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ABSTRACT

In Computational Learning in the Limit, many criteria of successful learning

have been proposed in the literature. For example, an algorithmic learner h tries

to �nd a program for a computable function g (learnee) given successively more

values of g, each time outputting a conjectured program for g; learning is considered

successful, i�, from some point on, the learner always conjectures the same program

p, and p is a program for g.

In the present thesis we will give a unifying framework, an abstraction of these

criteria, and discuss it's many merits. For example, a new learning paradigm, called

Dynamic Modeling, is introduced. It actually arose out of the above abstraction.

Dynamic Modeling provides an idealization of, for example, a social inter-

action in which learner h seeks to discover program models of learnee g's behavior

it sees in interacting with g, and h openly discloses to g its sequence of candidate

program models to see what g says back. The learnee g, then, could try to learn

back the behavior of learner h. We say that h cooperatively learns g i� h learns g and

g learns h back. We say that h secretively learns g i� h learns g and g cannot learn

h back. We show that there are non-trivial cases of both cooperative and secretive

learning.

Furthermore, we will analyze e�cient use of time in learning. Many notions

of time restrictions su�er from unfair postponement tricks, i.e., the possibility to

bypass runtime restrictions by postponing necessary computations. An important

question to address is, then, how to avoid these postponement tricks and to achieve

fair runtime restricted learning in the limit.

viii



A learner is called postdictively complete i� all available data is correctly post-

dicted by each conjecture. The present thesis will show how postdictive complete-

ness (and variants thereof) introduce some degree of fairness into runtime restricted

learning in the limit.

Contrasting these latter results, we will point out many di�culties for in-

troducing fairness into polynomial time restricted learning, for example by showing

how several restrictions previously thought to forbid postponement tricks fail to do

so.

Finally, some criteria in Dynamic Modeling are shown to naturally include

some degree of fairness; however, some settings still allow for arbitrary postponement

tricks.
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Chapter 1

INTRODUCTION

We consider an algorithmic learner h, which is iteratively given more and

more �nite information generated by a target function g. From this information,

the learner, in each iteration, (may) synthesize a (suitably interpreted) natural num-

ber as output. Sometimes each output number will be interpreted as (numerically

naming) a program, other times each number will represent a prediction for a yet

unseen data point. The interplay of h and g is called a learning process. Depending

on the context, some such learning processes constitute successful learning, others

don't.

In the prior literature [JORS99], many learning criteria have been proposed.

Each learning criterion speci�es precisely, possibly among other things, how learner

and target interplay, and which learning processes constitute successful learning.

1.1 Classi�cation of Criteria

Many of the criteria given in the prior literature can be classi�ed to fall into

one of the categories of identi�cation, extrapolation and coordination. We brie�y

consider some illustrative examples, giving one example per category named just

above; later, we will give more examples for these categories.

Ex-learning [Gol67] in De�nition 1.1.1 just below exempli�es the category of

identi�cation.1

1 The term `Ex' stands for explanatory [CS83].
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De�nition 1.1.1. For a partial computable function h and a total computable

function g, we say learner h Ex-learns learnee (or target) g i�, for all i (we think

of i as the iteration number), h outputs a conjecture on input2 g(0) . . . g(i − 1) and
there are j0, e such that ∀j ≥ j0 ∶ [h(g(0) . . . g(j − 1)) = e] and e is a program for g.3

A program e as in the de�nition just above could be carried away and used

o�ine.

Figure 1.1 gives an informal example of (the beginning of) an Ex-learning

process. As can be seen in Figure 1.1, with each new datum the example learner h

input to h program output of h
�constantly 0�

1 �constantly 1�
1,2 �start with 1, add 1 each step�
1,2,3 �start with 1, add 1 each step�
1,2,3,5 �start with 1, add 1 each step, but leave out 4�
1,2,3,5,6 �start with 1, add 1 each step, but leave out 4�
1,2,3,5,6,7 �start with 1, add 1 each step, but leave out 4�
1,2,3,5,6,7,9 �start with 1, add 1 each step, but leave out multiples of 4�
⋮ ⋮

Figure 1.1: Ex-learning process

sometimes re�nes the hypothesis. Let g be such that, for all n, g(n) = n + 1 + ⌊n3 ⌋,
where, for all real numbers x, ⌊x⌋ is the integer part of x. Let us assume that the

2 This input is a sequence, which is presented to the learner appropriately coded
as given in Chapter 2.

3 Note that, starting in Chapter 3 below and, then, throughout the remainder of
this Thesis, we treat Ex-learning technically a little di�erently from the present
de�nition (De�nition 1.1.1). Instead of presenting to an intended Ex-learner
the data about a learnee g at iteration i as g(0) . . . g(i − 1), we will present it
�canonically� as as (0, g(0) . . . ((i − 1), g(i − 1))). For each of these approaches
to Ex-learning, the classes of computable functions g learnable by the class of
partial computable hs will be the same.
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input to h actually comes from taking initial segments of g (it is easy to verify that

the �rst 7 values of g are indeed 1,2,3,5,6,7,9). h successfully Ex-learns g i� it

stops re�ning its hypotheses after �nitely much data and its �nal hypothesis is a

correct program for g. Note that the bottom-most program stated in the second

column of Figure 1.1 above is a correct program for g.

One motivation for Ex-learning is to model science: for example, on [BB75,

Page 125] the following can be found.

Consider the physicist who looks for a law to explain a growing body of
physical data. His data consist of a set of pairs (x, y), where x describes
a particular experiment, e.g., a high-energy physics experiment, and y
describes the results obtained, e.g., the particles produced and their
respective properties. The law he seeks is essentially an algorithm for
computing the function f(x) = y.

Ex-learning models this learning scenario.

Next we de�ne Nv-learning [B	ar71, BB75] which exempli�es the category of

extrapolation.4

De�nition 1.1.2. For a partial computable function h and a total computable

function g, we say h Nv-learns target g i�, h is total and, in the i-th iteration, h

outputs a conjecture on input g(0) . . . g(i − 1) and there is a j0 such that ∀j ≥ j0 ∶
h(g(0) . . . g(j − 1)) = g(j).

The successful extrapolants h(g(j) . . . g(j − 1)), j ≥ j0, can be used online.

The following gives an informal example of (the beginning of) an Nv-learning

process.

In Figure 1.2 just above, the �rst, second and fourth prediction learner h

makes are incorrect, all other predictions shown are correct. Let g be such that, for

all n, g(n) = (n mod 3) + 1. Let us assume that the input to h actually comes from

taking initial segments of g (it is easy to verify that the �rst 7 values of g are indeed

4 The term `Nv' stands for next value [B	ar71].

3



input to h prediction output of h next output of g
0 1

1 1 2
1,2 3 3
1,2,3 4 1
1,2,3,1 2 2
1,2,3,1,2 3 3
1,2,3,1,2,3 1 1
1,2,3,1,2,3,1 2 2
⋮ ⋮ ⋮

Figure 1.2: Nv-learning process

1,2,3,1,2,3,1). h successfully Nv-learns g i� it fails to predict the next datum only

�nitely often.

Again, science gives a possible motivation for Nv-learning: scientists hope to

be able to make correct predictions about future events.

Next we de�ne Coord-learning [MO99] which exempli�es the category of co-

ordination.

De�nition 1.1.3. For a partial computable function h and a total computable

function g, we say h Coord-learns the target g i�, in the i-th iteration, h and g

both produce output, h gets the sequence of all outputs from g in prior iterations

as input, g gets all the outputs from h in prior iterations as input, and, from some

iteration on, the sequence of h's outputs will be the same as the sequence of g's

outputs.

The �nally successfully coordinated matching outputs can be used online.

Note that in Coord-learning, the learnee is reactive in the sense that it can react

to the outputs of the learner, contrasting with the passive learnees in Ex- and Nv-

learning. Further note that the learner cannot tell whether the learnee is sensitive

to the learner's outputs.

4



input to h prediction output of h input to g output of g
0 1

1 1 0 2
1,2 3 0,1 3
1,2,3 4 0,1,3 1
1,2,3,1 2 0,1,3,4 2
1,2,3,1,2 3 0,1,3,4,2 3
1,2,3,1,2,3 1 0,1,3,4,2,3 1
1,2,3,1,2,3,1 2 0,1,3,4,2,3,1 2
⋮ ⋮ ⋮ ⋮

Figure 1.3: Coord-learning process

In Figure 1.3, the �rst, second and fourth prediction learner h makes are

incorrect, all other predictions shown are correct. Let g be such that, for all �nite

sequences σ, g(σ) = (number of elements in σ mod 3) + 1. Let us assume that the

input to h actually comes from this g (it is easy to verify that this g would have an

input/output behavior as depicted in Figure 1.3). h successfully Coord-learns g i�

it fails to predict the next datum only �nitely often. Notice that g is an example of

a learnee in Coord-learning insensitive to the outputs made by the learner.

Coord-learning can be used for modeling predictions in science where the

predictions made by the learner (may) a�ect the learnee, as in quantum physics or

social science.

Common among all the criteria given above is that successful learning only

has to be established in the limit, that is, for any �nite number of iterations the

learner may give �bad� outputs (wrong hypotheses or incorrect predictions), while

the remaining outputs have to be �good�. Hence, this kind of learning is referred to

as Learning in the Limit.

Learning of Languages from Positive Examples

The present thesis, mainly in Chapter 5, will also analyze learning of languages

5



from positive examples. TxtEx-learning as de�ned just below exempli�es this kind

of learning.

For a class of (at least computably enumerable) languages L [HU79] and an

algorithmic learning function h, we say that h TxtEx-learns L [Gol67, JORS99]

i�, for each L ∈ L, for every total function T enumerating (or presenting) all and

only the elements of L (with or without pauses), as h is fed the succession of values

T (0), T (1), . . ., it outputs a corresponding succession of programs p(0), p(1), . . . from
some hypothesis space, and, for some j0, for all j ≥ j0, p(j) is a correct program for

L, and p(j + 1) = p(j). The function T as just above is called a text or presentation

for L.

The remainder of this chapter will �rst discuss the two main contents of and

their interconnection in the present thesis (Sections 1.2 and 1.3). After that, an

outline of the thesis will be given (Section 1.4).

1.2 Abstraction

The prior literature (as exempli�ed in [JORS99]) usually de�nes each learning

criterion independently of others, even though many criteria share some concepts.

The proposed thesis will give a uni�ed notation for many criteria de�ned in the prior

literature, covering all criteria discussed within the proposed thesis.

The bene�ts from this level of abstraction are manifold:

(1) Achieving better understanding of particular learning criteria and their relations

with one another.

(2) Development of uni�ed problem solving techniques.

(3) Discovery of new but natural learning criteria.

(4) Improvements in mathematical clarity, precision, economy and rigor.

6



For example, our abstraction of learning criteria lead to the above clear cat-

egorization of learning criteria. This categorization is summarized in Figure 1.4

below.

Passive Learnee Reactive Learnee

O�-Line Identi�cation ??

On-Line Extrapolation Coordination

Figure 1.4: Categories of Limit Learning Criteria

The categorization of Figure 1.4 shows how we found new natural criteria:

there is a missing category entry for o�-line with reactive learnee. We refer to

this category as dynamic modeling. An example of a dynamic modeling criterion is

InteractiveBc-learning, given in De�nition 1.2.1 just below.5

De�nition 1.2.1. For a partial computable function h and a total computable

function g, we say h InteractiveBc-learns a target g i�, in the i-th iteration, h and

g both produce output, h gets the sequence of all outputs from g in prior iterations

as input, g gets all the outputs from h in prior iterations as input, and, from some

iteration on, h always outputs a program for the in�nite sequence of g's resultant

outputs.

Note that the sequence of h's outputs is not required to converge to a single

program.

Dynamic modeling is explored in Chapter 6. Note that thanks to our abstrac-

tion, some of the results about dynamic modeling also inform about coordination,

and the relationship between coordination and dynamic modeling. For example,

5 Bc stands for behaviorally correct.
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one theorem already published in [CK08a] has as immediate corollaries that learn-

ability in linear time is strictly more restrictive than in quadratic time both for

InteractiveBc-learning and Coord-learning.

In our modular approach, we de�ne names for �pieces� of our criteria (Chap-

ter 3). Then, after that, each criterion needed is named by stringing together

the relevant names of its pieces. For example, unrestricted TxtEx-learning in the

present section will be later named TxtGEx and InteractiveBc-learning will be

called XBc.6 A similar modular approach appears already in [CK08a, CK08b].

1.3 Complexity

In the interest of introducing e�ciency into a limit learning process, one can

consider requiring the learner to be computable in polynomial time (see [Cob64,

Edm65, Coo71, Kar72] regarding the connection between e�ciency and polynomial

time computability). Formally, we have the following de�nitions.

We say that h Ex-learns a targets g in polynomial time i� h Ex-learns g and

there is a polynomial Q such that, for each i, h on g computes its ith hypothesis

p(i) within time Q(∣g(0), g(1), . . . , g(i− 1)∣).7 TxtEx-learning in polynomial time is

de�ned analogously.

Pitt [Pit89] notes (in a slightly di�erent context) that such a de�nition of

polynomial time learning may not give one any feasibility restriction on the total

time for successful learning. Here is informally why. Suppose h is any Ex- or

TxtEx-learner. Then, for suitable polynomial Q, a variant of learner h can postpone

outputting signi�cant conjectures based on data σ until it has seen a much larger

6 In general, standard inductive inference criteria names will be changed to slightly
di�erent names in our modular approach.

7 ∣g(0), g(1), . . . , g(i − 1)∣, the total size of the sequence g(0), g(1), . . . , g(i − 1) is
rigorously de�ned in Section 2.1.

8



sequence of data τ so that Q(∣τ ∣) is enough time for h to think about σ as long as

it needs.8

Hence, a requirement for polynomial time computability of the learner will

not lose any learning power. These postponement tricks are �unfair�, as they show

that no e�ciency was actually introduced into the learning process. In this way the

polynomial time restriction on each output does not, by itself, have the desirable

e�ect of constraining the total learning time.

Pitt [Pit89] discusses some possible ways to forbid such unfair postponement

tricks. More recently, Yoshinaka [Yos09] compiled a very useful list of properties to

help toward achieving fairness and e�ciency in polynomial time learners, including

to avoid Pitt-style postponement tricks. In the second part of [Yos09], Yoshinaka

provides a number of interesting example fair polynomial time learners each satis-

fying several of these properties. In each of his example algorithms, the associated

hypothesis space is uniformly polynomial time decidable.9 In the present thesis,

we focus, for polynomial time learners, on three of Yoshinaka's properties: Post-

dictive completeness10, conservativeness, and prudence. Postdictive completeness

[B	ar74a, BB75, Wie76, Wie78] requires that each hypothesis output by a learner

correctly postdicts the input data on which that hypothesis is based. Conservative-

ness [Ang80] requires that each hypothesis may be changed only if it fails to predict

a new datum. Prudence [Wei82, OSW86]requires each output hypothesis has to be

8 Pitt talks in this context of delaying tricks. We changed this terminology due
to the clash with Akama and Zeugmann's terminology for delayed postdictive
completeness which we study in Chapter 4.

9 These spaces, by de�nition, are such that there is a polynomial Q and an algo-
rithm so that, from both an hypothesis i and an object x, the algorithm returns,
within time Q(∣i, x∣) a correct decision as to whether x is in the language de�ned
by hypothesis i.

10 In the prior literature, except for [Ful88] and [CK08a, CK08b], what we call
postdictive completeness is called consistency.

9



for a target that the learner actually learns.

In the present thesis we seek better understanding of the subtleties regarding

fairness (and its degrees) for runtime restricted learning in the limit. Which require-

ments forbid some or all postponement tricks and what can be resultantly learned in

polynomial time? What, if any, conditions which produce completely or reasonably

fair polynomial time learning are mathematically necessary for fairness?

1.4 Overview

In Chapter 2 below we present mathematical preliminaries, including helpful

theorems not speci�c to this thesis.

Chapter 3 presents our uni�ed approach to limiting learning criteria. We

state what kinds of modules we use for our learning criteria, give example modules

and show how learning criteria found in the literature can be modeled using these

modules. Finally, we give several helpful propositions.

The main results of this thesis can be found in Chapters 4 through 6.

Chapter 4 analyzes the impact of postdictive completeness (and many vari-

ants thereof) on fairness in polynomial time restricted learning. By subtly loosen-

ing the requirement of postdictive completeness, we show how there are degrees of

fairness, i.e., degrees of how many postponement tricks are forbidden by a given

loosening. Many results from this chapter have been published as [CPK07, CK08b].

Chapter 5 points out many di�culties in forcing fairness with di�erent re-

strictions. Considered are postdictive completeness, conservativeness and prudence,

as well as combinations and variants thereof.

Chapter 6 discusses dynamic modeling as introduced in Section 1.2 above.

In particular, we show in what sense dynamic modeling criteria are naturally fair,

and in what sense they still allow for postponement tricks. Many results from this

chapter have been published as [CK08a].

10



Chapter 2

MATHEMATICAL PRELIMINARIES

This chapter introduces the basic mathematical notations and gives useful

lemmas and theorems, most of which are not speci�c to this thesis and can be found

elsewhere in the literature.

2.1 General De�nitions

Complexity-theoretic notions follow [RC94]. General computability-theoretic

notions follow [Rog67].

Strings herein are �nite and over the alphabet {0,1}. {0,1}∗ denotes the set
of all such strings; ε denotes the empty string.

N denotes the set of natural numbers, {0,1,2, . . .}. We do not distinguish

between natural numbers and their dyadic representations as strings.1

For each w ∈ {0,1}∗ and n ∈ N, wn denotes n copies of w concatenated end to

end. For each string w, we de�ne size(w) to be the length of w. Since we identify

each natural number x with its dyadic representation, for all n ∈ N, size(n) denotes
the length of the dyadic representation of n. For all strings w, we de�ne ∣w∣ to be

max{1, size(w)}.2

1 The dyadic representation of a natural number x = the x-th �nite string over
{0,1} in length-lexicographical order, where the counting of strings starts with
zero [RC94]. Hence, unlike with binary representation, lead zeros matter.

2 This convention about ∣ε∣ = 1 helps with runtime considerations.
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For two natural numbers m,n, we let

m−̇n =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

m − n, if m ≥ n;

0, otherwise.

�−̇� is pronounced �monus�.

We �x the 1-1 and onto pairing function ⟨⋅, ⋅⟩ ∶ N × N → N from [RC94,

Section 2.3]. In particular, for all x, y,

⟨x, y⟩ =
m

∑
k=0

xk2
2k+1 +

n

∑
k=0

yk2
2k, (2.1)

where x = ∑m
k=0 xk2

k, y = ∑n
k=0 yk2

k and x0, . . . , xm, y0, . . . , yn ∈ {0,1}. The binary

representation of ⟨x, y⟩ is an interleaving of the binary representations of x and y,

where we alternate x's and y's digits and start on the right with the least most

signi�cant y digit. For example, ⟨15,2⟩ = 94, since 15 = 1111 (binary), 2 = 0010

(binary), and 94 = 10101110 (binary). De�ne π1 and π2 to be the functions such

that, for all x and y,

π1(⟨x, y⟩) = x; (2.2)

π2(⟨x, y⟩) = y. (2.3)

π1 and π2 are, respectively, called the �rst and second projection functions.

The symbols ⊆,⊂,⊇,⊃ respectively denote the subset, proper subset, superset

and proper superset relation between sets.

For sets A,B, we let A ∖B = {a ∈ A ∣ a /∈ B}, A = N ∖A and Pow(A) be the

power set of A.

The quanti�er ∀∞x means �for all but �nitely many x�, the quanti�er ∃∞x
means �for in�nitely many x�. For any set A, card(A) denotes the cardinality of A.

P and R denote, respectively, the set of all partial and of all total functions

N → N. With dom and range we denote, respectively, domain and range of a given

function.
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We sometimes denote a partial function f of n > 0 arguments x1, . . . , xn in

lambda notation (as in Lisp) as λx1, . . . , xn f(x1, . . . , xn). For example, with c ∈ N,

λx c is the constantly c function of one argument.

For two partial functions f, g ∈ P and a ∈ N, we write f =a g i� card({x ∈
N ∣ f(x) ≠ g(x)}) ≤ a. For two partial functions f, g ∈ P, we write f =∗ g i�

card({x ∈ N ∣ f(x) ≠ g(x)}) is �nite.
For two partial functions f, g ∈ P, we let f ○ g = λx f(g(x)).
For all f, g ∈ P we let ⟨f, g⟩ denote λi ⟨f(i), g(i)⟩.
Whenever we consider tuples of natural numbers as input to f ∈ P, it is

understood that the general coding function ⟨⋅, ⋅⟩ is used to (left-associatively) code

the tuples into a single natural number.

If f ∈ P is not de�ned for some argument x, then we denote this fact by

f(x)↑, and we say that f on x diverges ; the opposite is denoted by f(x)↓, and we

say that f on x converges. If f on x converges to p, then we denote this fact by

f(x)↓ = p.
We say that f ∈ P converges to p i� ∀∞x ∶ f(x)↓ = p; we write f → p to

denote this.3

We identify any partial function f ∈ P with its graph {⟨x, f(x)⟩ ∣ x ∈ N}.

For classes of function C,C′, we say that C is closed under generalized C′

composition i� ∀g ∈ C,∀f0, . . . , fn ∈ C′,

[λx f0(g(f1(x), . . . , fn(x)))] ∈ C. (2.4)

Computability Notions

A partial function ψ ∈ P is partial computable i� there is a deterministic,

multi-tape Turing machine which, on input x, returns ψ(x) if ψ(x)↓, and loops

3 f(x) converges should not be confused with f converges to.
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in�nitely if ψ(x)↑. P and R denote, respectively, the set of all partial computable

and the set of all computable functions N → N. The functions in R are called

computable functions. Furthermore, P0,1 and R0,1 denote, respectively, the set of all

partial computable and the set of all total (partial) computable functions N→ {0,1}.
ϕTM is the �xed programming system from [RC94, Chapter 3] for the partial

computable functions N → N. This system is based on deterministic, multi-tape

Turing machines (TMs). In this system the ϕ-TM-programs are e�ciently given

numerical names or codes.4 ΦTM denotes the TM step counting complexity measure

also from [RC94, Chapter 3] and associated with ϕTM. In the present thesis, we

employ a number of complexity bound results from [RC94, Chapters 3 & 4] regarding

(ϕTM,ΦTM). These results will be clearly referenced as we use them. For simplicity

of notation, hereafter, we write (ϕ,Φ) for (ϕTM,ΦTM). ϕp denotes the partial

computable function computed by the TM-program with code number p in the ϕ-

system, and Φp denotes the partial computable runtime function of the TM-program

with code number p in the ϕ-system.

Let E denote the set of all ce sets. We let W be the mapping such that

∀e ∶ W (e) = dom(ϕe). For each e, we write We instead of W (e). W is, then, a

mapping from N onto E . We say that e is an index (in W ) for We.

Let UComp = {{ϕe(i) ∣ i ∈ N} ∣ e ∈ R ∶ ∀i ∶ ϕe(i) ∈ R} be the set of all sets of

uniformly computable functions. Let UDec = {{Li ∣ i ∈ N} ∣ L ∶ N → E ∧ (λx, i x ∈
Li) ∈ R} be the set of all uniformly decidable sets.5

4 This numerical coding guarantees that many simple operations involving the
coding run in linear time. This is by contrast with historically more typical
codings featuring prime powers and corresponding at least exponential costs to
do simple things.

5 We consider any predicate on natural numbers to be a {0,1}-valued function,
where 0 represents false and 1 represents true. For example λx, i x ∈ Li corre-

sponds to λx, i

⎧⎪⎪⎨⎪⎪⎩

1, if x ∈ Li;
0, otherwise.
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In this thesis, a computable operator is a mapping from one (respectively

two) partial function(s) N → N into one (respectively two) such partial function(s)

such that there exists an algorithm which, when fed any enumeration(s) of the

graph(s) of the input(s), it outputs some enumeration(s) of the graph(s) of the

output(s). For example, λf ∈ P (f ○ f) is clearly a computable operator mapping

any partial function f into its self-composition. Rogers [Rog67] extensively treats

the one-ary case of these operators but calls them recursive operators.

Finite Sequences

A �nite sequence is a mapping with a �nite initial segment of N as domain

(and range, ⊆ N). ∅ denotes the empty sequence (and, also, the empty set). The set

of all �nite sequences is denoted by Seq. For each �nite sequence σ, we will denote

the �rst element, if any, of that sequence by σ(0), the second, if any, by σ(1) and

so on. #elets(σ) denotes the number of elements in a �nite sequence σ, that is, the

cardinality of its domain.

Following [LV08], we de�ne for all x ∈ N: x = 1size(x)0x. Using this notation

we can de�ne a function ⟨⋅⟩Seq coding arbitrarily long �nite sequences of natural

numbers into N (represented dyadically) such that

⟨σ⟩Seq = σ(0) . . . σ(#elets(σ) − 1). (2.5)

In particular, ⟨∅⟩Seq = ε.
For example the �nite sequence (4,7,10)decimal = (01,000,011)dyadic is coded

as 11 0 01 111 0 000 111 0 011 (but without the spaces, which were added for ease of

reading).6

We use ◇ (with in�x notation) to denote concatenation on sequences.

6 1100111100001110011 is of course the dyadic representation of some number
∈ N.
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Note that, for all σ, τ ∶ ⟨σ◇τ⟩Seq = ⟨σ⟩Seq⟨τ⟩Seq. Also note that, for all x ∈ N, x

is equal to the code of the sequence of length 1 containing only x, and, for all n ∈ N,

xn is equal to the code of the sequence of length n, each element being x.

For any �nite sequence σ such that #elets(σ) > 0, we let last(σ) be the last

element of σ and σ− be σ with its last element deleted. By convention, we set ∅− = ∅.
Obviously, ⟨⋅⟩Seq is 1-1 [LV08]. The set of all sequences is decidable in linear

time. The time to encode a sequence, that is, to compute λk, v1, . . . , vk ⟨v1, . . . , vk⟩Seq

is O(λk, v1, . . . , vk ∑k
i=1 ∣vi∣). Therefore, the size of the codeword is also linear in the

size of the elements: λk, v1, . . . , vk ∣⟨v1, . . . , vk⟩Seq∣ is O(λk, v1, . . . , vk ∑k
i=1 ∣vi∣).7

Furthermore, we have

∀x ∶ 1 ≤ size(x̄); (2.6)

∀σ ∶ #elets(σ) ≤ ∣⟨σ⟩Seq∣. (2.7)

Henceforth, we will many times identify a �nite sequence σ with its code

number ⟨σ⟩Seq. However, when we employ expressions such as σ(x), σ = f and

σ ⊂ f , we consider σ as a sequence, not as a number.

For a partial function f ∈ P and i ∈ N, if ∀j < i ∶ f(j)↓, then f[i] is de�ned
to be the �nite sequence f(0), . . . , f(i − 1). For every set of functions S ⊆ R, we let
[S] = {f[i] ∣ f ∈ S, i ∈ N}.
Finite Sets

We �x the following 1-1 coding for all �nite subsets of N. For each non-empty

�nite set D = {x0 < . . . < xn}, ⟨x0, . . . , xn⟩Seq is the code for D and ⟨⟩Seq is the code

for ∅.
Henceforth, we will many times identify a �nite set D with its code number.

However, when we employ expressions such as x ∈D, card(D), max(D) and D ⊂D′,

we consider D and D′ as sets, not as numbers.

7 For these O-formulas, ∣ε∣ = 1 helps.
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The symbol # is pronounced pause and is used to symbolize �no

new input data� in a text. For each (possibly in�nite) sequence q, let

content(q) = (range(q) ∖ {#}).

Later, in Chapter 3, we'll type in�nite sequences as being in R, but, techni-

cally, texts (for languages ⊆ N) are in�nite sequences, but they may contain pauses

(#s) which are not natural numbers. Also, �nite initial segments of texts are ex-

ample �nite sequences which can contain pauses. In our coding above of �nite

sequences, we code only sequences of natural numbers (and not pauses). To get

around this, we will assume from now on that N ∪ {#} is e�ciently coded 1-1 onto

N, say, by coding # as 0 and n ∈ N as (n+1). In this way texts can be thought of as

∈ R and �nite initial segments of texts can, then, be coded as sequences of natural

numbers. However, for texts T and for �nite initial segments of such T , we will,

whenever we need to talk about the value of T (m), ignore the coding and work, for

example, with whether the actual (not coded) values of T (m) = # or = n ∈ N. This

ignoring of the coding will be useful from time to time in Chapter 5.

From now on, by convention, f , g and h with or without decoration range

over (partial) functions N → N; x, y with or without decorations range over N; σ, τ

with or without decorations range over �nite sequences of natural numbers; D with

or without decorations ranges over �nite subsets of N.

2.2 Runtime Complexity

Let exp denote the function λx 2x. Furthermore, for all n, we write expn for

the n-times self-composition of exp. In particular, exp0 denotes the identity.

Let log denote the �oor of the base-2 logarithm, with the exception of log(0) =
0.
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De�nition 2.2.1. We de�ne

LinPrograms = {e ∣ ∃a, b,∀x ∶ Φe(x) ≤ a∣x∣ + b}; (2.8)

∀k ∶ ExpkPrograms = {e ∣ e ∈ N ∧
∃p polynomial ∀n ∈ N ∶
Φe(n) ≤ expk(p(∣n∣))}; 8

(2.9)

ExpPrograms = Exp1Programs; (2.10)

PolyPrograms = Exp0Programs. (2.11)

Furthermore, we let

LinF = {ϕe ∣ e ∈ LinPrograms}; (2.12)

PF = {ϕe ∣ e ∈ PolyPrograms}; (2.13)

EXPF = {ϕe ∣ e ∈ ExpPrograms}; (2.14)

∀k ∶ EXPkF = {ϕe ∣ e ∈ ExpkPrograms}. (2.15)

For g ∈ LinF we say that g is computable in linear time.

For g ∈ PF we say that g is computable in polynomial time, or also, feasibly

computable.

For g ∈ EXPF we say that g is computable in exponential time.

For g ∈ EXP2F we say that g is computable in doubly exponential time.

