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1 Introduction

Partitions of three space into cells are a common theme
of solid modeling and computational geometry. We re-
strict ourselves to partitions induced by planes. A set
of planes partitions space into cells of various dimen-
sions. Each cell may carry a label. We call such a
partition together with the labelling of its cells a selec-
tive Nef complex (SNC). When the labels are boolean
({in,out}) the complex describes a set, a so-called Nef
polyhedron [Nef78]. Nef polyhedra can be obtained
from halfspaces by boolean operations union, intersec-
tion, and complement. Nef complexes slightly gener-
alize Nef polyhedra through the use of a larger set of
labels. Figure 1 shows a Nef polyhedron.

Nef polyhedra and complexes are quite general. They
can model non-manifold solids, unbounded solids, and
objects comprising parts of different dimensionality. Is
this generality needed?

1. Nef polyhedra are the smallest family of solids
containing the half-spaces and being closed under
boolean operations. In particular, boolean opera-
tions may generate non-manifold solids (see, e.g.,
the symmetric difference of two cubes as shown
in Figure 1) and lower dimensional features. The
latter can be avoided by regularized boolean oper-
ations.

2. We may want to model a box which is divided into
two parts by a membrane. The membrane is to
be modeled as a two-dimensional object without
thickness.

3. Similarly, two-dimensional surfaces bound differ-
ent material compositions in semi-conductor de-
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Figure 1. A Nef polyhedron with non-manifold edges,
a dangling facet, two isolated vertices, and an open
boundary in the tunnel.

sign. The different properties can be distinguish
with the labels. In a three-dimensional earth model
with different layers, reservoirs, faults, etc. one
can use labels to distinguish between different soil
types. Furthermore, in this application we en-
counter complex topology, for example, hon man-
ifold edges.

4. In machine tooling we may want to generate a
polyhedron Q by a cutting tool M. When the tool is
placed at a point p in the plane all points in p+M
are removed. Observe, when the cutting tool is
modeled as a closed polyhedron and moved along
a path L (including its endpoints) an open polyhe-
dron is generated. Thus open and closed polyhedra
need to be modeled. The set of legal placements
for M is the set C = {p; p+MNQ=0}; C may
contain lower dimensional features as shown in
Figure 2. This is one of the examples where Mid-
dleditch [Mid94] argues that we need more than
regularized boolean operations, i.e., here the need
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Figure 2: The width of the cutter M is equal to the width
of the cavity in Q. The boundary of the region of legal
placements is shown in bold. It is an unbounded poly-
gon with a dangling edge.

to concurrently model objects of different dimen-
sionality and with open and closed boundaries. In
the context of robot motion planning this example
is referred to as tight passages, see [Hal02] for the
case of planar configuration spaces.

SNCs are closed under (generalized) set operations.
If C, and C, are Nef complexes, we obtain a new SNC
by intersecting every cell of C; with every cell of C,
and labeling the resulting cell (if non-empty) with the
pair of labels of its parent cells. Also, if f is a mapping
from one label space to another, relabeling cells by f
generates a new SNC.

Clearly, SNCs can be represented by the underlying
plane arrangement plus the labeling of its cells. This
representation is space-inefficient if adjacent cells fre-
quently share the same label and it is time-inefficient
since navigation through the structure is difficult.

We give a more compact and unique representation of
SNCs, algorithms realizing the (generalized) set opera-
tions based on this representation, and an implementa-
tion. The uniqueness of the representation, going back
to Nef’s work [Nef78], is worth emphasizing; two point
sets are the same if and only if they have the same rep-
resentation.

The current implementation supports the construc-
tion of Nef polyhedra from manifold solids, boolean op-
erations (union, intersection, complement, difference,
symmetric difference), topological operations (interior,
closure, boundary), rotations by rational rotation ma-
trices (arbitrary rotation angles are approximated up to
a specified tolerance [CDR92]). Our implementation
is exact. We follow the exact computation paradigm
to guarantee correctness; floating point filtering is used

Figure 3: The figure on the left shows the intersection of
two cubes where one is rotated by five degrees around
each coordinate axis. Observe that the corner facing you
consists of three vertices. In the figure on the right we
used 0.01 degree rotations. The three vertices compris-
ing the corner are are not distinguished in the drawing,
but the edges illustrate the correctness of the solution.

for efficiency. All Nef polyhedra shown in the figures
are created with our implementation, e.g, Figure 3 illus-
trates correctness.

