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Abstract

Memory management is a fundamental problem in computer architecture and operating
systems. We consider a two-level memory system with fast, but small cache and slow, but large
main memory. The underlying theoretical problem is known as the paging problem. A sequence
of requests to pages has to be served by making each requested page available in the cache. A
paging strategy replaces pages in the cache with requested ones. The aim is to minimize the
number of page faults that occur whenever a requested page is not in the cache.

Experience shows that the LEAST-RECENTLY-USED (LRU) paging strategy usually achieves
a factor around 2 to 3 compared to the optimum number of faults. This contrasts the theoretical
worst case, in which this factor can be as large as the cache size k.

One difficulty in analyzing the paging problem was the lack of an appropriate lower bound
for the minimum number of page faults. We address this issue and propose a general lower
bound which provides insight into the global structure of a given request sequence. In addition,
we derive a characterization for the number of faults incurred by LRU.

We give a theoretical explanation why LRU performs well in practice. We classify the set
of all request sequences according to certain parameters and prove a bound on the competitive
ratio of LRU, which depends on them. This bound varies between 2 and k, i.e., it includes
the worst-case, but explains for which sequences LRU achieves constant competitive ratio. The
classification is motivated from the structure of request sequences of practical applications:
locality of reference and characteristic data access patterns. We argue that this structure yields
values around 2 for our bound. Indeed, it is between 2 and 5 in extensive practical experiments.

Moreover, we show that the alternative approach of variable cache size, which was also
studied previously, is not appropriate to explain this phenomenon. Further, our analysis provides
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1 Introduction

Memory management is a fundamental problem in computer architecture and operating systems.
In its simplest form, the memory system consists of two levels: a fast but small cache and a slow
but large main memory. The cache is a temporary memory for data needed by the programs in
execution. Copying from main memory to the cache takes time, but has the advantage that the
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data in the cache can be accessed fast. Hence, the strategy of data replacement in the cache is
crucial for the overall system performance.

The underlying theoretical problem is known as the paging problem: a sequence of requests to
memory pages has to be served, where each requested page must be made available in the cache.
The cache has size k, i.e., it can store up to k pages. If the page is already there, the request is
served without additional cost. Otherwise, a page fault occurs and the requested page must be
brought to fast memory. If the cache stores already k pages, one of these must be evicted, in order
to clear space for the requested one. A (reasonable) paging strategy aims at minimizing the number
of page faults.

In the offline version of the problem, the whole request sequence is known in advance. The
LONGEST-FORWARD-DISTANCE algorithm (denoted OPT), which was introduced by Belady [2], is
an optimal offline algorithm, which always evicts the page with the most distant next request.

In online paging, requests arrive one-by-one and eviction decisions must be made at every
arriving request, without any knowledge of the future. Examples for online strategies are LEAST-
RECENTLY-USED (LRU), which evicts the page in the cache whose last access was earliest, and
FIRST-IN-FIRST-OUT (FIFO), which evicts the page that has been in fast memory longest.

Sleator and Tarjan [9] proposed to evaluate the performance of online algorithms by using
competitive analysis. In that model, an online algorithm ALG is compared with an offline opti-
mum algorithm OPT on the same input sequence. The request sequence is chosen by an offline
adversary A out of a set S5 of admissible sequences.

Denote the respective number of faults of ALG and OPT on the request sequence R by ALG(R)
and OPT(R). The competitive ratio of ALG against the adversary A is defined by

ALG(R)
CRA(ALG) = maX{OPT(R) ‘R e SA} .
If there is a function ¢ = ¢(k), which may depend on the cache size k, such that CrR4(ALG) < ¢,
then ALG is called c-competitive; otherwise, it is said to be not competitive.

Sleator and Tarjan [9] proved that LRU and FIFO are both k-competitive against the unre-
stricted adversary, and that this bound is tight. However, the theoretical k-competitiveness of
LRU seems to be overly pessimistic compared to practical observations. In the experimental study
of Sites and Agarwal [8], LRU achieves a factor of approximately two to three compared to the
optimum.

This motivates research in order to explain this phenomenon. Apparently, the unrestricted
adversary is too powerful in the choice of the sequence. Two ways to limit the power are randomized
adversaries, where request sequences obey an underlying probability distribution and deterministic
adversaries, for which the set of admissible sequences is restricted explicitly.