Exemplifying the above de�nitions, we have that the set of all functions

computable in doubly exponential time is

EXP2F = {ϕe ∣ there is a polynomial p such that ∀n ∶ Φe(n) ≤ 22p(∣n∣)}. (2.16)

De�nition 2.2.2. For all e, x, t, we write ϕe(x)↓t i� Φe(x) ≤ t. Furthermore, we

write

∀e, x, t ∶ ϕe(x)↓t =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ϕe(x), if Φe(x) ≤ t;

0, otherwise.

(2.17)

8 As we are only interested in upper bounds, we only consider polynomials with
natural numbers as coe�cients.
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De�nition 2.2.3. From linear time s-m-n given in Theorem 2.3.1, there is a function

patch ∈ LinF such that

∀σ, e, x ∶ ϕpatch(σ,e)(x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

σ(x), if x ∈ dom(σ);

ϕe(x), otherwise.

(2.18)

Also from linear time s-m-n given in Theorem 2.3.1, there is a function

patch0 ∈ LinF such that,

∀σ,x ∶ ϕpatch0(σ)(x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

σ(x), if x < #elets(σ);

0, otherwise.

(2.19)

De�nition 2.2.4. For P ∈ P0,1 and z ∈ N, we let

µx P (x, z) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x, if ∀y < x ∶ P (y, z)↓ ≠ 1 ∧ P (x, z)↓ = 1;

↑, otherwise.

(2.20)

Obviously, for all computable predicates P ,

[λz µx P (x, z)] ∈ P. (2.21)

The following lemma asserts the algorithmicity of bounded minimization and

bounded quanti�cation.

Lemma 2.2.5. There exists a linear time computable function min such that

∀p, x,m ∶ ϕmin(p)(x,m) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

y,

if y is the least number ≤m such

that: ϕp(x, y)↓ ≠ 0 ∧ ∀z < y ∶
ϕp(x, z) = 0;

m + 1, if ∀z ≤m ∶ ϕp(x, z)↓ = 0;

↑, otherwise;

(2.22)

Furthermore, for Q = ∀ or Q = ∃, there is a linear time computable bndQ such that

∀p, x,m ∶ ϕbndQ(p)(x,m) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

↑, if ∃z ≤m ∶ ϕp(x, z)↑

1, else if Qz ≤m ∶ ϕp(x, z)↓ ≠ 0;

0, otherwise.

(2.23)
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Proof: This follows from [RC94, Lemmas 3.15 & 3.16].

The following lemma is used in many of our detailed proofs for runtime

analysis.

Lemma 2.2.6. Regarding time-bounded computability, we have the following.

(i) The function λx ∣x∣ is computable in linear time [RC94, Lemma 3.2].

(ii) The functions λx, y ⟨x, y⟩, π1 and π2 ∈ LinF [RC94, Section 2.3].

(iii) Equality checks are computable in linear time [RC94, Lemma 3.2].

(iv) The log function is computable in linear time [RC94, Lemma 3.2].

(v) function λk 2k is computable in time O(k) [RC94, Lemma 3.2].

(vi) Conditional de�nition is computable in a time linear in the runtimes of its

de�ning programs [RC94, Lemma 3.14].

(vii) For all p ∈ PolyPrograms, we have that λx,m ϕmin(p)(x, ∣m∣) is computable

in polynomial time [RC94, Lemma 3.15]. Hence, a similar bound holds for

maximizations.

(viii) Boolean combinations of predicates computable in polynomial time are com-

putable in polynomial time [RC94, Lemma 3.18].

(ix) For all p ∈ PolyPrograms, by [RC94, Lemma 3.16], we have that, for Q = ∀ or

Q = ∃, λx,m ϕbndQ(p)(x, ∣m∣) is computable in polynomial time.

(x) From [RC94, Corollary 3.7], we have that λe, x, t [ϕe(x)↓∣t∣] and

λe, x, t, z [ϕe(x)↓∣t∣ = z] are computable in polynomial time.
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(xi) Our coding above of �nite sets enables content to be computable in polynomial

time.9

(xii) From De�nition 2.2.3, patch and patch0 are computable in linear time.

(xiii) We have #elets, (λσ, τ σ ⊆ τ), (λσ, i σ[i]) and

λσ, i

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

σ(i), if i < #elets(σ);

0, otherwise;

(2.24)

are computable in linear time.10

(xiv) As �nite sets are represented as ordered sequences without duplicates, from

(xiii), (λx,D x ∈ D), (λD card(D)) and (λD,D′ D ⊆ D′) are computable in

linear time.

2.3 Useful Theorems

In this section we give several general-purpose theorems which are applied

throughout the thesis.

First, we state linear time s-m-n. Intuitively, linear time s-m-n provides a

linear time computable function s, which, when applied to a program p and datum x,

returns a program p′ which, on argument y, calls program p with argument ⟨x, y⟩;

9 This computation involves sorting. Selection sort can be done in quadratic time
in the RAM model [Knu73], and adding an extra linear factor to translate from
RAM complexity to deterministic multi-tape TM complexity [vEB90], we get

selection sort in cubic (and, hence, polynomial) time measured by ΦTM.
10 These assertions can be seen by basic reasoning about multi-tape Turing ma-

chines in the ϕ-system. The most di�cult part for proving the assertions is
to make sure that certain counters can be maintained within suitable runtime
bounds. The proof of [RC94, Lemma 3.2(l)] gives a runtime analysis for counting
down from a given natural number. This analysis can be adopted for analyzing
counting up.
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thus, linear time s-m-n permits one to store (in linear time) arbitrary data (and

hence, programs) inside any program.

Theorem 2.3.1. (Linear Time S-m-n � [RC94, Lemma 3.13]) There is s ∈ LinF

such that

∀p, x, y ∶ ϕs(p,x)(y) = ϕp(x, y).

The following theorem states the existence of an in�nite 1-1 onto padding

function for the ϕ-system. Intuitively, padding, when applied to a program, pro-

duces a syntactically di�erent, but semantically equivalent program. Importantly,

an additional parameter allows for �nding in�nitely many di�erent alterations to

any given program.

Theorem 2.3.2. (In�nite 1-1 Onto Padding � [Moe09]) There is a 1-1 onto function

pad ∈ R and unpad1,unpad2 ∈ R such that

∀e, n ∈ N ∶ ϕpad(e,n) = ϕe; (2.25)

∀e, n ∈ N ∶ unpad1(pad(e, n)) = e; (2.26)

∀e, n ∈ N ∶ unpad2(pad(e, n)) = n. (2.27)

Proof: We say that θ is an e�ective programming system (eps) for P i� θ is a partial

computable function written λp, x (θp(x)) and such that {θp ∣ p ∈ N} = P . Intu-

itively, the p of θp should be thought of as (the code number of) a θ-program for the

partial computable function θp. The partial computability of λp, x (θp(x)) means

that, for each p, the running of θ-program p on any input x can be algorithmically

simulated.

We say θ is an acceptable programming system (aps) for P i� θ is an e�ective

programming system such that any eps η can be compiled into θ, i.e., such that there

is a computable function t so that, for any eps η, for all η-programs p, ηp = θt(p).
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Intuitively, t(p) is the translation of η-program p into a semantically equivalent θ-

program, t(p). It turns out that example apses include ϕ, as well as any coding of

programs for a modern programming language, such as Lisp, C or Java.

De�ne ψ such that, for each p and n,

ψ⟨p,n⟩ = ϕp. (2.28)

Clearly, t = λp (⟨p,0⟩) translates/compiles the ϕ-system into the p-system, and, so

ψ too is an acceptable programming system.

Then, since both ϕ and ψ are apses, by Rogers' Isomorphism Theorem

[Rog58, �2], there exists a computable bijection t ∶ N → N such that, for each p

and n,

ϕt(⟨p,n⟩) = ψ⟨p,n⟩. (2.29)

Let pad be such that, for each p and n,

pad(p, n) = t(⟨p, n⟩). (2.30)

Clearly, pad is computable.

To show that pad is 1-1: suppose that p, q,m, and n are such that pad(p,m) =
pad(q, n). Then,

pad(p,m) = pad(q, n) ⇒ t(⟨p,m⟩) = t(⟨q, n⟩) {by (2.30)}
⇒ ⟨p,m⟩ = ⟨q, n⟩ {because t is 1-1}
⇒ p = q ∧ m = n {because ⟨⋅, ⋅⟩ is 1-1}.

To show that pad is onto: let q be �xed. Then,

q = (t ○ t−1)(q) {because (∀p)[(t ○ t−1)(p) = p]}
= t(⟨(π2

1 ○ t−1)(q), (π2
2 ○ t−1)(q)⟩) {because (∀p)[⟨π2

1(p), π2
2(p)⟩ = p]}

= pad((π2
1 ○ t−1)(q), (π2

2 ○ t−1)(q)) {by (2.30)}.
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Finally, for each p and n,

ϕpad(p,n) = ϕt(⟨p,n⟩) {by (2.30)}
= ψ⟨p,n⟩ {by (2.29)}
= ϕp {by (2.28)}.

Next is Kleene's Recursion Theorem (KRT). KRT, when applied to a pro-

gram p, yields a �self-referential� program e that, on any input x, generates a (quies-

cent) copy of its own program �text� and subsequently uses that copy as an additional

datum together with x on which to run program p.

Theorem 2.3.3. (Kleene Recursion Theorem � KRT, [Rog67, Page 214, Prob-

lem 11-4]) We have

∀p∃e∀x ∶ ϕe(x) = ϕp(e, x).

In our applications of KRT, the program p is implicit. For example, we can

conclude from KRT that there is an e such that

∀x ∶ ϕe(x) = e + x2. (2.31)

Note that KRT follows from each of Theorems 2.3.4 and 2.3.5 below.

Next is Case's Operator Recursion Theorem (ORT), intuitively achieving

in�nitary self (and other) reference. That is, ORT provides a means of forming an

in�nite computable sequence of programs h(0), h(1), . . . such that each program h(i)
knows all programs in the sequence and its own index i. A thorough explanation of

ORT can be found in [Cas94].

Theorem 2.3.4. (Operator Recursion Theorem � ORT, [Cas74, Cas94]) For each

computable operator Θ, there is a computable function h ∈ R such that

∀n,x ∶ ϕh(n)(x) = Θ(h)(⟨n,x⟩).
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In most of our applications of ORT, the operator Θ is implicit. For example,

we can conclude from ORT that there is h ∈ R such that

∀n,x ∶ ϕh(n)(x) = h(n + x) + x2. (2.32)

The following theorem gives a linear time version of ORT and implies The-

orem 2.3.4.

Theorem 2.3.5. (Linear Time Operator Recursion Theorem � [Cas09]) Let Θ be

a computable operator. There is h ∈ LinF such that

∀n,x ∶ ϕh(n)(x) = Θ(h)(⟨n,x⟩).

Proof: Let s be a linear time computable s-m-n function from Theorem 2.3.1 above.

Clearly there is a ϕ-program d such that,

∀b, n, x ∶ ϕd(⟨⟨b, n⟩, x⟩) = Θ(λm s(b, ⟨b,m⟩)(⟨n,x⟩). (2.33)

Applying the s-m-n function s to the left-hand-side of (2.33), we have,

∀b, n, x ∶ ϕs(d,⟨b,n⟩)(x) = ϕd(⟨⟨b, n⟩, x⟩). (2.34)

Hence, by (2.33) and (2.34),

∀b, n, x ∶ ϕs(d,⟨b,n⟩)(x) = Θ(λm s(b, ⟨b,m⟩)(⟨n,x⟩). (2.35)

Then, setting b = d in (2.35), we have,

∀n,x ∶ ϕs(d,⟨d,n⟩)(x) = Θ(λm s(d, ⟨d,m⟩)(⟨n,x⟩). (2.36)

Clearly, then, from (2.36),

h = λx s(d, ⟨d, x⟩) (2.37)

de�nes a linear time function h as desired.

The following theorem improves linear time padding and is a variant of The-

orem 2.3.2.
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Theorem 2.3.6. (In�nite 1-1 Linear Time Padding � [Cas09]) There is a 1-1 func-

tion pad ∈ LinF and unpad1,unpad2 ∈ P such that

∀e, n ∈ N ∶ ϕpad(e,n) = ϕe; (2.38)

∀e, n ∈ N ∶ unpad1(pad(e, n)) = e; (2.39)

∀e, n ∈ N ∶ unpad2(pad(e, n)) = n. (2.40)

Proof: By linear time ORT (Theorem 2.3.5), there is p ∈ LinF such that

∀e, n, x ∶ ϕp(e,n)(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, if (i) p(e, n) ∈ {p(i) ∣ i < ⟨e, n⟩}; 11

1, else if (ii) p(e, n) ∈ {p(i) ∣ ⟨e, n⟩ < i ≤ x};

ϕe(x) (iii) otherwise.

(2.41)

Suppose for contradiction p is not 1-1. Let i, then, be least such that, for some

strictly larger j, p(i) = p(j). Then, on x = j, by clause (ii) of (2.41), p(i) outputs 1,
but, by clause (i) of (2.41), p(j) outputs 0. Hence, ϕp(j) ≠ ϕp(j). Therefore, p(i) ≠
p(j), a contradiction. Hence, p is 1-1. Then, by clause (iii) of (2.41), for each e, n,

ϕp(⟨e,n⟩) = ϕe.
This proof, sans the use of ORT and linear time considerations, is based on

a proof of in�nite 1-1 padding in [MY78].

The following theorem is an improvement of linear time s-m-n (Theo-

rem 2.3.1).

Theorem 2.3.7. (1-1 Linear Time S-m-n � [Cas09]) There is a 1-1 s ∈ LinF such

that

∀p, x, y ∶ ϕs(p,x)(y) = ϕp(x, y).

11 Note that, as ⟨⋅, ⋅⟩ is onto, each natural number i equals the code of two natural
numbers e,n, ⟨e, n⟩.
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Proof: By Theorem 2.3.1, let s′ ∈ LinF be such that

∀p, x, y ∶ ϕs′(p,x)(y) = ϕp(x, y). (2.42)

Using linear time padding from Theorem 2.3.6, let s ∈ LinF be such that

∀p, x ∶ s(p, x) = pad(s′(p, x), ⟨p, x⟩). (2.43)

Clearly, s is 1-1 and we have, for all p, x, y,

ϕs(p,x)(y) = ϕpad(s′(p,x),⟨p,x⟩)(y) = ϕs′(p,x)(y) = ϕp(x, y). (2.44)

The following theorem improves ORT further to a 1-1 linear time version of

ORT.

Theorem 2.3.8. (1-1 Linear Time Operator Recursion Theorem � [Cas09]) For

each computable operator Θ, there is a 1-1 function h ∈ LinF such that

∀n,x ∶ ϕh(n)(x) = Θ(h)(⟨n,x⟩).

Proof: Use the same proof as that of Theorem 2.3.5 for linear time ORT, but with

1-1 linear time s-m-n (Theorem 2.3.7) instead of linear time s-m-n.
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Chapter 3

ABSTRACTION OF COMPUTATIONAL LEARNING IN

THE LIMIT

In this chapter, we �rst give our modular de�nition of what a learning crite-

rion is, interleaved with some few examples, in Section 3.1. After that, Section 3.2

presents many more examples and shows how learning criteria found in the literature

can be expressed within our modular approach. Section 3.3 gives abstract theorems

that hold for wide classes of learning criteria, as well as the technically useful notions

of locking sequence and locking set and a proposition about these notions.

3.1 Learning Criteria Modules

In this section we give our modular de�nition of what a learning criterion is.

As noted above, all standard inductive inference criteria names will be changed to

slightly di�erent names in our modular approach.

In the interest of generality, we give many de�nitions for limit learning also

involving non-algorithmic learning. Nonetheless, all of the results given in Chap-

ters 4 through 6 concern only algorithmic (including complexity bounded) learning.

De�nition 3.1.1. An e�ective numbering of ce languages is a function V ∶ N → E
such that there is a function f ∈ P with ∀e, x ∶ (f(e, x)↓ ⇔ x ∈ V (e)).1 For such

numberings V , for each e, we will write Ve instead of V (e), and call e an index or

1 Note that such a numbering does not necessarily need to be onto, i.e., a num-
bering might only number some of the ce languages, leaving out others.
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an hypothesis (in V ) for Ve. We use e�ective numberings as hypothesis spaces for

our learners. Examples include W and ϕ.2

For the de�nitions and examples to follow, recall our convention from Sec-

tion 2.1 above that, while texts (for languages) can contain #s, we e�ciently code

N ∪ {#} 1-1 onto N, so that texts are actually in R and so that their �nite initial

segments are actually �nite sequences of natural numbers.

De�nition 3.1.2. Any set C ⊆ P is a learner admissibility restriction. Intuitively,

a learner admissibility restriction de�nes which functions are admissible as poten-

tial learners. Note that any two learner admissibility restrictions C and C′ can be

combined by intersecting them. For ease of notation we write CC′ instead of C ∩ C′.
Three typical learner admissibility restrictions are P , R and PF. When

denoting criteria with P as the learner admissibility restriction, we will omit P .

De�nition 3.1.3. Any function from R to Pow(R) is called a target presenter for

the total computable functions. Any function from E to Pow(R) is called a target

presenter for the ce languages.

For each F ⊆ R, we de�ne the following target presenters.

� TxtF ∶ E → Pow(R), L↦ {ρ ∈ F ∣ content(ρ) = L}.

� ArbF ∶ R → Pow(R), g ↦ TxtF(g).3

� Canonical ∶ R → Pow(R), g ↦ {λx ⟨x, g(x)⟩}.

� Immediate ∶ R → Pow(R), g ↦ {g}.

2 Recall, from Section 2.1, that we identify partial functions with their graphs.
3 Recall that we identify a function in P with its (coded) graph. In particular,
each total computable function is a ce set.
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When denoting criteria with Canonical as the target presenter, we will omit

Canonical. We write Txt instead of TxtR and Arb instead of ArbR.4

Note the slight di�erence between Canonical and Immediate: intuitively,

any datum presented by Canonical is an argument/value pair, while Immediate

only presents a value. For passive learnees we use Canonical (to present the graph

of the learnee to the learner), while for active learnees we use Immediate.

De�nition 3.1.4. Every computable operator P × R → P2 is called a sequence

generating operator.5 Intuitively, a sequence generating operator de�nes how learner

and presentation interact to generate two in�nite sequences, one for learner-outputs

and one for learnee-outputs.

For h ∈ P, g ∈ R and β a sequence generating operator, we call the �rst

component of β(h, g) the learner-sequence of h given g (denoted by β1(h, g)), the
second the data-sequence of g given h (denoted by β2(h, g)).

The two most-used sequence generating operators in this thesis are G and

X, de�ned as follows.

� Goldstyle [Gol67]: G ∶ P ×R→P ×R, (h, g) ↦ (λi h(g[i]), g).

� Crossfeeding [MO99] X ∶ P ×R → P ×P, (h, g) ↦ (p, q) such that ∀n p(n) =
h(q[n]) ∧ q(n) = g(p[n]).6

�G� is a reference to Gold [Gol67]. Intuitively, G takes a learner h and a learnee g,

and feeds longer and longer initial segments of g into h, considering the successive

4 We will not be concerned with other choices for F than R. However, one can
use the parameter F to model learning from presentations from speci�c kinds
of text only, such as computable text, primitive recursive text or fat text (see
[JORS99]).

5 As noted above in Section 2, these computable operators are the recursive op-
erators of [Rog67] but with two arguments and two outputs; however, here they
are also restricted to the indicated domain.

6 X we pronounce cross, and it is short for crossfeed.
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outputs as coding an in�nite sequence of hypotheses. The second output is just g,

meaning that the target concept to be learned is all of g. Regarding X, learner and

learnee have symmetrical information in each iteration.

De�nition 3.1.5. Every subset of P2 is called a sequence acceptance criterion.

Intuitively, a sequence acceptance criterion de�nes which identi�cation-sequences are

considered a successful identi�cation of a target. Any two such sequence acceptance

criteria δ and δ′ can be combined by intersecting them. For ease of notation we

write δδ′ instead of δ ∩ δ′.
For each e�ective numbering V of some ce languages, we de�ne the following

sequence acceptance criteria.7 Most of these sequence acceptance criteria exist in

two variants, one for passive learnees, one for active learnees. For passive learnees,

we let γ = content, and for active learnees we let γ be the identity on P ∪ Seq.

� Explanatory: ExV = {(p, q) ∈ P2 ∣ ∃e ∶ p→ e and Ve = γ(q)}.

� Behaviorally correct: BcV = {(p, q) ∈ P2 ∣ ∀∞n Vp(n) = γ(q)}.

� Always giving hypotheses: R2.

� Postdictive Completeness: PcpV = {(p, q) ∈ R2 ∣ ∀i ∶ γ(q[i]) ⊆ Vp(i)}.

� Conservativeness: ConvV = {(p, q) ∈ R2 ∣ ∀i ∶ p(i) ≠ p(i + 1) ⇒ γ(q[i + 1]) /⊆
Vp(i)}.

� Matching [B	ar71, BB75, MO99]: M = {(p, q) ∈ P ×R ∣ p =∗ q}.

De�nition 3.1.6. For any given target presenter α and a sequence generating opera-

tor β, we can turn a given sequence acceptance criterion δ into a learner admissibility

restriction T δ by admitting only those learners that obey δ on all input :

T δ = {h ∈ P ∣ ∀T ∈ range(α) ∶ β(h,T ) ∈ δ}.

7 Recall, from De�nition 3.1.1, that function learning is covered, as the range of
V might be, for example, the set of all graphs of partial computable functions.
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We then speak of �total . . . .� For example, total postdictive completeness in W ,

i.e., T PcpW , requires postdictive completeness on any input data, including input

data not necessarily taken from a target to be learned.8

De�nition 3.1.7. For now, a learning criterion (for short, criterion) is a 4-tuple

consisting of a learner admissibility restriction, a target presenter, a sequence gener-

ating operator and a sequence acceptance criterion.9 Let C, α, β, δ be, respectively,
a learner admissibility restriction, a target presenter, a sequence generating operator

and a sequence acceptance criterion. It is understood that in learning criteria in-

volving passive learnees, we use γ = content, otherwise we use γ equal to the identity

on P ∪ Seq.

For h ∈ P, L ∈ dom(α), we say that h (C, α, β, δ)-learns L i�: h ∈ C and, for

all T ∈ α(L), β(h,T ) ∈ δ. For h ∈ P and L ⊆ dom(α) we say that h (C, α, β, δ)-learns
L i�, for all L ∈ L, h (C, α, β, δ)-learns L. The set of (C, α, β, δ)-learnable sets of

computable functions is

Cαβδ = {L ⊆ E ∣ ∃h ∈ P ∶ h (C, α, β, δ)-learns L}. (3.1)

We refer to the sets Cαβδ as in (3.1) as learnability classes. Instead of writing

the tuple (C, α, β, δ), we will ambiguously write Cαβδ. For h ∈ P, the set of all

computable learnees (C, α, β, δ)-learned by h is denoted by

Cαβδ(h) = {L ∈ E ∣ h (C, α, β, δ)-learns L}.

We subscript an entire learning criterion with an e�ective numbering V to

change all restrictions to expect hypotheses from V .

8 This would force any learner to be total computable.
9 We extend this notion of a learning criterion slightly in De�nition 3.2.5 below.
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3.2 Examples

In this section we give many more examples illustrating our de�nitions and

give an overview as to how our notation covers criteria from the literature. Past

this section, we will not be concerned with every example given in this section, but

some of them will be employed. Note that we repeat many of the de�nitions given

in Section 3.1 for convenience.

Example 3.2.1. E�ective numberings include the following important examples.

� W .

� ϕ.

� A canonical numbering of all regular languages, represented by e�ciently

coded DFAs. (where membership is trivially uniformly polynomial time de-

cidable and (5.1) below holds).

� For each pair of context free grammars (CFGs) G0,G1, we e�ciently code

(G0,G1) to be an index for (L(G0) ∖ L(G1)). Then the resulting number-

ing, in particular, has an index for each context free language. Furthermore,

membership is uniformly polynomial time decidable [HU79, Sch91], and (5.1)

below holds. These grammars are called CFGs with Prohibition in [Bur05].10

Example 3.2.2. Two typical learner admissibility restrictions are P and R. Fur-

thermore, any set of functions computable with a resource restriction (such as the

set of all linear time computable functions) may be used as a learner admissibility

restriction.

Example 3.2.3. We de�ne the following example sequence generating operators.

All learners h typically give an initial conjecture based on no data.

10 Intuitively, G0 may �generate� an element, and G1 can correct it or exclude it.
The concept of Prohibition Grammars is generalized in [CCJ09, CR09] and, there,
they are called Correction Grammars.
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� Goldstyle [Gol67]: G ∶ P ×R→P ×R, (h, g) ↦ (λi h(g[i]), g).

� Set-driven [WC80, JORS99]: Sd ∶ P × R → P × R, (h, g) ↦
(λi h(content(g[i])), g).

� Partly set-driven [SR84, JORS99]: Psd ∶ P × R → P × R, (h, g) ↦
(λi h(content(g[i]), i), g).

� Iterative [Ful85, Wie76]: It ∶ P×R→P×R, (h, g) ↦ (p, q) such that p(0) = 0,

∀n ∶ p(n + 1) = h(q(n), p(n)) and q = g.

� Transductive11: Td ∶ P × R → P × R, (h, g) ↦ (p, q) such that p(0) = 0,

∀n ∶ p(n + 1) = h(q(n)) and q = g.

� Crossfeeding [MO99] X ∶ P ×R → P ×P, (h, g) ↦ (p, q) such that ∀n p(n) =
h(q[n]) ∧ q(n) = g(p[n]).

� Learnee Iterative12: Li ∶ P ×R → P ×P, (h, g) ↦ (p, q) such that ∀n p(n) =
h(q[n]) ∧ q(0) = 0 ∧ ∀n ∶ q(n + 1) = g(p(n), q(n)).

This paragraph is a reminder of a paragraph in De�nition 3.1.4. �G� is a

reference to Gold [Gol67]. Intuitively, G takes a learner h and a learnee g, and feeds

longer and longer initial segments of g into h, considering the successive outputs as

coding an in�nite sequence of hypotheses. The second output is just g, meaning

that the target concept to be learned is all of g.

In this setting, the learner gets a lot of information about the learnee, while

the learnee does not react at all to the learning process.

11 Td is implicit in [CCJS07] as the m = 1, n = 0 cases of the two families of
learning criteria (BMSm)m>0 and (MLFn)n≥0.

12 Li is not from the prior literature and is not used in later chapters; it is given
here for illustrative purposes.
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For It and Td de�ned above, a learner for the latter has less information at

its disposal than for the former.

Regarding X, learner and learnee have symmetrical information in each iter-

ation. Li lessens the information that the learnee has in a similar way that iterative

learning lessens the information of the learner with respect to G.

The �rst three bullets given in Example 3.2.3 involve passive learnees, while

the last two examples involve reactive learnees.

We note the following three important properties relating G and X, which

are of importance to Chapter 6 of this thesis. Let f, g, h, p, q ∈ P.

X(h, g) = (p, q) ⇒G(h, q) = (p, q). (3.2)

X(h, g) = (p, q) ⇒G(g, p) = (q, p). (3.3)

X(h,λσ f(#elets(σ))) = G(h, f). (3.4)

Example 3.2.4. We de�ne the following sequence acceptance criteria. Let V be an

e�ective numbering of some ce sets. Note that M is independent of any hypothesis

space, and that Pcs is only de�ned for ϕ. Again, most of these sequence acceptance

criteria exists in two variants, one for passive learnee, one for active learnee. Recall

that, for passive learnee, we let γ = content, and for active learnee we let γ be the

identity on P.

� Explanatory: ExV = {(p, q) ∈ P2 ∣ ∃e ∶ p→ e and Ve = γ(q)}.

� Explanatory with up to a ∈ N ∪ {∗} errors [CS83, BB75]:

ExaV = {(p, q) ∈ P2 ∣ ∃e ∶ p→ e and Ve =a γ(q)}.

� Behaviorally correct [CS83, B	ar74b]: BcV = {(p, q) ∈ P2 ∣ ∀∞n Vp(n) = γ(q)}.

� Behaviorally correct with up to a ∈ N ∪ {∗} errors [CS83]:

BcaV = {(p, q) ∈ P2 ∣ ∀∞n Vp(n) =a γ(q)}.
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� Matching [B	ar71, BB75, MO99]: M = {(p, q) ∈ P ×R ∣ p =∗ q}.

� Postdictively complete [B	ar74a, BB75, Wie76]: PcpV = {(p, q) ∈ R2 ∣ ∀n ∶
γ(q[n]) ⊆ ϕp(n)}.

� Postdictively consistent [Wie78]: Pcsϕ = {(p, q) ∈ R2 ∣ ∀n∀i < n ∶ ϕp(n)(i)↓ ⇒
q(i) ∈ ϕp(n)}.

� Hypotheses are programs for total functions [CS83, CJNM94]: TV = {(p, q) ∈
R2 ∣ ∀n ∶ Vp(n) ∈ R}.

� Always giving hypotheses: R2.

In Chapter 4, we will de�ne variants of PcpV and PcsV .

The following de�nition extends the notion of a learning criterion as given in

De�nition 3.1.7 above.

De�nition 3.2.5. Let C, α, β, δ, V , respectively, be a learner admissibility re-

striction, a target presenter, a sequence generating operator, a sequence acceptance

criterion and an e�ective numbering of ce languages.

We let Id be the function mapping the learning criterion (C, α, β, δ) to the

set Cαβδ, as de�ned in (3.1).

We de�ne two versions of prudent learning [Wei82, OSW86] as follows.

PrudV (C, α, β, δ) = {L ⊆ dom(α) ∣
∃h ∈ C,∃L′ ∶ L ⊆ L′ ⊆ αβδ(h) ∧
∀t ∈ L′,∀T ∈ α(t),∀i ∶ Vβ1(h,T )(i) ∈ L′},

and

T PrudV (C, α, β, δ) = {L ⊆ dom(α) ∣
∃h ∈ C,∃L′ ∶ L ⊆ L′ ⊆ αβδ(h) ∧
∀e ∈ range(h) ∶ Ve ∈ L′}.

