration will sampleat a higher frequency this will be balancedby its having many
fewer points in X;;; to consider. If the number of clustersin F; is large, then we
cannot make any guararteesabout how well F; will cluster X;, and we must recurse
on almost the ertire input array. In this case,the number of samplestaken in the
next iteration will increaseby a factor of n*= .

It is worth noting that our algorithm usesideasfrom previously designedsam-
pling basedalgorithms for k-median presetied in Section 4.1, but its adaptation
to multiple passesand to facility location cortains many new insights into these
problems. Informally, facility location is often consideredan \easier" problem than
k-median;the number of facilities is not xed and thus an appraximation algorithm
has more exibilit y in nding a low-cost solution. Howeer, this exibilit y enjoyed
by algorithms in the convertional model of computation is the root of the di culties
facedby small-spacepass-e cient algorithms: One must know how marny potertial
facilities to storein memory prior to calculating the solution. For k-median, this is
easysincewe know that the solution must cortain exactly k medians,but for facility
location a solution may use anywhere from 1 to n facilities. Thus, certral to any
small-space,pass-e cient algorithm for facility location is an accurate estimate of
the number of facilities required. Storing in memory many fewer than the optimum
number would leadto a solution with a poor appraximation ratio, while storing many
more than the requisite number will result in a potentially large waste of storage.
Furthermore, estimating the number of facilities required is a non-trivial problem

that cannot be gleanedfrom a single samplefrom the input. Thus, in essenceur
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algorithm performs an iterative, small-spaceseart for the correct number of facil-
ities while simultaneously nding a good solution. This feature is the core of the
algorithm that makesit possibleto solwe facility location when the naive sampling
that is adequatefor k-medianwill fail.

The algorithm usesa black box facility location algorithm with appraximation
ratio that requiresonly a linear amourt of space(for example,[15]). We require
that the black box solwe aslightly strongerfacility location problemwith non-uniform
demands Ead point in X is assignedan integerdemande;. The objectiveisto nd
a set of facilities F that minimizesp xi2F Ti ¥ i x2x & d(xi; F).

The algorithm also calls a subroutine One PassSelect(Y; k), whereY is a
datastream of numbers and k an integer. One PassSelect(Y; k) will return an
elemen of Y betweenthe jYj 2k andjY] k largestelements of Y. Sincewe
will requirethat k = nC 9= it will requiretoo much memoryto store the k largest
elemens of Y. Thus, One PassSelect(Y;k) is a sampling basedalgorithm that

will useat most O((jYj=k) logn) bits of memory to solwe the problem. We discuss

this algorithm in Section4.2.3.

4.2.2 The Algorithm and pro of of correctness

A technical issuethat we must addressis how the metric spaceis preseited in the
input array. For example, distancescan be given implicitly by a function of the
nodes(for instance,Euclideanor Hamming distance). A generalapproad would be
that ead point is represeted by an (n 1)-dimensionalvector giving its distanceto
ewvery other point in X. Wewill rst assumethat distancesare given by a function,
and then later shav how to relax this assumptionand achieve the sameperformance
guararteesfor the more generalcase.

As a preprocessingstep to the algorithm, we round the facility cost of eah
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node down to the nearestpower of 2 and solwe this modi ed instance, asin [55].
By rounding ead facility cost, we have ensuredthat there are at most logmax; f;
distinct valuesof facility costs;if we run an algorithm with appraximation ratio
with thesefacility costs,the resulting solution will have an approximation ratio of
at most 2 for the original facility costs.

Algorithm Pass-Ecien t FL is given in Figure 4.1. In order to assistthe
readerin managingthe proliferation of variable namesin this section,we provide the

following table:

name meaning

X original input
d distance metric on X
n IX]

total number of iterations

Xp points still to be clusteredatfter p iterations
Ny X

Sp sampledrawn in pth iteration

Sp 1S

Fo set of facilities found in pth iteration

Rp setof points in X, \clustered well" by F,
FF? set of potential facilities found in Step 2

Fapprax | nal setof facilities

k jFapproxi

Cc the constart from Lemma 36
approximation ratio of black box algorithm
d° metric d with distancesscaledup by n,=s,

F set of optimum facilities
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Input: Metric space(X;d) and facility costsff;g.
Initialize: X1  X,n1 N, Fapprox ;.
Main Loop: Forp= 1;:::;" 1,do:
1. In one pass, draw a sample S, from X, uniformly at random with
replacemen of size

n(P+1) =
Sp=2¢C

ny logn;

wherec is the constart from Lemma36. If p= "~ 1,setS ; X ;.

2. In asecondpassover X , for ead nodex 2 S, and ead distinct facility
costf, storethe facility closestto x with costf . Call this setof nodes
Fo; note that jFJ  splogmax f;.

3. Construct the following instance of facility location on a subsetof X:
metric space(S,[ Fy;d) wheredx;y) = (ny,=s,) d(x;y), with facility
coststhe same. Let the demand for ead point of S, be 1, and the
demandof ead point in F)nS; be 0.

Solwe the instance using a bladk box algorithm for facility loca-
tion with approximation ratio . Let F, be the set of facilities.

4. (a) If jFyj < sp=(cn™™ logn) andp 6 * 1, run algorithm One-P ass
Select to nd an elemen e 2 X, sud that d(e;Fp) is between
then, n, n ¥ andn, 3in, n = elemetts of X, with largest
servicecost. SetR, fx:x 2 X,;d(x;F,) d(e;Fp)o.

(b) If jFpj sp=(cn** logn) andp6& ° 1,setR, S,
(c) Ifp=" 1,setR-; X ..

5. Set Xp41 XpNRp, Npit Xps], Fappr()x Fappr()x[ Fp, and

p p+1l
Output the facilities Fapprox-

Figure 4.1: Algorithm Pass-E cien t FL

Remarks

1. In our proofswe will assumethat the points in R, are servicedby the facilities

in Fp, even though there may be closerfacilities found in other iterations.

2. At the ©  1th iteration of the algorithm, we are at the special casewhere our

\sample" cortains all remaining points that have yet to be clustered.
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3. Note that in Step 1, we assumethat we know the value of n,. We don't know
the value exactly, but know it to within a factor of 2, which is enoughto

implemert Step 1.

In order to prove Theorem 34, we rst bound the cost of Fapprax on X in
Lemma 37, then bound the amourt of memory used by Pass-Ecien t FL in

Lemma 38.