In one of our main results we propose a deterministic adversary, which is only mildly restricted
by two parameters a and 3. The adversary especially covers two important principles, which are
widely observed in practice: locality of reference, which states that a page which was requested
recently is likely to be requested soon again, and typical memory access patterns that occur due to
requesting data.

We prove a bound for the competitive ratio of LRU which depends on o and 3. We argue
that realistic values for o and 3 indeed are such that our bound gives values between two and five,
coming close to practical experience — see Section 2.3.



1.1 Previous Work

In the randomized diffuse adversary framework of Koutsoupias and Papadimitriou [5], an adversary
is allowed to choose the input distribution D out of a given class A of distributions. The expected
competitive ratio of an algorithm ALG is defined by

ECRA (ALG) = max{i{giﬂ :D e A} ,

where the expectations are taken over all request sequences weighted with the respective probability
according to the distribution D. Instead of choosing a worst possible input, the adversary is only
free to choose a worst input distribution.

The diffuse A.-adversary of Koutsoupias and Papadimitriou [5] chooses each request randomly,
such that no page is requested with probability more than some € > 0. They proved that LRU is
optimal against this adversary, but did not determine the actual ratio. Young [13, 14] proved that
the function ECRa (LRU) varies from constant to linear in k as € varies from zero to one. Moreover,
it is logarithmic in & if ¢ = %

Recently, Becchetti [1] analyzed LRU in a probabilistic setting and, for the first time, proved a
constant expected competitive ratio. A diffuse adversary chooses a probability distribution for each
page request, such that the expected number of distinct pages until the page is requested again is
at most % In this setting, the expected competitive ratio of LRU is at most 22.

The access graph model of Borodin et. al. [3] is an example for a deterministic adversary, which
captures locality of reference. The pages stored in slow memory are identified with the vertices of
a graph. The adversary is free to choose a sequence if it maps to a walk along the edges of that
graph. Fiat and Mendel [4] gave an O (1)-competitive algorithm.

Another approach, carried out by Young [12], is to vary the cache size and to consider a
relaxation of the competitive ratio. Roughly speaking, an algorithm is called loosely c(k)-competitive
if its fault rate on a given sequence is “irrelevant”, or its competitive ratio is at most c¢(k) for “most”
values of k € {1,2,...,p}, where p is the number of distinct pages in the sequence. Young [12]
proved that LRU and FIFO are loosely log k-competitive.

1.2 Our Contribution

One difficulty in analyzing the paging problem was the lack of an strong lower bound on the
optimum number of faults. So far, this number was lower bounded by partitioning the sequence
into phases, giving insight only into local structure of the paging problem. We propose a novel
analysis, which is based on a lower bound which captures the structure of the entire sequence.

Two requests to the same page with exactly £ distinct pages inbetween are called a pair with
distance (. Define the characteristic vector ¢(R) = (co,c1,...,¢p) of a sequence R, where every
entry ¢y counts the number of pairs with distance £.

This definition allows us to characterize the number of faults of LRU. This algorithm will have
evicted a certain page from the cache if and only if at least k distinct pages are requested in the
meantime. Therefore, we have LRU(R) = )~ ¢/ +p, where p denotes the number of distinct pages
within the sequence R. B

The crucial result for our analysis is the lower bound oPT(R) > 3", “&+le,. Because both
bounds depend on the characteristic vector, we are able to compare directly the number of faults
of LRU and OPT on any given sequence R.




We are able to give a theoretical explaination why LRU performs well in practice. We argue that
request sequences generated by running programs feature two characteristics: locality of reference
due to executing code and typical memory access patterns due to requesting data.

We formalize this intuition with the («, 3)-adversary, which is free to choose any sequence such
that its characteristic vector satisfies Z?f,;l c < Zf;ik ¢¢. The intuition behind this definition
is that there are not “too many” request pairs with “critical distance”, see Section 2.3. Our analysis
yields that the competitive ratio of LRU is bounded by

1
CR(q,3)(LRU) < 2(1 + ) <1 + a—l) + e,

where € depends on a worst-case sequence and is between zero and one. Depending on the values
of a and (3, our bound can actually be as small as two. We argue that the sequences of running
programs in practice feature “large” a and “small” §. We performed extensive experiments, see
Figure 1 for two representative results, and calculated the corresponding values for o and 5. Our
bound for LRU ranged there between three and seven, coming close to practical experience.