Our representation and algorithm refine the results of
Rossignac and O’Connor [RO89], Weiler [Wei88], Gur-
soz, Choi, and Prinz [GCP90], and Dobrindt, Mehlhorn,
and Yvinec [DMY93], and Fortune [For97], see Sec-
tion 7 for a detailed comparison. Our structure explic-
itly describes the geometry around each vertex in a so-
called sphere map, see Figure 6.

The paper is structured as follows: Nef polyhedra®
are reviewed in Section 2, our data structure is defined
in Section 3, and the algorithms for generalized set op-
erations are described in Section 4. The status of the
implementation is discussed in Section 5.

What is the overhead of SNCs in modeling sub-
classes, say manifold solids. We address this issue in
Section 6 and also outline various optimizations. We
argue that our structure can be refined so as to handle
special cases (almost) as efficient as the special purpose
data structures.

In Section 7 we relate our work to previous work and
in Section 8 we offer a short conclusion.

2 Theory of Nef Polyhedra

We repeat a few definitions and facts about Nef poly-
hedra [Nef78] that we need for our data structure and

LFor ease of exposition, we restrict the discussion to the case of
a binary set of labels and the boolean set operations.



algorithms. The definitions here are presented for arbi-
trary dimensions, but we restrict ourselves in the sequel
to three dimensions.

Definition 2.1 (Nef polyhedron). A Nef-polyhedron in
dimension d is a point set P C RY generated from a finite
number of open halfspaces by set complement and set
intersection operations.

Set union, difference and symmetric difference can
be reduced to intersection and complement. Set com-
plement changes between open and closed halfspaces,
thus the topological operations boundary, interior, ex-
terior, closure and regularization are also in the model-
ing space of Nef polyhedra. In what follows, we refer
to Nef polyhedra whenever we say polyhedra.

A face of a polyhedra is defined as an equivalence
class of local pyramids that are a characterization of the
local space around a point.

Definition 2.2 (Local pyramid). A point set K C R¢
is called a cone with apex 0, if K = RTK (i.e., Vp €
K,VYA > 0:Ap € K) and it is called a cone with apex
X, X € RY, if K=x+ R+ (K—x). AconeK is called a
pyramid if K is a polyhedron.

Now let P € RY be a polyhedron and x € RY. There
is a neighborhood Up(x) of x such that the pyramid
Q:=x+RT((PNU(x)) —x) is the same for all neigh-
borhoods U (x) C Up(x). Q is called the local pyramid
of P in x and denoted Pyrp(x).

Definition 2.3 (Face). Let P € RY be a polyhedron and
x,y € RY be two points. We define an equivalence re-
lation x ~ y iff Pyrp(x) = Pyrp(y). The equivalence
classes of ~ are the faces of P. The dimension of a face
s is the dimension of its affine hull, dims := dimaffs.

In other words, a face s of P is a maximal non-empty
subset of RY such that all of its points have the same
local pyramid Q denoted Pyrp(s). This definition of a
face partitions RY into faces of different dimension. A
face s is either a subset of P, or disjoint from P. We use
this later in our data structure and store a selection mark
in each face indicating its set membership.

Faces do not have to be connected. There are
only two full-dimensional faces possible, one whose
local pyramid is the space RY itself and the other
with the empty set as a local pyramid. All lower-
dimensional faces form the boundary of the polyhedron.
As usual, we call zero-dimensional faces vertices and
one-dimensional faces edges. In the case of polyhedra
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Figure 4: Planar example of a Nef-polyhedron. The
shaded region, bold edges and black nodes are part
of the polyhedron, thin edges and white nodes are
not.
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Figure 5: Sketches of the local pyramids of the pla-
nar Nef polyhedron example. The local pyramids

are indicated in the relative neighborhood in a small
disc.

in space we call two-dimensional faces facets and the
full-dimensional faces volumes. Faces are relative open
sets, e.g., an edge does not contain its end-vertices.

Example 2.4. We illustrate the definitions with an ex-
ample in the plane. Given the closed halfspaces

hl:yZOa
hg:x—y>1,

hy:x—y>0, hz:x+y<3,
h5:x+yS21

we define our polyhedron P := (hyNhyNhs) —(hsNhs).
Figure 4 illustrates the polyhedron with its partially
closed and partially open boundary, i.e., vertex v4, Vs, Vg,
and edges e4 and es are not part of P. The local pyra-
mids for the faces are Pyrp(f1) = 0 and Pyrp(fy) =
R?. Examples for the local pyramids of edges are the
closed halfspace h, for the edge e1, Pyrp(e1) = hy, and
the open halfspace cplh, for the edge es, Pyrp(es) =
{(x%,y)|x—y < 1}. The edge e; consists actually of two
disconnected parts, both with the same local pyramid
Pyrp(e3) = h1. In our data structure, we will repre-
sent the two connected components of the edge e3 sepa-
rately. Figure 5 lists all local pyramids for this example.