Intuitively, a prudent learner may only output conjectures for targets it successfully

learns (in the case of PrudV the only restricted outputs are those on the learner's

way to successful learning).
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Furthermore, for each set F ⊆ R, we make the following de�nition pertaining

to reliable identi�cation as in [Min76, BB75].

RelF(C, α, β, δ) = {L ⊆ dom(α) ∣
∃h ∈ C ∶ L ⊆ αβδ(h) ∧ ∀g ∈ F ∀p, q ∈ P ∶
(β(h, g) = (p, q) ∧ ∃e ∶ p→ e) ⇒ (p, q) ∈ δ}.

Intuitively, in reliable learning, a learner may only converge on targets (in F) it

successfully learns. Considered in this thesis are RelR and RelR.

For D ∈ {Id,Prud,T Prud} ∪ {RelF ∣ F ⊆ R}, a learning criterion13 C and a

learner h, we write DC instead of D(C) and now we consider DC to be a learning

criterion; further, we let DC(h) denote the set of all targets learnable by h for

learning criterion DC.

We can now express several learning criteria as de�ned in the prior literature

(left-hand-side below) with our notation system (right-hand-side below). Recall that

the default learner admissibility restriction is P ; hence, all learning criteria displayed
in the following two tables are for algorithmic learners. Furthermore, the default

target presenter is Canonical; therefore, all learning criteria in the just below table

are for function learning.

Note that many criteria have more than one learner admissibility restriction

or more than one sequence acceptance criterion, combined, in each case, as noted

above, using set-intersection.

13 Recall that each learning criterion is a 4-tuple in the domain of D.
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Ex ([Gol67, BB75, CS83]) ↔ GExϕ

Bc ([B	ar74b, CS83]) ↔ GBcϕ

Nv ([B	ar71, BB75, CS83, CJNM94]) ↔ RGM

Nv′ ([BF72, CS83, CJNM94]) ↔ GR2M

Nv′′ ([Pod74, CS83, CJNM94]) ↔ GM

Cons ([B	ar74a, CJSW04]) ↔ GPcpExϕ

R-Cons ([JB82, CJSW04]) ↔ RGPcpExϕ

T-Cons ([WL76, CJSW04]) ↔ T PcpGExϕ

Reliable on R ([Min76, BB75]) ↔ RelRGExϕ

It ([Wie76]) ↔ ItExϕ

learnable by a player ([MO99]) ↔ ImmediateXM

learnable by a total player ([MO99]) ↔ RImmediateXM

Regarding language learning from positive data, we write the criterion of

TxtEx-learning, with V -indices for the hypothesis space, as TxtGExV . How-

ever, TxtGExV with the three restrictions of total postdictive complete-

ness, total conservativeness and prudence (not total prudence) in our mod-

ular notation is written PrudT PcpT ConvTxtGExV , which we abbrevi-

ate as PrudT (PcpConv)TxtGExV . If, instead, we wanted this crite-

rion but with total prudence in the place of prudence, it could be written

T PrudT (PcpConv)TxtGExV .

The next table displays further examples of language learning criteria.
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TxtEx ([Gol67]) ↔ TxtGExW

TxtCons ([Ang80]) ↔ TxtGPcpExW

polynomial time TxtEx-learning ↔ PFTxtGExW

consistent, conservative and prudent
TxtEx-learning ↔ T PrudTxtGPcpConvExW

totally consistent, totally conservative
and prudent TxtEx-learning ↔ T PrudT (PcpConv)TxtGExW

As a possible aid to the reader, we explain next, in some detail, how each of

the last three example learning criteria just above �t the abstract and (extended)

notion of a learning criterion

D(C, α, β, δ)

from De�nition 3.2.5 above.

In the third from last example just above, D = Id,C = PF, α = Txt, β = G,

and δ = ExW .

In the second last example just above, D = T Prud,C = P, α = Txt, β = G,

and δ = PcpConvExW .

In the last example just above, D = T Prud,C = T (PcpConv), α = Txt, β =
G, and δ = ExW .

The idea of somehow dividing a learning criterion is not entirely new. For

example, Freivalds et. al. [FKS95] de�ned admissible sequences for a given function,

which basically de�nes a binary predicate on a pair of in�nite sequences.

Furthermore, similarities between extrapolation (like GM) and coordination

(like XM) have been pointed out in [CJM+05]. In particular, blind learnees are

de�ned as functions where each output depends only on the length of it's input,

and with each function g ∈ R, a blind learnee g′ = λσ g(#elets(σ)) is associated.
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The mapping Θ = λg g′ is, then, a natural embedding of learnees in the G-sense to

learnees in the X-sense. More formally, for all δ ⊆ P ×R and S ⊆ R,

S ∈ Gδ⇔ Θ(S) ∈ ImmediateXδ. (3.5)

The special case of (3.5) with δ = M is used in [CJM+05].

A sequence acceptance criterion δ is said to be degenerate i� ∃(p, q) ∈ δ ∶ p =∗

λx ↑. All sequence acceptance criteria given above are non-degenerate, and we don't

know of any degenerate sequence acceptance criteria implicit in the prior literature.

We conjecture that any degenerate sequence acceptance criteria would be useless to

model learning. Hence, the present paper will solely focus on non-degenerate such

criteria.

It is easy to see that, for non-degenerate δ, we have, for all C ⊆ P,

CXδ = CXR2δ. (3.6)

3.3 Abstract Theorems

Propositions 3.3.2-3.3.4 give, respectively, 1. a way of translating learnability

from one hypothesis space to another, 2. the relation between function learning

from arbitrary text and text learning of sets of functions and 3. the relation between

function learning from arbitrary vs. canonical text.

The following de�nition formalizes properties of sequence acceptance criteria

that will allow for such criteria to be translated from using one hypothesis space to

another. The succeeding proposition makes use of these properties.

De�nition 3.3.1. For all p ∈ P and V,V ′ numberings for ce sets, de�ne

SemV,V ′(p) = {p′ ∈ P ∣ dom(p) ⊆ dom(p′) ∧ ∀i ∈ dom(p) ∶ Vp(i) = V ′
p′(i)}; (3.7)

Mc(p) = {p′ ∈ P ∣
dom(p) ⊆ dom(p′) ∧ ∀i ∈ dom(p) ∶ [(i + 1 ∈ dom(p)
∧ p′(i) ≠ p′(i + 1)) ⇒ p(i) ≠ p(i + 1)]}.

(3.8)
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Intuitively, SemV,V ′(p) is the set of all those sequences p′ that, for each argument

on which p converges, converge to a semantically identical output, just in a possibly

di�erent numbering. Furthermore, Mc(p) is the set of all those sequences p′ that

make a mind-change only where pmakes one (or if p diverges on one of the arguments

in question).

A sequence acceptance criterion δ is said to be a semantic restriction in V

i�, for all (p, q) ∈ δ and p′ ∈ SemV,V (p), (p′, q) ∈ δ.
A sequence acceptance criterion δ is said to be a mind-change semantic re-

striction in V i�, for all (p, q) ∈ δ and p′ ∈ SemV,V (p) ∩Mc(p), (p′, q) ∈ δ.
Note that each semantic restriction is a mind-change semantic restriction.

For each δ, a mind-change semantic restriction in V , we let, for each num-

bering V ′, δV ′ = {(p′, q) ∣ ∃p ∈ P ∶ (p, q) ∈ δ ∧ p′ ∈ SemV,V ′(p) ∩Mc(p)}.

Note that Pcp is a semantic restriction in W , and that Ex and Conv are

mind-change semantic restrictions in W .

Proposition 3.3.2. Let α be a target presenter and δ, δ′ mind-change semantic

restrictions. Further, let V,V ′ be e�ective numberings of some ce sets.

Suppose h ∈ P be such that there is f ∈ P with ∀e ∈ range(h) ∶ [f(e)↓ ∧ Ve =
V ′
f(e)

]. Let D ∈ {Id,Prud,T Prud}. Then we have

(DT δαGδ′V )(h) ⊆ (DT δαGδ′V ′)(f ○ h).

Proof: Let L ∈ (DT δαGδ′V )(h). Then h necessarily ful�lls the admissibility restric-

tion T δV , i.e., h ∈ T δV . First, we show that f ○ h ∈ T δV ′ .

Let T ∈ range(α). Let (p, q) = G(h,T ). Then (p, q) ∈ δV as h ∈ T δV . Hence,
G(f ○ h,T ) = (f ○ p, q). Therefore, by the supposition about f and since δ a mind-

change semantic restriction, (f ○ p, q) ∈ δV ′ . Hence, f ○ h ∈ T δV ′ .

Next we show that, for all texts T for L, G(f ○h,T ) ∈ δ′V ′ . Let T be a text for

L. Let (p, q) = G(h,T ). Thus, (p, q) ∈ δ′V . ThenG(f○h,T ) = (f○p, q). Therefore, by
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the supposition about f and since δ′ a mind-change semantic restriction, (f ○ p, q) ∈
δ′V ′ .

Now we can conclude, in the case of D = Id, L ∈ (DT δαGδ′V ′)(f ○ h).
What remains to be shown is, in the cases where D ∈ {Prud,T Prud}, (total)

prudence of h implies (total) prudence of f ○ h, which is similarly easy.

The following is a trivial remark about the relationship between Arb and

Txt.

Proposition 3.3.3. Let C be a learner admissibility restriction, β a sequence gen-

erating operator and δ a sequence acceptance criterion.

Let D ∈ {Id,Prud,T Prud}. Then we have

DCArbβδ = Pow(R) ∩DCTxtβδ.

Proof: The proof of this proposition is similarly straightforward as that of Proposi-

tion 3.3.2.

The following is a trivial remark about the relationship between Canonical

and Arb.

Proposition 3.3.4. Let C be a learner admissibility restriction, β a sequence gen-

erating operator and δ a sequence acceptance criterion.

Let D ∈ {Id,Prud,T Prud}. Then we have

DCArbβδ ⊆ DCCanonicalβδ.

Proof: The proof of this proposition is similarly straightforward as that of Proposi-

tion 3.3.2.

Next are the conceptually useful de�nitions of locking sequence and locking

set. The succeeding proposition shows the importance of such sequences/sets.
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De�nition 3.3.5 ([BB75, JORS99]). A locking sequence for a learner h on a lan-

guage L is a sequence σ such that content(σ) ⊆ L and, for all σ′ with σ ⊆ σ′ and
content(σ′) ⊆ L, h(σ′) = h(σ). In the literature, locking sequences have been seen

to be very useful.

A locking set for a set-driven learner h on a language L is a set D such that

D ⊆ L and, for all D′ with D ⊆D′ ⊆ L, h(D′) = h(D).

Proposition 3.3.6 (Locking Lemma, [BB75]). Let h ∈ P . Then, for each L ∈
TxtGEx there is a locking sequence for h on L.

Furthermore, for each L ∈ TxtSdEx, there is a locking set for h on L.
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Chapter 4

DELAYED POSTDICTIVE COMPLETENESS AND

CONSISTENCY

Akama and Zeugmann [AZ08] presented success criteria that are a little less

restrictive than postdictively complete Ex-learning. Their criteria delay the require-

ment to postdict a given datum by a �xed natural number δ of (not necessarily

distinct) hypotheses output. For ordinary postdictive completeness, if a learner h

has seen so far, on a computable g, input, g(0), . . . , g(n−1), then h's corresponding
hypothesis, pn, must correctly compute g(0), . . . , g(n− 1).1 For delay δ, Akama and

Zeugmann, require only that, on g(0), . . . , g(n − 1), h's later hypothesis, pn+δ, must

correctly compute g(0), . . . , g(n−1). A delay δ learner could, for example, after see-

ing g(0), . . . , g(n−1), run a counter down from δ to 0 to see which future hypothesis

must correctly compute g(0), . . . , g(n − 1).
In the present chapter, we extend this notion of delayed postdictive com-

pleteness from constant delays δ to dynamically computed delays. One of the ways

we consider herein to do this involves counting down from notations for constructive

ordinals. We explain. Everyone knows how to use the natural numbers for count-

ing, including for counting down. Freivalds and Smith [FS93], as well as [ACJS04],

employed in learning theory notations for constructive ordinals [Rog67, � 11.7] as

devices for algorithmic counting down.

1 Note that, for n = 0, the data seen is empty and the output hypothesis, p0, is
unconstrained.
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Intuitively ordinals are representations of well-orderings. 0 represents the

empty ordering, 1 represents the ordering of 0 by itself, 2 the ordering 0 < 1, 3 the

ordering 0 < 1 < 2, . . . . The ordinal ω represents the standard ordering of all of N.

ω + 1 represents, for example, the ordering of N consisting of the positive integers

in standard order followed by 0. The successor ordinals are those of the form α + 1

which have a single element laid out after a copy of another ordinal α. ω +ω can be

thought of as two copies of ω laid end to end � much bigger than ω. ω ⋅3 represents

three copies of ω laid end to end. By contrast, 3 ⋅ ω represents ω copies of 3 �

which is just ω. We see, then, for ordinals, +, ⋅ are not commutative. ω ⋅ ω is ω

copies of ω laid out end to end. We can iterate this and de�ne exponentiation for

ordinals. Limit ordinals are those, like ω, ω + ω, ω ⋅ ω, and ωω, which are not 0 and

are not successor ordinals. All of them are in�nite. Importantly, the constructive

ordinals are just those that have a program (called a notation) in some system which

speci�es how to build them (lay them out end to end, so to speak).2 Informally,

here, for example, is how to think of counting down from such a notation for ω +ω.
One �rst computes some estimate for a natural number to count down from and

begins counting down from it; then, later, one can revise once this estimate and

subsequently count down some more from that. An example of a countdown from

ω + ω looks like this.

ω + 42, ω + 41, . . . , ω + 1, ω,23,22, . . . ,1,0.

In this example, the �rst estimate for a natural number to count down from is

42, the revision occurs when counting down from ω to 23. For counting down

from a notation for ω + ω + ω = ω ⋅ 3, one can revise the initial estimate twice.

Since ordinal notations represent well-orders, they do not permit in�nitely long

2 Technically, we count down from notations for constructive ordinals (instead of
from the ordinals themselves) simply because notations, being �nite (programs),
in principle, �t inside computers; whereas, at least in�nite ordinals do not.
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countdowns, neither algorithmic (we do �nite, algorithmic countdowns) nor non-

algorithmic. Note that, for counting down from ω or higher ordinals, there exist

arbitrarily long (but, of course, �nite) countdowns.

[SSV04] gives a further generalized notion of counting down. They consider

certain partial orders with no computable in�nitely descending chains. In the present

chapter we consider arbitrary and also computable (directed) graphs with no in�nite,

computable (directed) paths, and we algorithmically count �down� along their paths.

Theorem 4.5.4 gives a nice example of linearly ordered, computable such graph which

nonetheless has in�nite paths (just not computable ones). We call our graphs in the

present chapter, countdown graphs.

We make use of countdown graphs for delaying the requirement of postdictive

completeness and also postdictive consistency by requiring a learner to start an

independent countdown for each datum g(i) seen and to be postdictively complete

(respectively, postdictively consistent) regarding g(i) as soon as the countdown for

g(i) �nishes.3

In the formalizations of each single countdown below, for a given graph, our

counters start inside the graph, e.g., for an ordinal α, it starts at a notation for an

ordinal < α. N.B. This is compensated for by how we stop, i.e., how we bottom

out. We do not bottom out when, e.g., we run out of some place to count down

to; instead, we bottom out by going o� the track, i.e., by counting up, sideways, in

place or o� the whole graph.

Section 4.1 works out the details about a particular kind of countdown graphs,

namely those based on systems of ordinal notations. Further, it introduces feasible

systems of ordinal notations, graphs that have an order isomorphic to a construc-

tive ordinal and allow for many useful operations on their elements to be carried

out in polynomial time. This allows for our strong complexity theoretic results in

3 Below we refer to a vector of such individual counts as a multicount.
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Section 4.3.

Section 4.2 formalizes the use of countdown graphs for delaying postdictive

completeness and consistency.

Sections 4.3 through 4.6 present our results on delayed postdictive complete-

ness and consistency.

All of our results in Section 4.3 provide information about polynomial time

learners. From Theorem 4.3.1 and its proof we see that, for polynomial time learning,

postdictive completeness (and delayed variants) allows some but not all postpone-

ment tricks, while from Theorem 4.3.2 we have that there is a surprisingly tight

boundary, for polynomial time learning, between what postponement is allowed and

what is not. For example: 1. the set of polynomial time computable functions is

polynomial time postdictively completely Ex-learnable (by a complexity-bounded

enumeration technique) employing some postponement, but 2. the set of exponen-

tial time computable functions, while polynomial time Ex-learnable with a little

more postponement, is not polynomial time postdictively completely Ex-learnable!

From Theorem 4.3.1, we see that, for w a notation for ω, the set of exponential time

functions is polynomial time Ex-learnable with w-delayed postdictive completeness.

Theorems 4.3.1 and 4.3.2 also provide generalizations to further, small constructive

limit ordinals.

Therefore, Theorems 4.3.1 and 4.3.2 provide strong justi�cation for studying

the herein ordinal countdown variants of Postdictive Completeness.

In the prior literature we also see further variants of postdictive completeness

and consistency not based on delay. For example, [CJSW04] surveys with references

variants where the learner is further restricted to be total computable, or even

additionally has to observe the restriction of postdictive completeness or consistency

on all input (not only on input taken from a target).

Another variant, which we call local postdictive completeness, is given in
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[JLZ06] and [AZ08], where it is called local consistency and coherence, respectively.

In this variant, the learner is only required to postdict the most recent datum, and

need not postdict the previous data items. Interestingly, [JLZ06] shows that this

local version of postdictive completeness is not equivalent to unmodi�ed postdictive

completeness in a setting of iterative learning, while [AZ08] shows that these two

notions are equivalent in a non-iterative setting, even for �nitely delayed versions

thereof. We extend this latter result to all our delayed postdictive completeness

criteria, as well as to that of our delayed versions of postdictive consistency (Theo-

rem 4.4.1).

Section 4.4 shows how the di�erent variants of our criteria relate in learning

power (we already mentioned Theorem 4.4.1 about local vs. global restrictions just

above). Our main theorem in this section is Theorem 4.4.2. For example, it entails

that there is a set of computable functions which is postdictively consistently learn-

able (with no delays) by a transductive, linear time learner but is not postdictively

completely learnable with delays employing any countdown graph.

Furthermore, some of our results in Section 4.4 entail learnability with linear

time learners. For these latter results we get by with an extremely fair 4, restricted

kind of linear-time learner, we call transductive. A transductive learner has access

only to its current datum.

In Section 4.5, our main result, Theorem 4.5.6 and its Corollaries 4.5.7

and 4.5.8 completely characterize learning power in dependence on associated (com-

putable) countdown graphs. Another corollary to Theorem 4.5.6, Corollary 4.5.9,

extends the �nite hierarchy given in [AZ08] into the constructive trans�nite.

Finally, Section 4.6 gives our interesting characterization results in Theo-

rem 4.6.1. Each of these characterizations are of a form of reliable identi�cation5

4 See Section 1.
5 See De�nition 3.2.5.
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and they are in terms of postdictively complete learning with very general (even

non-computable) countdown graphs. These answers a question of Thomas Zeug-

mann [Zeu08] and give further justi�cation for the use of general countdown graphs.

For the remainder of this chapter, we will exclusively use ϕ as our hypothesis

space; thus, we will omit any further mention thereof.

4.1 Feasible Systems of Ordinal Notation

In this section we �rst introduce systems of ordinal notations (De�ni-

tion 4.1.1). Then we specialize this notion by adding feasibility constraints (De�-

nition 4.1.3). The work in this section on feasible systems of ordinal notations was

previously published as part of [CKP07]. Most of this section is based directly or

indirectly on [Rog67, �11.7/8].

Note that [MV05] independently gives an example feasible system of ordinal

notations for the ordinals up to ε0,6 developed for practical purposes in the area of

automated termination proofs for the ACL2 theorem-proving system.

De�nition 4.1.1. (System of Ordinal Notations)

For an ordinal α, a system of ordinal notations for all and only the ordinals < α is a

pair (S, νS), where S ⊆ N and νS maps S onto the set of all ordinals < α.7 For each

u ∈ S, u is called a notation for νS(u). Additionally we require:

There is a partial computable function f such that, for all u ∈ S,

(a) u is a notation for 0 ⇒ f(u) = 0,

(b) u is a notation for a successor ordinal ⇒ f(u) = 1 and

6 ε0 is the constructive ordinal which is the least upper bound of the sequence ω,
ωω, ω(ωω), . . . .

7 We will sometime ambiguously refer to (S, νS) as S.
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(c) u is a notation for a limit ordinal ⇒ f(u) = 2.

And:

(d) There is a partial computable function predS such that for each u ∈ S which

is a notation for a successor ordinal β + 1, predS(u) is a notation for β in S.

(e) There is a partial computable function

limS ∶ N × {0}∗ → N

such that, for all limit-ordinals λ < α and notations l in S for λ, we have that

(νS(limS(l,0i)))i<ω is a strictly increasing sequence of ordinals with limit (or

least upper bound) λ.

The following is used for our de�nition of a feasible system of ordinal nota-

tions.

De�nition 4.1.2. For a system of ordinal notations S, a pair (lS, nS) of partial

computable functions N→ N is a decompose pair for S i�, for all notations u ∈ S for

an ordinal α, lS(u) denotes a notation for the biggest (limit ordinal or 0) λ ≤ α, and
nS(u) is such that α = λ + nS(u).

De�nition 4.1.3 below gives a list of requirements that we consider useful in

dealing with systems of ordinal notations in a setting of feasibility. This list starts

with the requirements for a system of ordinal notations as given in De�nition 4.1.1

above, and, then, extending these requirements. Some of these extensions (such

as feasibility of addition and multiplication on notations) are inspired by what is

feasibly possible for natural numbers. Other extensions are requirements that hold

easily in example systems and are included for technical usefulness.

De�nition 4.1.3. (Feasible System of Ordinal Notations)

A system of ordinal notation (S, νS) for the ordinals < α, where α is in�nite and the
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set of all ordinals < α is additively and multiplicatively closed, is called feasible i�:

There is a polynomial time computable function f such that, for all u ∈ S,

(a) u is a notation for 0 ⇒ f(u) = 0,

(b) u is a notation for a successor ordinal ⇒ f(u) = 1 and

(c) u is a notation for a limit ordinal ⇒ f(u) = 2.

And:

(d) There is a polynomial time computable function predS such that for all u

notations for a successor ordinal β + 1, predS(u) is a notation for β in S.

(e) There is a polynomial time computable limS ∶ S × {0}∗ → S such that, for all

limit-ordinals λ < α and notations l in S for λ, we have that (νS(limS(l,0i)))i<ω
is a strictly increasing sequence of ordinals with limit λ.

Additionally we require

(f) there is a polynomial time computable function +S such that, ∀u, v ∈ S ∶
νS(u +S v) = νS(u) + νS(v),

(g) there is a polynomial time computable function ⋅S such that, ∀u, v ∈ S ∶ νS(u ⋅S
v) = νS(u) ⋅ νS(v),

(h) there is a polynomial time computable function ⋅S, such that, ∀n ∈ N, νS(nS) =
n and

(i) there is a decompose pair (lS, nS) for S such that lS, ns are computable in

polynomial time.

De�nition 4.1.4. Following Rogers [Rog67], we say that a system of ordinal nota-

tions S is univalent i� νS is 1-1. We de�ne the relation ≤S on natural numbers such
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that: u ≤S v⇔ [u, v ∈ S ∧ νS(u) ≤ νS(v)]. Also following Rogers, we say a system of

ordinal notations S is computably related i� ≤S is computably decidable, and com-

putably decidable i� the set of notations S is computably decidable. Analogously, we

de�ne a system S to be polynomial time related i� ≤S is polynomial time decidable,

and polynomial time decidable i� the set S is polynomial time decidable.

The following proposition simpli�es dealing with feasible systems of ordinal

notations.

Proposition 4.1.5. The following observations

� In De�nition 4.1.3 above we have that feasible relatedness, together with (f),

(h) and (i) implies (a)-(d).

� Every polynomial time related feasible system of ordinal notations S is poly-

nomial time decidable, as we have: u ∈ S⇔ u ≤S u.

� Every polynomial time related feasible system of ordinal notations is a com-

putably related system of ordinal notations.8

� For a univalent or polynomial time related feasible system of ordinal notations

S, it is polynomial time decidable whether two notations in S are notations

for the same ordinal.9

Next we state with three lemmas and a theorem that any computably related

system of ordinal notations for all ordinals < α can be turned into a feasibly related

feasible system of ordinal notations, giving a notation to at least all ordinals < α.
The proofs of the two �rst lemmas rely heavily on postponement tricks.

8 Therefore, all theorems for computably related systems of ordinal notations
hold. For example, there cannot be a polynomial time related feasible system
of ordinal notations for all constructive ordinals (see [Rog67, Corollary XV]).

9 For univalent systems there are of course no two di�erent notations in S for the
same ordinal. For a feasibly related systems of ordinal notations, u, v ∈ N are
notations in S for the same ordinal i� [u ≤S v and v ≤S u].
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Lemma 4.1.6. Suppose S is a system of ordinal notations such that there is a poly-

nomial time computable function sS such that, for each u ∈ S, sS(u) is a notation in

S for the successor ordinal of νS(u). Let limS ∶ N× {0}∗ → N be a computable func-

tion satisfying (e) from De�nition 4.1.1. Then there is a polynomial time computable

function lim′
S ∶ N × {0}∗ → N satisfying (e) from De�nition 4.1.3.

Proof: De�ne lim′
S thus. On input (u,0i), run limS on inputs (u,0j) for all j ≤

i, each for up to i steps. If none converges, output i � a notation in S for i.

Otherwise, for some j ≤ i, limS(u,0j) converges. In this case, for the maximal such

j, compute the i-times successor of limS(u,0j) and output the result � a notation

for νS(limS(u,0j)) + i. Importantly, thanks to [RC94, Corollary 3.7], the algorithm

just provided for lim′
S is feasible.

If u is a notation in S for a limit ordinal, for each i, the corresponding output

as found by the algorithm on (u,0i) is a notation in S for an ordinal bigger or equal

to the ordinal of the output found for smaller i; therefore, the sequence of ordinals

corresponding to the outputs for successively larger i is strictly monotonic increasing.

Also, when u is a notation in S for a limit ordinal, the limit of (νS(lim′
S(u,0i)))i∈N

is the same as the limit of (νS(limS(u,0i)))i∈N.

Lemma 4.1.7. Suppose S is a computably related system of ordinal notations for

all and only the ordinals < α for some ordinal α. Then there is a polynomial time

related system S′ of ordinal notations for all and only the ordinals < α.

Proof: De�ne S′ thus. Let e be the numerical name for a program decid-

ing ≤S. De�ne t ∶ N → N, u ↦ max({Φe(i, j) ∣ i, j ≤ u}). Let S′ be

the system of notations where for all β given a notation u in S, we have
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that ⟨0t(u),0u⟩ is a notation for β.10 Obviously, ∀m,n,u, v ∈ N ∶ ⟨0m,0u⟩ ≤S′

⟨0n,0v⟩ ⇔ [ϕe(u, v) = 1 in ≤ max{n,m} steps and m = t(u) and n = t(v)]. It fol-

lows from [RC94, Lemma 3.2(f) and Corollary 3.7] that λ0m,0u t(u) = m is poly-

nomial time decidable. Therefore, on the resulting notations we have that order is

feasibly decidable.

Lemma 4.1.8. Suppose S is a feasibly related system of ordinal notations giving

a notation to all and only the ordinals < α for some ordinal α. Then there is a

feasibly related system of ordinal notations S′ ful�lling (a)-(f) and (h)-(i) as in

De�nition 4.1.3, giving a notation at least to all ordinals < α. In fact, S′ gives a

notation to all and only the ordinals < ωα. If S is univalent, so is S′.

Proof: Assume without loss of generality that 0 is the only notation for 0 in S. Let

⟨⟩ be a notation in S′ for 0. By the Cantor Normal Form theorem, each ordinal

γ, 0 < γ < ωα has exactly one representation such that γ = ∑0
i=k ω

δi × ni, where
α > δk > . . . > δ0 ≥ 0 and nk, . . . , n0 ∈ N∖{0} (see [Sie65, Theorem 2, Chapter XIV.19,

page 323]). De�ne a system S′ by all and only the following assignments of notations.

For each γ with 0 < γ < ωα, the representation as above and dk, . . . , d0 notations in

S for δk, . . . , δ0, respectively, let

⟨dk, nk, . . . , d0, n0⟩ be a notation in S′ for γ.

For S′, the requirements (a)-(d) of De�nition 4.1.3 are clear. It is similarly

clear that in S′, the successor of each notation is polynomial time computable from

that notation.

To show (e) for S′: Consider, for S′, a modi�cation of (e) as in De�nition 4.1.3

in which �partial computable� replaces �polynomial time computable�. Below we

10 In the notations λ0m,0n f(m,n) or λ0m,0n f(0m,0n), the arguments are of the
form a pair of strings of zeros, the �rst string of length m, the second of length
n.
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show that, for S′, this modi�ed version of (e) holds. We already noted above that,

for S′, one can polynomial time compute successors of notations. Hence, we can

apply Lemma 4.1.6 to S′ to obtain, for S′, a polynomial time computable limS′

satisfying the unmodi�ed version of (e). Here, then, is how to compute the partial

computable function for the modi�ed version of (e). Suppose the input is (u,0i),
where u = ⟨dk, nk, . . . , d0, n0⟩ is a notation in S′ for a limit ordinal; therefore, d0 is

not a notation for 0 (we don't care what happens if u is otherwise). We output as

follows.

If d0 is a notation for a limit ordinal, n0 ≠ 1, output ⟨dk, nk, . . . , d1, n1, d0, n0 −
1, limS(d0,0i),1⟩.
If d0 is a notation for a limit ordinal, n0 = 1, output ⟨dk, nk, . . . , d1, n1, limS(d0,0i),1⟩.
Otherwise let b be a notation for the predecessor of what d0 is a notation for.

If n0 ≠ 1, output ⟨dk, nk, . . . , d1, n1, d0, n0 − 1, b, i⟩.
If n0 = 1, output ⟨dk, nk, . . . , d1, n1, b, i⟩.

