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Abstract

We report on the effects of a filter based on modular arithmetic that has been introduced recently into
the EXACUS library. Our experiments with planar arrangements for curves up to degree four show that
the exact construction and comparison of real algebraic numbers are some of the most time consuming
operations when solving intersection problems for curved objects. In our experiments the modular filter
accelerated the computation for arrangements of cubic curves by a factor of about 6.

1 Introduction

The current way to speed up exact algorithms is to use rounded evaluation with a certified error to answer
safely and quickly the easy cases, which already gave good results in practice [5, 10, 15, 8]. For non-
degenerate situations these methods can reach almost the same running times as conventional floating point
arithmetic does. But for degenerate and nearly degenerate situations verified floating point arithmetic is not
applicable. Thus in general we have to switch to some costly exact arithmetic to decide these cases.

In our case, computing arrangements of algebraic curves [3, 9, 2], we have to insure that two univariate
polynomialsf andg do not have a nontrivial common factor or that a univariate polynomialf is squarefree.
Otherwise we are forced to do a costlygcd computation, which is currently the main bottleneck in our
approach.

A polynomial f is squarefree, iff and its derivativef ′ have a nontrivial common factor. Thus this
question also reduces to whether two polynomials have a nontrivial common factor. Two polynomials
f ,g in Z[x] have a common factor iff theresultantof f andg, res( f ,g) ∈ Z is zero. The resultant can be
e.g. computed as the determinant of the Bezoutian matrix. Of course this is not as expensive as a totalgcd
computation, but as our experiments show, the time spent in this step is still significant.

A first idea is to evaluate the determinant using interval arithmetic, but we expect this method to be
susceptible to ill-conditioned matrices. The key observation is, that we only need to know whether the
resultant isnot zero. Therefore in most cases it is enough to evaluate the determinant inZ/pZ, for some
primep, to see that the resultant is not zero. The modular arithmetic is implemented using double arithmetic,
based on techniques described in [6]. This approach is only 3 times slower than double arithmetic. Thus we
can expect it to be even faster than interval arithmetic. For more details on the modular filter see section 3.
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The test environment for our experiments on the modular filter was the EXACUS package CUBIX ,
for details on this approach see [9, 4]. We give a short overview on that in section 2 and outline the critical
steps, in which the filter comes into account. Section 3 describes the different filters. The report on the
experiments can be found in section 4.

2 The sweep-line algorithm for cubic curves

In this section we give a very short overview on the approach described in [9], but will especially outline the
parts in which the filter comes into account.

An algebraic curveis defined in the following way: Letf be a polynomial inQ[x,y]. We set ZERO( f ) :=
{(α,β) ∈ R2 | f (α,β) = 0} and call ZERO( f ) thealgebraic curvedefined byf . A cubic curve, or cubicfor
short, is an algebraic curve of degree 3. If the context is unambiguous, we will often identify the defining
polynomial of an algebraic curve with its zero set.

The arrangement of a setF of cubic curves is computed using the Bentley-Ottmann sweep-line algorithm
[1]. At each time during the sweep the curves intersect the sweep-line in a given oder. While moving the
sweep-line along thex-axis a change in the topology of the arrangement takes place iff this ordering changes.
This happens only at a finite number ofevent points. The algorithm requires to insert thex-coordinates of
event points into theX-structure, see [1]. Thesex-coordinates are the real roots of a univariate polynomial
in x. This polynomial is the resultant of either two cubic curves or of one curve and its derivative. In case of
cubics the degree of the resultant is bounded by 9.

For the predicates used by this approach it is very essential to know the multiplicity of the roots of the
resultant. Thus if the resultant is notsquarefreea factorization by multiplicities is required. This causes
at least onegcd computation of the resultant and its derivative. Since thegcd computation is very time
consuming, it is essential to precheck whether the resultant is not squarefree in order to avoid unnecessary
gcd computations. This is the first place in which the modular filter described in section 3 comes into
account. The other is within the comparison of algebraic numbers, which is described in the next section.
For more details on the algorithm itself and the implementation of the predicates see [9].