Definition 2.5 (Incidence relation). A face s is inci-
dent to a face t of a polyhedron P iff s C clost. This



defines a partial ordering < such that s <t iff s is inci-
dent tot.

Bieri and Nef proposed several data structures for
storing Nef polyhedra in arbitrary dimensions. In the
Wiirzburg Structure [BN88] all faces are stored in the
form of their local pyramids, in the Extended Wirrzburg
Structure the incidences between faces are also stored,
and in the Reduced Wirzburg Structure [Bie96] only the
local pyramids of the minimal elements in the incidence
relation < are stored. For bounded polyhedra all min-
imal elements are vertices. Either Wiirzburg structure
supports Boolean operations on Nef polyhedra, neither
of them does so in an efficient way. The reason is that
Wiirzburg structures do not store enough geometry. For
example, it records the faces incident to an edge, but it
does not record their cyclic ordering around the edge.

3 Data Structures

In our representation, we use two main structures:
Sphere Maps to represent the local pyramids of each
vertex and the Selective Nef Complex Representation
to organize the local pyramids into a more easily acces-
sible polyhedron representation. It is convenient (con-
ceptually and, in particular, in the implementation) to
only deal with bounded polyhedra; the reduction is de-
scribed in the next section.

3.1 Bounding Nef Polyhedra

We use the technique of the infimaximal frame [SMOQ]
already used for planar Nef polygons [See01b, See01a].
The infimaximal box is a bounding volume of size
[R,+R]3 where R represents a sufficiently large value
to enclose all vertices of the polyhedron in question.
The value of R is left unspecified as an infimaximal
number, i.e., a number that is finite but larger than the
value of any concrete real number. In [SMO0O] it is ar-
gued that interpreting R as an infimaximal number in-
stead of setting it to a large concrete number has several
advantages, in particular increased efficiency and con-
venience.

Clipping lines and rays at this infimaximal box leads
to points on the box that we call frame points or
non-standard points (compared to the regular standard
points inside the box). The coordinates of such points
are R or —R for one coordinate axis, and linear functions
f(R) for the other coordinates. We use linear polyno-
mials over R as coordinate representation for standard

points as well as for non-standard points, thus unify-
ing the two kind of points in one representation, the ex-
tended points. From there we can define extended seg-
ments with two extended points as endpoints. Extended
segments arise from clipping halfspaces or planes at the
infimaximal box.

It is easy to compute predicates involving extended
points. All predicates required by our algorithms re-
duce to sign determination of polynomial expressions in
point coordinates. With the coordinates represented as
polynomials in R, this leads to polynomials in R whose
leading coefficient determines their signs (since R is in-
fimaximal).

We will also need to construct new points and seg-
ments in our algorithm. The coordinates of such points
are defined as polynomial expressions of previously
constructed coordinates. Fortunately, the coordinate
polynomials stay linear even in iterated constructions.

Lemma 3.1. The coordinate representation of ex-
tended points in three-dimensional Nef polyhedra is al-
ways a polynomial in R with a degree of at most one.
This also holds for iterated constructions where new
planes are formed from constructed (standard) intersec-
tion points.

Proof. We consider all combinations of standard planes
and non-standard planes, where we have only the six
bounding planes of the infimaximal box as non-standard
planes. Three intersecting standard planes intersect
clearly in a standard point. Two intersecting standard
planes intersect in a line, whose intersection with a non-
standard plane is a point with coordinates linear in R
(see the definition of non-standard point). Two inter-
secting non-standard planes intersect in a line support-
ing one of the edges on the infimaximal box. Since the
endpoints of that edge move linearly in R, an intersec-
tion point of a standard plane with that edge also moves
linearly in R. Finally, three intersecting non-standard
planes intersect in one of the corners of the infimaximal
box. i.e., they have the form (+R,+R, +R).

3.2 Sphere Map

The local pyramids of each vertex are represented by
conceptually intersecting the local neighborhood with a
small e-sphere. This intersection forms a planar map
on the sphere (Figure 6), which together with the set-
selection mark for each item forms a two-dimensional
Nef polyhedron embedded in the sphere. We add the



Figure 6: An example of a sphere map. The different
colors indicate selected and unselected faces.

set-selection mark for the vertex and call the resulting
structure the sphere map of the vertex. Sphere maps
were introduced in [DMY93].