P
De nition 7 Letservie(S;F) =, ,5d(xi;F) denotethe servicecost of servicing
P
points in S with facilities F. De ne cos{(S;F; )=, ,-fi+ servie(S;F) to ke
the total cost of servicingthe setof points S with the facilities F, with distance saled

by a factor of

In order to bound the cost of the nal solution, cost(X; Fapprax; 1), we rst

presen the following lemma, which is partially adaptedfrom an argumen from [42]:

Lemma 35 For xed p, with probability at least1 1=(10'n?), cos{(Sy; Fp; Np=%p)
9 OPT.

Pro of: Fix an optimum solution on X, that opens a set of facilities F X,

with cost(X,;F ;1) = OPT, OPT. The cost of these facilities on the sample
P

Sy with distancesscaledby np=s, asin Step 3 is cos(Sy; F ;np=s)) = ¢ fi +

P
T w25, d(Xi;F ). By the Markov inequality, we know that with probability at

Sp

most 1=3,
n. X X
P dxi;F ) 3  d(xi;F):
Sp Xi2Sp Xi 2X
P
Thus, with probability at least 2/3, we have cost(S,; F ;ny=s,) x2r fit

P
3 ,2x dxi;F ) 30PT.
Note that possiblyF cortains points that arenot in Sy [ FF?. Thus, we construct

a setof facilites ' S,[ FJ. For eah nodex; 2 F , nd the closestnodein S,
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Figure 4.2: Considerthe cost of servicinga point x 2 S,. ¢, with facility cost
f, is the facility usedby the optimum solution, s 2 S; is the closestpoint in S,
to ¢, and c®2 FJ is the closestpoint to s, with facility costf. Then d(x; c9
d(x;s) + d(s;c® d(x;s)+ d(s;c) d(x;c)+ 2d(s;c) 3d(x;c):
and add the closestfacility of costf; 2 F;? to F . A standard argumen will showv
that servicdS,; F') 3 servic€S,; F ). SeeFigure 4.2. Thus, cost(S,; F ; n,=5,)
3costSp; F ;np=s,) 90PT. The bladk box algorithm will nd a solution with cost
at most9 OPT.

We can boost the probability to 1  1=(10'n?) by repeating Steps1, 2 and 3 in

parallel O(logn) times (note that one would newer have the situation ~ > n), and

choosingthe solution with the smallestvalue of cost(Sy; F; ny=s,).2

We will alsousethe following Lemmathat Charikar, O'Callaghan, and Panigrahy

usedfor proving the correctnessof a one passalgorithm for k-medianwith outliers:

Lemma 36 [16] Let S be a sampleof s points taken uniformly at randomfrom X,
whee s cklogn=, for someconstant c. With probkability at least 1 niz for all
subsetsC S, jCj = k, wecan servie at leastal =2 fraction of the points of X

with centersat C with cost at most Z%jjservice(S;C).
Lemma 37 With prokability at least1 1=n, cos{(X;Fapprox;1) 36 (C 1)OPT.

Pro of: Since the R,s form a partition of X, and Fapprox = [ pFp, We know

P
cost(X; Fapprax; 1) » COSI(Rp; Fp; 1).

Claim: costR,; Fp;1) 18 OPT.
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Pro of of claim: Recall that S, is a sample of size s, from data stream X, of
sizen,. We have two cases. If in Step 4 of Pass-Ecien t FL , we found that
jFoi  sp=(cn¥ logn), then the claim follows immediately from Lemma 35, since
Np=s, landRp=S,.

Otherwise, in Step 4 we found that jF,j < s,=(cn’* logn). In this case,we can
view F, asa setof k = s,=(cn’* logn) certers. SinceS, is a sampleof X, of size
at least ckn®= logn points, it follows from Lemma 36, that at leasta 1 1=(2n%)
fraction of X can be servicedwith costat most 2(n,=s,) servic&€S,; Fp). SinceR,
is a set cortaining at mosta 1  1=(2n¥") fraction of the points of X, closestto
facilities in Fp, we have that servic€R; Fp; 1)  2(np=s,) servicgSy; Fp). Thus,

0 1
X n
costRp;Fp;1) 2@  f;+ S—pservice(S,D;F)A 18 OPT;

xi 2Fp P

wherethe last inequality follows from Lemma 35. This provesthe claim.

With the claim, we have:

X 1
cost(X; Fapprax; 1) cost(Ry; Fp;1) 18 ( 1)OPT:
p=1
Recall that we rounded the facility cost down to the nearestpower of 2. This will

increasethe cost of the solution by at most a factor of two. Thus, the approximation

ratio of the algorithm is36 ( 1). 2

Lemma 38 The amount of memory usel by Pass-E cien t FL is at most
O(k n¥ log® nlog(max; f;)), wher k is the numker of facilities output by the algo-

rithm.
Pro of: By induction, we will prove that s, c(maxip jFij) n% logn for p 1.
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We will arti cially setjFoj = 1 (this is just for the basecaseanalysis; there is no
Fo constructed by our algorithm). Sincethe nal set of facilities output by the
algorithm, Fapprox, satis es jFappraxj max, ojFpj, the lemmawill follow (note
the extra (lognlog(max; f )) factor in the lemma, which is derived from the boosting
in Lemma 35, and the fact that we must store the set Fr?from Step 2).

Assumethe inductive hypothesisfor all level p  m: sy c(maxi<m jFij)
n% logn.

If at Step 5 of the algorithm, we had found that jF,j < sm=(cn*= logn), then

Nm:s1  Nm=n'" . This implies that

n(p+1) = np=\

Sm+1 C Nm+1 lOgn CT nnlogn=s, ¢ rin?nijij n% logn:

If on the other hand at Step 5, we had found that jF,j sm=(cn* logn) then

1=

Smi1  NY¥ Sm  CjFmjn® logn:

Note that the maximum memory requiremen of the algorithm is just the size of
the sample,sincewe assumethat the black box algorithm will useonly an amourt
of spacethat is linear in the size of the input and becausethe call to One-P ass

Select will useat most O(n*™) bits of memory, by Lemma 39. 2
Combining Lemmas37 and 38 proves Theorem 34.

Remark Thus far, we have assumedthat distancesare preserted to the algorithm
as an easily computed function of the input points, but this will not be possiblefor
generalmetric spaces.As we mertioned before,a di erent approad would be that
ead input point is givenby an (n 1) dimensionalvector giving its distancesto all

other points. In this case,whenwe samplethe points in Step 1, we do not want to
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store the ertire (n 1) dimensionalvector in memory Instead, in the rst passwe
would draw our sampleand in the secondpasswe could then store an (jS,j  1)-
dimensionalvector for eat node that cortains the distance betweenthe node and
the |Syj nodesin the sample. The algorithm may then proceedas stated. Note
this would then require on the order of (k )?n* integersof working memory, but

correspndingly X would cortain n? integers.