2.1 Algebraic Numbers

Algebraic numbers are used to represent thex-coordinates of event points during the sweep, but are also
used within the predicates of the algorithm. By definition, every real root of a univariate polynomial is a real
algebraic number. In particular, a rational number is an algebraic number.

2.1.1 Representation of algebraic numbers

We represent an algebraic numberx as a triple(P, l , r) whereP is asquarefreeunivariate polynomial with
integer coefficients,l andr are rational numbers, such thatP has exactly one real root in the open interval
(l , r), andP(l) 6= 0 6= P(r). Such an interval is called anisolating intervalfor the root. In case we knowx to
be rational, we store it as the degenerate interval(x,x).

We determine isolating intervals by means of Uspensky’s algorithm [7, 16], which is known to be the
best method for squarefree polynomials [7].

2.1.2 Refine isolating intervals

As x is a simple root ofP, we can easilyrefinean isolating intervalI = (l , r) at a given pointm∈Q∩ I , by
evaluating the sign ofP(m). If P(m) = 0, we setI = (m,m). Otherwise we setI = (l ,m) if sign(P(l)) 6=
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sign(P(m)) or I = (m, r) if sign(P(l)) = sign(P(m)). Usually we refine the isolating interval by bisecting at
the midpointm= (l + r)/2.

2.1.3 Comparison of two algebraic numbers

We next describe how to compare two algebraic numbersx = (P, lx, rx) andy = (Q, ly, ry). If the isolating
intervals are disjoint, we just compare the intervals. Otherwise, letI = (l , r) be the intersection of the
isolating intervals. We havex = y iff P andQ have a common root inI . We first refine the isolating intervals
of x andy using the endpoints ofI . Then it is either the case that both intervals areI or the intervals are
disjoint. If they are disjoint, then we are done. Otherwise, we know thatP andQ both have exactly one
simple root inI . These roots are equal ifG= gcd(P,Q) has a rootz in I . We now use the fact thatG has only
simple roots. Sox = y = z iff sign(G(l)) 6= sign(G(r)). Otherwise we can refine both isolating intervals for
x andy as described in the preceding paragraph until they are disjoint.

2.1.4 Optimizations

• Common factor propagation: If G is nontrivial, we can useG to reduce the degree of the defining
polynomialsP andQ. If x = y we replace the defining polynomials byG, otherwise we replace them
by P/G andQ/G respectively. Moreover we keep a list of all algebraic numbers defined by the same
polynomial, thus we are able to propagate a discovered factor to all of them. This prevents us from
computing the samegcdover and over again and in addition refines the representation of the involved
algebraic numbers.

• one-root-numbers

We call an algebraic number aone-root-numberif it is of the form α + β√γ with α,β,γ ∈ Q. One-
root-numbers can be represented explicitly using e.g. leda-real [14] or exchangeable CORE::Expr
[12]. Integers are leda-reals, and ifx andy are leda-reals, so arex±y, x∗y, x/y, and k

√
x for arbitrary

integerk. leda-reals have exact comparison operators≤, < and=. In particular, ifx is a leda-real and
P is a polynomial with integer coefficients, we can determine the sign ofP(x).

This enables us two compare two one-root-numbersx andy very efficiently just by using the compar-
ison operator of the leda reals. Ifx = (P, l , r) andy is a leda-real, we proceed as follows: Ify≤ l or
y≥ r, the outcome of the comparison is clear. So assumel < y< r. If P(y) = 0, thenx= y. Otherwise
we can refine the isolating interval forx as described in the preceding paragraph untily 6∈ (l , r). We
notice thatx is aone-root-numberas soon as the degree of the defining polynomialP is≤ 2.