We use the prefix s to distinguish the elements of the
sphere map from the three-dimensional elements. An
svertex corresponds to an edge intersecting the sphere.
An sedge corresponds to a facet intersecting the sphere.
Geometrically the edge forms a great arc that is part
of the great circle in which the supporting plane of the
facet intersects the sphere. When there is a single facet
intersecting the sphere in a great circle, we get an sloop
going around the sphere without any incident vertex.
There is at most one sloop per vertex because a second
sloop would intersect the first. An sface corresponds
to a volume. This representation is a extension of the
planar Nef polyhedron representation [See0la].

3.3 Selective Nef Complex Representation

Having sphere maps for all vertices of our polyhedron
is a sufficient but not easily accessible representation of
the polyhedron. We enrich the data structure with more
explicit representations of all the faces and incidences
between them. We also depart slightly from the defi-
nition of faces in a Nef polyhedron; we represent the
connected components of a face individually and do not
implement additional bookkeeping to recover the orig-
inal faces (e.g., all edges on a common supporting line
with the same local pyramid) as this is not needed for
our algorithm. The faces and incidences added are in
the order of increasing dimension; see Figure 7 for an
example:

edges: We store two oppositely oriented edges for each

oriented facet

edge U

Figure 7: An SNC. We show only one facet with two
vertices, their sphere maps, the connecting edges, and
both oriented facets. Shells and volumes are omitted
for this example.

edge and have a pointer from one oriented edge
to its opposite edge. Such an oriented edge can
be identified with an svertex in a sphere map; it
remains to link one svertex with the corresponding
opposite svertex in the other sphere map.

edge uses: An edge can have many incident facets
(non-manifold situation). We introduce two oppo-
sitely oriented edge-uses for each incident facet;
one for each orientation of the facet. An edge-use
points to its corresponding oriented edge and to its
oriented facet. We can identify an edge-use with
an oriented sedge in the sphere map, or, in the spe-
cial case also with an sloop. We won’t mention it
further, but all references to sedge can also refer to
sloop.

facets: We store oriented facets as their boundary
cycles of oriented edge-uses. We have a dis-
tinguished outer boundary cycle and several (or
maybe none) inner boundary cycles representing
holes in the facet. Boundary cycles are linked in
one direction. We can access the other traversal di-
rection when we switch to the oppositely oriented
facet, i.e., by using the opposite edge-use.

shells: The volume boundary decomposes into differ-
ent connected components, the shells. They con-
sist of a connected set of facets, edges, and ver-
tices incident to this volume. Facets around an
edge form a radial order that is captured in the ra-
dial order of sedges around an svertex in the sphere



map. Using this information, we can trace a shell
from one entry element with a graph search. We
offer this graph traversal in a visitor design pattern
to the user.

volumes: A volume is defined by a set of shells, one
outer shell containing the volume and several (or
maybe none) inner shells excluding voids from the
volume.

For each face we store a label, e.g., a set-selection
mark, which indicates whether the face is part of the
solid or if it is excluded. We call the resulting data struc-
ture Selective Nef Complex, SNC for short.

4 Algorithms

Here we describe the algorithms for constructing sphere
maps for a polyhedron and the corresponding SNC and
the simple algorithm that follows from these data struc-
tures for performing boolean operations on polyhedra.

4.1 Construction of a Sphere Map

We have extended the implementation of the planar Nef
polyhedra in CGAL to the sphere map. We summarize
the implementation of planar Nef polyhedra described
in [See01b, See0la] and explain the changes needed for
the sphere map version.

The boolean operations on the planar Nef poly-
hedra work in three steps—overlay, selection, and
simplification—following [RO89]. The overlay com-
putes the conventional planar map overlay of the two
input polyhedra with a sweep-line algorithm [MN99,
section 10.7]. In the result, each face in the overlay is
a subset of a face in each input polyhedron, which we
call the support of that face. The selection step com-
putes the mark of each face in the overlay by evaluating
the boolean expression on the two marks of the corre-
sponding two support faces. This can be generalized to
arbitrary functions on label sets. Finally, the simplifica-
tion step has to clean up the data structure and remove
redundant representations.