4.2.3 Appro ximate selection in one pass

In this section we describte the one-passsubroutine One-P ass Select called by
Pass-E cien t FL. The algorithm is givenin Figure 4.3. Its input is a datastream
of numbersY and an integerk, and it outputs an elemen of Y that is betweenthe
jYj 2k andjYj kth largestelemens of Y.

Of related interest is the paper of Munro and Paterson[59], who give a P pass
algorithm for selectingthe kth largestelemen of a datastreamwith n elemets, using

extra spaceat most O(n*F log? %

n). Munro and Patersonprove a nearly match-
ing lower bound on the spaceusageof deterministic P-pass selectionalgorithms.
Our small-spacealgorithm One-P ass Select avoids making more than one passby

random sampling and guararteeing only approximate selection.

Input: DatastreamY of m numbers, integer k.
1. In onepass,take a sampleS of sizes = c{m=k) log(1=) uniformly at

random with replacemen from Y for someconstart c®> 0.

2. Sort S and output e, the s % s th largestelemen of S.

k
m

Figure 4.3: Algorithm One-P ass Select
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Lemma 39 One-P ass Select will nd an elementbetweenthem k andm 2kth
largestelementsof Y with prokability at least 1 using at most c\m=k) log(1=)

bits of extra memory, for appropriately chosenconstant c®> 0.

arbitrarily . (We considerall elemens of the array to be distinct, but somemay take
the samevalue.) De ne index: Y ! [m], to be the function that takesan elemen
z 2 Y and mapsit to the unique index sud that z = Yindex)-

We rst proveanupperboundonPr[index(e) m k]. Lets; betheith elemen
chosenuniformly at random for the sample. Let X; be a random variable that is 1 if
index(sj) m k and 0 otherwise. Note that E[X;] = k=m. If constart c®is chosen
appropriately, an application of the Cherno bound yields:

HX #
1

Pr X 1+ -
' 2

Note that index(e) m k impliesthat at least %(k=m)s of the elemens of S have

S.

3|~

indicesthat are greaterthan m k; this correspndsto the evert that P Xi g
Thus, Prindex(e) m K] =2.

We next prove an upper bound on Pr[index(e) m 2k]. Let Y; be a random
variable that is 1 if index(s;) m 2k and O otherwise. SinceE[Y;] = 2k=m, an
application of the Cherno bound yields (again, for appropriately chosenc9:

1] #

X
Pr Y; 1 i 2—ks —:

P
Notethat index(e) m 2k impliesthat Y; %fn—ks Thus,Pr[index(e) m 2K]

=2.

It followsthat Prim 2k index(e) m K] 1 .2
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4.3 k-Facilit y Location

In Figure 4.4, we give algorithm k-FL , which is an adaptation of our facility location
algorithm to solving the following hybrid problem between k-median and facility

location:

k-Facilit y Location Problem:  Given a metric space (X;d) and a facility cost
f; for eachpoint x 2 X, nd asetF X, suchthat jFj k, that minimizes the

P P
objective function: - fi+ .,y d(Xi;F).

Note that k-medianis a special caseof k-facility location wheref; = 0 for all i

and that facility location is the special casewherek = n.

Theorem 40 There existsa 3 pass algorithm with approximation ratio O(") for

k-facility location using extra space at most O(k( Y='n’= log? n log(max; f;)).

The algorithm is simplerthan Pass-E cien t FL, and canbe considereda general-
ization of Indyk's algorithm that we outlined in Section4.1to multiple passedor k

facility location.

Pro of: If the black box k-median and facility location algorithms use only a lin-
ear amourt of space,then it is clear that the above algorithm will use at most
O(k D=n'¥) extra space. Thus, in order to prove Theorem 40, we just needto
bound cost(X ; Fapprox; 1). We rst bound the cost of the set of facilities F prior to

running the k-median appraximation algorithm aswe did in Section4.2:

X
cost(X ; F; 1) cost(Ry; Fp; 1): (4.1)
p

Claim: costR,; Fp;1)  O( )OPT.
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Input: Metric space(X;d), facility costsff;g, integerk.
Initialize: X; X,p 1,F ;.

1. In a single pass,draw a sample S, of sizes = ck{ Y= n’" logn from

the datastreamX,. For p= ", just setS-  X-.

2. In a secondpass,run a black box approximation algorithm for facility
location on S, taking into considerationall facilities in X exactly asin

Pass-E cien t FL. Call the output Fp.

3. Call One-P ass Select to nd a point e 2 X, sud that eis within the
kP=nl P= and (1=2)kP= n' P= points of X, that are farthest away from

Fp. SetR,  fx:1x2 Xp;d(x; Fp) < d(e;Fp)o.

4. SetXpi1  XpnRy,, F F[ Fy,andp  p+ 1.
Run a k-median algorithm on the set F, with ead x; 2 F weighted by the

number of points in X that it services.Output the resulting setof k facilities

as Fapprox-

Figure 4.4: Algorithm k-FL

Pro of of claim: SinceSteps1 and 2 of k-FL are idertical to Steps1, 2, and 3
in Pass-E cien t FL, we canapply Lemma35to deducethat cost(Sy; Fp; np=9)

9 OPT.
Let C; be the set of points in X, that are servicedby ¢ and let the set of indices

correspnding to large clustersin C bel = i:jCj ik € P=n! P= | Note that

jXpj kP D=pl (P D= Sincewe are drawing a sampleof sizes = ck{ Y= n'* logn
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points from X, we will have jXj=s< (1=9k ¢ P=n! P= logn; the sampleS, will
cortain many points from C; fori 2 | with high probability. Intuitiv ely if we cluster
Sp, theselarge Ciswill be servicedwell. Indeed,we can prove with an argumert that
is exactly the sameasthe argumen in [42] (but with the addition of facility costs)

that if constart c is chosenappropriately,
cost([ i21Ci;Fp; 1)  O( )OPT:

Note that the number of points of X, that do not fall in [ C; is at most
k 1k C P=np! p= = 2kp=n! P=  Sincethe setR, excludesat leastthe $kP=n* P=
points of X, that arefarthest away from facilities in Fy, it followsthat cost(R; Fy; 1)

cost[ i21Ci;Fp; 1)  O(1)OPT. This provesthe claim.

The claim, along with Equation (4.1), implies that cost(X;F;1) O( )OPT.
Howewer, F may not be a feasiblesolution becausdt may cortain morethan k facil-
ities. Thus, the nal stepin the algorithm is to run a constart factor approximation
algorithm for k-medianon F, with ead point in F weighted by the number of points
in X that it services.The result will be a subsetof k facilities. Reasoningsimilar to
the proof of Theorem2.3 from [3€] will prove that servic€X; Fapprox) = O(")OPT.