To show (f): We de�ne ⟨dk, nk, . . . , d0, n0⟩ +S′ ⟨d′k′ , n′k′ , . . . , d′0, n′0⟩ thus.
If there is i such that di and d′k′ denote the same ordinal (this is poly-

nomial time decidable by Remark 4.1.5), output ⟨dk, nk . . . , di+1, ni+1, di, ni +
n′k′ , d

′
k′−1nk′−1, . . . , d′0, n

′
0⟩.

Otherwise, let i be minimal such that di >S d′k′ (if such an i does not exist, output

is trivial). Output ⟨dk, nk . . . , di+1, ni+1, di, ni, d′k′ , n
′
k′ , . . . , d

′
0, n

′
0⟩.

To show (h): A notation in S′ for 0 is ⟨⟩, for n > 0 a notation in S′ is ⟨0, n⟩.
To show (i): lS′ and nS′ are trivial.

To show polynomial time relatedness: First check whether all coe�cients

are not 0 and that the sequence of exponents is strictly decreasing with respect to

≤S. Then compare component-wise exponents and coe�cients. As long as both are

equal, proceed. If one ordinal notation ends, the ending notation is the notation for

the smaller ordinal. If the exponents are not equal, the notation having the smaller
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exponent is the notation for the smaller ordinal. If the coe�cients are not equal,

the notation with the smaller coe�cient is the notation for the smaller ordinal.

Runtime: k times the runtime of the runtime for comparison in S plus runtime

linear in the length of the input to compare the coe�cients.

If S is univalent, the uniqueness of the Cantor Normal Form guarantees

univalence of S′.

Theorem 4.1.9. Suppose S is a feasibly related system of ordinal notations giving

a notation to all and only the ordinals < α. Then there is a feasibly related feasible

system of ordinal notations S′ giving a notation at least to all ordinals < α. In fact,

S′ gives a notation to all and only the ordinals < ωωα . If S is univalent, so is S′.

Proofsketch. Apply the construction of the proof of Lemma 4.1.8 twice to S.

The resulting system will also allow for feasible multiplication (details for this can

easily be generalized from [MV05]).

Corollary 4.1.10. Let α be a constructive ordinal. Then there is a univalent,

feasibly related feasible system of ordinal notations giving a notation to α.

Proof: By [Rog67, Theorem 11.XIX], there is a univalent, computably related system

of ordinal notations giving a notation to α. The result follows now from �rst applying

Lemma 4.1.7 and then Theorem 4.1.9.

4.2 Countdown Graphs and Countdown Functions

This section formalizes the intuitive discussions from the introduction to this

chapter with respect to countdown graphs and our use of them.
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De�nition 4.2.1. A graph is a pair (G,→), where G ⊆ N and → is a binary relation

on G. We will use in�x notation for →. For each graph (G,→), we say that τ is a

G-path i�: #elets(τ) > 0, ∀i < #elets(τ) ∶ (τ(i) ∈ G) and ∀i < #elets(τ)−1 ∶ (τ(i) →
τ(i + 1)). For each graph G, let G⃗ denote the set of all G-paths.

For all m,n ∈ N, we write m→∗ n (respectively, m→+ n) i� there is a G-path

τ such that τ(0) = m, last(τ) = n (respectively, additionally #elets(τ) > 1). We

sometimes write G for (G,→). A graph (G,→) is said to be computable i� both G

and → are computable. Note that a graph G is computable i� G⃗ is computable. For

a graph (G,→) we sometimes identify m ∈ G with {n ∈ G ∣ m →+ n}. With every

pre-order (A,≤A)11 we associate the graph (A,>A), where, for all a, b ∈ A, a >A b i�
(b ≤A a and a /≤A b).

A graph (G,→) is called a countdown graph, i� ¬∃r ∈ R∀i ∈ N ∶ r(i) → r(i+1).
Let G, Gcomp, respectively, denote the set of all and all computable countdown-

graphs.

Example countdown graphs can be obtained from systems of ordinal nota-

tions. Let (N ,≤N ) be a system of ordinal notations. Then, (N ,≤N ) is a pre-order

without in�nite descending chains, so the graph associated with (N ,≤N ) is a count-
down graph. If (N ,≤N ) is computably related, then the associated graph will be a

computable countdown graph.

In Theorem 4.5.4 below we give an interesting example of a countdown

graph not based on a system of ordinal notations.

Soon we de�ne what postdictive completeness, respectively consistency, with

respect to G ∈ G means. Intuitively, every learner is composed of two functions:

one for giving hypotheses, and one for the countdown. For the purpose of this

11 A pre-order is a pair (A,≤A) such that ≤A is a transitive and re�exive relation
on A.
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discussion, let h, f ∈ P . We write ⟨h, f⟩ for a learner with hypothesis-component h

and countdown function f . For any learnee g ∈ R and all i, f(g[i]), the output from
the countdown function, will need to encode one countdown for each j < i. For each
i such that the countdown for a given data item g(j) (with j < i) is �nished, the
corresponding hypothesis, h(g[i]), has to be postdictively complete, respectively

consistent, for that data item g(j). We will refer to the outputs of a countdown

function as a multicount (as it represents more than one countdown). We refer to a

learning-output of hypothesis and multicount as an hypothesis-multicount.

The set of all multicountdown sequences is de�ned as

M = {σ ∈ Seq ∣ ∀i < #elets(σ) ∶ (σ(i) ∈ Seq ∧#elets(σ(i)) = i)}.12 (4.1)

An example multicountdown sequence is σ0 = ⟨⟩Seq, ⟨3⟩Seq, ⟨2,3⟩Seq, ⟨1,2,2⟩Seq,

⟨0,1,2,1⟩Seq, ⟨0,0,2,2,2⟩Seq, ⟨2,0,2,3,1,1⟩Seq, ⟨0,0,2,7,0,0,5⟩Seq. σ0 can be dis-

played as a matrix like this:

σ0 =

x

n
0 1 2 3 4 5 6 7

0

1

2

3

4

5

6

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

3 2 1 0 0 2 0

3 2 1 0 0 0

2 2 2 2 2

1 2 3 7

2 1 0

1 0

5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (4.2)

In (4.2) each column is a multicount. For example, column x = 4 represents

the multicount σ0(4) = ⟨0,1,2,1⟩. Each row of (4.2) provides the successive values of

a particular countdown. For example, the n-th row of (4.2) (without initial empty

12 Of course, σ(i) ∈ Seq means that the number σ(i) is the code of a sequence.
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entries) is the n-th countdown of σ0. As we will see below, for an associated learnee

g, the n-th row will be relevant to g(n).
For each σ ∈ M and n < #elets(σ) − 1 we de�ne

row(n,σ) = ⟨σ(n + 1)(n), . . . , σ(#elets(σ) − 1)(n)⟩Seq. (4.3)

For σ0 as presented above in (4.2), we have, for example, row(4, σ0) = ⟨2,1,0⟩Seq.

Each row(n,σ) is a countdown.

We will consider a given countdown sequence τ as terminated with respect

to a given countdown graph G ∈ G, i� τ /∈ G⃗. We then say that �τ has terminated�

or �τ has bottomed out�. For a given multicountdown sequence we will de�ne, just

below, the set of all n such that the n-th countdown has (started and) bottomed

out. For all σ and all G ∈ G, de�ne

�G(σ) = {n < #elets(σ) − 1 ∣ σ /∈ M ∨ row(n,σ) /∈ G⃗}; (4.4)

áG(σ) = �G(σ) ∖ �G(σ−). (4.5)

We omit the subscript G whenever no confusion can arise. Note that �(∅) = ∅ =
á(∅).

We pronounce � as �bottom� and á as �recent bottom�. For σ ∈ M, �(σ) is

the set of all countdown numbers where the countdown has terminated, while á(σ)
is the set of all countdown numbers that have just terminated.

Let us, for example, consider the �nite countdown graph G on {0,1,2,3}
with the natural >-order on N. For σ0 depicted above in (4.2), we have �G(σ0) =
{0,1,2,3,6} and áG(σ0) = {6}. The example of rows n = 4 and n = 5 shows that

reaching a minimal element (in this case 0) of G does not imply immediate termina-

tion of the countdown. The example of rows n = 2 and n = 3 shows how countdowns

terminate when not obeying the graph relation. Note that the countdown for row

n = 6 has terminated immediately when it started, as it started with 5, and ⟨5⟩Seq

is not a G-path.
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Next we de�ne two families of sequence acceptance criteria, employing count-

downs as described above. The rest of the paper will be concerned with studying

these criteria in various settings.

Intuitively, in the de�nition just below, p and d, respectively, represent a

sequence of hypotheses and a sequence of corresponding multicounts, and q a target

function.

De�nition 4.2.2. Let, for all G ∈ G and p, d, q ∈ R,

� PcpG(⟨p, d⟩, q) ⇔ ∀x∀n ∈ �G(d[x]) ∶ q(n) ∈ ϕp(x); and

� PcsG(⟨p, d⟩, q) ⇔ ∀x∀n ∈ �G(d[x]) ∶ ϕp(x)(n)↓ ⇒ q(n) ∈ ϕp(x).

For all g ∈ R and h, f ∈ P, we say that ⟨h, f⟩ works postdictively completely (respec-

tively, consistently) on g with G-delay i� G(⟨h, f⟩, g) ∈ PcpG (respectively, PcsG).13

We omit �with G-delay�, if no confusion can arise.

Further, we de�ne local variants of the two above families of admissibility

restrictions, local postdictive completeness and local postdictive consistency thus.

� PcplG(⟨p, d⟩, q) ∶⇔ ∀x∀n ∈áG(d[x]) ∶ q(n) ∈ ϕp(x),

� PcslG(⟨p, d⟩, q) ∶⇔ ∀x∀n ∈áG(d[x]) ∶ ϕp(x)(n)↓ ⇒ q(n) ∈ ϕp(x).

To accommodate for the countdown-output of a learner, we rede�ne Ex

slightly for the remainder of this chapter as follows.

Ex = {(⟨p, d⟩, q) ∈ P2 ∣ ∃e ∶ p→ e ∧ ϕp′ = content(q)}. (4.6)

For notational purposes, we de�ne the following variants of row, � and á.
Intuitively, in the following de�nition, σ plays the role of data sequence, f

that of countdown function, n that of row number and λi ≤ #elets(σ) f(σ[i]) that
of associated multicountdown sequence.

13 G is a graph, while G stands for �Gold� and is de�ned in Example 3.2.3.
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De�nition 4.2.3. Let, for all G ∈ G, σ ∈ Seq, f ∈ P and n ≤ #elets(σ),

row(n, f, σ) = row(n,λi ≤ #elets(σ) f(σ[i])), (4.7)

�G(f, σ) = �G(λi ≤ #elets(σ) f(σ[i])), (4.8)

áG(f, σ) = �G(f, σ) ∖ �(f, σ−). (4.9)

We omit the subscript G whenever no confusion can arise.

Note that, for all f ∈ P , all σ and all n < #elets(σ),

row(n, f, σ) = λi ≤ (#elets(σ) − n − 1) f(σ[i + n + 1])(n). (4.10)

Also we have, for all G ∈ G and all f ∈ P such that ∀τ ∶ (λi ≤ #elets(τ) f(τ[i])) ∈ M,

for all σ ∈ Seq and all n < #elets(σ),

n ∈ �G(f, σ) ⇔ row(n, f, σ) /∈ G⃗. (4.11)

The following proposition is useful in several later proofs.

Proposition 4.2.4. Obviously, we have for all G ∈ G and S ⊆ R such that [S] =
Seq,14

S ∈ RGPcpGEx ∪GPcpGEx⇒ S ∈ T PcpGGEx; (4.12)

S ∈ RGPcplGEx ∪GPcplGEx⇒ S ∈ T PcplGGEx; (4.13)

S ∈ RGPcsGEx ∪GPcsGEx⇒ S ∈ T PcsGGEx; (4.14)

S ∈ RGPcslGEx ∪GPcslGEx⇒ S ∈ T PcslGGEx. (4.15)

The just below lemma encapsulates many diagonalizations for the proofs in

the present chapter.

Lemma 4.2.5. Let C ⊆ P and δ ⊆ Ex. Let S ⊆ R such that (∀⟨h, f⟩ ∈
C ∣ ⟨h, f⟩ Gδ-learns S)∃t0, t1 ∈ P∀e ∈ N ∶ ∃Se ⊆ R such that (i) and (ii) just be-

low hold.

14 Recall that, for S ⊆ R, [S] = {f[i] ∣ f ∈ S, i ∈ N} (see Section 2.1).
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(i) ([ϕe] ⊆ [Se] ∧ ϕe ∈ R) ⇒ ϕe ∈ S; and

(ii) For all σ ∈ [Se], (iia)-(iie) just below hold.

(a) ϕe = σ⇒ (t0(e, σ)↓ ∧ t1(e, σ)↓ ∧ h(σ ◇ t0(e, σ))↓ ∧ h(σ)↓)

(b) (t0(e, σ)↓ ∧ t1(e, σ)↓) ⇒
(t0(e, σ), t1(e, σ) ∈ Seq ∧#elets(t0(e, σ)),#elets(t1(e, σ)) > 0).

(c) σ ⊆ ϕe ∧ h(σ ◇ t0(e, σ))↓ ≠ h(σ)↓ ⇒ σ ◇ t0(e, σ) ∈ [Se].

(d) σ ⊆ ϕe ∧ h(σ ◇ t0(e, σ))↓ = h(σ) ∧ t1(e, σ)↓ ⇒ σ ◇ t1(e, σ) ∈ [Se].

(e) (t0(e, σ)↓ ∧ t1(e, σ)↓ ∧ h(σ ◇ t0(e, σ))↓ = h(σ) = h(σ ◇ t1(e, σ))) ⇒
ϕh(σ◇t1(e,σ)) /∈ R.

Then S /∈ CGδ.

Proof: Suppose, by way of contradiction otherwise. Suppose h ∈ C witnesses

S ∈ CGδ. For all j ∈ {0,1}, let tj be as found by (ii).

De�ne, with KRT (Theorem 2.3.3), g = ϕe so that g works accord-

ing to the following informal de�nition in stages. For each s, gs denotes the

�nite initial segment of g as de�ned just before the beginning of stage s.

g0 ← ∅;1

for s = 0 to ∞ do2

τ0 ← t0(e, gs);3

τ1 ← t1(e, gs);4

if h(gs ◇ τ0) ≠ h(gs) then5

gs+1 ← gs ◇ τ0;6

else7

gs+1 ← gs ◇ τ1;8
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For s ∈ N and j ∈ {0,1} we de�ne

τ sj = tj(e, gs). (4.16)

Claim 1: We have (4.17) and (4.18) just below.

∀s ∈ N ∶ (gs is de�ned ∧ gs ∈ [Se]). (4.17)

∀s ∈ N ∶ (τ s0↓ ∧ τ s1↓). (4.18)

We show the claim by induction on s with trivial base case. Let now s ∈ N such that

the claim holds for s. By (iia) we have τ s+1
0 ↓ and τ s+1

1 ↓, as well as h(gs ◇ τ s0) ≠ h(gs)
is a computable predicate. We use (iic) and (iid) to see that gs+1 is de�ned and

gs+1 ∈ [Se]. (for Claim 1)

By Claim 1, all stages will be reached. Furthermore, by (iib), for all s,

#elets(τ s0),#elets(τ s1) > 0; hence, g(i) will be de�ned no later than after stage i.

Thus,

g ∈ R. (4.19)

By (4.19), (i) and Claim 1, we now have g ∈ S.

Claim 2: h does not converge on g.

We show that, for any stage s, there exist a y ≥ #elets(gs) such that h(g[y + 1]) ≠
h(g[y]). Let s be any stage.

Case 1: h(gs ◇ τ s0) ≠ h(gs). Trivial.
Case 2: h(gs ◇ τ s0) = h(gs) and h(gs ◇ τ s1) ≠ h(gs). Trivial.
Case 3: h(gs ◇ τ s0) = h(gs) = h(gs ◇ τ s1).
By (iie), we have that ϕh(gs◇τs1 ) ≠ g. As δ ⊆ Ex and h Gδ-learns g ∈ S, there is a

y ≥ #elets(gs) as required. (for Claim 2)
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4.3 Complexity Results

For this section only, let N be a feasibly related feasible system of ordinal

notations for at least the ordinals < ω2. Let w be a notation for ω in N . For each

n ∈ N, n denotes a notation for n in N , such that λn n is computable in polynomial

time. We will assume for all constructive ordinals α,

∀n ∈ N, u ∈ N ∶ (u is notation in N for α + n) ⇒ n ≤ u.15 (4.20)

The following theorem gives the positive results as to which of several com-

plexity classes can be learned with a given delay. The then succeeding theorem,

Theorem 4.3.2, states that these results are very tight: none of these classes could

be learned with strictly smaller delay. Recall from De�nition 2.2.1 that EXPFk

denotes the set of all functions computable within a timebound given by a stack of

k exponentials raised to a polynomial.

Theorem 4.3.1. (a) PF ∈ PFGPcp0Ex.

(b) EXPF ∈ PFGPcpwEx.

(c) ∀n ∶ EXPnF ∈ PFGPcpw⋅nEx.

Furthermore, each of (a), (b) and (c) is witnessed by a respective learner

⟨h, f⟩ such that range(h) ⊆ PolyPrograms, ⊆ ExpPrograms and ⊆ ExpnPrograms,

respectively.

Note that (a) and (b) are both special cases of (c). We will prove (a) in detail

and will then give a sketch as to how this proof can be generalized to a proof of (c).

Proof of (a). This proof employs a complexity-bounded enumeration technique

[JORS99].

15 Speci�c systems of ordinal notations seen in the literature typically, perhaps
always, satisfy (4.20).
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By [RC94, Theorems 4.13(b) & 4.17] there is a linear time computable e such

that PF = {ϕe(j) ∣ j ∈ N} and ∀j ∈ N ∶ e(j) ∈ PolyPrograms.

Then, by Lemma 2.2.6 (speci�cally items (i), (vi), (vii), (ix) with (2.7), (x),

(xii) and (xiii)), it is easy to see that there is h ∈ PF such that16

∀σ ∶ h(σ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

e(j),
if there is a minimal j ≤ ∣σ∣ ∶ ∀x < #elets(σ) ∶
ϕe(j)(x)↓∣σ∣ = σ(x);

patch0(σ), otherwise.

(4.21)

To show that h converges on all g ∈ PF: Let g ∈ PF. Let j0 be minimal such

that ϕe(j0) = g. Let p be a polynomial such that ∀x ∶ Φe(j0)(x) ≤ p(∣x∣). We then

have the following.

� ∀∞n, j0 ≤ n ≤ ∣g[n]∣ (by (2.7)).

� ∀∞n∀j < j0 ∶ g[n] /⊆ ϕe(j) (as j0 minimal such that ϕe(j0) = g).
� We have ∀∞x ∶ Φe(j0)(x) ≤ x.17 Hence, ∀∞n∀x ≤ n ∶ Φe(j0)(x) ≤ n.18 There-

fore, using (2.7), ∀∞n∀x < n ∶ ϕe(j0)(x)↓∣g[n]∣; hence, also ∀∞n∀x < n ∶
ϕe(j0)(x)↓∣g[n]∣ = ϕe(j0)(x) = g(x).

By the three items above, we have ∀∞n ∶ h(g[n]) = e(j0). Let f = λσ 0. Obviously,

⟨h, f⟩ witnesses PF ∈ GPcp0Ex. The furthermore clause follows from the choice of

e and patch0. (for (a))

16 Recall that the properties of patch0 are listed in De�nition 2.2.3.
17 Recall from Section 2.1 that, for each x ∈ N, ∣x∣ denotes the length of x

represented dyadically. By [RC94, �2.5, (9)], there are a, b ∈ N such that
∀x ∶ 2∣x∣ ≤ a ⋅ x + b; thus, there is d > 0 such that ∀∞x ∶ 2∣x∣ ≤ d ⋅ x. Clearly,
∀∞x ∶ p(∣x∣) ≤ 1

d2∣x∣. Thus, ∀∞x ∶ p(∣x∣) ≤ x.
18 Let n0, n1 be such that ∀x ≥ n0 ∶ Φe(j0)(x) ≤ x and ∀x < n0 ∶ Φe(j0)(x) ≤ n1. Then,

for all n ≥ max{n0, n1} and for all x ≤ n, we have (if x < n0) Φe(j0)(x) ≤ n1 ≤ n,
and (otherwise) Φe(j0)(x) ≤ x ≤ n.
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Proofsketch of (c). De�ne

∀σ,∀k < #elets(σ) ∶ fk(σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

w ⋅ n − 1 + exp1(k)−̇#elets(σ), if #elets(σ) ≤ exp1(k);

⋮ ⋮

w ⋅ 1 + expn−1(k)−̇#elets(σ),
else if #elets(σ) ≤
expn−1(k);

w ⋅ 0 + expn(k)−̇#elets(σ), otherwise.

(4.22)

We de�ne f ∈ PF by

∀σ ∶ f(σ) = ⟨f0(σ), . . . , f#elets(σ)−1(σ)⟩Seq.

(for Proofsketch of (c))

Theorem 4.3.2. (a) ∀n ∈ N ∶ EXPF /∈ PFGPcpnEx.

(b) ∀k,n ∈ N ∶ EXPk+1F /∈ PFGPcpw⋅k+nEx.

Proof of (a). Suppose by way of contradiction otherwise as witnessed by n and

⟨h, f⟩. Note that [EXPF] = Seq; thus, ⟨h, f⟩ ∈ T Pcpn (see Proposition 4.2.4 above);

in particular, h and f are total.

De�ne g ∈ R according to the following informal de�nition in stages. gs

denotes g as de�ned until before stage s.

g0 ← ∅;1

for s = 0 to ∞ do2

if h(gs ◇ 0 ◇ 0
n) ≠ h(gs) then3

gs+1 = gs ◇ 0 ◇ 0
n
;4

else5

gs+1 = gs ◇ 1 ◇ 0
n
;6
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Claim 1: h does not converge on g.

We show the claim by showing ∀s ∶ h(gs+1) ≠ h(gs). As ⟨h, f⟩ ∈ T Pcpn, we have for

all s ∈ N and each j ∈ {0,1}, λi ≤ n f(gs ◇ j ◇ 0
i) is not an n-path, as there is no

path of length n + 1 in n; hence, ϕh(gs◇j◇0
n
)(#elets(gs)) = j.

If h(gs ◇ 0 ◇ 0
n) = h(gs), then

ϕh(gs+1)(#elets(gs)) = ϕh(gs◇1◇0
n
)(#elets(gs)) (4.23)

= 1 (4.24)

≠ 0 (4.25)

= ϕh(gs◇0◇0
n
)(#elets(gs)) (4.26)

= ϕh(gs)(#elets(gs)); (4.27)

thus, h(gs+1) ≠ h(gs).
If otherwise h(gs ◇ 0 ◇ 0

n) ≠ h(gs), then h(gs+1) = h(gs ◇ 0 ◇ 0
n) ≠ h(gs).
(for Claim 1)

Claim 2: g ∈ EXPF.

By the construction of g, we have ∀s ∶ gs ∈ {0,1}s⋅(n+1). Hence, to compute g(x) for

any given x, it su�ces to execute stages 0 through x of the above algorithm to get

gx+1, from which g(x) can then be extracted. Therefore, it su�ces to show that,

for all s, the stages 0 through s of the above algorithm can be computed with an

appropriate timebound.

Let p be a polynomial upper-bounding the runtime of h such that ∀x ∶ x ≤
p(x). For any stage s, the time to execute stage s is in O(λs p(∣gs◇0

n+1∣)+p(∣gs∣)) =
O(λs p(∣gs∣ + n + 1)) =19O(λs p(s ⋅ (n + 1) + n + 1)) = O(λs p(s)). Therefore, for all

19 As g is 0,1-valued, O(∣gs∣) = O(#elets(gs)).
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s, the time to execute all stages 0 to s is bounded above by O(λs (s + 1) ⋅ p(s)) ⊆
O(λs 2p

′(∣s∣)) for some polynomial p′.20 (for Claim 2) (for (a))

Proof of (b). Suppose by way of contradiction otherwise as witnessed by ⟨h, f⟩ ∈
PF. The proof requires a de�nition of g di�erent from that in (a) just above as

follows.

g0 ← ∅;1

for s = 0 to ∞ do2

i← 0;3

while #elets(gs) /∈ �(f, gs ◇ 0 ◇ 0
i) do4

i← i + 1;5

j ← 0;6

while #elets(gs) /∈ �(f, gs ◇ 1 ◇ 0
j) do7

j ← j + 1;8

if h(gs ◇ 0 ◇ 0
i) ≠ h(gs) then9

gs+1 = gs ◇ 0 ◇ 0
i
;10

else11

gs+1 = gs ◇ 1 ◇ 0
j
;12

Let p be a polynomial bounding the runtime of h and f , as well as deciders

for S and <S. Let s be a stage and x = #elets(gs).
Claim: There is a polynomial p′ such that each while-loop will terminate after at

most expk(∣p′(x)∣) steps. Let m ∈ {0,1}. Clearly, fx(σ◇m◇0
n) <S w ⋅k. By runtime

considerations and (4.20) we see fx(gs ◇m ◇ 0
n) <S w ⋅ (k − 1) + exp(p(xs + n + 1));

20 Let k be such that O(p) = O(λx xk). By [RC94, �2.5, (9)], there are a, b such
that x ≤ a ⋅ 2∣x∣ + b. Thus, there is are c, d, c′, d′ such that ∀x ∶ p(x) ≤ c ⋅ xk + d ≤
c ⋅ (a ⋅ 2∣x∣ + b)k + d ≤ c′ ⋅ 2k⋅∣x∣ + d′.
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hence, for some polynomial p1, fx(σ◇m◇0
exp(p1(xs))) <S fx(σ◇m◇0

n+exp(p(xs+n+1))) <S
w ⋅ k − 1. Inductively one can now see that there is a polynomial pk−1 such that

fx(σ ◇m ◇ 0
expk−1(pk−1(xs))) <S w; (4.28)

in particular, one can see that there is a polynomial pk such that x ∈ �(f,0 ◇m ◇
0
expk(pk(xs))). (for Claim)

Using [RC94, Theorem 3.17], one can now see g ∈ EXPk+1F. The rest of the

proof is analogous to the proof of (a). (for (b))

4.4 Results mostly not Comparing Countdown Graphs

Akama and Zeugmann [AZ08] showed that local postdictive completeness is

equivalent to global postdictive completeness for all �nitely delayed versions thereof.

The following theorem states that this result extends to arbitrary countdown graphs,

as well as to postdictive consistency, and the proof is simple extension of the proof

in [AZ08].

Theorem 4.4.1. Let G ∈ G. We have

(a) T PcpGGEx = T PcplGGEx and T PcsGGEx = T PcslGGEx;

(b) RGPcpGEx = RGPcplGEx and RGPcsGEx = RGPcslGEx;

(c) GPcpGEx = GPcplGEx and GPcsGEx = GPcslGEx.

Proof: �⊆� are clear.
Let I ∈ {T PcplGGEx, RGPcplGEx, GPcplGEx, T PcslGGEx, RGPcslGEx,

GPcslGEx} and S ∈ I as witnessed by ⟨h, f⟩. De�ne now h′ ∈ P such that

∀σ ∶ h′(σ) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

h′(σ−), if σ ≠ ∅ ∧ h(σ) = h(σ−);
patch(σ,h(σ)), otherwise.

69



It is obvious that for all g ∈ R, if h converges on g to an index of g, then so

does h′. Furthermore, if h is total, so is h′. What is left to show is summarized in

the following claim.

Claim: Let g ∈ R such that ⟨h, f⟩ works locally postdictively completely (consis-

tently) on g. Then ⟨h′, f⟩ works postdictively completely (consistently) on g.

Let σ, n ∈ �(f, σ). Let σ0 ⊆ σ be such that h′(σ) = patch(σ0, h(σ0)). If

n < #elets(σ0), then we have ϕh′(σ)(n) = σ0(n) = σ(n). Otherwise �nd σ1 such

that σ0 ⊆ σ1 ⊆ σ such that n ∈á(f, σ1). By construction of h′ we have h(σ1) = h(σ0);
therefore,

ϕh′(σ)(n) = ϕh′(σ0)(n) = ϕpatch(σ0,h(σ0))(n) = ϕh(σ0)(n) = ϕh(σ1)(n). (4.29)

The following theorem shows the relationship between the di�erent learning

criteria as de�ned in this chapter. As noted above, this is one of the main theorems

in this chapter.

Theorem 4.4.2. We have the following.

∀G ∈ Gcomp ∶ T PcpGGEx = T PcsGGEx. (4.30)

LinFTdPcs∅Ex ∖ (⋃
G∈G

GPcpGEx) ≠ ∅. (4.31)

LinFTdPcp∅Ex ∖ (⋃
G∈G

T PcpGGEx) ≠ ∅. (4.32)

GPcp∅Ex ∖ ( ⋃
G∈Gcomp

RGPcsGEx) ≠ ∅. (4.33)

Proof of (4.30). This proof of (4.30) above is an extension of Fulk's proof of the

G = ∅ case [Ful88]. Let G ∈ Gcomp.

�⊆�: Clear.
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�⊇�: Let S ∈ T PcsGGEx as witnessed by ⟨h, f⟩ ∈ T PcsG. Let R be a computable

predicate such that, for all p, p′, n, τ, t,

R(p, p′, n, τ, t) i� [p′ = h(τ) ∧ n ∈ �(f, τ) ∧
∀n′ < n ∶ (n′ ∈ �(f, τ) ⇒ (ϕp(n′)↓ = τ(n′) in ≤ t steps))].

By 1-1 ORT (Theorem 2.3.8), there is a 1-1 e ∈ R such that

∀σ,n ∶ ϕe(σ)(n) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ(n), if n ∈ dom(σ);

τ0(n),
else if ∃⟨τ0, t0⟩ =

µ⟨τ, t⟩ R(e(σ), h(σ), n, τ, t);

↑, otherwise.21

(4.34)

Let S be a partial computable predicate such that, for all p, p′, n, σ,

S(p, p′, n, σ) i� [p′ = h(σ) ∧ ∃t ∶ R(p, p′, n, σ, t)
and with ⟨τ0, t0⟩ = µ⟨τ, t⟩ R(p, p′, n, τ, t)
we have σ(n) = τ0(n)].