In particular, the simplification in the plane works as
follows: (i) if an edge has the same mark as its two sur-
rounding regions the edge is removed and the two re-
gions are merged together; (ii) if an isolated vertex has
the same mark as its surrounding region the vertex is re-
moved; (iii) and if a vertex is incident to two collinear
edges and all three marks are the same then the vertex

is removed and the two edges are merged. The simplifi-
cation is based on Nef’s theory [Nef78, Bie95] that pro-
vides a straightforward classification of point neighbor-
hoods; the simplification just eliminates those neighbor-
hoods that cannot occur in Nef polyhedra. The merge
operation of regions in step (i) uses a union find data
structure [CLR90] to efficiently update the pointers in
the half-edge data structure associated with the regions.

We extend the planar implementation to sphere maps
in the following ways. We (conceptually) cut the sphere
into two hemispheres and rotate a great arc around
each hemisphere instead of a sweep line in the plane.
The running time of the sphere sweep is O((n+m+
s)log(n+ ms)) for sphere maps of size n and m respec-
tively and an output map of size s. Instead of actually
representing the sphere map as geometry on the sphere,
we use three-dimensional vectors for the svertices, and
three-dimensional plane equations for the support of the
sedges. Step (iii) in the simplification algorithm needs
to be extended to recognize the special case where we
might get an sloop as result.

4.2 Classification of Local Pyramids and Sim-
plification

In order to understand the three-dimensional boolean
operations and to extend the simplification algorithm
from planar Nef polyhedra to three-dimensions, it is
useful to classify the topology of the local pyramid of a
point x (the sphere map that represents the intersection
of the solid with the sphere plus the mark at the center of
the sphere) with respect to the dimension of a Nef face
that contains x, based on Nef’s theory [Nef78, Bie95]:

e X is part of a volume iff its local sphere map is triv-
ial (only one sface fS with no boundary) and the
mark fS corresponds to the mark of x.

e X ispart of afacet f iff its local sphere map consists
just of an sloop I° and two incident sfaces f?, f3
and the mark of I° is the same as the mark of x.
And at least one of 7, f5 has a different mark.

e X is part of an edge e iff its local sphere map con-
sists of two antipodal svertices v3, v5 that are con-
nected by a possible empty bundle of sedges. The
svertices v§, v and x have the same mark. This
mark is different from at least one sedge or sface
in between.

e xisavertex v iff its local sphere map is none of the
above.



Note that the classification of x is valid only if the
sphere map was simplified; see the previous section.

Of course, a valid SNC will only contain sphere maps
corresponding to vertices. But some of the algorithms
that follow will modify the marks and potentially inval-
idate this condition. We describe how the idea of the
simplification algorithm from planar Nef polyhedra ex-
tends to work directly on the SNC structure.

Based on above classification and similar to the pla-
nar case, we identify redundant faces, edges, and ver-
tices, we delete them, and we merge their neighbors.
For example, if a redundant facet has the same mark
as its two neighboring volumes (that actually could be
the same volume) then we remove the facet and mere
the two volumes. Again, a union find data structure
helps updating the pointers associated with shells, and
another union find data structure helps with inner and
outer boundary cycles of facets. We proceed similarly
with redundant edges and vertices. This order of sim-
plification steps simplifies the detection of redundancy.

4.3 Synthesizing the SNC from Sphere Maps

Given the sphere maps for a particular polyhedron, we
wish to form the corresponding SNC. Here we describe
how this is done. The synthesis works in order of in-
creasing dimension:

1. We identify svertices that we want to link together
as edges. We form an encoding for each svertex
consisting of: (a) a normalized line representation
for the supporting line, e.g. the normalized Plicker
coordinates of the line [Sto91], (b) the vertex coor-
dinates, (c) a +1 or —1 indicating whether the nor-
malization of the line equation reversed its orien-
tation compared to the orientation from the vertex
to the svertex. We sort all encodings lexicograph-
ically. Consecutive pairs in the sorted sequence
form an edge.

Normalizing the Pliicker coordinates can be done
by scaling them to have a leading coefficient of
one. For an exact representation with integer arith-
metic, an alternative is the division with the great-
est common divisor of all six coefficients.

To obtain normalized Plicker coordinates for an
svertex of a frame point, we need two standard
points on the supporting line of the svertex. Since
the supporting line is the same for every R, we get
the two standard points by instantiating the frame
point with two arbitrary values for R. To sort the

vertex coordinates, we use the notion of R as an
infimaximal number.

2. Edge-uses correspond to sedges. They form cycles
around svertices. The cycles around two svertices
linked as an edge have opposite orientations. Thus,
corresponding sedges are easily matched up and
we have just created all boundary cycles needed
for facets.