Lastly, sinceFapprax  F, it follows that O()OPT.

xiZFapprQXfi xiZFfi
Thus, cost(X; Fapprox; 1) = O(")OPT. 2

4.4 Lower bounds for multiple pass clustering

Using the communication complexity of the set disjointness problem, we can prove

the following lower bound:

Theorem 41 Any ~ passrandomizel algorithm that, with prokability at least 2=3,
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computesan O(n™) approximation to the cost of the optimum solution to facility

location, whee m > 0 is any constant, must useat least ( n=") bits of memory.

Pro of: We show there is a streaming compatible reduction from the disjointness
problem to the facility location problem.

SupposeAlice and Bob have private subsetsA; B [n], respectively, and want
to comnunicate to determinewhetherjA\ Bj 1lorjA\ Bj= 0. Leta;b2 f0;1g"
be the characteristic vectors of the setsA and B (i.e. s = 1i i 2 A, b = 1i
i 2B).

Given sets A and B, construct the following instance of facility location with
2n nodesx?;xP for i = 1;:::;n: d(x?;xP) = 1 for all i, and all other distancesare
arbitrarily large. If a; = 0, setf,a = 1. If g = 1, setf,a = n™*1 Similarly, If b = 0,
setfxib =1.If h =1, setfxib = n™*, It followsthat if A and B are disjoint, then

the instance has cost 2n. Otherwise, the instancehas costat leastn™.

We then set the functions A(A) to represen the set of points x and integers

Alice and Bob canthus simulate a2° 1 round protocol for the disjointnessproblem
by simulating an ~ passfacility location algorithm on the instance A(A) g(B)
(seethe proof of Theorem5.)

Since the randomized communication complexity of the disjointness problem is
known to be R(DISJ) = ( n), it followsthat any pass-e cient algorithm that com-
putes facility location will useat least ( n=(2° 1)) bits of memory by applying

Theoremb5. 2

The lower bound provesthat it is not possibleto designa pass-e cient algorithm
that useslessthan o(n) space. Thus, our small-spacebound on the amourt of

memory required must necessarilybe parameterizedby k .
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4.5 Remaining Questions

Two major questionsabout the complexity of passe cient algorithms for facility
location remain after this study. The spaceusageof Pass-E cien t FL is givenby
O(k n%). Can the algorithm be adapted in order to changethe dependencefrom
k to koer , Where kqer is the number of facilities openedby an optimum solution.
(Since kopr neednot be smaller than k , this is not necessarilybetter in terms of
resourceusage,but it is in somesensemore elegan.) The proof of our lower bound
on the spacerequired by pass-e cient algorithms for facility location usedinstances
of facility location that required! (n) facilities for any approximation. Is it possible
to prove lower bounds on instancesthat require only k facilities in the optimum
solution but that require! (k) spaceto solve in a small number of passesVould it
then be possibleto verify that the tradeo betweenpassesand memory required is

tight?
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Chapter 5

Graph Partitioning Algorithms

In this chapter, we considerappraoximation algorithms in the usual Turing model of
computation for the clustering of an arbitrary, undirected graph. This is a new and
interesting NP -hard variant of classicalgraph partitioning problemsthat we call the

Sum-of-squaes Partition Problem

Sum-of-Squares Partition Problem: Given an undirected graph G = (V;E)
and an integer m, removea setF VvV of at mostm nodesin order to partition the

P
graph into dismnnected components Hy;:::;H,, suchthat = jH;j? is minimized.

The edgecut version of the sum-of-squares-partitionproblem is similar, but asks
for the removal of m edges rather than nodes,to disconnectthe graph.

We call an algorithm for the sum-of-squaregartition probleman( ; )-bicriterion
approximation algorithm, for ; 1, if it outputs a node cut consisting of at
most m nodesthat partitions the graphinto connectedcomponerts f H;g sud that

jHij? OPT, where OPT is the objective function value of the optimum
solution that removesat most m nodes.

In Section5.2, we presen an algorithm for this problem and in Section5.3 we
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prove complememary hardnessof appraximation results. Our main algorithmic result

is:

Theorem 42 There existsa polynomial time O(log>° n); O(1) -bicriterion approx-

imation algorithm for the sum-of-squaes partition problem.

5.1 Motiv ation: A network security problem

This combinatorial optimization problem arosein the cortext of a study of a model
of virus propagation and network security in collaboration with JamesAspnesand
Aleksandr Yampolskiy. We give a brief summary of the main results of this study
and the role of the sum-of-squaresartition problem. We refer the readerto the

journal versionof the paper for more details [7].

The Mo del

The network topology is modeled as an undirected graph G = (V;E), with V rep-
resering the set of hostsand E represeting the links betweenthem. Each host is
facedwith the decisionto either purchaseand install anti-virus software at a xed
cost C, or remain vulnerable and risk the possibility of infection, with a potertial
cost L. After the hosts have made their decisions,the virus initially attempts to
infect a single, randomly chosennode; call it vy. If the node is vulnerable, then the
virus will infect the node vy and evertually spreadto all of its vulnerable neighbors.
The virus continuesspreadingin this fashion;ultimately, a vulnerable node v in the
graphwill becomeinfectedif there existsa path from v, to v in G that is not blocked
by a securenode.

Considerthe following, equivalert interpretation of the virus propagation model.

Supposethat the nodesin subsetR V chooseto purchasethe anti-virus software
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at a costC. Remuwving the subsetR from V will partition the graph G into disjoint,

to infect a randomly chosennode vy. If vy is vulnerable, then for the singleH; sut
that vo 2 H;, all nodesin H; will be infected, while all other nodes will remain
una ected.

In our model, the individual cost to ead host is de ned as its expected cost,
which is C if the host installs anti-virus software, and L (Probability of infection)
otherwise. The sacial cost to the ertire systemis de ned asthe sum of the individual
costs. Using the symbols from the previousparagraph,the cost of the ertire system
can easily be showvn to be

X
C jRj+ - jHij?: (5.1)

We will referto the sacial cost of the optimum choice of R asthe sccial optimum.

A Game Theoretic Approac h

A natural questionthat arisesfrom this modelis: How shouldhostsdecide whetheror
not to purchaseanti-virus softwame? If hostsare freeto make their own decisions,a
standard game-theoreticapproad to this problemis to assumehat they arerational
and sel sh. With theseassumptions,a host will install anti-virus software if the cost
C is lower than the expected cost of infection.