(4.35)

De�ne h′ such that, for all σ,

h′(σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h′(σ−),
if σ ≠ ∅ ∧ h(σ) = h(σ−) ∧ with σ0 such

that h′(σ−) = e(σ0): ∀n ∈á(f, σ):
S(h′(σ−), h(σ0), n, σ);

e(σ), otherwise.

(4.36)

Claim 1: h′ ∈ R.
We prove ∀σ ∃σ0∀σ1 ∶ σ0 ⊆ σ1 ⊆ σ ⇒ h′(σ)↓ = e(σ0) by induction on σ, trivial for

σ = ∅. Let σ and σ0 be given such that

∀σ1 ∶ σ0 ⊆ σ1 ⊆ σ−⇒ h′(σ1)↓ = e(σ0). (4.37)

21 Note that this application of (1-1) ORT employs only a special case of (1-1)
ORT, namely (the 1-1 case of) Kleene's Parametric Recursion Theorem [Rog67,
� 11]. This is because the e(σ) of (4.34) generates (and employs) both σ and a
copy of e(σ), but e(σ) does not also generate and employ a copy of e(σ′), for
some σ′ ≠ σ.
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Claim 1.1:

∀n ∶ (∃τ ∶ S(e(σ0), h(σ0), n, τ)↓ = true ) ⇒ ϕe(σ0)(n)↓. (4.38)

Proof of Claim 1.1. Let n ∈ N such that ∃τ ∶ S(e(σ0), h(σ0), n, τ)↓ = true. By the

de�nition of S, there are now τ, t such that R(e(σ0), h(σ0), n, τ, t). The de�nition

of e(σ0) shows that ϕe(σ0)(n)↓. (for Claim 1.1)

Claim 1.2:

∀n ∈ �(f, σ−) ∶ ϕe(σ0)(n)↓. (4.39)

Proof of Claim 1.2. Let n ∈ �(f, σ−). If n < #elets(σ0), then, trivially, ϕe(σ0)(n)↓.
Suppose now n ≥ #elets(σ0). By choice of n and the de�nition of á, there is then σ1

such that σ0 ⊂ σ1 ⊂ σ and n ∈á(f, σ1). From (4.37) we have that in the de�nition of

h′(σ1) the �rst case holds. Thus, S(e(σ0), h(σ0), n, σ1)↓ = true. By (4.38) we have

ϕe(σ0)(n)↓.
(for Claim 1.2)

Obviously, it su�ces now to show the following claim.

Claim 1.3: For all n ∈á(f, σ),

(∀n′ ∈á(f, σ) ∶ n′ < n⇒ S(e(σ0), h(σ0), n′, σ)↓ = true) ⇒ S(e(σ0), h(σ0), n′, σ)↓.
(4.40)

Proof of Claim 1.3. Let n ∈á(f, σ) be such that the antecedent of (4.40) holds.

Using (4.38) and (4.39) we now have

∀n′ ∈ �(f, σ) ∶ n′ < n⇒ ϕe(σ0)(n′)↓ = σ(n). (4.41)

We show S(e(σ0), h(σ0), n, σ)↓. If we can show the second conjunct of S(...)

to hold, then the minimization in the third conjunct of S will also terminate. Hence,

it remains to show ∃tR(e(σ0), h(σ0), n, σ, t). h(σ0) = h(σ) and n ∈ �(f, σ) are clear,
the remainder follows by (4.41). (for Claim 1.3) (for Claim 1)
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Claim 2: ⟨h′, f⟩ ∈ T PcpG.

Let σ,σ0 ∈ Seq be such that h′(σ) = e(σ0). Obviously, using induction, it now

su�ces to show ∀n ∈á(f, σ) ∶ ϕe(σ0)(n)↓ = σ(n). Let n ∈á(f, σ). We have

S(e(σ0), h(σ0), n, σ)↓ =true. From the de�nitions of S and e(σ0) we now see

ϕe(σ0)(n) = σ(n), as both minimizations give the same result. (for Claim 2)

Claim 3: ⟨h′, f⟩ witnesses S ∈ T PcpGGEx.

Let g ∈ S. There exists σ→ ⊂ g minimal such that ∀σ ∶ σ→ ⊆ σ ⊂ g ⇒ h(σ) = h(σ→)
and ϕh(σ→) = g.

We proceed by showing ∀σ ∶ σ→ ⊂ σ ⊂ g ⇒ h′(σ) = h′(σ→). Let σ be such

that σ→ ⊂ σ ⊂ g. Obviously, using induction, it su�ces to show that h′(σ) is de�ned
according to the �rst case. Let σ0 be such that h′(σ−) = e(σ0). Note that, by the

second conjunct in the cases for (4.36) and because of the minimality of σ→, σ→ ⊆ σ0;

hence,

h(σ) = h(σ→) = h(σ0). (4.42)

Let n ∈á(f, σ). We show S(e(σ0), h(σ0), n, σ). By (4.42), we have h(σ0) = h(σ).
As shown in the proof of Claim 1, ∃t ∶ R(e(σ0), h(σ0), n, σ, t). Then the min-

imization in the de�nition of S(e(σ0), h(σ0), n, σ) will terminate. Let ⟨τ0, t0⟩ =
µ⟨τ, t⟩ R(e(σ0), h(σ0), n, τ, t). By de�nition of R we have now h(τ0) = h(σ0) =

(4.42)

h(σ→); hence,
ϕh(τ0)(n) = ϕh(σ→)(n) = g(n)↓;

therefore, ϕh(τ0)(n)↓, and, by postdictive consistency, τ0(n) = ϕh(τ0)(n) = g(n) =
σ(n). (for Claim 3) (for (4.30))

Proof of (4.31). Let S = {g ∈ R ∣ (0 ◇ (π1 ○ g), g) ∈ Pcs∅Ex}. Obviously, S ∈
LinFTdPcs∅Ex ⊆ RGPcs∅Ex. LetG ∈ G. We set up to use Lemma 4.2.5. Suppose

by way of contradiction S ∈ GPcpGEx, as witnessed by ⟨h, f⟩. De�ne, for all e ∈ N,
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Se = {g ∈ R ∣ ∀i ∶ π1(π1(g(i))) = e}. Note that [Se] is uniformly computable in e.

De�ne t ∈ P by setting for all e, σ,

t(e, σ) = µ⟨ρ, s⟩ σ ◇ ρ ∈ [Se] ∧ (h(σ)↓ ≠ h(σ ◇ ρ)↓ each in ≤ s steps).

Claim: Let e ∈ N, σ ∈ [Se], such that ϕe = σ. Then t(e, σ)↓.
Let, for each j ∈ {0,1},

nj = ⟨⟨e,0⟩, j⟩;

ij = µi > 0 #elets(σ) ∈ �(f, σ ◇ nij);

ρj = nijj .

Note that ij may not be de�ned and when de�ned not algorithmically extractable

from e, σ and j, as �G is not necessarily computable (since G is not necessarily

computable). For all j ∈ {0,1} and i ∈ N we have σ ◇ nij ∈ [S], as ϕe = σ; thus, as
⟨h, f⟩ GPcpGEx-learns S, ⟨h, f⟩(σ ◇ nij)↓. Hence, for each j ∈ {0,1}, ij and ρj are
well de�ned. We have now

ϕh(σ◇ρ0)(#elets(σ))↓ = ρ0(0) ≠ ρ1(0) = ϕh(σ◇ρ1)(#elets(σ))↓;

thus, h(σ ◇ ρ0) ≠ h(σ ◇ ρ1) and t(e, σ)↓. (for Claim)

By setting t0 = t1 = t, we can now use Lemma 4.2.5 to show (4.31).

(for (4.31))

Proof of (4.32). 22 Let S = {g ∈ R ∣ (0 ◇ (π1 ○ g), g) ∈ Pcp∅Ex}. Obviously,

S ∈ LinFTdPcp∅Ex ⊆ RGPcp∅Ex. Let G ∈ G. We set up to use Lemma 4.2.5.

22 An anonymous referee pointed out that (4.32) can easily be proven by showing
that all sets in T Pcp∅GEx can be reliably learned, as it is known that not
all reliably learnable sets are RGPcpGEx-learnable [CJSW04]. We retain our
original proof of (4.32) herein, since it exercises, in a simple way, an application
of Lemma 4.2.5.
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Suppose by way of contradiction S ∈ T PcpGGEx as witnessed by ⟨h, f⟩. De�ne, for
all e ∈ N, Se = {g ∈ R ∣ ∀i ∶ π1(π1(g(i))) = e}. Note that [Se] is uniformly computable

in e. De�ne t ∈ P by setting for all e, σ,

t(e, σ) = µρ σ ◇ ρ ∈ [Se] ∧ h(σ) ≠ h(σ ◇ ρ).

Claim: Suppose e ∈ N, σ ∈ Seq. Then t(e, σ)↓.
Let, for each j ∈ {0,1},

nj = ⟨⟨e,0⟩, j⟩;

ij = µi > 0 #elets(σ) ∈ �(f, σ ◇ nij);

ρj = nijj .

Note that ij may not be de�ned and when de�ned not algorithmically extractable

from e, σ and j, as �G not necessarily computable (since G is not necessarily com-

putable). As ⟨h, f⟩ ∈ T PcpG, we have that, for each j ∈ {0,1}, ij and ρj are de�ned
and we have

ϕh(σ◇ρ0)(#elets(σ))↓ = ρ0(0) ≠ ρ1(0) = ϕh(σ◇ρ1)(#elets(σ))↓;

thus, h(σ ◇ ρ0) ≠ h(σ ◇ ρ1); therefore, as σ ◇ ρ0, σ ◇ ρ1 ∈ [Se], t(e, σ)↓.
(for Claim)

By setting t0 = t1 = t, we can now use Lemma 4.2.5 to show S /∈ T PcpGGEx,

a contradiction. (for (4.32))

Proof of (4.33). Let S = {g ∈ R ∣ (0 ◇ λn ⟨ϕg(n)(0),0⟩, g) ∈ Pcp∅Ex}. Obviously,

S ∈ GPcp∅Ex. Let G ∈ Gcomp. We set up to use Lemma 4.2.5. Suppose now, by

way of contradiction, S ∈ RGPcsGEx, as witnessed by

⟨h, f⟩ ∈ R. (4.43)
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By 1-1 ORT (Theorem 2.3.8), there is a 1-1 function P ∈ R such that

P = λ⟨d, j, e, σ, n⟩ =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

` if d = 0;

pj,e,σ(n) otherwise,

(4.44)

where ` and pj,e,σ are de�ned just below.23

∀j, e, σ ∶ ϕ`(j, e, σ) = µi > 0 #elets(σ) ∈ �(f, σ ◇ pj,e,σ[i]) (4.45)

∀e, σ, n, x ∶ ϕp0,e,σ(n)(x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

patch0(σ ◇ p0,e,σ[n + 1]), if h(σ) = h(σ ◇ p0,e,σ[ϕ`(0, e, σ)])

e, otherwise; and

(4.46)

∀n,x∀j > 0 ∶ ϕpj,e,σ(n)(x) = e. (4.47)

Clearly, as P above is total, and by (4.44), we have that each function pj,e,σ is total.

Hence, by (4.43) and (4.45) we have that ϕl is total. Therefore, by (4.46), for all

j, e, σ, ϕpj,e,σ is total. For each j ∈ {0,1}, de�ne

tj(e, σ) = pj,e,σ[ϕ`(j, e, σ)]. (4.48)

By the discussion before (4.48) we have for all j,

tj ∈ R. (4.49)

Let, for all e ∈ N, Se = {g ∈ R ∣ ∀n ∈ N ∶ ϕg(n)(0) = e}. We apply Lemma 4.2.5 with

C = R and δ = PcsGEx. (i) is trivial. To show (ii), let e ∈ N, σ ∈ [Se]. (a) follows

from (4.43) and (4.49). The conclusion of (b) is trivial from (4.48). (c) follows from

(4.45), (4.46) and (4.48). (d) is trivial from (4.47). We show (e) by showing the

contrapositive: Suppose ϕh(σ◇τ1) ∈ R. De�ne, for each j ∈ {0,1}, τj = tj(e, σ). Note
that, as P is 1-1, we have τ0(0) = p0,e,σ(0) ≠ p1,e,σ(0) = τ1(0). Then, by (4.45),

ϕh(σ◇τ0)(#elets(σ)) = τ0(0) ≠ τ1(0) = ϕh(σ◇τ1)(#elets(σ)).

23 Recall that the properties of patch0 are listed in De�nition 2.2.3.
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Thus, h(σ ◇ τ0) ≠ h(σ ◇ τ1), which shows (iie). Lemma 4.2.5 gives now S /∈
RGPcsGEx, a contradiction. (for (4.33))

[B	ar74b] and [BB75] show independently thatGEx is not closed under binary

union.

However, some learnability classes are shown in the literature to be closed

even under ce unions, for example Minicozzi showed this for RelRGEx [Min76,

BB75].

[AZ08] gives an analogous result for total postdictive completeness with �-

nite countdowns, which we further generalize to arbitrary countdown graphs in the

following theorem.

Theorem 4.4.3. Let G ∈ G. Then T PcpGGEx is closed under ce unions.

Proof: Suppose, for each i ∈ N,

⟨hi, f i⟩ witnesses Si ∈ T PcpGGEx, (4.50)

such that λi, σ ⟨hi(σ), f i(σ)⟩ is computable.

De�ne n, y, z, h∞, f∞ ∈ R such that, for all σ and for all k < #elets(σ),

n(σ) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

µm ≤ #elets(σ) (∃i ≤ #elets(σ))(∀j∣m ≤ j < #elets(σ)) ∶

hi(σ) = hi(σ[j]);
(4.51)

y(σ) = µi ≤ #elets(σ) (∀j∣n(σ) ≤ j < #elets(σ)) ∶ hi(σ) = hi(σ[j]); (4.52)

z(σ) = µi ≤ #elets(σ) (∀j∣i ≤ j < #elets(σ)) ∶ y(σ) = y(σ[j]); (4.53)

h∞(σ) = patch(σ[z(σ)], hy(σ)(σ)); (4.54)

f∞(σ) = f y(σ)(σ). (4.55)

Intuitively, y indicates which learner to use when seeing σ, and z indicates at

how much of σ was the last mind change of y. ⟨h∞, f∞⟩ is our learner for the union.
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Claim 1: ⟨h∞, f∞⟩ works postdictively completely on all g ∈ R.
Let σ ∈ Seq, let k ∈ �(f, σ). Let z0 = z(σ).
Case 1: k < z0.

Then we have

ϕh∞(σ)(k) =
(4.54)

ϕpatch(σ[z0],hy(σ)(σ))(k) =
k<z0

σ(k).

Case 2: k ≥ z0.

Then we have

row(k, f∞, σ)
=

(4.10)
λi ≤ #elets(σ) − k f∞(σ[i + k])(#elets(σ))

=
(4.54)

λi ≤ #elets(σ) − k f y(σ[i+k])(σ[i + k])(#elets(σ))

=
k≥z0

λi ≤ #elets(σ) − k f y(σ)(σ[i + k])(#elets(σ))

=
(4.10)

row(k, f y(σ), σ).

(4.56)

Hence, we have

k ∈ �(f∞, σ) ⇔
(4.11)

row(k, f∞, σ) /∈ G⃗ (4.57)

⇔
(4.56)

row(k, f y(σ), σ) /∈ G⃗ (4.58)

⇔
(4.11)

k ∈ �(f y(σ), σ) (4.59)

⇒
(4.50)

ϕhy(σ)(σ)(k) = σ(k) (4.60)

⇔
(4.54)

ϕh∞(σ)(k) = σ(k). (4.61)

(for Claim 1)

Claim 2: h∞ converges on all g ∈ ⋃j Sj to a program number for g.

Let g ∈ ⋃j Sj. Then λk n(g[k]) converges. Hence, also λk y(g[k]) converges. Let

y0 be the limit of λk y(g[k]). Therefore, ⟨hy0 , f y0⟩ converges on g; hence ⟨h∞, f∞⟩
converges on g. As ⟨h∞, f∞⟩ is postdictively complete by Claim 1, Claim 2 follows.

(for Claim 2)
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The following theorem states that there are GEx-learnable classes which are

not learnable in any of the restricted criteria discussed in the present chapter.

Theorem 4.4.4. We have

⋃
G∈G

GPcsGEx ⊂ GEx. (4.62)

Furthermore, the separation is witnessed by a (fair) learner computable in linear

time, working transductively.

Proof: �⊆� is trivial.
�≠�: Let h0 = λ⟨c, x⟩ π1(x), let S = TdEx(h). Obviously, S ∈ LinFTdEx ⊆ GEx.

Suppose, by way of contradiction, there are G ∈ G and ⟨h, f⟩ ∈ P such that ⟨h, f⟩
witnesses S ∈ GPcsGEx. Note that

[S] = Seq. (4.63)

Hence, ⟨h, f⟩ ∈ R. We set up to use Lemma 4.2.5. Let, for all e, Se = {g ∈ R ∣ ∀i ∶
π1(g(i)) = e}. [Se] is uniformly computable in e. De�ne t ∈ P such that

∀e, σ ∶ t(e, σ) = µτ (σ ◇ τ ∈ [Se] ∧ h(σ) ≠ h(σ ◇ τ)). (4.64)

Claim: For all e ∈ N, σ ∈ [Se], t(e, σ)↓.
Suppose, by way of contradiction, there are e ∈ N, σ ∈ [Se] such that t(e, σ)↑. Hence,

∀τ ∶ σ ◇ τ ∈ [Se] ⇒ h(σ) = h(σ ◇ τ). (4.65)

Obviously, there are τ, τ ′ such that σ ◇ τ, σ ◇ τ ′ ∈ [Se], #elets(σ) ∈ �(f, σ ◇ τ),
#elets(σ) ∈ �(f, σ ◇ τ ′) and τ(0) ≠ τ ′(0). As σ ◇ τ, σ ◇ τ ′ ∈ [Se] ⊆ [S], and ⟨h, f⟩
works postdictively consistently on S, we have with (4.65), ϕh(σ)(#elets(σ))↑. Let
g ∈ Se be an extension of σ. By (4.65), h on g converges to h(σ), which is not a

program number for g (as ϕh(σ) is not total), a contradiction. (for Claim)
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We apply Lemma 4.2.5 with t0 = t1 = t, C = P and δ = PcsGEx. Therefore,

S /∈ GPcsGEx, a contradiction.

4.5 Dependencies on the Countdown Graphs

Next we de�ne a pre-order, ≤CD, on G. We will see that ≤CD characterizes

relative learning-power in dependence on countdown graphs.

De�nition 4.5.1. For two graphs G,G′ we write G ≤CD G′ (read: G is countdown

reducible to G′) i� there is a k ∈ R, such that

(i) for all y ∈ G: k(y) ∈ G′;

(ii) for all τ ◇ y ∈ G⃗ such that #elets(τ) > 0, we have k(τ) →G′ k(τ ◇ y).

Intuitively, k maps any G-path into a vertex of G′.24 Clearly, ≤CD is a pre-

order.

The following proposition is technically useful for later proofs.

Proposition 4.5.2. Let G,G′ ∈ G. Let k ∈ R. The following are equivalent.

(a) G ≤CD G′ as witnessed by k;

(b) ∀τ ∈ G⃗ ∶ (λi < #elets(τ) k(τ[i + 1])) ∈ G⃗′.

Proof: �(a) ⇒ (b)�: Let τ ∈ G⃗. (b) is immediate if #elets(τ) = 0. If #elets(τ) = 1

with, for some y ∈ G, τ = y, then (i) of De�nition 4.5.1 gives k(y) ∈ G′. Suppose now

#elets(τ) > 1. For all i < #elets(τ) − 1 we have k(τ[i + 1]) →G k(τ[i + 2]) by (ii) of

De�nition 4.5.1. Hence, in each case, (λi < #elets(τ) k(τ[i + 1])) ∈ G⃗′.

�(b) ⇒ (a)�: For all y ∈ G, we have k(y) ∈ G⃗′. Furthermore, for all τ ◇ y ∈ G⃗ such

24 Neither of mapping G vertices into G′ vertices nor mapping G paths into G′

paths will give us the same characterization results that we have in Theo-
rem 4.5.6 below.
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that #elets(τ) > 0, we have λi < (#elets(τ) + 1) k((τ ◇ y)[i + 1])) ∈ G⃗′. Thus,

k(τ) →G′ k(τ ◇ y).

Next we exhibit nice example countdown graphs and indicate how they com-

pare by ≤CD.

De�nition 4.5.3. We will use the following computability-theoretic notions.

� A set A ⊆ N is called semi-recursive i� (by a characterization by McLaughlin

and Appel, cited in [Joc68, Theorem 4.1(iii)]) A is an initial segment of some

computable linear ordering of the natural numbers.

� A set A ⊆ N is called immune i� A is in�nite and does not contain a ce set

[Rog67, � 8.2].

� A set A ⊆ N is called hyper-immune i� A is in�nite and for the unique r ∈ R

strictly monotonic increasing such that range(r) = A we have ∀f ∈ R∃x ∈ N ∶
f(x) < r(x) [Rog67, � 9.5]. Note that every hyper-immune set is immune

[Rog67, � 9.5].

In the following Theorem, ω denotes the order-type of the natural numbers

ordered by ≤, ω−1 denotes the order-type of the natural numbers ordered by ≥.

Theorem 4.5.4. There are a computable total ordering ≤R on N and a set A ⊆ N

such that A is semi-recursive, A and A are hyperimmune, hence immune, ≤R∣A
an initial segment of ≤R, ≤R∣A is of order-type ω and ≤R∣A is of order-type ω−1.

In particular, ≤R is of order-type ω + ω−1 and there are no computable in�nitely

descending chains with respect to ≤R; hence, (N,>R) is a countdown graph.

Proof: By [Joc68, Theorem 5.2], there is a semi-recursive, hyper-immune set A,

such that A is hyper-immune. As A semi-recursive, there exists a computable total

ordering ≤R on N such that A is an initial segment of this ordering. As A (and A)

are not computable, ≤R∣A does not have a maximal element, and ≤R∣A does not have
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a minimal element. As A and A are both immune, we now have by [Cas76, Lemma

2], that ≤R∣A is of order-type ω and ≤R∣A is of order-type ω−1.

Every in�nitely descending chain is therefore a subset of A. As A is immune, these

chains are not computable.

For the rest of this section, let A and ≤R be as in Theorem 4.5.4, and let R

denote the countdown graph (N,>R).

Example 4.5.5. Let (N ,≤N ), (N ′,≤N ′) be computably related systems of ordinal

notations. Then we have

(a) N ≤CD N ′ ⇒N ′ gives a notation to at least all the ordinals to which N gives

a notation,

(b) N ≤CD R⇔N gives a notation to all and only the ordinals < ω ⋅ i+ j for some

i ∈ {0,1}, j ∈ N and

(c) R /≤CD N .

Proof: For all u ∈ N , de�ne Mu = {τ ∣τ ◇ u is an N -path}. Clearly, for all u ∈ N ,

Mu ≠ ∅.
Proof of (a). Suppose N ≤CD N ′ as witnessed by k. Obviously, it su�ces to show

the following claim.

Claim: ∀u ∈ N ,∀τ ∈Mu ∶ νN (u) ≤ νN ′(k(τ ◇ u)).
Proof of Claim. We prove the claim by trans�nite induction on νN (u) for u ∈ N .

The base case is trivial. Suppose u ∈ N is such that νN (u) > 0 and the claim holds

for all v <N u. Let τ ∈Mu. For all v <N u we now have

νN (v) ≤
(IH)

νN ′(k(τ ◇ u ◇ v)) < νN ′(k(τ ◇ u)). (4.66)

Thus,

νN (u) = sup
v<Nu

(νN (v) + 1) ≤
(4.66)

νN ′(k(τ ◇ u)). (4.67)
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(for Claim) (for (a))

Proof of (b). �⇒�: Suppose N ≤CD R as witnessed by k ∈ R. Suppose, by

way of contradiction, N gives a notation to all ordinals < ω ⋅ 2. Let w be a

notation in S for ω. It is straightforward that, for all τ ∈ Mw, k(τ ◇ w) ∈ A.
We have that M = {τ− ∣ ∀i < #elets(τ) − 1 ∶ τ(i + 1) is predecessor of τ(i) ∧
last(τ) is a notation for a limit-ordinal} is a ce subset of Mw. Hence, T =

⋃τ∈M range(τ) is a ce subset of A. As A is immune, T is �nite. Let n be the

cardinality of T . Let τ ∈M be a sequence of length n+ 1. Hence, {k(τ[i+ 1])∣i ≤ n}
is a subset of T of size n + 1, a contradiction.

�⇐�: Let i ∈ {0,1}, j ∈ N and N systems of ordinal notations having notations

for all and only the ordinals < ω ⋅ i + j. It is easy to see from the de�nition of a

system of ordinal notations, that there is a computable function f ∈ R such that

∀u ∈ N ∶ f(u) = ⟨a, b⟩ ⇔ νN (u) = ω ⋅ a + b.
Let r be a �nite sequence strictly increasing with respect to ≤R in A of length

max(j,1). As N computably related, there exists k ∈ R such that

∀τ ∈ N⃗ ∶ k(τ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

r(b), if f(τ(#elets(τ) − 1)) = ⟨1, b⟩ for some b ∈ N;

ρ0(#elets(τ1)),

otherwise, with τ = τ0 ◇ v ◇ τ1, where τ0 does not

contain any notation for a �nite ordinal, f(v) =
⟨0, b′⟩ and ρ0 = µρ ∈ R⃗ #elets(ρ) = b′ + 1 ∧ ∀i ≤ b′ ∶
ρ(i) <R r(0).

(for (b))

Proof of (c). Suppose, by way of contradiction, otherwise, as witnessed by k. Let

r be an in�nite decreasing sequence in ≤R. Then λi k(r[i+ 1]) is an in�nite strictly

decreasing sequence in N , a contradiction. (for (c))
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Next we give one of our main theorems for this chapter, characterizing the de-

pendence of the learning power of postdictively complete learning on the countdown

graph used in terms of ≤CD.

Theorem 4.5.6. Let G ∈ Gcomp, G′ ∈ G. We have

T PcpGGEx ⊆ T PcpG′GEx⇔ G ≤CD G′.

Proof: �⇐�: Suppose G ≤CD G′ as witnessed by k ∈ R. Let S ∈ T PcpGGEx as

witnessed by ⟨h, f⟩. We now set f ′ such that ⟨h, f ′⟩ witnesses S ∈ T PcpG′GEx.

∀σ∀l < #elets(σ) ∶ f ′l (σ) = k(row(l, f, σ));

∀σ ∶ f ′(σ) = ⟨f ′0(σ), . . . , f ′#elets(σ)−1(σ)⟩.

�⇒�: Suppose T PcpGGEx ⊆ T PcpG′GEx. Let

f0(∅) = ⟨⟩; (4.68)

∀σ, e,m, t ∶ f0(σ ◇ ⟨e,m, t⟩) = m; (4.69)

and

h0(∅) = 0 (4.70)

∀σ, e,m, t ∶ h0(σ ◇ ⟨e,m, t⟩) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

e, if σ ≠ ∅ ∧ ∀x ∈ �G(f0, σ) ∶ ϕe(x)↓t = σ(x);

patch0(σ), otherwise.

(4.71)

Obviously, ⟨h0, f0⟩ ∈ T PcpG. Let

S = GEx(h0). (4.72)

Hence, S ∈ T PcpGGEx; therefore, S ∈ T PcpG′GEx. Let ⟨h, f⟩ be such that

⟨h, f⟩ witnesses S ∈ T PcpG′GEx. (4.73)

In particular, we have now

⟨h, f⟩ ∈ R. (4.74)
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For each e ∈ N, de�ne

Se = {g ∈ S ∣ ∀i ∶ π1(π1(g(i))) = e}. (4.75)

Note that, by a simple recursion theoretic argument,

[S] = Seq. (4.76)

We set max(∅) = 0. De�ne, for each j ∈ {0,1}, e ∈ N and σ, τ ∈ Seq,

rj(e, σ, τ) = ⟨λi < #elets(τ) ⟨⟨e, (τ(i))#elets(σ)+i⟩, max
x<#elets(σ)

(Φe(x)) + j⟩⟩Seq; (4.77)

Obviously, the i-th component of rj(e, σ, τ) does not depend on any components of

τ besides the i-th. Furthermore, note that for all j ∈ {0,1}, e ∈ N, σ ∈ [Se] and τ ∈ G⃗,

(σ ⊆ ϕe ∧ rj(e, σ, τ)↓) ⇒ σ ◇ rj(e, σ, τ) ∈ [Se]. (4.78)

t(e, σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

rj(e, σ, τ),

if ⟨j, τ⟩ is �rst number found in a dove-

tailing search such that j ∈ {0,1}, τ ∈ G⃗
and h(σ) ≠ h(σ ◇ rj(e, σ, τ)↓);

↑, if no such ⟨j, τ⟩ is found.

(4.79)

Claim: (∃e ∈ N∃σ ∈ [Se] ∶ ϕe = σ ∧ t(e, σ)↑) ⇒ G ≤CD G′.

Suppose e ∈ N and σ ∈ [Se] are such that

ϕe = σ ∧ t(e, σ)↑. (4.80)

Therefore, we have for all τ ∈ G⃗ and j ∈ {0,1}, by τ, τ ′ ≠ ∅, (4.77) and the �rst

conjunct of (4.80),

rj(e, σ, τ)↓. (4.81)

Note that we have now, for all τ, τ ′ ∈ G⃗, by (4.77) and (4.81),

r0(e, σ, τ)(0)↓ ≠ r1(e, σ, τ ′)(0)↓. (4.82)
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By (4.79), the second conjunct of (4.80) and (4.81) we have, for all τ ∈ G⃗ and

j ∈ {0,1},
h(σ) = h(σ ◇ rj(e, σ, τ)). (4.83)

Obviously, if ϕh(σ)(#elets(σ)) is de�ned, it can be at most one element in the

set {rj(e, σ, τ)(0) ∣ j ∈ {0,1}, τ ∈ G⃗}. Hence, with (4.82), we can (possibly not

constructively) �x j ∈ {0,1} such that

ϕh(σ)(#elets(σ)) /∈ {rj(e, σ, τ)(0) ∣ τ ∈ G⃗}. (4.84)

By (4.73), (4.83) and (4.84) we have

∀τ ∈ G⃗ ∶ #elets(σ) /∈ �G′(f, σ ◇ rj(e, σ, τ)). (4.85)

By (4.11), this is equivalent to

∀τ ∈ G⃗ ∶ row(#elets(σ), f, σ ◇ rj(e, σ, τ)) ∈ G⃗′. (4.86)

We de�ne k ∈ R such that, for all τ ∈ N,

k(τ) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

f(σ ◇ rj(e, σ, τ))(#elets(σ)), if τ ∈ G⃗;

0, otherwise.