3. We sort all boundary cycles by their normalized,
oriented plane equation. We find the nesting rela-
tionship for the boundary cycles in one plane with
a conventional two-dimensional sweep line algo-
rithm.

4. Shells are found with a graph traversal. The nest-
ing of shells is resolved with ray shooting from the
lexicographically smallest vertex. Its sphere map
also gives the set-selection mark for this volume
by looking at the mark in the sphere map in —x di-
rection. This concludes the assembly of volumes.

4.4 Boolean Operations

We represent Nef polyhedra as SNCs. We can trivially
construct an SNC for a halfspace. We can also con-
struct it from a polyhedral surface [Ket99] representing
a closed 2-manifold by constructing sphere maps first
and then synthesizing the SNC as explained in the pre-
vious section.

Based on the SNC data structure, we can implement
the boolean set operations. For the set complement we
reverse the set-selection mark for all vertices, edges,
facets, and volumes. For the binary boolean set opera-
tions we find the sphere maps of all vertices of the result
polyhedron and synthesize the SNC from there:

1. Find possible candidate vertices. We take as candi-
dates the original vertices of both input polyhedra,
and we create all intersection points of edge-edge
and edge-face intersections. Optimizations for an
early reduction of the candidate set size are possi-
ble.

2. Given a candidate vertex, we find its local sphere
map in each input polyhedron. If the candidate ver-
tex is a vertex of one of the input polyhedra, its
sphere map is already known. Otherwise a new
sphere map is constructed on the fly. We use point
location, currently based on ray shooting, to de-
termine where the vertex lies with respect to each



Figure 8: An example of a Nef polyhedron.

polyhedron. If the candidate is in a volume or
facet, its sphere map can be trivially constructed.
If the candidate sits on an edge, the sphere map can
be easily read from the sphere map neighborhood
of one of the edge endpoints, i.e., an svertex.

3. Given the two sphere maps for a candidate vertex,
we combine them into a resulting sphere map with
boolean set operation on the 2D Nef polyhedra that
are the sphere maps.

4. Using the simplification process described in Sec-
tion 4.2, we determine if the resulting sphere map
constitutes part of the representation of the result.
If so, we keep it for the final SNC synthesis step.

We can also easily implement the topological opera-
tions boundary, closure, interior, exterior, and regular-
ization. For example, for the boundary we de-select all
volume marks and simplify the remaining SNC (Sec-
tion 4.2). The uniqueness of the representation implies
that the test for the empty set is trivial. As a conse-
quence, we can implement for polyhedra P and Q the
subset relation as P € Q = P — Q = 0, and the equality
comparison with the symmetric difference.

5 Implementation

The sphere maps and the SNC data structure with the
extended kernel for the infimaximal box are fully im-
plemented in CGALZ [FGKT00] with all algorithms de-
scribed above. We also support the standard CGAL ker-
nels but restricted to bounded polyhedra.

The above description breaks the algorithms down to
the level of point location (for location of the candi-

2<http://www.cgal .org>

date vertices in the input polyhedra), ray shooting (for
assembling volumes in the synthesis step), and inter-
section finding among the geometric primitives. The
current implementation uses inefficient but simple and
complete implementations for these substeps. The cur-
rent implementation supports the construction of Nef
polyhedra from manifold solids [Ket99], boolean op-
erations (union, intersection, complement, difference,
symmetric difference), topological operations (interior,
closure, boundary, regularization), rotations by rational
rotation matrices (arbitrary rotation angles are approx-
imated up to a specified tolerance [CDR92]). Our im-
plementation is exact. We follow the exact computation
paradigm to guarantee correctness; floating point filter-
ing is used for efficiency.

The implementation of the sphere map data structure
and its algorithms has 8850 lines of code, and the imple-
mentation of the SNC structure with its algorithms and
the visualization graphics code in OpenGL has 14650
lines of code®. Clearly, the implementation re-uses parts
of CGAL; in particular the geometry, the floating point
filters, and some data structures.