• Prerefinement:

New algebraic numbers often have quite large intervals, because Uspensky’s algorithm stops as soon
as root isolation is guaranteed. Therefore we extended the comparison by up to 16 prerefinement
steps, before we conjecture an equality of two algebraic numbers. This especially compensates for
the fact that we do not refine the algebraic numbers up to a certain precision in advance and in addition
has the advantage that it is an adaptive approach.

• Modular filter: In most cases of inequalityP andQ do not have a common factor at all. In these
cases a computation of the GCD is time consuming and absolutely useless. It is enough to know that
P andQ do not have a common factor. Thus we can use the filter described in section 3 to decide
quickly on that fact. While the prerefinement succeeds in non-degenerate situations, it turned out, that
especially for nearly degenerate situations applying the filter still gives a significant speed up as you’ll
see in section 4.
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3 Modular Filter

The goal of the filter is to indicate quickly, that two polynomialsf ,g∈ Z[x] do not have a nontrivial common
factor.

The modular filter is based on the following

Theorem 1. Let f,g be two polynomials inZ[x] and letΦ : Z → Z/pZ be the canonical homomorphism
fromZ to Z/pZ for some prime p. Then f and g do not have a common factor if
res(Φ( f ),Φ(g))) 6= 0 ( mod p).

Proof. We use the well known fact that two polynomialsf ,g∈ Z[x] have a nontrivial common factor iff the
resultantres( f ,g) ∈ Z is zero. And sinceΦ is a homomorphism we know that

res( f ,g) = 0

⇒ Φ(res( f ,g)) = 0 ( mod p)

⇔ res(Φ( f ),Φ(g))) = 0 ( mod p)

The modular filter appliesΦ to all entries of the Bezoutian matrix [13], and then computes the deter-
minant inZ/pZ. If the outcome is not zero we can conclude that the polynomialsf andg do not have a
common factor.

The modular arithmetic is implemented using double arithmetic. It uses a fixed predefined primep that
fits in nearly half of the mantissa length for doubles. This allows us for example, to perform a multiplication
of two such numbers at basically the cost of three double multiplications. For more details see [6].

The modular filter has two advantages. Firstly, it is only about three times slower than double arithmetic
and therefore should be faster then interval arithmetic. Secondly, it has a very small probability to fail.
Precisely, the probability to fail is equal to the probability that the result of the exact resultant is∈ pZ,
which is very small sincep > 226. In fact it never failed on any of our generated inputs as described in
section 4.

Note that the probability that the modular filter fails is independent from the fact that the situation is
degenerate or not. Thus it is especially applicable in nearly degenerate situations.

4 Experiments

We offer two series of benchmarks. Firstly, a random series to illustrate the general impact of the modular
filter. Secondly, a series of nearly degenerate instances, to measure the impact of the modular filter on the
comparison of algebraic numbers.

All times were taken on Intel Pentium 4 Mobile CPU 2.00GHz with 512 KB of cache running Linux.
The compiler used wasg++-3.3.3 -O2 . The library used for exact computations was LEDA -4.4.1. We
abdicated using also CORE for additional benchmarks, since the observed effects of the filter should be
rather independent of the chosen library.

For each input sizen, we have generated an odd number of candidate input data sets and picked the one
with median average running time for inclusion in our benchmark.
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4.1 Random series

For each instance we generatedn randomcubic curves. Each curvef is defined by interpolation through
9 points chosen uniformly at random from a set of 9n random points on the{−128, . . . ,127}2 integer grid.
Every interpolation point results in a homogeneous linear condition on the 10 unknown coefficients off , so
that generically 9 conditions determine the equation of a curve uniquely, up to a constant factor. For this
series the average coefficient bit size was 99.

To compare our results, we also implemented theexact version of the filter. It is implemented in the
same way as the modular filter, besides that the determinant of the Bezoutian matrix is evaluated using exact
arithmetic.

The table below reports on the overall running time of the sweep line algorithm for the random instances.
The row labeled withn reports on the number of input curves,nodes states the number of nodes in the
computed arrangement to reflect the output size of the algorithm. The rowsexact andmodular report
on the running time of the sweep for the respective filter. The running times are given in seconds.