(4.87)

or all τ ∈ G⃗, since for all i < #elets(τ), τ[i + 1] ∈ G⃗, we have

λi < #elets(σ) k(τ[i + 1])
=

(4.87)
λi < #elets(σ) f(σ ◇ rj(e, σ, τ[i + 1]))(#elets(σ))

=
(4.77)

λi < #elets(σ) f(σ ◇ (rj(e, σ, τ)[i + 1]))(#elets(σ))

=
(4.10)

row(#elets(σ), f, σ ◇ rj(e, σ, τ)).

(4.88)

(4.86), (4.88) and Proposition 4.5.2 show G ≤CD G′. (for Claim)

Suppose, by way of contradiction, G /≤CD G′. Hence, by the claim,

∀e∀σ ∈ [Se] ∶ ϕe = σ⇒ t(e, σ)↓. (4.89)

86



We apply Lemma 4.2.5 with t0 = t1 = t, C = T PcpG′ and δ = Ex. (i) is trivial from

the de�nitions. (ii)(a) follows with (4.74) and (4.89). (ii)(b), (ii)(c) and (ii)(d) are

straight from (4.78) and (4.79). Furthermore, by (4.79), we get directly t0(e, σ)↓ ⇒
h(σ) ≠ h(σ ◇ t0(e, σ)); hence, the antecedent of (ii)(e) is false.

Therefore, S /∈ T PcpG′GEx, a contradiction.

Next are three corollaries to Theorem 4.5.6 (or its proof). The �rst two are

regarding the other restricted learnability notions of the present paper. The third

is our hierarchy theorem for ordinal notations.

First, we observe that the set S as in (4.72) in the proof of Theorem 4.5.6

does depend only on G, not on G′. Therefore, we can give the following strong

corollary.

Corollary 4.5.7. Let G ∈ Gcomp. We have

T PcpGGEx ∖ ⋃
G′∈Gcomp

G/≤CDG
′

GPcsG′Ex ≠ ∅.

Proof: Let S be as given in (4.72) in the proof of Theorem 4.5.6. Let G′ ∈ Gcomp such

that G /≤CD G′. The proof of Theorem 4.5.6 showed S /∈ T PcpG′GEx. Since [S] =
Seq by (4.76) and T PcpG′GEx =

(4.30)
T PcsG′GEx, we have, by the contrapositive

of (4.14) given in Remark 4.2.4,

S /∈ GPcsG′Ex.

Next is a characterization of the graph dependence of relative learning power

for the restricted learning criteria not covered by Theorem 4.5.6.
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Corollary 4.5.8. For all G,G′ ∈ Gcomp we have

G ≤CD G′⇔RGPcpGEx ⊆ RGPcpG′Ex (4.90)

⇔RGPcsGEx ⊆ RGPcsG′Ex (4.91)

⇔GPcpGEx ⊆ GPcpG′Ex (4.92)

⇔GPcsGEx ⊆ GPcsG′Ex. (4.93)

Proof: Obviously, all right-hand-sides are implied by G ≤CD G′, just as in the proof

of �⇐� of Theorem 4.5.6. By Corollary 4.5.7, G /≤CD G′ implies the negation of each

right-hand-side.

Recall that, from De�nition 4.2.1, for a graph G ∈ G and m ∈ G, we ambigu-
ously use m to refer to the countdown-graph {n ∈ G ∣ m →+ n}. For two sets M,N

we write M # N i� (M /⊆ N ∧ N /⊆M).

Corollary 4.5.9. Let (N ,≤N ) be a computably related system of ordinal notations.

Let u, v ∈ N . Then we have

u <N v ⇔ u <CD v (4.94)

⇔ T PcpuGEx ⊂ T PcpvGEx. (4.95)

Furthermore, if N gives a notation to at least all ordinals < ω ⋅ 2, then

T PcpNGEx # T PcpRGEx. (4.96)

Proof of (4.94). �⇒�: Suppose u <N v. Hence, considering u and v as graphs, we

have u ⊂ v. Then we have u ≤CD v is witnessed by any k ∈ R such that ∀τ ∈ N⃗ ∶
k(τ) = last(τ), so that Theorem 4.5.6 applies. By Example 4.5.5(a), v /≤CD u
�⇐�: This follows directly from Example 4.5.5(a).

Proof of (4.95). By Theorem 4.5.6.

Proof of (4.96). This follows directly from Theorem 4.5.6 and Example 4.5.5.
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4.6 Characterization of Reliable Identi�cation

Theorem 4.6.1 just below answers a question of Thomas Zeugmann [Zeu08]

regarding the possibility of characterizing reliable learning25 by suitable countdown

graph delayed postdictively complete learning.

Let Gwf be the set of all well-founded countdown graphs, i.e., the set of all

countdown graphs without any (not just computable) in�nite paths. Recall that

R and R are, respectively, the sets of: all computable and all total functions, each

N→ N.

Theorem 4.6.1.

⋃
G∈G

T PcpGGEx = RelRGEx; (4.97)

⋃
G∈Gwf

T PcpGGEx = RelRGEx. (4.98)

Proof: �⊆�: easy for both (4.97) and (4.98).

�⊇�: We will show (4.97) and (4.98) simultaneously. Let S ∈ RelRGEx as witnessed

by ⟨h, f⟩. De�ne (G,→G) to be as follows.

G = Seq; (4.99)

∀σ,x ∶ σ →G σ ◇ x ⇔ [h(σ) = h(σ ◇ x) ∧ ¬(σ ⊆ ϕh(σ◇x))]. (4.100)

The following claim and it's proof show simultaneously that (G,→G) is

a countdown graph (as h is reliable on R), and that (G,→G) is a well-founded

countdown graph if h is reliable on R.

Claim 1: (G,→G) is a countdown graph, and, if h is reliable on R, also well-founded.

Suppose, by way of contradiction, G has an in�nite computable (respectively, ar-

bitrary) path. Any in�nite path will start with some �nite sequence σ and then,

25 See De�nition 3.2.5.
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in each step, add one more element to the end of σ. Hence, as there exists a com-

putable (respectively, arbitrary) such path, there is g ∈ R (respectively, g ∈ R) and

n0, such that (g[i])i≥n0 is an in�nite path in G.

In particular, ∀i ≥ n0 ∶ g[i] →G g[i + 1]; hence, ∀i ≥ n0 ∶ h(g[i]) = h(g[i +
1]). As h is reliable on R (respectively, on R), we have ϕh(g[n0+1]) = g ⊇ g[n0], a
contradiction to the second conjunct in the de�nition of g[n0] →G g[n0 + 1].

(for Claim 1)

There are h′, f ′ ∈ R, and, using 1-1 s-m-n, there is a 1-1 p ∈ R, such that

∀e, σ, x ∶ ϕp(e,σ)(x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

σ(x), if x < #elets(σ);

ϕe(x), otherwise;

(4.101)

∀σ ∶ h′(σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p(h(σ),∅), if σ = ∅;

h′(σ−), else if h(σ) = h(σ−);

p(h(σ), σ), otherwise;

(4.102)

∀σ ∶ f ′(σ) = σ#elets(σ). (4.103)

Obviously, ⟨h′, f ′⟩ GEx-learns S. To show that ⟨h′, f ′⟩ is postdictively com-

plete with respect to G, it su�ces to show that ∀σ,x, τ ∶ (σ /→G σ ◇ x ⇒ σ ⊆
ϕh′(σ◇x◇τ)). Let σ,x be such that σ /→G σ ◇ x, let τ be arbitrary. De�ne ρ = σ ◇ x ◇ τ
and let n0 be minimal such that (∀i∣n0 ≤ i < #elets(ρ)) ∶ h′(ρ[i]) = h′(ρ). Then

h′(ρ) = p(h(ρ[n0]), ρ[n0]). (4.104)

Case 1: n0 ≥ #elets(σ).
Then σ ⊆ ρ[n0] ⊆ ϕp(h(ρ[n0]),ρ[n0]) =

(4.104)
ϕh′(ρ).

Case 2: n0 < #elets(σ).
From (4.102) and p 1-1, we have that

∀σ ≠ ∅ ∶ h(σ) ≠ h(σ−) ⇔ h′(σ) ≠ h′(σ−). (4.105)
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Then h(σ) = h(σ ◇ x) and thus, as σ /→G σ ◇ x,

σ ⊆ ϕh(σ◇x). (4.106)

By (4.105) we have h(σ ◇ x) = h(ρ[n0]); therefore,

σ ⊆
(4.106)

ϕh(σ◇x) = ϕh(ρ[n0]); (4.107)

hence,

σ ⊆ ϕp(h(ρ[n0],ρ[n0])) =
(4.104)

ϕh′(ρ). (4.108)

It is well known that RelRGEx and RelRGEx separate (see [SZ02] for a

discussion). This allows us to conclude the following nice corollary, stating a trade-

o� between learning power and well-foundedness of graphs used: There are classes

learnable postdictively completely with non-well-founded countdown graphs only.

Corollary 4.6.2.

⋃
G∈Gwf

T PcpGGEx ⊂ ⋃
G∈G

T PcpGGEx. (4.109)

The proof of �⊇� of Theorem 4.6.1 above uses a Π1-graph as given in (4.99)

and (4.100).26 Therefore, we can conclude that no additional learning power is

gained by using graphs computationally more complex than Π1.

Let GΠ1 and Gwf,Π1 , respectively, be the set of all and all well-founded Π1-

graphs.

Corollary 4.6.3.

⋃
G∈G

T PcpGGEx = ⋃
G∈GΠ1

T PcpGGEx; (4.110)

⋃
G∈Gwf

T PcpGGEx = ⋃
G∈Gwf,Π1

T PcpGGEx. (4.111)

26 A set is Π1 i� the set is the complement of a ce set [Rog67, � 14.1]. A graph is
Π1 i� both its set of vertices and its set of edges is Π1.
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Chapter 5

DIFFICULTIES IN FORCING FAIRNESS

Yoshinaka [Yos09] claims that, for e�cient learning in the limit from positive

data, the combination of postdictive completeness, conservativeness and prudence1

is restrictive enough to prevent all Pitt-style postponement tricks.2

In the present chapter, in several di�erent settings (settings mostly as to kind

of hypothesis spaces), we refute the claim of the immediately above paragraph.

In one of our settings, uniformly polynomial time decidable hypothesis spaces

with a few e�ective closure properties,3 4 the three restrictions allow maximal

1 See Example 3.2.4.
2 See Section 1.3.
3 These e�ective closure properties pertain to obtaining �nite languages and mod-
i�cations of languages by �nite languages.

4 The particular uniformly polynomial time hypothesis spaces Yoshinaka employs
in the second half of [Yos09] do not have our few e�ective closure properties,
but his algorithms would work essentially unchanged were one to extend his
hypothesis spaces to ones with our few e�ective closure properties. Then his
algorithms would not search or use the new hypotheses and would not learn
any more languages. The space of CFGs with Prohibition discussed below in
this section and formally introduced in Example 3.2.1 above would work as such
an extension of both Yoshinaka's hypothesis spaces. Yoshinaka does mention
the possibility of extending his hypothesis spaces to provide an hypothesis for
Σ∗. We did not examine whether we could, in some cases, work with such
an extension instead of our few e�ective closure properties. We also did not
examine whether we can modify our (to be mentioned shortly) Theorem 5.1.5
to cover just his particular hypothesis spaces.
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unfairness (Theorem 5.1.5 in Section 5.1 below).5 An example of our uniformly

polynomial time decidable hypothesis spaces (with a few e�ective closure proper-

ties) employs e�ciently coded DFAs. Another example employs an (also e�ciently

coded), interesting extension of context free grammars (CFGs), called CFGs with

Prohibition [Bur05]. This latter example is treated in more detail after De�ni-

tion 3.1.1 above.

In all of our settings, any combination of just the two restrictions of conser-

vativeness and prudence allows for arbitrary postponement tricks (Theorem 5.3.1 in

Section 5.3).

In each of our three settings besides the �rst setting of uniformly polynomial

time decidable hypothesis spaces (with a few e�ective closure properties), postdictive

completeness does strictly forbid some, but not all Pitt-style postponement tricks.6

The three residual settings are: 1. TxtEx-learning with certain other uni-

formly decidable hypothesis spaces (Section 5.2), e.g., the (e�ciently coded), ex-

plicitly clocked, multi-tape Turing Machines which halt in linear time [RC94, Chap-

ter 6],7 2. TxtEx-learning with a general purpose hypothesis space (Section 5.3) and

5 It is an interesting open question, though, for our uniformly polynomial time
decidable hypothesis spaces, whether the combination of postdictive complete-
ness, conservativeness and prudence is so restrictive, that, any class of languages
TxtEx-learnable employing such an hypothesis space and with those three re-
strictions, is also TxtEx-learnable with an intuitively fair, di�erent polynomial
time learner respecting all three restrictions.

6 That is, in our residual two settings, of the three restrictions, postdictive com-
pleteness does improve fairness, but there can still be some residual unfair post-
ponement tricks.
For these residual settings, we did not examine the question of whether adding
onto postdictive completeness, conservativeness and/or prudence, provides bet-
ter degree of avoidance of postponement tricks than postdictive completeness
alone. Again: we already know, though, that all three restrictions do not avoid
all postponement tricks.

7 The associated hypothesis space is not uniformly polynomial time decidable, by
[RC94, Theorem 6.5].
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3. function learning with a general purpose hypothesis space.

The theorems that postdictive completeness forbids some postponement

tricks in these last three settings are Theorems 5.2.1, 5.3.2 and 5.4.3.

The theorems that postdictive completeness does not forbid all postponement

tricks in these last three settings are Theorems 5.2.2, 5.3.3 and 5.4.4.

For each of our theorems asserting some or all postponement tricks are not

forbidden by the three restrictions, in its proof, the witnessing learner can be seen

to explicitly employ postponement tricks.

Note that, in this chapter, some proofs will depend on strictly later results

and their proofs. However, there is no circularity in the mathematical justi�cation.

5.1 Learning with Uniformly Polynomial time Decidable Hypothesis

Spaces

For this section, we let U be an arbitrary, �xed e�ective numbering of some

ce languages and such that λe, x x ∈ Ue is computable in polynomial time. We call

such a numbering uniformly polynomial time computable. Further suppose there is

an r ∈ PF such that ∀D ∶ Ur(D) = D and suppose (5.1) as follows holds for U in

place of V .

∃s∩ ∈ R ∶ ∀e,D ∶ Vs∩(e,D) = Ve ∩D ∧
∃s∪ ∈ R ∶ ∀e,D ∶ Vs∪(e,D) = Ve ∪D ∧
∃s∖ ∈ R ∶ ∀e,D ∶ Vs∖(e,D) = Ve ∖D.

(5.1)

Note that, in practice, many e�ective numberings of ce languages allow s∩, s∪

and s∖ as in (5.1) to be computable in polynomial or even linear time.

Codings for DFAs or CFGs with Prohibition are example such Us (see

Example 3.2.1).
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Interestingly, Theorem 5.1.2 below says that, every conservative learner em-

ploying hypothesis space U can, without loss of generality, be assumed to be polyno-

mial time, postdictively complete, prudent and set-driven.8 This leads to the main

theorem in this section (Theorem 5.1.5), that, for hypothesis space U , no combi-

nation of the three restrictions of postdictive completeness, conservativeness and

prudence will forbid arbitrary postponement tricks.

First, we show with a lemma how we can use postponement tricks on set-

driven learning and preserve postdictive completeness and conservativeness. We use

this lemma for the succeeding theorem.

Lemma 5.1.1. We have

PFT (PcpConv)TxtSdExU = T (PcpConv)TxtSdExU .

Proof: �⊆� is immediate. Let h ∈ R and L = T (PcpConv)SdExU(h). Fix a ϕ-

program for h.

Let P be the predicate such that

∀D′,D ∶ P (D′,D) ⇔ [D′ ⊆D ∧ h(D′)↓∣D∣ ∧ D ⊆ Uh(D′)]. (5.2)

As λx, e x ∈ Ue ∈ PF and by Lemma 2.2.6 (speci�cally items (i), (viii), (ix),

(x) and (xiv)), P is computable in polynomial time.

As P and r are computable in polynomial time and by Lemma 2.2.6 (specif-

ically items (i), (vi) and (vii)), there is h′ ∈ PF such that

∀D ∶ h′(D) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

h(D′), if there is ≤-maximum D′ ≤ ∣D∣ such that P (D′,D);

r(D), otherwise.

(5.3)

Postdictive completeness is straightforward.

8 See Examples 3.2.3 and 3.2.4.
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Claim: Let D′′ and E be such that P (D′′,E). Then h(D′′) = h(E).
From P (D′′,E) we have E ⊆ Uh(D′′); hence, as h is conservative, h(D′′) = h(E).

(for Claim)

Regarding conservativeness of h′: Let D ⊂ E with E ⊆ Uh′(D). Then h′(D) ≠
r(D). Let D′ be as found by Case 1 in the de�nition of h′. Therefore, E ⊆ Uh(D′),

and, thus, P (D′,E). Hence, there is D′′ as found by Case 1 in the de�nition of h′.

We have P (D′′,E), and, therefore,

h′(D) = h(D′) =
Claim

h(E) =
Claim

h(D′′) = h′(E). (5.4)

Regarding convergence to correct indices: Let L ∈ L.

Case 1: L is �nite.

As h is set-driven and identi�es L, L = Uh(L). By the Claim, h′(L) ∈ {r(L), h(L)};
hence, L = Uh′(L).

Case 2: L is in�nite.

Let D′ ⊆ L be such that L = Uh(D′). Since L is in�nite and L = Uh(D′), we can �nd

D with D′ ⊆ D ⊆ L and P (D′,D). For all E with D ⊆ E ⊆ L, since L = Uh(D′), we

have P (D′,E), and, then, using the Claim, h′(E) = h(D′).

Theorem 5.1.2. We have

T PrudPFT (PcpConv)TxtSdExU = TxtGConvExU .

Proof: �⊆� is trivial. Regarding �⊇�: First we apply Proposition 5.2.3 to get total

conservativeness. Then we use Theorem 5.2.4 to obtain total postdictive complete-

ness. We use Theorem 5.3.5 to make the learner set-driven. By Lemma 5.1.1, such

a learner can be postponed to be computable in polynomial time. By Proposi-

tion 5.3.6, this learner is automatically totally prudent.
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Proposition 5.1.3 just below shows that any learner can be assumed partially

set-driven, and, importantly, the transformation of a learner to a partially set-driven

learner preserves prudence. The proposition and its proof are somewhat analogous

to [JORS99, Proposition 5.29] and its proof. However, our proof, unlike that of

[JORS99, Proposition 5.29], does not require the hypothesis space to be paddable.

Proposition 5.1.3. Let D ∈ {Id,Prud} and D′ ∈ {Id,T Prud}. We have

DTxtPsdExU = DTxtGExU and

D′TxtPsdExU = D′TxtGExU .

Proof: �⊆� is straightforward. Let h ∈ P . Let f, h′ ∈ P be such that

∀D,n ∶ f(D,n) = µσ

⎡⎢⎢⎢⎢⎢⎣

content(σ) ⊆D ∧
(∀τ < n∣σ ⊆ τ, content(τ) ⊆D)[h(σ) = h(τ)]

⎤⎥⎥⎥⎥⎥⎦
;(5.5)

∀D,n ∶ h′(D,n) = h(f(D,n)). (5.6)

It is easy to see that DTxtGExU(h) ⊆ DTxtPsdExU(h′) and D′TxtGExU(h) ⊆
D′TxtPsdExU(h′)

We can use postponement tricks on partially set-driven learning just as we

did for set-driven learning in Lemma 5.1.1, resulting in Lemma 5.1.4 just below.

Lemma 5.1.4. We have

PrudPFT PcpTxtPsdExU = PrudTxtGExU and

T PrudPFT PcpTxtPsdExU = T PrudTxtGExU .
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Proof: �⊆� is straightforward. We use Proposition 5.1.3, and let h ∈ P be a partially

set-driven learner. Fix a program for h. Using Lemma 2.2.6 (speci�cally items (i),

(ii), (iii), (vi), (vii), (viii), (ix), (x), (xiii) and (xiv)), there are f, h′ ∈ PF such that

∀D,n ∶ f(D,n) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⟨D′, i⟩

if there is ≤-maximum D′ ≤ ∣n∣ s.t. ∃i ≤ ∣n∣:
card(D′) ≤ i ∧ D′ ⊆D ∧ h(D′, i)↓∣n∣ ∧
D ⊆ Uh(D′,i);

−1, otherwise;

(5.7)

∀D,n ∶ h′(D,n) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

h(f(D,n)), if f(D, card(D)) ≠ −1;

r(D), otherwise.

(5.8)

Postdictive completeness and prudence are straightforward. Convergence is as in

the proof of Lemma 5.1.1.

The next theorem is main result of the present section. As noted in the

introduction to the present chapter, it says that the three restrictions of postdictive

completeness, conservativeness and prudence allow maximal unfairness.

Theorem 5.1.5. Let δ ∈ {R2,Pcp,Conv,PcpConv}, D ∈ {Id,Prud} and D′ ∈
{Id,T Prud}. Then

DPFTxtGδExU = DTxtGδExU and

D′PFT δTxtGExU = D′T δTxtGExU .

Proof: Use Theorem 5.1.2, as well as Theorem 5.3.1 and Lemma 5.1.4.

5.2 Learning with Uniformly Decidable Hypothesis Spaces

For this section, we let V ∶ N→ E range over e�ective numberings of some ce

languages such that λe, x x ∈ Ve is computable (we call such a numbering uniformly
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decidable). Further suppose, for each such V , there is r ∈ R such that ∀D ∶ Vr(D) =
D.9

Examples of such numberings V include the classes of all linear time, poly-

nomial time, exponential time, doubly exponential time, . . . decidable languages,

each represented by e�ciently numerically coded programs in a suitable subrecur-

sive programming system for deciding languages [RC94]. Note that these example

classes are not uniformly linear time, polynomial time, exponential time, doubly

exponential time, . . . decidable.

For uniformly decidable hypothesis spaces, we get mixed results. We have

already seen from Theorem 5.1.5 in Section 5.1 above that there are uniformly

decidable hypothesis spaces where we have arbitrary postponement tricks for all

combinations of postdictive completeness, conservativeness and prudence. Next

is the �rst main theorem of the present section. It states that there are other

uniformly decidable hypothesis spaces such that postdictive completeness, with or

without any of conservativeness and prudence, forbids some postponement tricks.

By contrast, according to Theorem 5.3.1, any combination of just the two restrictions

of conservativeness and prudence allows for arbitrary postponement tricks.

The proof of the following theorem makes (indirect) use of function learning

results from Chapter 4, carried over to language learning using meta-theorems from

Section 3.3.

Theorem 5.2.1. There exists a uniformly decidable numbering V such that, for

each δ ∈ {R2,Pcp,Conv,PcpConv}, D ∈ {Id,Prud} and D′ ∈ {Id,T Prud},

DPFTxtGδExV ⊂ DRTxtGδExV ⇔ δ ⊆ Pcp and

D′PFT δTxtGExV ⊂ D′T δTxtGExV ⇔ δ ⊆ Pcp.

9 Note that, in practice, many e�ective numberings of some ce languages allow r
to be computable in polynomial or even linear time.
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Proof: Fix any uniformly decidable numbering V that has an index for each expo-

nential time decidable set such that there is a polynomial time computable f such

that ∀e ∶Wf(e) = Ve.
Use Theorem 5.3.1 for �⇒�.

Regarding �⇐�: By Proposition 3.3.2,

EXPF ∈ DPFTxtGδExV ⇒ EXPF ∈ DPFTxtGδExW . (5.9)

Hence, by (5.64) in Section 5.3 below,

EXPF /∈ DPFTxtGδExV . (5.10)

Next is our second main result of the present section (Theorem 5.2.2). It as-

serts the polynomial time learnability with restrictions of postdictive completeness,

conservativeness and prudence of a uniformly decidable class of total single-valued

languages which are (the graphs of) the linear time computable functions. Impor-

tantly, our proof of this theorem employs a Pitt-style postponement trick on an

enumeration technique [Gol67, BB75], and our result, then, entails, as advertised in

the introduction above to the present chapter, that some postponement tricks are

not forbidden in the setting of the present section.

Note that Theorem 4.3.1 shows how to get a result similar to Theorem 5.2.2,

but with the graphs of all polynomial time computable functions in the setting of

function learning. However, Theorem 4.3.1 does not trivially extend to the setting

of language learning, as the canonical order of presentation was exploited in the

proof Theorem 4.3.1.

Let θLtime be an e�ciently coded programming system from [RC94, Chap-

ter 6] for LinF. θLtime is based on multi-tape TM-programs each explicitly clocked

to halt in linear time (in the length of its input). Let V Ltime be the corresponding
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e�ective numbering of all and only those ce languages (whose graphs are) ∈ LinF.10

Note that V Ltime does not satisfy the condition at the beginning of the present

section on V s for obtaining codes of �nite languages � since we have only in�nite

languages in V Ltime . Instead, for V Ltime , we have (and use) linear time s-m-n (see

Theorem 2.3.1).

Theorem 5.2.2.

LinF ∈ T PrudPFT (PcpConv)TxtGExV Ltime .

Proof: Using linear time s-m-n in V Ltime , we let s ∈ LinF be 1-1 such that range(s)
is decidable in linear time, D is recoverable in linear time from s(D) and, if D is

single-valued, then V Ltime
s(D)

is the 0-extension of the partial graph given by D. Using

[RC94, � 3.2.2], there is f ∈ LinF such that ∀e, x ∶ ϕe(x)↓f(e)⋅∣x∣+f(e). Intuitively, for
each e, coe�cients of a linear time-bound for program e are e�ciently computable

from e. Let SV be the set of all �nite, single-valued subsets of N.

Let P0 be the following predicate.

∀D,σ ∶ P0(D,σ) ⇔ ∀⟨x, d⟩ ∈ content(σ) ∶ ⟨x, d⟩ /∈D⇒ d = 0. (5.11)

Clearly, P0 is computable in polynomial time, and

∀D ∈ SV,σ ∶ P0(D,σ) ⇔ content(σ) ⊆ ϕs(D). (5.12)

Let P1 be the following predicate.

∀e, σ ∶ P1(e, σ) ⇔ ∀⟨x, d⟩ ∈ content(σ) ∶ ϕe(x)↓f(e)⋅∣x∣+f(e) = d. (5.13)

Clearly, P1 is computable in polynomial time, and

(∀e, σ∣content(σ) ∈ SV ) ∶ P1(e, σ) ⇔ content(σ) ⊆ ϕe. (5.14)

10 In fact, θLtime is a mapping from N to E , mapping each program number to (the
graph) of the function computed by that program. Hence, θLtime is our desired
mapping V Ltime . We introduce this additional notation to indicate its use as an
hypothesis space.
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Let R be the following predicate.

∀p, σ ∶ R(p, σ) ⇔ (∃D ∈ SV ∶ p = s(D) ∧ P0(D,σ)) ∨ (¬(∃D ∈ SV ∶ p = s(D)) ∧ P1(p, σ)).
(5.15)

Clearly, R is computable in polynomial time, and

(∀p, σ∣content(σ) ∈ SV ) ∶ R(p, σ) ⇔ content(σ) ⊆ ϕp. (5.16)

It is easy to see that the following algorithm computes in polynomial time.

function learnLin(σ) is1

if σ = ∅ then2

return s(∅);3

p← s(∅);4

for i = 1 to #elets(σ) do5

if ¬R(p, σ[i − 1]) then6

k ← −1;7

for e = 0 to ∣σ[i]∣ do8

if k = −1 ∧ ∣σ[i]∣ ≥ f(e) ∧ P (e, σ[i]) then9

k ← e;10

if k ≠ −1 then11

p← k;12

else13

p← s(content(σ[i]));14

return p;15

It is easy to see that the algorithm learnLin computes the function h such
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that

∀σ ∶ h(σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s(∅), if σ = ∅;

h(σ−), else if content(σ) ⊆ ϕh(σ−);

e0, else if there is an e ≤ ∣σ∣ such that

∣σ∣ ≥ f(e) and content(σ) ⊆ ϕe,
where e0 is the least such e;

s(content(σ)), otherwise.

(5.17)

Obviously, h is postdictively complete. From the second case in h, it is easy

to see that h is conservative. Furthermore, each of h's hypotheses is a program for

a linear time computable function.

Next we present two results that are used elsewhere. They are put here to

present them in more generality. They each hold for any V .

The following proposition says that, for any V , conservative learnability im-

plies total conservative learnability. It is used proving for Theorem 5.1.2 in Sec-

tion 5.1.

Proposition 5.2.3. We have

T ConvTxtGExV = TxtGConvExV .

Proof: �⊆� is immediate. Let h ∈ R and L = TxtGConvExV (h).11 Fix any ϕ-

program for h. There is h′ ∈ R such that

∀σ ∶ h′(σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h(∅), if σ = ∅;

h′(σ−), else if content(σ) ⊆ Uh′(σ−);

h(σ), otherwise.

(5.18)

11 Because of Theorem 5.3.1 we can assume any TxtGConvExV -learner to be
total.
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Total conservativeness is trivial. h′ identi�es all of L, as conservativeness of h implies

∀L ∈ L, (∀σ∣content(σ) ⊆ L) ∶ h′(σ) = h(σ). (5.19)

The following theorem holds for all V and states that we can assume total

postdictive completeness when learning with total conservativeness.

Theorem 5.2.4. We have

T (PcpConv)TxtGExV = T ConvTxtGExV .