A bound on the necessary arithmetic precision of
the geometric predicates and constructions is of inter-
est in geometric algorithms. Of course, Nef-polyhedra
can be used in cascaded constructions that lead to un-
bounded coordinate growth. However, we can summa-
rize here that the algebraic degree is less than ten in
the vertex coordinates for all predicates and construc-
tions. The computations of the highest degree are in
the plane sweep algorithm on the local sphere map with
predicates expressed in terms of the three-dimensional
geometry. Other high degree predicates are the lexico-
graphic comparison of constructed vertices in the planar
sweep line algorithm for ordering face boundary cycles
and the vertex ray shooting for classifying shells. Fur-
thermore we have orientation tests, sorting of Pllicker
coordinates, gcd computations for Pliicker coordinates
and plane equations, the two-dimensional plane sweep
algorithms embedded in a three-dimensional plane, in-
tersection tests between lines, rays and planes

We support the construction of a Nef polyhedron
from a manifold solid defined on vertices. Nef poly-
hedra are also naturally defined on plane equations
and combined with CGAL’s flexibility one can realize
schemes where coordinate growth is handled favorably
with planes as defining geometry [For97].

3We do not count empty lines and comment-only lines.



6 Complexity and Optimizations

Let the total complexity of a Nef polyhedron be the
number of vertices, edges, and faces. Given the sphere
map representation for a polyhedron of complexity
n, the synthesis of the SNC is determined by sort-
ing the Pliicker coordinates, the plane sweep for the
facet cycles, and the shell classification, i.e., it runs in
O(nlogn +c- T, where T; is the time needed for a ray
shooting in the SNC for identifying the nesting relation-
ship of one of the c different shells. This is currently
the cost for constructing a polyhedron from a manifold
solid.

Given a polyhedron of complexity n, the complement
operation runs in time linear in n. The topological op-
erations boundary, closure, interior, exterior, and reg-
ularization invoke the simplification and run in time
O(n-a(n)) with a(n) the inverse Ackermann function
from the union-find structures.

Given one polyhedron of complexity n and another
polyhedron of complexity m, the boolean set operation
that produces a result of complexity k has a runtime that
decomposes into three parts: First, T, the total time to
find all edge-face and edge-edge intersections. We also
subsume in T, the time needed to locate the vertices of
one polyhedron in the respective other polyhedron. Let
s be the number of intersections vertices found in this
step. Second, O((n+ m+s)log(n+ m)) is the runtime
for the overlay computation of all n+m+s sphere map
pairs. After simplification of the sphere maps we are
left with k maps and the SNC synthesis runtime from
above applies here with the time O(klogk+c-Ty).

We have kept the runtime cost for point location and
intersection separate since we argue that we can choose
among different well known and efficient methods in
our approach, for example, octrees [Sam90] or binary
space partition (BSP) trees [dBvKOS97].

The space complexity of our representation is clearly
linear in our total complexity of the Nef polyhedron.
However, in absolute numbers we pay for our general-
ity in various ways: We argue to use exact arithmetic
and floating point filters. However, since cascaded con-
struction is possible, we have to store the geometry us-
ing an exact arithmetic type with unbounded precision.
We further added the infimaximal box for unbounded
polyhedra. Its coordinate representation uses a (linear)
polynomial in the infimaximal R and thus doubles the
coordinates we have to store. Both, the arithmetic and
the extended kernel for the infimaximal box, are flex-
ible and exchangeable based on the design principles

of CGAL. So, assuming a user can accept less general
arithmetic # and a modeling space restricted to bounded
polyhedra then we can offer already in our current im-
plementation a choice of number type and kernel that
makes the geometry part of the SNC equal to other rep-
resentations in size and expressiveness.

What remains is the space complexity of the connec-
tivity description (ignoring the geometry). We compare
the SNC with a typical data structure used for three-
dimensional manifold meshes, the polyhedral surface in
CGAL based on a halfedge data structure [Ket99]. We
need five to eight times more space for the connectivity
in the SNC,; five if the polyhedral surface is list based
and eight if it is stored more compactly—hbut also less
powerful—in an array. Clearly this can be a prohibitive
disadvantage if the polyhedron is in most places a lo-
cal manifold. Although not implemented, there is an
easy optimization possible that can give the same space
bounds; We can specialize the sphere maps for vertices
that are locally an oriented 2-manifold to just contain
a list of svertices and sedges plus two volumes. Now,
assuming also that the majority of vertices has a closed
boundary, we can also remove the labels from the sphere
map. Whenever needed, we can reconstruct the full
sphere map on the fly, or even better, we can special-
ize the most likely operations to work more efficiently
on these specialized sphere maps to gain performance.