A con guration isin NashEquilibrium if no vulnerablehost would otherwisewant
to install anti-virus software, and if no securehost would rather be vulnerable than
pay C. In orderto study this type of sel sh behavior, we analyzedthe social cost of
the worst-casecon guration in NashEquilibrium. The ratio of the costof the worst-
caseNash Equilibrium to the sccial optimum is often called the price of anarchy,

becauseit measureshe degreeto which sel sh behavior will hurt the systemasa
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whole. In somenetwork topologiesthe price of anardy is very high, ( n), which
implies that sel sh behavior can be grossly suboptimum in terms of social cost. In
particular, the optimum solution on the star graph topology with C = Ln=(n 1)
will have the property that the optimum solution is to install anti-virus software on
the certer node, which will achieve a sccial costof C+ L(n 1)=n. It canbe shaovn
that installing anti-virus software on any singlennode will be in Nash Equilibrium; if
this node is not the certer node, then the sccial costwill be C + L(n  1)?=n. The

price of anardhy will then be:

C+L(n 1?=n_ L(n 1)
C+L(n 1)=n 2L(n 1)=n

A Centralized Solution

In essencesel sh behavior resultsin a locally optimized solution, which we proved
canbe afactor of ( n) away from the social optimum. As an alternative to anardy,
the hosts may instead relinquish their autonomy and have their decisionimposed
upon them by a globally optimized solution. It can be shovn that nding an opti-
mum certral solutionis NP -hard. Howeer, the bicriterion approximation algorithm
for sum-of-squaregartition provides an O(log*® n) appraximation to the sccial op-
timum, which is much more desirablethan the ( n) approximation derived from the
worst-caseNash Equilibrium. Recall Equation (5.1), the expressionfor the sccial
cost of installing anti-virus software on a setR. In order to appraximately optimize
this sacial cost function, we can run our algorithm for sum-of-squaregartition for
all choicesof m, the number of nodesto remove, and pick the best solution in terms

of sccial cost.
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5.2 Proof of Theorem 42

In this section, we will descrike the algorithm PartitionGraph  that will adcieve
a (O(log*® n); O(1)) bicriterion appraximation ratio for the sum-of-squaregartition
algorithm. We will work with bladk box approximation algorithms for the fundamen-
tal problem of nding sparsecuts in graphs. Before presening our main algorithm,
we will review parts of the sparsecut literature and will shav the connectionbetween

nding sparsecuts and approximating the sum-of-squaregartition problem.

5.2.1 Preliminaries: Sparse Cuts

Let G = (V; E) be an undirected graph. We denotethe edgecut de ned by a vertex
setS V and S by E(S;S), which consistsof the edgesbetweenthe vertex set S
andS. If G = (V;E) isadirected graph, the cut betweenS and S is the set of edges

from S directedto S, which we alsodenoteby E(S;S).

De nition 8 (sparsit y: edge cut version ) Let G = (V;E) be an undirected or
directed graph. The sparsity of cut E(S;S) is given by

iSj ISj .

EGS) (5-2)

We can also considerremoving nodesto disconnectthe graph.

De nition 9 (sparsit y: node cut version ) LetG = (V;E) be an undirected graph.
The sparsity of node cut R that partitions the residualverticesV nR into disconnected

compnentsV; and V; is given by

B Vo +

IR]

Vi + i

(5.3)
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Imp ortan t Note: In the literature, sparsity is usually de ned as the inverse of
expression(5.2), and nding the sparsestcut is a minimization problem. We have

presered it asa maximization problem, sincethis is more natural for our application.

Kno wn algorithms for sparse edge cuts

Leighton and Rao [53] rst posedthe question of nding the sparsestcut in their
study of multicommodity ows. They gave an (1 =logn) approximation algorithm
for the sparseedgecut problem (when sparsestcut is de ned as a maximization
problem). Later, Arora, Rao, and Vazirani [6] preserted an algorithm with approxi-
mation ratio (1 P Togn); their algorithm enmbedsthe graph into a metric over RY,
calculated by a semide nite programming relaxation of sparsestcut, and then com-
putesa randomizedrounding that relieson the geometricstructure of the embedding.
Agarwal, Charikar, Makarychev, and Makarychev [1] extendedthis algorithm to nd
sparseedgecuts in directed graphs. All three of thesesparsecut algorithms extend

to the casewherethe edgesof the graph are weighted.

Finding a sparse node cut

Known sparsecut algorithms usually solve edgecut problems. For our purposescuts
that involve removing nodesin order to disconnectthe graph are morerelevant. The
algorithms mertioned above nd edgecutsin graphs,and are not directly applicable
to our problem. Howeer, there is a well-known procedurefor reducing a node cut
problem on an undirected graph to an edgecut problem on a weighed, directed
graph. For completenesswe outline the procedure. A similar discussionin [53]

considersthe related problem of nding a balancednode cut in a graph.

Fact 43 If is the optimum sparsity of any node cut in an undirected graph G =

(V; E), the Agarwal, Charikar, Makarychev,and Makarychevalgorithm can be usel
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to nd a node cut with sparsity at least =cp logn, for someconstant c.

Pro of: We now state a well-known procedurefor reducinga node cut problemin an
undirected graph to an edgecut problem in a weighted, directed graph.

The reduction is as follows: form directed graph G with vertex setV =
fvjiv2 Vg[f vdv 2 VgandedgesetE = f(v;Vv9jv 2 Vg[f (V®v)jv2 Vg[f (v®u)j(u;v) 2 Eg[
f (u®v)j(u;v) 2 Eg. The weight of the f(v;Vv9jv 2 Vg edgesare 1, and weight of all
other edgesis in nit .

Supposewe have a node cut in G that removesa set R to partition V nR into

componerts V; and V,; this cut hasnode cut sparsity

(Vi + [Rj=2) + (jV2) + JR}=2).
iRj
A correspnding directed edgecut in G isthe cut (S ;S ), whereS = fviv 2 Vig[
fvjiv2 Vig[ fvjv2 RgandfS g= fvjv 2 Vog[ fvjv 2 Vog[ fviv 2 Rg. The edges
crossingthe cut are preciselyf (v;v9jv 2 Rg. Thus, the edgesparsity of the cut in

G is

(2)Va) + JR)) (2]Va + jR)).
IRj
The sparsitiesof the node and edgecuts are the same,up to the scalingfactor of 4.
Supposewe have a directed edgecut in G dened by (S ;S ) with non-zero
sparsity. Only edgesof the form (v;v9 will crossthe cut, sinceall other edgeshave
weight in nit y. In a similar mannerasabove, it canbe shownn that the setof vertices
fvj(v;v9 crosseghe cutg correspnds to a set of removed vertices in G that will
de ne a node cut with the exact samesparsily asthe cut in G (again up to the

scalingfactor of 4). 2
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Connections between sparse cuts and sum-of-squares partitioning