Proof: �⊆� is immediate. Let h ∈ R and L = T ConvTxtGExV (h). Fix any ϕ-

program for h. There is h′ ∈ R such that

∀σ ∶ h′(σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h(∅), if σ = ∅;

h′(σ−), else if content(σ) ⊆ Vh′(σ−);

h(σ[j0]), else if there is a j ≤ #elets(σ) ∶
(h(σ[j])↓∣σ∣ ∧ content(σ) ⊆ Vh(σ[j])),
where j0 is the maximum such j;

r(content(σ)), otherwise.

(5.20)

Let P be a predicate such that ∀σ ∶ P (σ) i� h′ on σ is de�ned according to the

�otherwise� case just above.

Conservativeness and postdictive completeness are straightforward.

Let T be a text for L ∈ L.
Since T ∈ Txt(L) and h learns L,

∃c min:∀i ≥ c ∶ h(T [i]) = h(T [c]); (5.21)

�x such a c.

104



Since ∀n ∃j ≥ c ∶ ∣T [j]∣ ≥ n ∧ h ∈ R,

∃c′ ≥ c min:h(T [c])↓T [c′]. (5.22)

Case 1: L is �nite. Since L is �nite,

∃c′′ ≥ c′ ∶ content(T [c′′]) = L. (5.23)

Let k be minimal such that

h′(T [c′′]) = h′(T [k]). (5.24)

Then we have, as h′ postdictively complete, (5.23) and (5.24),

L ⊆ Vh′(T [k]). (5.25)

Subcase 1.1: P (T [k]). Since (5.20) and P (T [k]),

Vh′(T [k]) = content(T [k]). (5.26)

Since (5.25) and (5.26),

Vh′(T [k]) = L. (5.27)

As h′ is conservative and (5.27),

∀i ≥ k ∶ h′(T [k]) = h′(T [i]) ∧ Vh′(T [k]) = L. (5.28)

Subcase 1.2: Not P (T [k]).
Then h′ on T [k] is de�ned according to either the �rst or the third case in (5.20)

by choice of k minimal. Let j ≤ k be such that

h′(T [k]) = h(T [j]). (5.29)

Since (5.25) and (5.29),

L ⊆ Vh(T [j]). (5.30)
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As h is conservative, h identi�es L and (5.30),

∀i ≥ j ∶ h(T [i]) = h(T [j]) ∧ Vh(T [j]) = L. (5.31)

Since (5.29) and (5.31),

Vh′(T [k]) = L. (5.32)

As h′ is conservative and (5.32),

∀i ≥ k ∶ h′(T [i]) = h′(T [k]) ∧ Vh′(T [k]) = L. (5.33)

Case 2: L is in�nite. Since L is in�nite,

∃c′′ ≥ c′ ∶ content(T [c′′]) /⊆ content(T [c′]). (5.34)

Let k be minimal such that

h′(T [c′′]) = h′(T [k]). (5.35)

Then we have, as h′ is postdictively complete and (5.35),

content(T [c′′]) ⊆ Vh′(T [k]). (5.36)

Since (5.20),

P (T [k]) ⇒ Vh′(T [k]) = content(T [k]). (5.37)

Since (5.34), (5.36) and (5.37),

P (T [k]) ⇒ k > c′. (5.38)

Since (5.20) and (5.22),

∀i ≥ c′ ∶ ¬P (T [i]). (5.39)

Since (5.38) and (5.39),

¬P (T [k]). (5.40)
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Then h′ on T [k] is de�ned according to either the �rst or the third case in (5.20).

Let j ≤ k be such that

h′(T [k]) = h(T [j]). (5.41)

We now have that, as (5.36) and (5.41),

content(T [c′′]) ⊆ Vh(T [j]). (5.42)

Since h is conservative and c is minimal,

∀i < c ∶ content(T [c]) /⊆ Vh(T [i]). (5.43)

Since (5.42) and (5.43),

j ≥ c. (5.44)

Since (5.21) and (5.44),

Vh(T [j]) = L. (5.45)

Since (5.41) and (5.45),

Vh′(T [k]) = L. (5.46)

As h′ is conservative and (5.46),

∀i ≥ k ∶ h′(T [i]) = h′(T [k]) ∧ Vh′(T [k]) = L. (5.47)

Finally, we mention the following straightforward result that, without loss of

generality, any TxtGExV -learner can be assumed totally postdictively complete.

Proposition 5.2.5. We have

T PcpTxtGExV = TxtGExV . (5.48)
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5.3 Learning of ce Sets

For this section, let V be any e�ective numbering of some ce languages.

Next (and mentioned above in the introduction to the present chapter) is

our �rst main result which says that any combination of just the two restrictions of

conservativeness and prudence allows for arbitrary postponement tricks.

Theorem 5.3.1. Let δ ∈ {R2,Conv}, D ∈ {Id,Prud} and D′ ∈ {Id,T Prud}. Then

DPFTxtGδExV = DTxtGδExV and

D′PFT δTxtGExV = D′T δTxtGExV .

Proof: �⊆� is immediate. Let h ∈ P and L ∈ {DTxtGδExV (h), D′T δTxtGExV (h)}.
Fix a program for h. By Lemma 2.2.6 (speci�cally items (i), (vi), (vii) with (2.7),

(x), and (xiii)), there is h′ ∈ PF such that

∀σ ∶ h′(σ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

h(σ[j]),
if there is a ≤-maximal j ≤ #elets(σ)
s.t. h(σ[j])↓∣σ∣;

h(∅), otherwise.

(5.49)

Convergence to correct indices is trivial. Let σ ⊆ τ be such that

(∀ρ, ρ′∣ρ ⊆ ρ′ ⊆ σ)[h(ρ) ≠ h(ρ′) ⇒ content(ρ′) /⊆ Vh(ρ)] (5.50)

and

h′(σ) ≠ h′(τ) (5.51)

and let σ′ ⊆ σ and τ ′ ⊆ τ be such that

h′(σ) = h(σ′); and (5.52)

h′(τ) = h(τ ′). (5.53)

Clearly, from the de�nition of h′, σ′ ⊆ τ ′ and we have

h(σ′) = h′(σ) ≠ h′(τ) = h(τ ′). (5.54)
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We have, then,

content(τ) ⊇ content(τ ′) /⊆
(5.50)&(5.54)

Vh(σ′) =
(5.52)

Vh′(σ). (5.55)

This shows conservativeness in all relevant cases.

Our next main result of the present section says, for the general e�ective num-

bering of all ce languages, W , combinations of postdictive completeness, conserva-

tiveness and prudence forbid some postponement tricks i� postdictive completeness

is part of the combination.

The proof of this theorem makes use of function learning results from Chap-

ter 4, carried over to language learning using meta-theorems from Section 3.3.

Theorem 5.3.2. Let δ ∈ {R2,Pcp,Conv,PcpConv}, D ∈ {Id,Prud} and D′ ∈
{Id,T Prud}. Then

DPFTxtGδExW ⊂ DRTxtGδExW ⇔ δ ⊆ Pcp and

D′PFT δTxtGExW ⊂ D′T δTxtGExW ⇔ δ ⊆ Pcp.

Proof: Use Theorem 5.3.1 for �⇒�.

Regarding �⇐�: As EXPF ∈ UComp, we have by 5.4.2,

EXPF ∈ T PrudT (ConvPcp)ArbGExϕ. (5.56)

Using Propositions 3.3.2 and 3.3.3, we see

EXPF ∈ T PrudT (ConvPcp)TxtGExW . (5.57)

On the other hand, suppose, by way of contradiction,

EXPF ∈ PFTxtGPcpExW . (5.58)

Using linear time s-m-n in ϕ, there is a function s ∈ LinF such that

∀e, x ∶ ϕs(e)(x) = π1(µ⟨y, t⟩ (Φe(⟨x, y⟩) ≤ t)). (5.59)
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Obviously, we get, for each e such that We is single valued,12

∀e ∶ ϕs(e) =We. (5.60)

Again with linear time s-m-n in W , there is s′ ∈ LinF such that

∀e ∶Ws′(e) = ϕs(e). (5.61)

Let h witness (5.58). Then s′○h witnesses (5.58) as well and, for each e ∈ range(s′○h),
e is a W -index for a single-valued set by (5.61). We use Propositions 3.3.2 with W

as V , ϕ as V ′, s as f and s′ ○ h as h to get that s ○ s′ ○ h ∈ PF witnesses

EXPF ∈ PFTxtGPcpExϕ. (5.62)

Using Propositions 3.3.3 and 3.3.4, we get

EXPF ∈ PFGPcpExϕ, (5.63)

a contradiction to Theorem 4.3.2. Therefore,

EXPF /∈ PFTxtGPcpExW . (5.64)

Next is our second main result for this section. As noted above in the intro-

duction to the present chapter, this theorem says that, in the general setting of the

present section, postdictive completeness does not forbid all postponement tricks.

Theorem 5.3.3. We have

LinF ∈ T PrudPFT (PcpConv)TxtGExW .

12 Recall that, for each e, We = dom(ϕe) = dom(Φe).
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Proof: Recall the e�ective numbering V Ltime de�ned just before Theorem 5.2.2. By

linear time s-m-n in W , there is a function s ∈ LinF such that

∀e ∶Ws(e) = {⟨x, y⟩ ∣ ⟨x, y⟩ ∈ V Ltime
e }, 13 (5.65)

i.e.,

∀e ∶Ws(e) = V Ltime
e . (5.66)

Thus, Theorem 5.2.2 above, with the help of Proposition 3.3.2,14 shows the claim.

The following theorem implies the remarkable result that every set of lan-

guages identi�able totally prudently, totally postdictively completely and totally

consistently is necessarily a subset of a uniformly decidable set of languages.

Theorem 5.3.4. We have

T PrudT (PcpConv)TxtGEx ⊂ {L ∣ ∃L′ ∈ UDec ∶ L ⊆ L′}.

Proof: UDec /⊆ TxtGEx is well-known [Gol67]. Let h ∈ R and L =
T PrudT (PcpConv)TxtGEx(h). For all x, e ∈ N,

∃σ ∶ [h(σ) = e ∧ h(σ ◇ x) = e] ⇒ x ∈We; and (5.67)

∃σ ∶ [h(σ) = e ∧ h(σ ◇ x) ≠ e] ⇒ x /∈We. (5.68)

Hence, there is an algorithm computing λx, i x ∈Wh(i) by checking for the left-hand

sides of (5.67) and (5.68) in parallel.

Theorem 5.3.5 just below says that certain kinds learners can be assumed

without loss of generality to be set-driven. This is interesting on its own, and is also

of important technical use for proving Theorem 5.1.2.

13 Recall that ⟨⋅, ⋅⟩ is onto from Section 2.1.
14 s ∈ LinF helps preserving polynomial time learnability.
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Theorem 5.3.5. Let V be such that (5.1) holds for V . We have

TxtSdPcpConvExV = TxtGPcpConvExV ; (5.69)

RTxtSdPcpConvExV = RTxtGPcpConvExV ; (5.70)

T (PcpConv)TxtSdExV = T (PcpConv)TxtGExV . (5.71)

Proof: �⊆� are immediate. We prove �⊇� for (5.70); the proofs for the other two

inclusions are slight modi�cations of the proof we give just below.

Let h ∈ R, let L = TxtGPcpConvExV (h). Let

A = {σ ∈ Seq ∣ card(content(σ)) = #elets(σ))}; (5.72)

B = {σ ∈ A ∣ σ = ∅ ∨ h(σ) ≠ h(σ−)}. (5.73)

Intuitively, A is the set of all 1-1 sequences without pauses, and B is the set of all

1-1 sequences without pauses where h outputs a new hypothesis. Note that B is

decidable. For all D, let

BD = {σ ∈ B ∣
range(σ) ⊆D ∧
(∀τ ∈ A∣σ ⊆ τ ∧ range(τ) ⊆D)h(σ) = h(τ)}.

(5.74)

Note that λD BD is computable.

We �x an arbitrary computable total ordering ≺ on B such that, for any two

sequences σ, τ ,

max(content(σ)) < max(content(τ)) ⇒ σ ≺ τ. (5.75)

Note that ≺ is a well-ordering, i.e., every non-empty set of sequences has a ≺-minimal

element.

Claim 1: For all D, BD ≠ ∅.
Let D be a �nite set. Let C = {σ ∈ M ∣ content(σ) ⊆ D}. Note that ∅ ∈ C and,

for all σ ∈ C, #elets(σ) ≤ card(D). Fix σ ∈ C of maximum length. We show that

σ ∈ BD. Immediately we have σ ∈ A and content(σ) ⊆ D. Let τ ∈ A be such that
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σ ⊆ τ and range(τ) ⊆D. Further suppose, by way of contradiction, τ is of minimum

length such that h(τ) ≠ h(σ) (then #elets(τ) > #elets(σ)). As τ is of minimum

length with that property, we have h(τ) ≠ h(τ−). Hence, τ ∈ C, a contradiction to

σ of maximal length in C. (for Claim)

There are p, s and h′ ∈ R such that15

∀D ∶ p(D) = h(min≺BD); (5.76)

∀e ∶ Vs(e,E) = (Ve ∖ {x ∣ ∃y ∈ E ∶ x ≤ y}) ∪E; (5.77)

∀D ∶ h′(D) = s(p(D),{x ∈D ∣ ∃y ∈ content(min≺BD) ∶ x ≤ y}). (5.78)

Claim 2: Let L ∈ L, let x ∈ L and D ⊆ L be such that x ∈ Vh′(D). Then h′(D) =
h′(D ∪ {x}).
Trivial if x ∈ D. Suppose x /∈ D. Let σ = min≺BD and e = h(σ). Let E be such that

h′(D) = s(e,E). As x /∈D, x /∈ E, and, thus, x ∈ Ve and

∀y ∈ content(σ) ∶ x > y. (5.79)

As x ∈ Ve and h is conservative on L, h cannot change its hypothesis when seeing x;

hence, σ ∈ BD∪{x}. Let D′ = content(σ). By (5.79), (5.75) gives

(∀τ, τ ′∣τ ∈ BD′ ∧ τ ′ ∈ BD∪{x} ∖BD) τ ≺ τ ′. (5.80)

Thus, σ = min≺BD∪{x} and h′(D) = h′(D ∪ {x}). (for Claim 2)

Claim 3: Let L ∈ L, and let T be a text for L. Then h′ converges on T to an e.

Let

C = {τ ∈ B ∣
content(τ) ⊆ L ∧
(∀τ ′ ∈ A∣content(τ ′) ⊆ L ∧ τ ⊆ τ ′)h(τ) = h(τ ′)}.

(5.81)

15 We use (5.1), plus some simple operations on canonical indices for �nite sets, to
obtain s.
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Claim 3.1: C ≠ ∅.
Let T0 be a text for L such that every natural number occurs at most once, and

such that no pause occurs before a natural number. As h TxtGExV -learns L, there

is a c minimal such that ∀i ≥ c ∶ h(T0[i]) = h(T0[c]). Because of the postdictive

completeness and conservativeness of h, h cannot change it's mind when seeing a

pause, so T0[c] ∈ B from (5.73). Let τ = T0[c]. From conservativeness alone we get

(∀τ ′ ∈ A∣content(τ ′) ⊆ L ∧ τ ⊆ τ ′)h(τ) = h(τ ′). (5.82)

(for Claim 3.1)

As C ≠ ∅, we can now let

σ = min≺C. (5.83)

Intuitively, this σ is the ≺-minimal locking-sequence16 in B of h on L, where σ only

locks against sequences in A.

Let D = content(σ). As σ is chosen to be the ≺-minimal locking sequence,

for all (�nitely many) τ ∈ BD with τ ≺ σ, there is an extension Dτ ⊇ D such that

τ /∈ BDτ . Unioning all the sets Dτ we get a set D′ such that σ = min≺BD, and, hence,

(∀D′′∣D′ ⊆ D′′ ⊆ L)min≺BD′′ = σ. By the de�nition of h′, this ensures convergence

of h′ on any text for L. (for Claim 3)

Postdictive completeness of h′ is straightforward, completing the proof of

(5.70).

The following proposition shows that total postdictive complete and total

conservative, set-driven learners are automatically totally prudent. This, too, is of

important technical use for proving Theorem 5.1.2.

16 See De�nition 3.3.5.
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Proposition 5.3.6. Let δ be sequence acceptance criterion, let C ⊆ R. Let h ∈ P .
We have

T PrudCT (PcpConv)TxtSdδExV (h) = CT (PcpConv)TxtSdδExV (h).

Proof: Let D ⊆ N, let e = h(D) and L = We. We need to show that L ∈
TxtSdExV (h). By conservativeness, we have that (∀D′∣D ⊆ D′ ⊆ L)h(D′) = e

(hence, D is a locking-set for h on L, see De�nition 3.3.5). Let T be a text for L,

let c be such that D ⊆ content(T [c]). Then we have ∀i ≥ c ∶ h(content(T [i])) = e.

5.4 Learning of Functions

As mentioned in the introduction to the present chapter, Theorem 5.4.3 be-

low is the main theorem for this section. It states that, for the general e�ective

numbering of all (partial) computable functions, ϕ, combinations of postdictive

completeness, conservativeness and prudence forbid some postponement tricks i�

postdictive completeness is part of the combination. Theorem 5.4.2 leads up to

Theorem 5.4.3.

Finally, Theorem 5.4.4 and its proof show that even the combination of post-

dictive completeness, conservativeness and prudence does not forbid all postpone-

ment tricks.

Theorem 5.3.1 above shows that conservative and prudent text learning can

be arbitrarily postponed. This has the simple corollary that conservative and pru-

dent function learning can also be arbitrarily postponed. However, even stronger,

Theorem 5.4.1 just below states that, regarding conservative and prudent function

learning, every set learnable by a partial computable learner learning from canonical

text is also learnable by a polynomial time learner, learning from arbitrary text.
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Theorem 5.4.1. Let δ ∈ {R2,Conv}, D ∈ {Id,Prud} and D′ ∈ {Id,T Prud}. Then

DPFArbGδExϕ = DGδExϕ

D′PFT δArbGδExϕ = D′T δGExϕ

Proof: �⊆� is immediate. Let h ∈ P and S ∈ {DGδExϕ(h),D′T δGExϕ(h)}. Fix a

program for h. By Lemma 2.2.6 (speci�cally items (i), (ii), (iii), (vi), (vii), (viii),

(ix) with (2.7), (x), (xi), (xiii) and (xiv)), there is h′ ∈ PF such that

∀σ ∶ h′(σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h(τ),
if there is a ≤-maximal τ ≤ ∣σ∣ ∶
content(τ) ⊆ content(σ) ∧ h(τ)↓∣σ∣ ∧
∀i < #elets(τ) ∶ π1(τ(i)) = i;

h(∅), otherwise.

(5.84)

Imposing the restrictions of total prudence signi�cantly lowers learning

power, as stated by the next theorem.17

Theorem 5.4.2. We have

{S ∣ ∃S ′ ∈ UComp ∶ S ⊆ S ′} = T PrudGExϕ (5.85)

= T PrudT (ConvPcp)ArbGExϕ. (5.86)

Proof: �T PrudT (ConvPcp)ArbGExϕ ⊆ T PrudGExϕ� is immediate. Regarding

�T PrudGExϕ ⊆ {S ∣ ∃S ′ ∈ UComp ∶ S ⊆ S ′}�: see [CS83].
Regarding �{S ∣ ∃S ′ ∈ UComp ∶ S ⊆ S ′} ⊆ T PrudT (ConvPcp)ArbGExϕ�:

Let e ∈ R be such that ∀i ∶ ϕe(i) ∈ R. Let e′ ∈ R be such that

∀i, σ ∶ ϕe′(i) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ϕe(j), if i = 2j;

σ ◇ 0∞, otherwise, with σ such that i = 2⟨σ⟩Seq + 1.

(5.87)

17 It is known that a learner h restrained to output nothing but programs for to-
tal functions (which T Prud does) is known to restrict the learning power of
h to a uniformly computable set of functions (see, for example, [CS83, Theo-
rems 2.19, 2.21 & 2.23].
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Note that each sequence σ is extendible to some function that has a program enu-

merated by e′. Let h′ be such that

∀σ ∶ h′(σ) = e′(µj content(σ) ⊆ ϕe′(j)). (5.88)

The �rst main result of the present section says, as pointed out above, for

the setting of function learning, combinations of postdictive completeness, conserva-

tiveness and prudence forbid some postponement tricks i� postdictive completeness

is part of the combination.

Theorem 5.4.3. Let δ ∈ {R2,Pcp,Conv,PcpConv}, D ∈ {Id,Prud} and D′ ∈
{Id,T Prud}. Then

DPFGδExϕ ⊂ DRGδExϕ⇔ δ ⊆ Pcp

D′PFT δGExϕ ⊂ D′T δGExϕ⇔ δ ⊆ Pcp.

Proof: We show both equivalences simultaneously. �⇒�: By Theorem 5.3.1. �⇐�: By

4.3.2, EXPF, the class of exponential time computable functions, is not learnable

postdictively completely with polynomial time update:

EXPF /∈ PFGPcpExϕ. (5.89)

As EXPF ∈ UComp, we have

UComp /⊆ PFGPcpExϕ, (5.90)

and Theorem 5.4.2 completes the proof.

Next is our second main result for this section. As noted above in the in-

troduction to the present chapter, this theorem says that, in the general setting of

the present section, postdictive completeness, conservativeness and prudence do not

forbid all postponement tricks.

117



Theorem 5.4.4. We have

LinF ∈ T PrudPFT (PcpConv)ArbGExϕ.18 (5.91)

Proof: Recall the e�ective numbering V Ltime de�ned just before Theorem 5.2.2,

based on the programming system θLtime . By linear time s-m-n in ϕ, there is a

function s ∈ LinF such that

∀e ∶ ϕs(e) = θLtime
e . (5.92)

Thus, Theorem 5.2.2 above,19 with the help of Propositions 3.3.2 and 3.3.3,

shows (5.91).

18 By [RC94, Theorem 6.5] no natural or practical hypothesis space for LinF can
be polynomial time decidable.

19 The proof of Theorem 5.2.2 explicitly employs postponement tricks; hence, so
does the proof of Theorem 5.4.4.
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Chapter 6

DYNAMIC MODELING

In the table given in Section 1.2, we have seen that there is a missing, not

heretofore studied category entry for o�ine with reactive learnee. We referred to

this category as dynamic modeling, and it is the subject of the present chapter.

XBc-learning exempli�es the category of dynamic modeling.

Recall from Chapter 3, h XBc-learns a target g i�,1 in the i-th iteration,

h and g both produce output, h gets the sequence of all outputs from g in prior

iterations as input, g gets all the outputs from h in prior iterations as input, and,

from some iteration on, the sequence of h's outputs will be programs for the output

sequence of g.2

In cognitive science, theory of mind refers to one's having a model (or models)

of another's thoughts, emotions, and perspectives � including those di�erent from

one's own. Ideally, one might have a program (or programs) generating the behavior

of the other, but � the behavior presented by the other would, in reality, be all

and only that resulting from crossfeeding between oneself and the other. While one

is attempting to synthesize program(s) for the other, a technique to employ is to

1 Recall from De�nition 3.1.4, X we pronounce cross, and it is short for crossfeed.
Of course crossfeeding of data is common to both the categories of coordination
and dynamic modeling. In Chapter 1 we use the X also in talking about the
former category. Bc stands for behaviorally correct [CS83].

2 Note that h's outputs are not required to be programs for the function g, but
rather for g's output sequence.
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pass on a sequence of remarks such as, �I think you are like . . . ,� (where . . .might

be a program), and, then, attend to the resultantly elicited sequence of reactions

of the other � as one formulates further programs/models of the other. Of course,

in reality, one might, in seeking social understanding, carry out variants, including

highly �ltered variants, of the just above scenario. The un�ltered and very idealized

scenario above is, nonetheless, covered by dynamic modeling.

Next we summarize the contents of the present chapter.

Section 6.1 involves cooperativeness vs. secretiveness in dynamic modeling.

Considered are dynamic modelers which may or may not, in return, be dynamically

modeled themselves. Importantly, Proposition 6.1.1 implies that no computable g

can keep models of its behavior totally secret; moreover, for any computable g, there

are in�nitely many constant functions h that XBc-learn g.3

Surprisingly, Theorem 6.1.3 implies that there is a computable g so that, no

computable h that XBc-learns g can keep models of its behavior a secret from g,

i.e., such h gives itself away: g, in turn, XBc-learns h. Positively, such a g is, then,

extremely cooperative: informally, g can �gure out the behavior of any computable

h that �gures out its behavior. Furthermore, such a g can be chosen to be linear

time computable! The proof of Theorem 6.1.3 is particularly elegant.

We say that computable h is extremely uncooperative i� {computable g ∣
h XBc-learns g ∧ g XBc-learns h} = ∅. Another main result of this chapter, Theo-

rem 6.1.7, says there are extremely uncooperative computable h which, nonetheless,

are in�nitely successful, i.e, such that h XBc-learns in�nitely many computable

g. Such hs openly disclose models of gs they XBc learn while keeping secret their

own models from these gs. For comparison and contrast, a zero-knowledge proof

[BSMP91] permits open, convincing disclosure of its existence without disclosing

how it works.

3 Actually, Proposition 6.1.1 gives a stronger result.
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Section 6.2 features a theorem saying that any computably enumerable set

of computable functions is XBc-learnable4 (Theorem 6.2.5) and two general and

powerful correspondence theorems (Theorems 6.2.12 and 6.2.14) regarding many of

the criteria employing X.

The �rst of these correspondence theorems immediately yields Corol-

lary 6.2.13 which implies, for example, that quadratic time XBc-learnablity is

strictly more powerful than linear time XBc-learnablity.

Theorem 6.2.14 immediately yields Corollary 6.2.15 which provides a number

of learning criteria hierarchies and separations. An example: the powers of XBc-

learning and of Coord-learning are incomparable.

Regarding fairness5 of runtime restricted learning in dynamic modeling, we

have that Theorem 6.2.12 implies a tight hierarchy in learning power in depen-

dence on the runtime restriction. This is exempli�ed, as mentioned above, in Corol-

lary 6.2.13. Hence, dynamic modeling naturally forbids some postponement tricks.6

However, as we'll see from the proof of Theorem 6.2.5, not all postponement tricks

are forbidden.

For the remainder of this chapter, we will exclusively use ϕ as our hypothesis

space; thus, we will omit any further mention thereof.

For this Chapter only, the default target presenter is Immediate.

6.1 Cooperation and Secretiveness

The main emphasis of the present chapter, as mentioned in its introduction,

features XBc-learning, but, based on the thinking of other chapters of this thesis,

4 Theorem 6.2.5 actually gives a stronger result.
5 See Section 1.3.
6 As we have seen in previous chapters, nothing like this happens for, for example,
Ex-learning (see Section 1.3), where learning with linear time learners is just as
powerful as with partial computable learners.
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one might wonder why we didn't talk about XEx-learning. We'll talk about it

now. Suppose h XEx-learns g. The learner-sequence of h interacting with g, is,

then, a total, almost everywhere constant function. Suitable such g, then, easily

XEx-learns h.7

The proposition just below implies that, any computable g gets XBc-learned

by some computable h. Hence, any g can have its secrets learned by some learner.

The interesting thing, then, is whether, when h XBc-learns g, h can keep models

of itself secret from g. This is considered in Theorem 6.1.3 further below.

Proposition 6.1.1. Let g ∈ R. Then there are in�nitely many (total) constant

functions h XBc- (in fact, XEx-) learning g.

Proof: Let n ∈ N. There is, by KRT (Theorem 2.3.3) and linear time padding

(Theorem 2.3.6), en such that, with

p = λx pad(n, en), (6.2)

∀x ∶ ϕen(x) = g(p[x]). (6.3)

Let hn ∈ R such that

∀σ ∶ hn(σ) = pad(n, en). (6.4)

There is q ∈ R such that X(hn, g) = (p, q). Then we have, for all t and x,

ϕp(t)(x) =
(6.2)

ϕpad(n,en)(x) =
(2.38)

ϕen(x) =
(6.3)

g(p[x]) =
choice of q

q(x). (6.5)

7 There are obvious learners that GEx-learn all almost everywhere constant func-
tions. For example, a learner g would initially conjecture a program for the ev-
erywhere 0 function, and then, on input σ ≠ ∅, g would conjecture a canonical
program last(σ)-extension of σ . Then, for such g, we have,

∀h ∈ R ∶ [h XEx-learns g⇒ g XEx-learns h]. (6.1)

Hence, intuitively, XEx-learners can trivially not keep models of themselves
secret.
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Hence, hn XBc-learns g. Trivially, using (2.38), we have for all l ≠m, hl ≠ hm. This
shows that there are in�nitely many di�erent (constant) functions XEx-learning g.

Next we give some de�nitions regarding cooperation and secretiveness.

De�nition 6.1.2. We de�ne the following sequence acceptance criteria.8

� Cooperative Bc:

Bcc = {(p, q) ∈ R2 ∣ ∀∞n ϕp(n) = q ∧ ∀∞n ϕq(n) = p} (= BcBc−1).

� Secretive Bc:

Bcs = {(p, q) ∈ R2 ∣ ∀∞n ϕp(n) = q ∧ ¬∀∞n ϕq(n) = p} (= BcBc−1).

Clearly, for all h, g ∈ R, h XBcc-learns g i�, h XBc-learns g and g XBc-learns h;

similarly, h XBcs-learns g i�, h XBc-learns g and g does not XBc-learn h.

It is easy to see that there are computable functions which are not XBcc-

learnable, for example λσ #elets(σ).9 At �rst glance, it seems likely that all com-

putable functions can be XBcs-learned, as, by Proposition 6.1.1 above, for any

given function g, there are in�nitely many functions h XBc-learning g. We were,

then, surprised that not all computable functions can be XBcs-learned, as seen

below in Theorem 6.1.3. Intuitively, this theorem means that there is a g ∈ R
such that, for all h ∈ P , if h XBc-learns g, then h has to give away enough in-

formation about itself so that g will be able to XBc-learn h. Even more sur-

prisingly, such a g can be chosen to be linear time computable! On the other

8 For each sequence acceptance criterion δ we let δ = {(p, q) ∈ P2 ∣ (p, q) /∈ δ} be
the complement of δ, and let δ−1 = {(q, p) ∈ P2 ∣ (p, q) ∈ δ} be the inverse of δ.