7 Comparison to Extant Work

Data structures for solids and algorithms for boolean
operations on geometric models are among the fun-
damental problems in solid modeling, computer aided
design, and computational geometry [Hof89, Mé&n88,
RR, HSWO01, For97]. In their seminal work, Nef
and later Bieri and Nef [Nef78, BN88] developed the
theory of Nef polyhedra. Dobrindt, Mehlhorn, and
Yvinec [DMY93] consider Nef polyhedra in three-
space and give an O((n+m+s)log(n+ m)) algorithm
for intersecting a general Nef polyhedron with a con-
vex one; here n and m are the sizes of the input poly-
hedra and s is the size of the output. The idea of the
sphere map is introduced in their paper (under the name
local graph). They do not discuss implementation de-
tails. Seel [SeeOla, See01lb] gives a detailed study of
planar Nef polyhedra; his implementation is available

4For example, bounded depth of construction or interval arith-
metic that may report that the accuracy is not sufficient for a certain
operation.



in CGALS.

Other approaches to non-manifold geometric mod-
eling are due to Rossignac and O’Connor [RO89],
Weiler [Wei88], Karasick [Kar89], Gursoz, Choi, and
Prinz [GCP90], and Fortune [For97]. Rossignac and
O’Connor describe modeling by so-called selective ge-
ometric complexes. The underlying geometry is based
on algebraic varieties. The corresponding point sets are
stored in selective cellular complexes. Each cell is de-
scribed by its underlying extent and a subset of cells of
the complex that build its boundary. The non-manifold
situations that occur are modeled via the incidence links
between cells of different dimension. The incidence
structure of the cellular complex is stored in a hierar-
chical but otherwise unordered way. No implementa-
tion details are given.

Weiler’s radial-edge data structure [Wei88] and Kara-
sick’s star-edge boundary representation are centered
around the non-manifold situation at edges. Both
present ideas about how to incorporate the topological
knowledge of non-manifold situations at vertices; their
solutions are, however, not complete. Cursoz, Choi and
Prinz [GCP90] extend the ideas of Weiler and Kara-
sick and center the design of their non-manifold model-
ing structure around vertices. They introduce a cellular
complex that subdivides space and that models the topo-
logical neighborhood of vertices. The topology of a ver-
tex is described by a spatial subdivision of an arbitrarily
small neighborhood of the vertex. Their approach gives
thereby a complete description of the topological neigh-
borhood of a vertex.

Fortune’s approach centers around plane equations
and uses symbolic perturbation of the planes’ distance
to the origin to eliminate non-manifold situations and
lower-dimensional faces. Here, a 2-manifold represen-
tation is sufficient. The perturbed polyhedron still con-
tains the degeneracies, now in the form of zero-volume
solids, zero-length edges, etc. Depending on the appli-
cation, special post-processing of the polyhedron might
be necessary, for example, to avoid meshing a zero-
volume solid. Post-processing was not discussed in the
paper and it is not clear how expensive it would be. The
direction of perturbation, i.e., towards or away from the
origin, can be used to model open and closed boundaries
of facets.

We improve the structure of Gursoz et al. with re-
spect to storage requirements and provide a more con-
crete description with respect to the work of Dobrindt

S<http://ww.cgal .org>

et al. as well as a first implementation. Our structure
provides maximal topological information and is cen-
tered around the local view of vertices of the Nef poly-
hedron. We detect and handle all degenerate situations
explicitly, which is a must given the generality of our
modeling space. The clever structure of our algorithms
helps to avoid the combinatorial explosion of special
case handling. We use exact arithmetic to achieve cor-
rectness and robustness, combined with floating point
filters based on interval arithmetic, to achieve speed.
That we can quite naturally handle all degenera-
cies, including non-manifold structures, as well as un-
bounded objects and produce always the correct mathe-
matical result differentiates us from other approaches.
Previous approaches using exact arithmetic [AR94,
BR96, BMP94, For97, KKM97] work in a less general
modeling space, some unable to handle non-manifold
objects and none able to handle unbounded objects.

8 Conclusion and Future Directions

We achieved our goal of a complete, exact, and correct
implementation of boolean operations on a very general
class of polyhedra in space. The next step towards prac-
ticability is the implementation of faster algorithms for
point location, ray shooting, intersection finding, and
the specialized compact representation of sphere maps
for manifold vertices. Useful extensions with applica-
tions in exact motion planning are Minkowski sums and
the subdivision of the solid into simpler shapes, e.g., a
trapezoidal or convex decomposition in space.

For ease of exposition, we restricted the discussion
to boolean flags. Larger label sets can be treated analo-
gously.

Nef complexes are defined by planes. We plan to ex-
tend the data structure and algorithms to complexes de-
fined by curved surfaces [RO89, HSWO0L1].
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