Our algorithm for solving the sum-of-squaregartition problem will take a general
approad that is similar to the greedylogn-appraximation algorithm for set cover.
A high-lewel descriptionis that we repeatedly remove the node cut that givesus the
best per-remored-nade-bene t, quanti ed asits cost-e ectiveness

Supposewe have a connectedsubgraphH with k nodes. If node cut R creates
disconnectedcomponerts with node setsV,; and V,, this cut hasdecreasedhe objec-
tive function vaIue(P sizeof componert 2) by k? jV4j2  jWj?. Wethus de ne the
ocost-e ectivenessof node cut R by (k2 jV4j?2  jWj?)5R]j. The cost-e ectivenessof

R is equalto

K2 jVaj2 Ve (M + Vol + R VAP [V

jRj JR]
_ jRIZ + 2}VhjjVoj + 2IRj(jV4] + Vaj)
jRj
2VajjVoj .. .
= — =+ jRj+ 2(k |R
iR] JRj+ 2(k JRj)
2V1jj V2 -
= — =+ 2k |Rj:
iR] IR]

We then have the following relationship between nding sparsecuts and cost-

e ective cuts.

Lemma 44 LetH be a graphwith k nodes. If Is the maximum cost-e ectiveness
of all node cuts of H, the Arora-Rao-Vazirani sparse cut algorithm will nd a cut

with cost-e ectivenessat least :(cp logk), for someconstantc.

Pro of: Considera node cut that removesnode set R and partitions the remaining
nodesof H into disconnectedcomponerts with node setsV; and V,. We can ma-

nipulate the expressionfor the cut's sparsity in a similar manner to our algebraic
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manipulation of the cost-e ectivenessto determinethat

e AC e S\ AV

iRj iRj

kIR,
2 4

We then have the following relations betweenthe cost-e ectivenessof a cut,

and its sparsity,

_ViiVe kORI Kk JR)
iRj 2 4 2 2 4 4’
and
> 2

Thus, we know there exists a node cut with sparsity at least =4 (i.e. the cut
with the highest cost-e ectiveness).The sparsecut algorithm on H will nd a node
cut with sparsity at least =(cIO logk), for someconstart c. This node cut will have

cost-e ectivenessat least 2 =(cIO logk). 2

5.2.2 The Algorithm

We arenow readyto descrike our algorithm PartitionGraph  (seeFigure 5.1), which
is a (O(log*° n); O(1)) bicriterion approximation algorithm for the sum-of-squares

partition problem.

We now give somelemmasthat characterizethe behavior of the PartitionGraph

algorithm.

Lemma 45 PartitionGr aph outputs a node cut with at most O(log*®>n)m re-

moveal nodes.
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Input:

A Graph G and an integerm > 0.

Initialize: G; G. F . 0.

1.

5.

Use the Arora-Rao-Vazirani sparsecut algorithm to nd an approxi-

mate most cost-e ective cut in eat componert of G-.

rithm found a cut that removesat most (200p logn)m nodes,wherec
is the constart from Lemma 44. If no sudh componert exists, then
halt and output the partition of G that resultsfrom removing all nodes

in setF.

Otherwise, choosethe componert H; from amongthose consideredin
Step 2 for which the cost-e ectivenessis highest. Let R be the cut
that partitions H; into disconnectedcomponerts V; and V, sud that

Hi = Vi[ Vo[ R.

. SetF  F[ Randlet G-,; bethe residualgraphinducedby removing

R from G-. If jFj > (36¢clog™ n)m, then halt and output the partition

of G that results from removing all nodesin setF.

Otherwise,set”™ "+ 1 and repeat.

Proof: S

sud that

Figure 5.1: Algorithm PartitionGraph

incethe algorithm halts as scon as we augmert the set of marked nodes

jFj > (36clog™® n)m, we know that at the beginning of ead iteration, F

cortains at most (36¢log*® n)m marked nodes. Sincewe add at most (200ID logn)m
marked nodesin the nal iteration, the total number of marked nodesis at most

O(log*>n)m. 2
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Fix an optimum solution for the sum-of-squaregartition problem with objective
function value OPT and let F be the optimum set of m removed nodes. In the
next few proofs, we will denotethe number of nodesin graph G by jGj. We will also
denotean \in tersection” of a graph G and a node setU by G\ U, which is the set

of nodesthat G and U share.

Lemma 46 Suppmse after a numkber of iterations, the graph G- consists of k con-

Either S 72 OPT or there existsa component H; suchthat the Arora-Rao-
Vazirani algorithm will nd a node cut in H; with at most 20(:IO logn m removel

nodesand cost-e ectivenessat least S=(18cmIO logn) (or possiblyboth).

Pro of: Assumethat S > 72 OPT. Note that the node cut de ned by the setF \ G
divides G- into a graph with objective function value at most OPT. This node cut
thusinducesa costdecreaseof at leastS S=72> S=2.

Dene F;, = F \ H; andm; = |F, j. Also, let the subgraphinducedby removing

(i.e, the optimum set of marked nodes partitions H; into thesecomponerts). Note
PP .
that ; ;jH{j> OPT.
Sincethe total reductionin our objective function valuefrom removing [ iF; from
G- is at least S=2 due to our assumptionthat S > 72 OPT > 2 OPT, we have:

. 22 x . '.2
jHij jH{j = (5.4)
i j

X

N

becausehe outer summandon the left hand side of the inequality is the amourt the

objective function is reducedin ead componert.
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Let | be the setof indicesi for which

L, P
Hii2 L H] -
m am (5:9)

(i.e. the per-node-bene t is at least SH{4m)). We have two cases.We show that the
rst caseis consistem with the statemen of the lemma, whereasthe secondcaseis

impossible.

1. Thereexistsani 2 | sud that forall j = 1;:::;r;, jHijj 1=3jH;j.
First considerthe subcasewherem; jH;j=50. Removing all of the at most

50m; nodesin H; will give usatrivial node cut with cost-e ectivenessat least

JHij? S S
50m; 200m ~ 18m' logn

for suciently largen. The rst inequality follows from the fact that H; and
m; satisfy Inequality (5.5). The secondinequality follows from the existenceof
P logn in the denominator of the last term, which will dominate the constart

terms whenn is su cien tly large.

Now considerthe subcasewherem; < jH;j=50. We know that removing the m;
nodesin the set F;, partitions H; into disconnectedcomponerts H;:::;H/",

such that jH!j  1=3jH;j for all j .

Claim: Hij ; can be partitioned into two setsof indicesJ; and J, sud that

P P .
i20,JHI]  (1=3 1=BO)H;jand ,, jH{j (1=8 1=B0)Hjj.