The plot below shows the running times as a function of the number of computed nodes (output com-
plexity). In accordance with the theoretical analysis, see [9], the output complexity looks almost linear.
However, the output size is quadratic in the number of curves, as for the straight-line case.

series n nodes exact modular
random 30 2933 33.62 5.41
random 60 11417 135.8 21.91
random 90 26579 315.13 53.5
random 120 46117 564.25 98.36
random 150 71594 - 156.62  0
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For this series of random instances the modular filter has accelerated the computation by a factor of
about 6.

A first look on the time spent within the comparison of two algebraic numbers showed, that for this series
the modular filter had no effect. But for the random examples this is not surprising, since the prerefinement
in the comparison of algebraic numbers succeeds in the most cases.

4.2 Nearly degenerate series

To expose the effect of the modular filter within the algebraic numbers we generated a series ofnearly de-
generateinstances. It was obtained in a similar fashion as the random series, but only up to 16 interpolation
points were used. Then the interpolation points of each curve were perturbed slightly. This resulted in nearly
degenerate arrangements, with very dense clusters of intersection points around the original interpolation
points. For this series the average coefficient bit size was 570.

For this series we always used the modular filter within the sweep, since it proved its profitability in the
previous series. The first run used the algebraic numberswithout the modular filter, while the second run
used the algebraic numberswith the modular filter.

The table below reports on the running time spend within the comparison of algebraic numbers for the
nearly degenerate instances. The running times are given in seconds.
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series n nodes without with
n degen 05 120 5.05 0.05
n degen 10 429 7.52 0.38
n degen 20 1746 10.33 1.55
n degen 30 3765 13.76 3.96
n degen 40 6718 17.76 8.21
n degen 50 10259 22.62 12.79
n degen 60 14950 29.86 20.55
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The plot for the runwithout the modular filter shows a constant offset compared to the plot for
the benchmarkswith the modular filter. This is obviously caused by unnecessarygcd computations the
modular filter was able to avoid. But why is it only a constant offset? The answer is, that the first algebraic
numbers inserted in the X-structure have large intervals. Therefore the prerefinement fails, and since the
modular filter is switched off, an unnecessarygcd is computed. But after a while several algebraic numbers
are already inserted into the X-structure. Therefore the algebraic number that are inserted later are refined
by the already very small intervals of the old algebraic numbers and therefore the prerefinement succeeds
again. This is obviously a result of the way we generated the input since for every instance only 16 clusters
of nearly degenerate intersections exist.

This example also shows the advantages of the adaptive approach we chose for the algebraic numbers,
since they can somehow ”react” on the peculiarities of an arrangement. But we must be aware of the fact, that
prerefinement of isolating intervals can also have adverse effects: When equal but non-identical algebraic
numbers are compared too often, it is conceivable that their repeated useless refinement and the increased
cost of later operations caused by the increased bit size of the interval boundaries outweighs the gain of
prerefinement.

5 Conclusions and further work

The modular filter proved to be very fast and at the same time very strict, since its low probability to fail is
even independent from the fact that the situation is degenerate or not. Currently it is an indispensable filter
to check squarefreeness of polynomials.

In the case of algebraic numbers prerefinement proved to be an very good filter that succeeds in most
cases. But since it also has negative effects in case of equal algebraic numbers the modular filter is an
optimal addendum that allows us to keep the number of prerefinements small enough to be tolerable.

The optimal number of prerefinements obviously depends on the structure of each arrangement. Up to
now this somehow ”well chosen” number of 16 behaved well in several instances but should be the matter
of further investigations.

Another possibility to deal with algebraic numbers is to use thediamond operatorfrom the extended
leda-reals [11]. In fact we are currently in the process of testing this number type as another concept of
algebraic numbers. But first tests indicate that this approach might be slower than the algebraic numbers
described here.
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