9 For all g ∈ R, and p, q ∈ R such that X(λσ #elets(σ), g) = (p, q), we have that
p is the identity on N; hence, #elets = λσ #elets(σ) does not XBc-learn g.
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hand, Theorem 6.1.3 also has a positive interpretation: it is possible to �nd a func-

tion g that will XBc-learn every function h that XBc-learns g � in other words,

there are extremely cooperative functions that will cooperate with any function

XBc-learning them. We denote the set of extremely cooperative functions with

EC = {h ∈ R ∣ ∀g ∈ R ∶ g XBc-learns h⇒ hXBc-learns g}.10

Theorem 6.1.3 (Secretiveness Fails).

∃g ∈ LinF ∶ {g} /∈ XBcs.

Proof: By 1-1 linear time ORT (Theorem 2.3.8), there is 1-1 g ∈ LinF such that

∀τ, x ∶ ϕg(τ)(x) = last(g−1(ϕlast(τ)(x + 1))).11 (6.6)

Let h ∈ P be such that g ∈ XBc(h). Let p, q ∈ R be such that X(h, g) = (p, q). Since
(p, q) ∈ Bc, there is n0 such that

∀n ≥ n0 ∶ ϕp(n) = q. (6.7)

Claim: ∀∞n ∶ ϕq(n) = p.
We have

∀n ≥ n0 + 1, x ∶ ϕp(n−1)(x + 1) =
(6.7)

q(x + 1) =
choice of q

g(p[x + 1]). (6.8)

Hence, for all n ≥ n0 + 1 and all x,

ϕq(n)(x) =
choice of q

ϕg(p[n])(x) =
(6.6)

last(g−1(ϕp(n−1)(x + 1)))

=
(6.8)

last(g−1(g(p[x + 1]))) = last(p[x + 1]) = p(x).
(6.9)

(for Claim)

10 It is easy to see that EC = {h ∈ R ∣ XBcs−1(h) = ∅}.
11 Note that ϕg(τ)(x) might be unde�ned for various reasons, for example, because

last is not total. Furthermore, note that accessing g−1 is a valid use of ORT.
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Hence, by the claim, g ∈ XBcc(h); therefore, {g} /∈ XBcs.

[MO99], in e�ect, examined uncooperativeness of coordinators. In particular,

two sets of total computable functions are constructed such that any learner coor-

dinating with all of the functions from one of the sets cannot coordinate with any

function from the other set. Furthermore, [CJM+05] extended this result showing

that, for all k ≥ 2, one can �nd k such sets of uncooperative learners. Just below,

we give an analog of this result for cooperation in the XBcc-sense (Theorem 6.1.4).

This theorem provides an in�nite family of uncooperative sets, so that, any learner

that can XBc-learn any of the functions in one of the sets, cannot XBc-learn any

of the functions of any of the other sets.

Theorem 6.1.4 (Incompatible Mutual Cooperation Camps). There is a 1-1 e ∈ R
such that for all m,n, ϕe(m,n) total and, de�ning Sn = {ϕe(m,n) ∈ R ∣m ∈ N}, for each
n all members of Sn XBcc-learn each other, while each function h ∈ P XBcc-learns

functions from at most one of the sets in {Sn ∣ n ∈ N}.

Proof: Let f ∈ P be such that ∀e, e′, x ∶ f(e, e′, x) = X2(ϕe, ϕe′)(x). Obviously, for

all e, e′ such that ϕe, ϕe′ ∈ R and for all x, f(e, e′, x)↓. By the Generalized Delayed

Recursion Theorem [Cas74, Theorem 23] we �nd a 1-1 e ∈ R such that, for all m,n,

ϕe(m,n) total and

∀τ, x ∶ ϕϕe(m,n)(τ)(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n, if τ = ∅;

ϕe(m,n)(x), else if #elets(τ) = 1 and

ϕτ(0)(0)↓ = n;

f(e(m,n), τ(1), x), else if ϕτ(0)(0)↓ = n;

↑, otherwise.

(6.10)

Intuitively, each ϕe(m,n) declares it's �group� on input ∅ to be n. If the input suggests

that ϕe(m,n) is being fed another function from its �group� then it delivers helpful
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output (a program number for itself) as the next output, followed by trying to model

it's co-learner, which will be successful, if the co-learner has also output a program

number for itself as second output. If the input does not suggest that the co-learner

is from the same team, ϕe(m,n) will act uncooperatively.

For each n ∈ N, let Sn = {ϕe(m,n) ∈ R ∣ m ∈ N}. Let h ∈ P. Our �rst claim

implies that h can dynamically model functions from at most one of the above ce

sets of functions.

Claim 1: Let m,n be such that n ≠ ϕh(∅)(0). Then h does not XBcc-learn g =
ϕe(m,n).

Suppose h does XBc-learn g. Then there are p, q ∈ R such that X(h, g) = (p, q);
hence X(g, h) = (q, p). We show that g does not XBc-learn h. For all τ ⊂ p

with #elets(τ) ≥ 1 we have ϕτ(0)(0) = ϕp(0) =
def X

ϕh(∅)(0) ≠ n; thus, by (6.10)

∀x ∶ ϕg(τ)(x) = ϕϕe(m,n)(τ)↑. Hence, ∀∞t ∶ ϕq(t) =
def X

ϕg(p[t]) ≠ p. (for Claim 1)

Claim 2 just below implies that for each n, all functions in Sn XBcc-learn

each other.

Claim 2: Let n ∈ N and h, g ∈ Sn. Then g ∈ XBc(h).
Let p, q be such that X(h, g) = (p, q). We have that

ϕp(0)(0) =
def X

ϕh(∅)(0) =
(6.10)

n; (6.11)

ϕq(0)(0) =
def X

ϕg(∅)(0) =
(6.10)

n. (6.12)

Hence,

ϕq(1) =
def X

ϕg(p[1]) =
(6.10) & (6.11)

g. (6.13)
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Let m be such that h = ϕe(m,n). Now we have, for all t > 1 and all x,

ϕp(t)(x) =
def X

ϕg(q[t])(x)

=
(6.10) & (6.12)

f(e(m,n), q(1), x)

=
def f

X2(ϕe(m,n), ϕq(1))(x)

=
(6.13)

X2(h, g)(x)

=
def X2

q(x).

(6.14)

(for Claim 2)

As a contrast to the extremely cooperative functions as de�ned above, we

say that h ∈ R is extremely uncooperative i� XBcc(h) = ∅ (i.e., h cooperates with

no function). The set of all extremely uncooperative functions is denoted by EU .

Trivially, EU ≠ ∅, as EU contains each function h that doesn't XBc-learn any

function. However, many of the functions h ∈ EU will not XBc-learn anything. We

de�ne a (computable) operator Ψ below, turning a given learner h into an extremely

uncooperative learner h′, which, intuitively, doesn't lose too much of the learning

power of h. Furthermore, Theorem 6.1.7 below states the existence of h′ ∈ EU with

XBc(h′) in�nite.

De�nition 6.1.5. For all h ∈ R there is, by linear time ORT (Theorem 2.3.8),

h′ ∈ LinF such that

∀σ, x ∶ ϕh′(σ)(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϕh(σ)(x), if σ = ∅ ∨ ∃s ≥ #elets(σ), t ∶
ϕϕh(σ)(s)(t)↓ ≠ h′(ϕh(σ)[t])↓;

↑, otherwise.

(6.15)

Intuitively, h′ makes conjectures mostly behaviorally equivalent to those of h, but

modi�ed so that the conjectures are de�nitely wrong as soon as the input seems to

learn the outputs of h′.
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De�ne Ψ = λh ∈ R h′. N.B. For each h ∈ R, Ψ(h) ∈ LinF.

Next is a lemma, saying that range(Ψ) ⊆ EU as claimed above.

Lemma 6.1.6. Let h ∈ R. Then XBcc(Ψ(h)) = ∅.

Proof: Let h′ = Ψ(h). Suppose, by way of contradiction, there is g ∈ XBcc(h′). Let
p, q ∈ R be such that X(h′, g) = (p, q). Now we have

∀∞n ∶ ϕp(n) = q; (6.16)

∀∞n ∶ ϕq(n) = p. (6.17)

Thus,

∀∞n ∶ ϕh′(q[n]) =
def X

ϕp(n) =
(6.16)

q ∈ R. (6.18)

For each n ∈ N, ϕh′(q[n]) ∈ R implies that in (6.15) for σ = q[n] we have that the �rst
case holds; that is,

∀∞n ∃s > n, t ∶ ϕϕh(q[n])(s)(t)↓ ≠ h′(ϕh(q[n])[t])↓. (6.19)

Thus,

∀∞n ∶ ϕh(q[n]) =
(6.15) & (6.19)

ϕh′(q[n]) =
(6.18)

q. (6.20)

We have ∀∞n ∀s > n, t ∶

ϕϕh(q[n])(s)(t) =
(6.20)

ϕq(s)(t) =
(6.17)

p(t) =
def X

h′(q[t]) =
(6.18)&(6.20)

h′(ϕh(q[n])[t]), (6.21)

a contradiction to (6.19).

Theorem 6.1.7 (Extremely Uncooperative In�nitely Successful Learners). There

are functions h ∈ R such that XBcs(Ψ(h)) is in�nite, but XBcc(Ψ(h)) = ∅ (i.e.,

no function XBc-learned by Ψ(h) can XBc-learn Ψ(h)).
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Proof: By s-m-n there is h ∈ R such that

∀σ,x ∶ ϕh(σ)(x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0, if σ = ∅;

σ(0), otherwise.

(6.22)

There is an in�nite set S such that for all e ∈ S, ϕe(0) = Ψ(h)(∅) + 1. Obviously,

Ψ(h) XBcs-learns {λx e ∣ e ∈ S}.

The next theorem intuitively implies that requiring a XBc-learner to be

extremely uncooperative will decrease its learning power with respect to plain un-

cooperative learning.

Corollary 6.1.8.

EUXBcs ⊂ RXBcs.12

We defer the proof until after Theorem 6.2.11.

6.2 General Crossfeeding

Just below is a proposition with corollary regarding which sequence accep-

tance criteria allow dynamic modeling all of R.

Proposition 6.2.1. Let δ be a sequence acceptance criterion, let C ⊆ P . Then we

have

R ∈ CXδ⇔R ∈ CGδ.

Proof: �⇒�: Let h witness R ∈ CXδ. Let g ∈ R. Let p ∈ P be such that G(h, g) =
(p, g). Now we have G(h, g) =

(3.4)
X(h,λσ g(#elets(σ))) ∈ δ.

12 Less surprisingly, one can also show ECXBcc ⊂ RXBcc. One could, for exam-
ple, show this analougously to the proof of Corollary 6.1.8, which uses notions
from Section 6.2. For example, a learner for the almost everywhere constant
functions as in Footnote 7, would be maximal (see De�nition 6.2.9), but not
extremely cooperative.
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�⇐�: Let h witness R ∈ CGδ. Let g ∈ R. Let p, q ∈ P be such that X(h, g) = (p, q).
Now we have X(h, g) =

(3.2)
G(h, q) ∈ δ.

We get the following corollary by a theorem of Harrington, cited in [CS83].

Corollary 6.2.2.

R ∈ XBc∗.

Next we give the de�nition of a useful operator µlin which, in a sense made

precise in the succeeding proposition, provides a linear time approximation of the

minimization operator.

De�nition 6.2.3. Let z ∈ N be such that ϕz ∈ P0,1. De�ne a (total) computable

predicate Rz ∈ R0,1 such that

∀n,σ ∶ Rz(n,σ) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0, if ∃τ ≤ ∣σ∣ ∶ τ ⊆ σ ∧ ϕz(n, τ)↓∣σ∣ = 0;

1, otherwise.

(6.23)

Let, for all σ,

fz(σ) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

n, for the ≤-least n ≤ ∣σ∣ s.t. Rz(n,σ) = 1;

0, if no such n exist,

(6.24)

and

µlinn ϕz(n,σ) = fz(σ[i]), for the ≤-max i ≤ ∣σ∣ such that ∣σ[i]∣ ≤ log(∣σ∣). (6.25)

The following proposition gives useful properties of the linear time approxi-

mation of the minimization operator, µlin.

Proposition 6.2.4. Let z ∈ N be such that ϕz ∈ P0,1. We have

[λσ µlinn ϕz(n,σ)] ∈ LinF. (6.26)

For each text T , let ET = {n ∣ ∀i ∶ ϕz(n,T [i])}. If ϕz ∈ R0,1, we have, for all texts T ,

[ET ≠ ∅ ⇒ λi µlinn ϕz(n,T [i]) →min(ET )]. (6.27)
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Proof: From Lemma 2.2.6 (speci�cally items (i), (ii), (vi), (viii), (ix), (x) and (xiii))

we get, for all z, Rz computable in polynomial time. Hence, also from Lemma 2.2.6

(speci�cally items (i), (ii), (iii), (vi), (vii) and (ix)) we get, for all z, fz is computable

in polynomial time.

The required σ[i] in the de�nition of µlin is, by basic reasoning about multi-

tape Turing machines in the ϕ-system, computable in linear time.13 Let Q be a

monotone increasing polynomial bounding the runtime of f . Therefore, for all but

�nitely many σ, the call on fz in the de�nition of µlin will take no more than

Q(∣σ[i]∣) ≤ Q(log(∣σ∣)) ≤ ∣σ∣ (6.28)

time, using basic reasoning about polynomials and log. Using Lemma 2.2.6

(speci�cally items (vi) and (xiii)) we get (6.26).

Regarding (6.27): Let T be a text such that ET ≠ ∅. Obviously,

∀n, i, j ∶ [(i ≤ j ∧ Rz(n,T [i]) = 0) ⇒ Rz(n,T [j]) = 0]. (6.29)

Let m = min(ET ). We have

� ∀i ∶ R(m,T [i]) = 1;

13 Given a sequence σ, a multi-tape TM could extract σ[i] with i ≤ ∣σ∣ ≤-maximal
such that ∣σ[i]∣ ≤ log(∣σ∣) as follows. First, using Lemma 2.2.6 (i) and (iv), to
compute and store log(∣σ∣) on a separate TM tape. We consider the content of
this tape the value of a counter c.
Note that, due to our coding of sequences from Section 2.1, σ =
σ(0)σ(1) . . . σ(#elets(σ) − 1). We process the coded elements x of σ from left
to right. For each x, we decrement c once for each bit in x (the proof of [RC94,
Lemma 3.2(l)] shows that this can be achieved within appropriate timebounds).
We terminate if we cannot decrement c any more (due to having reached 0).
Otherwise, we copy over the just processed x to our output tape, and proceed
with the next element x′ in σ. When we �nally terminate, we have σ[i] as
desired on our output tape.
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� by (2.7), ∀∞i ∶m < log(∣T [i]∣);

� as m minimal in ET , ∀n < m ∃i ∶ R(n,T [i]) = 0; hence, using (6.29), ∀n <
m ∀∞i ∶ R(n,T [i]) = 0.

By the de�nition of µlin, we can now conclude

∀∞i ∶ µlinn ϕz(n,T [i]) =m. (6.30)

Gold [Gol67] introduced learning by enumeration. Analogous to, but harder

to prove than the case for G-style learning, we have, by the next theorem that any

computably enumerable set of (total) computable functions is XEx-learnable.

Theorem 6.2.5 (Dynamic Modeling by Enumeration). Let r ∈ R be an algorithmic

enumeration of program numbers of (total) computable functions. We have

{ϕr(n) ∣ n ∈ N} ∈ LinFXEx.14

Because of the vagaries of crossfeeding, the proof of the theorem is not as

straightforward as it is for GEx. Our proof makes use of ORT.

Proof: By linear time ORT (see Theorem 2.3.5), there are programs e, e′, e′′, as well

as an in�nite enumeration s ∈ LinF of programs such that, with h = ϕe, u = ϕe′ and

14 In fact, with a slight modi�cation of the proof, Ex could be replaced by any
δ from a wide set of sequence acceptance criteria, for example, δ = ConvBc.
Note that, by Theorem 6.2.14, XEx and XConvBc are incomparable.

132



P = ϕe′′ ,

∀n,σ ∶ P (n,σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

↑, if ∀i < #elets(σ) ∶ X2(h,ϕr(n)))(i)↓; 15

1, else if σ ⊆ X2(h,ϕr(n));

0, otherwise.

(6.31)

∀σ ∶ u(σ) = µlinn ϕe′′(n,σ);16 (6.32)

∀m ∶ ϕs(m) = X2(h,ϕr(m)); (6.33)

∀σ ∶ h(σ) = s(u(σ)). (6.34)

By (6.26) in Proposition 6.2.4, u ∈ LinF; hence, h ∈ LinF. Therefore, P is total

(thus, P ∈ R0,1).

Let g ∈ {ϕr(n) ∣ n ∈ N}. We show that h XEx-learns g. Let n be such that

ϕr(n) = g and let p, q ∈ R be such that X(h, g) = X(h,ϕr(n)) = (p, q). Obviously, for
all i, q[i] ⊆ X2(h,ϕr(n)), verifying the antecedent of (6.27) from Proposition 6.2.4

with q for T . Hence, we have the conclusion of (6.27) with for q in the place of T ,

showing that there is m ∈ N such that

λi u(q[i]) →m, (6.35)

and, also applying (6.31),

∀i ∶ q[i] ⊆ X2(h,ϕr(m)). (6.36)

Hence,

q = X2(h,ϕr(m)). (6.37)

The following completes the proof.

∀∞i ∶ ϕp(i) =
def p

ϕh(q[i]) =
(6.34)

ϕs(u(q[i])) =
(6.35)

ϕs(m) =
(6.33)

X2(h,ϕr(m)) =
(6.37)

q. (6.38)

15 See De�nition 3.1.4 for X2.
16 See De�nition 6.2.3 for µlin. Note that there are postponement tricks used for

the de�nition of µlin.
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Note that in general it is not the case that any XEx-learnable set is alsoXEx-

learnable by a linear time learner. This will be stated formally in Corollary 6.2.13

below, for which we now give de�nitions to set it up.

We give the following technically useful de�nitions.

De�nition 6.2.6. Let δ be a sequence acceptance criterion.

� δ is called non-trivial i� ∀σ ∶ σ ◇R /∈ Gδ.

� Let S ⊆ R. δ allows for linear time path �nding for S i� there is r ∈ LinF

such that, for all σ, τ of equal length and q ∈ S and e with σ ⊆ q = ϕe, we have
(τ ◇ λx r(x, e, σ), q) ∈ δ.

� Let h ∈ R,S ⊆ R. De�ne [S]h = {σ ∣ ∃g ∈ S ∶ σ ⊆ X2(h, g)}.

The following examples illustrate the �rst two of the just above de�nitions.

Example 6.2.7.

� Bc∗ is a trivial sequence acceptance criterion, while Ex,Bc,Bcs,Bcc and M

are non-trivial.

� Ex,Bc and Bc∗ allow for linear time path �nding for R as witnessed by

r = λx, e, σ e. M allows for linear time path �nding for total �nite variants of

constant functions.17

Note that non-triviality is inherited by subsets, and allowing for linear time path

�nding by supersets.

We give the following technical lemma to help with later proofs.

Lemma 6.2.8. Let δ, δ′ be such that δ′ is non-trivial. Let h ∈ P . Let S = Xδ(h).
Then we have, for all h′ ∈ P and σ, if h(σ) ≠ h′(σ) and S ⊆ Xδ′(h′), then, σ /∈ [S]h.

17 M allows for not necessarily linear time path �nding for R.
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Proof: Let h′ ∈ P be such that S ⊆ Xδ′(h′) and there is σ such that h(σ) ≠ h′(σ).
Suppose, by way of contradiction, there is σ ⊆-minimal such that

h(σ) ≠ h′(σ) (6.39)

and

∃g ∈ S ∶ σ ⊆ X2(h, g). (6.40)

Let c = #elets(σ).
We show that h′ witnesses σ ◇R ∈ Gδ′. For all f ∈ R, let f ′ ∈ R be such that

∀τ ∶ f ′(τ) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

g(τ), if τ ⊆ X1(h, g);

f(#elets(τ)−̇(c + 1)), otherwise.

(6.41)

Obviously, for all f ∈ R, f ′ ∈ S. Therefore,

∀f ∈ R ∶ X(h, f ′) ∈ δ′. (6.42)

We have, for some r ∈ R,

∀f ∈ R ∶ X(h′, f ′) =
(6.39)

(r, σ ◇ f) =
(3.2)

G(h′, σ ◇ f). (6.43)

From (6.42) and (6.43), we get

∀f ∈ R ∶ hGδ′-learns σ ◇ f . (6.44)

Therefore, h′ witnesses σ′ ◇R ∈ Gδ′, a contradiction.

Below we develop the concept of maximal learners.

De�nition 6.2.9. Let δ be a sequence acceptance criterion and h ∈ P . h is called

Xδ-maximal i� ∀h′ ∈ P ∶ [Xδ(h) ⊆ Xδ(h′) ⇒ h = h′]. Let MXδ be the set of all

Xδ-maximal learners.
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It is a consequence of the results in [CF99], that there are no maximal learners

in the sense Gδ, for δ ∈ {Exa,Bcn ∣ a ∈ N ∪ {∗}, n ∈ N} (the results given are even

stronger, stating that every learner can be improved by an in�nite set of targets).

On the other hand, there are maximal GBc∗ and XM learners (Corollary 6.2.2 and

[MO99, Corollary 16], respectively). The proof of Corollary 6.2.12 below employs

the existence of Xδ-maximal learners, for various δ including M. The following

proposition shows the value of maximal learners for proving separations.

Proposition 6.2.10. Let δ be non-trivial. Let C,C′ ⊆ P .

CXδ ⊆ C′Xδ⇒MXδ ∩ C ⊆ C′.

The following theorem characterizes maximal learners. In particular, the

equivalence of (i) and (ii) just below is useful to show a given learner to be maximal.

Theorem 6.2.11. Let δ be non-trivial such that ∀τ, σ ∃(p, q) ∈ δ∩R2 ∶ τ ⊆ p ∧ σ ⊆ q.
Let h ∈ P . The following are equivalent.

(i) h is Xδ-maximal.

(ii) [Xδ(h)]h = Seq.

(iii) ∀δ′ non-trivial, ∀h′ ∈ P ∶ Xδ(h) ⊆ Xδ′(h′) ⇒ h = h′.

Proof: �(i) ⇒ (ii)�: Straightforward by showing the contrapositive.

�(ii) ⇒ (iii)�: Use Lemma 6.2.8.

�(iii) ⇒ (i)�: Trivial.

Note that Theorem 6.2.11 applies to δ = M.

We are now ready to prove Corollary 6.1.8 from the previous section.

Restatement of Corollary 6.1.8

EUXBcs ⊂ RXBcs.
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Proof: Note that Bcs is non-trivial . By Proposition 6.2.10, it su�ces to show that

there is a XBcs-maximal learner in R∖EU . With padding from Theorem 2.3.2, let

h ∈ R be such that, for all σ with #elets(σ) > 0, h(σ) = unpad1(last(σ)). Let r ∈ R
be such that ∀e, p ∶ ϕr(e,p) = X1(ϕe, ϕp).
Claim 1: h /∈ EU .
Let p ∈ N be such that ϕp = h. By KRT (Theorem 2.3.3), there is e ∈ N such that

∀x ∶ ϕe(x) = pad(r(e, p), r(p, e)). (6.45)

It is easy to see that X(h, g) ∈ Bcc. (for Claim 1)

By Theorem 6.2.11, it su�ces to show [XBcs(h)]h = Seq to apply Proposi-

tion 6.2.10.

Claim 2: [XBcs(h)]h = Seq.

Let σ ∈ Seq, let p be such that ϕp = λx ↑. By KRT there is e ∈ N such that

∀x ∶ ϕe(x) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

σ(x), if x < #elets(σ);

pad(r(e, p), p) otherwise.

(6.46)

It is easy to see that X(h, g) ∈ Bcs and σ ⊆ X2(h, g). (for Claim 2)

Two of the main results in this section are the Learner Correspondence Theo-

rem (Theorem 6.2.12 below) and the Sequence Acceptance Correspondence Theorem

(Theorem 6.2.14 below). Together, they characterize the relative learning power of

many dynamic modeling criteria such as LinFXEx and XBc, and they even ap-

ply to coordination (XM). As a result, a comparison of the learning power of two

learning criteria will usually be an immediate consequence.

Note that Theorems 6.2.12 and 6.2.14 do not inform about trade-o�s in learn-

ing power between more restricted learner admissibilities and less restricted sequence
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acceptance criteria, or vice versa. For example, the relationship between LinFXBc

and XEx cannot be directly determined by the just above mentioned theorems.

The next theorem and its proof features the items from De�nition 6.2.6.

Theorem 6.2.12 (Learner Correspondence). Let δ be a non-trivial sequence ac-

ceptance criterion such that δ allows for linear time path �nding for all total �nite

variants of constant functions. Let C,C′ ⊆ R be closed under generalized composition

with LinF and LinF ⊆ C,C′. Then

CXδ ⊆ C′Xδ⇔ C ⊆ C′.

Proof: �⇐�: immediate.

�⇒�: Suppose, by way of contradiction, otherwise, as witnessed by f ∈ C ∖ C′. We

set up to use Theorem 6.2.11. De�ne, for all σ, σ̂ as the largest initial segment of σ

that does not end in 0. Let u ∈ LinF such that ∀σ ∶ u(σ) = max(2,#elets(σ̂)). Let
r ∈ LinF witness that δ allows for linear time path �nding for total �nite variants

of constant functions. De�ne h ∈ R by18

∀σ ∶ h(σ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, if σ = ∅;

f(σ(0)), if #elets(σ) = 1;

r(#elets(σ)−̇u(σ),patch0(σ̂), σ[u(σ)]), otherwise.

(6.47)

It is straightforward that h ∈ C, as f ∈ C and C is closed under generalized composition

with LinF and LinF ⊆ C. Also, h /∈ C′, as otherwise f = h ○ λn n ∈ C′. Using

Proposition 6.2.10 and Theorem 6.2.11, it su�ces to show [Xδ(h)]h = Seq. Let σ be

any sequence. De�ne g = λρ [(σ◇λx 0)(#elets(ρ))]. We have X2(h, g) =
(3.4)

σ◇λx 0.

From (6.47) and the choice of r it is now straightforward to verify that h Xδ-learns

g: Let p, q ∈ R be such that X(h, g) = (p, q). Then

q = σ ◇ λx 0. (6.48)

18 See De�nition 2.2.3 regarding patch0.
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For all n ≥ u(σ),
ˆq[n] = σ̂; (6.49)

hence, as

∀τ, τ ′ ∶ τ̂ = τ̂ ′⇒ u(τ) = u(τ ′), (6.50)

we have

p(n) = h(q[n]) = r(n−̇u(σ),patch0(σ̂), σ[u(σ)]). (6.51)

Obviously, ϕpatch0(σ̂) = q. Thus, σ ∈ [Xδ(h)]h.

A direct application of Theorem 6.2.12, e.g., Corollary 6.2.13, implies that

dynamic modeling forbids some postponement tricks.19 We let α, as from [CLRS01,

�21.4], be a very slow growing, unbounded, linear time computable function ≤ an

inverse of Ackermann's function; let LinF+ε = {ϕe ∈ R ∣ ∃k∀n ∶ Φe(n) ≤ k ⋅ ∣n∣ ⋅
log(∣n∣) ⋅α(∣n∣)+k}. The classes LinF and LinF+ε have long been known to separate

[HS65, HU79].

The following corollary gives a sample of the universal power of Theo-

rem 6.2.12.

Corollary 6.2.13 (Learner Complexity Matters). Let δ ∈ {Ex,Bc,M}.

(a) LinFXδ ⊂ LinF+εXδ.

(b) PFXδ ⊂ EXPFXδ.

A variant of the proof of �⇒� of Theorem 6.2.12 can be used to show RXδ ⊂
PXδ for δ as in Corollary 6.2.13.20

19 However, as we saw from Theorem 6.2.5 above, dynamic modeling does not
forbid all postponement tricks.

20 In this variant, we employ a partial computable function f with no (total)
computable extension [Rog67, Theorem II, p. 37].

139



The following is our last main result for the present chapter, and it charac-

terizes the relationship in learning power for criteria Xδ with varying δ.

Theorem 6.2.14 (Sequence Acceptance Correspondence). Let δ, δ′ be sequence

acceptance such that δ, δ′ ⊆ R2 is non-trivial. We have

Xδ ⊆ Xδ′⇔ δ ⊆ δ′.

Proof: �⇐�: immediate.

�⇒�: Suppose, by way of contradiction, otherwise, as witnessed by (p, q) ∈ δ ∖ δ′.
Let h ∈ R be such that ∀σ ∶ h(σ) = p(#elets(σ)). Let S = Xδ(h). Obviously, S ∈ Xδ.

Let g ∈ R such that ∀σ ∶ g(σ) = q(#elets(σ)). Then X(h, g) = (p, q), and, therefore,
g ∈ S.

We have S ∈ Xδ′, as witnessed by, say, h′. As h′ witnesses S ∈ Xδ′ and

δ′ ⊆ R2, we have, for all c, h′(q[c])↓.
Case 1: ∀n ∶ h′(q[n])↓ = p(n).
As (p, q) /∈ δ′, h′ does not Xδ′-learn g ∈ S, a contradiction.

Case 2: There is c such that h′(q[c])↓ ≠ p(c).
We use Lemma 6.2.8 to infer that S /⊆ Xδ′(h′), a contradiction.

The following corollary gives a sample of the universal power of Theo-

rem 6.2.14.

Corollary 6.2.15 (Hierarchies and Separations).

(a) For all a, b ∈ N ∪ {∗} ∶ XBca /⊆ XExb.

(b) For all a, b ∈ N ∪ {∗} ∶ XExa ⊆ XBcb⇔ a ≤ b.

(c) For all n ∈ N ∶ XM /⊆ XEx∗,XBcn.

(d) For all n ∈ N ∶ XEx∗,XBcn /⊆ XM.

Proof: By (3.6) and Theorem 6.2.14.
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