Pro of of claim: Construct J; and J, by successiely consideringead Hij
and adding it to the J; that cortains the fewest aggregatenodesin its compo-

nerts. Sinceeat Hij hassizeat most 1=3jH;]j, the construction guararteesthat
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P

HiszlJHiJj HJZJZJH{J 1=3jHij. Since jH]j 495(H;j (because

we assumedthat m; < jH;j=50), the claim follows.

The claim implies that the set F;, will de ne a node cut of H; that creates
two disconnectedcomponerts, V; = [mlHij and V, = [,-ZJZH{, sud that
(1=83 1=50)Hij jV4ij;jVoj and jV4j + jVbj  495Q/H;j. These conditions

imply that jVijjV,j  jHij?=9. Thus, the cost-e ectivenessof the cut will be

2 iH i2 P r 'HJ"2
VaijVaj e 2 HEE LR s
iR] om; om; 18m’

2
IR]

2Hij JRj

wherethe last inequality follows from Inequality (5.5). Lemma 44 guarartees
that the sparsecut algorithm will nd a cut in H; with cost-e ectivenessat
least S=(18c:mIO logn). The node cut output by the algorithm cannot cortain
morethan ZOcmIO logn nodes. Suc a node cut would have cost-e ectivenessat
most S=(200mp logn), sinceany cut in G- can decreasehe objective function
value by at most S, which is lessthan the guararteed cost-e ectivenessof

S:(18<:mp logn).

. Foreah i 2 |, there existsaj sud that jHij j > 1=3jH;j. Also, note that
P .
OPT > ,, jH! j?. We prove, by cortradiction, that this casecannot occur.

Thus, assumethe casedoesoccur.
. P S P . ..
Claim: ., jHij? [ iH{j? s=8.

_ P .
Pro of of claim: Let| bethe setofiintervalssud that jH;j? i JH2 =m,
S=4m). Recallingequation (5.4), we have

| |
X X X X -

S=2 jHij? jHij? + jHij? jH!
i21 j i2T j

i2

]
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Also, we have

! N
X X X jHi] j IH{]
7 JHij IR = om m
i21 J i21
S

~_'4m

i21

s* S

m "4

Combining thesetwo inequalities provesthe claim.

We have the inequalities:

X _ X 1
OPT>" jHI 7 " SiHi?
i21 i21

S
8

Ol =

wherewe usedour claim for the last inequality. Thus, OPT S=72. This is a

cortradiction to the assumptionwe madeat the rst line of the proof.

We now preset the proof of Theorem42.

Let g bethe number of connectedcomponerts that comprisethe graph G; at the

Let § = P A jHi"j2 be the value of the objective function at the beginning of the
jth iteration; thus S,  n? is its initial value. Let | be the number of iterations the
algorithm needsto terminate, and S;;; be the objective function's nal value.

We wish to shaw that after the algorithm terminates, we have reducedthe objec-
tive function valueto S;;; = O(1) OPT. Let F bethe nal setof nodesremoved
from G. If the algorithm terminates at Step 2 of the Ith iteration becausehe sparse

cut algorithm only found node cuts with more than (200p logn)m removed nodes,
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then from Lemma46 we know that S;;.; 72 OPT. Thus, we assumethis doesnot
occur, sothat Sj;; > 72 OPT (in order to apply the \either" part of Lemma46 to
all iterations).

In order to reasonabout the decreasdan the objective function value after eath
iteration, we impute to ead nodein F a per-node-decreasé the objective function
value, given by the cost-e ectivenessof its node cut. We then show that the total
imputed decreasewill decreasethe objective function by a factor of O(1)=n?, from
which the theoremwill follow.

More formally, supposethe set of marked nodesis given by the sequence~ =

graph: nodesremoved at an earlier iteration occur earlier in the sequence.From
Lemma 45, we know that k = jFj = (log **n)m.

Let b bethe iteration in which f; wasremoved. We impute to f; the value ; =
cost-e ectivenessof cut removed in iteration . From Lemma 46, we know that
. s, =(18m’ logn).

SetTo=Spoand Ty = T, 1 i to be the value of the objective function after

node f;'s per-node-decreaseortribution hasbeenaccoured for. Note Ty = S41 .
Claim: Foralli, T; T 1 T, 1=(18cmp logn)
Pro of of claim: Proving the claim reducesto proving that ;| = T, 1 T,

T 1=(18cmp logn). Fix ani. We have two cases.

1.b=hb , (i.e. fj andf; ; wereremoved in the sameiteration). Then ;
Sy :(180mp logn), but S, > T, sinceS, is the objective function value at the
beginning of iteration by, whereasT; is the objective function value \during"

iteration b.
2.hb = b 1+ 1(.e. f; wasremoved in the iteration after f; ; was removed).
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Then | S, =(18cmp logn) = T; :(180mp logn), sincein this caseT; is the

objective function value at the start of iteration b.

This provesthe claim.

We thereforehave Ty Tp(1 1:(18cmp logn))k  n?2@1 1:(18c:mIO

fogn))*~.
Sincek > 36cmlog™°n, it follows that Si.; = T, = O(1) O(1) OPT, concluding
the proof of Theorem42.

The algorithm given above can be adaptedin a straightforward way to yield an
algorithm for the edgecut versionof the sum-of-squarepartition problem (instead of
taking sparsenode cuts, take sparseedgecuts), from which an analogto Theorem42
may be derived. The above analysisof the node cut algorithm is more complicated

than the correspnding analysisof the edgecut algorithm, since node cuts modify

the node set, causingmany di culties.

5.3 Hardness of Appro ximation

In this section, we prove that it is hard to achieve a bicriterion appraximation of
( ;1), for someconstart > 1, by reduction from vertex cover. Hastad [37] proved
that it is NP -hard to appraximate vertex cover to within a constart factor of 8=7
for any > 0. Dinur and Safra[21]improved the lower bound to 10p 5 21 1:36.
We shaw that if we have a graph G with a vertex cover of sizem, thena (1:18 ;1)
algorithm for the sum-of-squaregartition problemcanbeusedto nd avertex cover

in G of sizeat most (1:36 2 )m.

Theorem 47 It is NP -hard under Cook reduction to approximatethe sum-of-squaes

partition problemto within a bicriterion factor (1:18 ; 1), for any > 0.
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Pro of: Supposegraph G = (V;E), jVj = n, contains a vertex cover C consistingof
m nodes. Remwing the m nodesof C and their incident edgeswill remove all edges
from the graph. This will partition the graphinto n m disconnectedcomponers
consistingof 1 node ead.

If we considerC as a solution to the sum-of-squareartition problem for re-
moving m nodes,the solution will have an objective function valueof n - m. Thus,
an ( ;1) appraximation algorithm for sum-of-squarespartition will remove a set
R V of nodes,sud that jRj m, in order to achieve an objective function of at
mostn m. Let V°= V nR be the remaining nodes, and f H;g be the connected
componerts in the residual graph.

Let S be the nodes of V° that are cortained in connectedcomponerts of size
greaterthan 1 in the residualgraph. It followsthat R[ S is a vertex cover of G. We
seekto bound the cardinality of R[ S.

We rst obsene that the number of nodesthat are cortained in connectedcom-
ponerts of sizelisjV°nSj=n jRj |Sj. Usingthe fact that if jH;j 2, then

jHij2  2jHij, we note that

X
n m jH;j?
.X . .2 X - .2
JHij* + JHij
iHij=1 iHij 2
n jRj jSj+ 2§

n jRj+|Sj:

This impliesthat jSj jRj m m m, which impliesthat jJR[ Sj (2 1)m.
Thus,a (1:18 ; 1)-bicriterion appraximation algorithm for sum-of-squarepar-
tition will nd avertex cover of size(1:36 2 )min G. If OPT,. isthe cardinality of

the optimum vertex cover, then we can seart for an appraximately minimum vertex
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the best vertex cover, which will have sizeat most (1:36 2 ) OPT,.. 2

As mertioned before, sum-of-squaregartition is intimately related to the prob-
lems of sparsestcut, balancedcut, and -separator,all with uniform demands(i.e.
the nodesall have weight 1). There are no known hardnessof appraximation results
for any of these problem; we speculate that techniquesfor proving hardnessof ap-
proximation for both and would yield hardnessof approximation for some of
thesefundamertal cut problems,which have proved elusive thus far. We note that
Chawla et al. [18] and Khot and Vishnoi [5]] have proved super-constan hardness
of approximation resultsfor strongerversionsof theseproblems,speci cally sparsest
cut and balancedcut with generaldemands,assumingthe unique gamesconjectureof
Khot [50]. At the time of the submissionof this thesis, this is a strongerassumption

than P 6 NP .

111



Chapter 6

Conclusion and Future Work

In this dissertation we consideredclustering algorithms in traditional and massie
data setmodelsof computation. We preserted algorithmsin the pass-e cient model,
in which the algorithm may only accessthe input by making a small number of
sequetial passesver the input array. In this model, we studied the tradeo between
passesand space,and found that, for natural massie data set problems,allowing a
few more passesver the input array candramatically improve the spacecomplexity
of the algorithms. Furthermore, our pass-e cient algorithms for clustering adhered
to a generalparadigm of adaptive sampling implemerted in multiple passes:in one
pass, we sampledthe input and computed a solution on the sample using small
space;in another passwe iderti ed the small set of points that were not \clustered
well" by this solution and recursively called the algorithm on the \outliers." We
demonstratedthat this sampling paradigm is quite generalby adapting it to two
very di erent problem domainswith seeminglyfew structural similarities: learning
density functions of generative mixture modelsand conbinatorial optimization over

discrete metric spaces.
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6.1 Summary of Results

In Chapter 3, we preserted pass-e cient algorithms for learning mixturesof distribu-
tions. For any positive integer *, 2° passalgorithm SmallRam will learn a mixture
of k-uniform distributions within error usingspaceat most O(k3= 2). Thus, if the
algorithm makes a few more passesover the data, the amourt of memory required
decreasesharply. We then slightly generalizedhe problemto the generlized learn-
ing problem using the r round comnunication complexity of the GT problem, we
proved that any = passrandomizedalgorithm that solvesthe generalizedlearning
problem requiresat least (1 = ¥72) bits of memory and strengthenedour algorithm
SmallRam to prove a nearly matching upperbound of O(1= 4*) for the sameprob-
lem. We adapted our algorithms for learning mixtures of uniform distributions in R
to the more generalproblemsof learning mixtures of uniform distributions over axis
alignedrectanglesin R? and learning mixtures of linear distributions in R.

In Chapter 4, we presened pass-e cient algorithms for the facility location prob-
lem, which is one of the most well-studied clustering problemsin combinatorial op-
timization. In 3° passes,our algorithm computesan O(’) appraoximation using at
most O(k n%) bits of memory wherek is the number of facilities openedby a
near-optimum solution on X . The algorithm shows the sametradeo of passesand
memory as the algorithm for learning mixtures of distributions. We proved a lower
boundof ( n=") onthe amourt of memoryneededby an " passalgorithm for facility
location using the commnunication complexity of the DISJ function.

In Chapter 5, we presertied algorithms for clustering graphsin the traditional
model of computation. The problem that we considered,the sum-of-squaes parti-
tion problem, is motivated by a gametheoretic model of network security [7]. Our

algorithm for the sum-of-squaregartition problemusesknown algorithmsfor nding
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sparsecuts to repeatedly remove sparsenode cuts in order to disconnectthe graph.
We shaved that after this recursive cut procedureremoved a total of (log *>n)m
nodes from the graph, the sum of squaresof the sizesof the residual componerts
would be at most O(1)OPT. We proved complememary hardnessof approximation

results for the sum-of-squaregartition problem by reduction from vertex cover.

6.2 Massive Data Set Algorithms: Future Direc-
tions

This dissertation consistsin large part of pass-e cient algorithms for clusteringlarge
data sets. There is much potertial for the analysisof algorithmic problemsfor nat-
ural massiwe data set problemsconsideredin the data mining and machine learning
comnunities, from the perspective of theoretical computer science.

For example, a direct extension of this dissertation work would be to design
pass-e cient algorithms for other typesof distributions. In particular, learning mix-
tures of Gaussiandistributions in high dimensionswould be particularly compelling;
algorithms used in practice tend to be heuristic in nature, while algorithms with
theoretical guararteesare not suitable for large data sets. An interesting variant of
this work would be to designalgorithms that will provably nd the best t mixture of
k distributions (uniform, linear, or Gaussian),while making no assumptionsabout
the distribution of the input.

Another extensionwould consistof adapting the pass-e cient algorithm for fa-
cility location, which is quite general,to solve other interesting clustering problems
from conbinatorial optimization. Of particular interest would be an algorithm for a
generalizationof the famous k-meansproblem to an arbitrary metric, in which we

P
must choosek certers C that minimize ,, d(i; C)2. Good pass-e cient algorithms
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exist for the important Euclidean case[22], but not for the generalizedmetric.
Thesearejust two important practical problemsthat may be abstractedand stud-
ied rigorously in the cortext of the pass-e cient or other massiwe data set models of
computation. The potential for theoretical computerscienceo provide new perspec-
tivesand interesting insights into practical massie data set problemsis enormous;

this dissertationis just a part of the beginning of this exploration.
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