We emphasize that our result holds for a deterministic adversary and (depending on « and [3)
improves upon a result of Becchetti [1], which states ECRA (LRU) < 22 in a probabilistic setting.

We also consider variable cache size, which was studied earlier, see e.g., Young [12]. We introduce
the K -adversary, which is unrestricted in the choice of the sequence, but the cache size is a random
variable ranging between two mtef;ers a and b. We analyze LRU in the two measures, the expected
competitive ratio ECRg (ALG) ALSL and the expected performance ratio EPRg (ALG) = E [A<],

E[opT] OPT
We conclude that variable cache size is not appropriate to explain the performance of LRU in

practice, because we can construct a sequence R such that (L)I;ITJE?) ~ k for every cache size k €
{a,...,b}. This yields the second conclusion, which is more important. The expected competitive

ratio can give a misleading answer, in the following sense. We can prove ECRx (LRU) = O (a) and
EPRi (LRU) = O (b). Hence, if we fix a and let b grow, ECRkg(LRU) = O (a) suggests that LRU
performs well, although this is not the case. It turns out that this phenomenom is because the
expected competitive ratio loses an important property of competitive analysis: the instance-wise
comparison of algorithms.

2 On Adequate Performance Measures for Paging

2.1 The Characteristic Vector

Let M = {1,2,...,m} be the set of pages stored in the large memory. Let R = (r1,re,...,m)

denote a sequence of requests of length n, where we refer to the set T' = {1,2,...,n} as time. We
require 1y € M for every t € T and call P = {ry,...,r,} C M the requested pages. Throughout,
p = p(R) = ||P|| counts the number of requested pages in the sequence.

A request pair (i,j) is defined by two time-indices i and j within R such that 1 <i < j < n.
We call a request-pair (7, j) consecutive if r; = r; and all pages ry in the range i < £ < j are distinct
from r;. Define the set of distinct pages between (i,j) by D(i,j) = {rit1,...,7j—1} and define the
distance of a consecutive request pair (i,7) by dist(¢,7) = ||D(7,J)||. Let

Cy(R) = {(s,t) : consecutive request pair (s,t) in R with dist(s,t) = ¢}
denote the set of consecutive pairs with distance £.
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The characteristic vector of a sequence R is defined by
c(R) = (co,c1,...,cp—1), where cp = co(R) = ||Co(R)||.

Each ¢, counts the number of consecutive pairs (i, j) that have exactly ¢ distinct pages between
i and j. Each ¢; = ¢y(R) actually depends on R but we mostly omit the argument R for simplicity.

2.2 Bounds for Paging Algorithms

The characteristic vector enables us to describe algebraically the number of faults of LRU, see
Theorem 1, and to bound OPT from below, see Theorem 2. Especially the latter result is crucial
for our analysis. We believe that our concept of the characteristic vector will also be useful for
understanding further paging heuristics, e.g., FIFO.

Theorem 1. Let k denote the cache size and let R be a request sequence with characteristic vector
c(R) = (co,...,cp-1), then

LRU(R) = Z ct(R) +p(R).
>k

Proof. 1f a certain page is in the cache, it will be evicted by LRU before it is requested the next
time if and only if there are requests to at least k distinct pages before that. The additional p in
the bound is due to the initial faults, i.e., the faults incurred when the page is brought to the cache
for the first time. .

Theorem 2. Let k denote the cache size and let R be a request sequence with characteristic vector
c(R) = (co,...,cp—1) and p(R) > k + 1, then

= =

OoPT(R) >

(—k+1

k1 h1 Z ce(R).
I+ = !
The bound is tight for (k + 1)-multicycles as ¢y, tends to infinity.

Corollary 3. Let k denote the cache size and let R be a request sequence with characteristic vector
c(R) = (co,...,cp—1) and p(R) > k + 1, then

orr(R) > L3 MT“Q(R).
>k

For an intuitive understanding of this bound, consider an ¢ + 1-multicycle, i.e., a sequence
(1,2,...,041,1,2,...,£4+1,...). It is easy to see that the optimum algorithm faults £ — k + 1
times per repetition of the cycle (1,2,...,¢ 4+ 1), and that every consecutive request pair has
distance ¢. Hence, averaging over the whole sequence yields that each pair contributes HTH to
the total number of faults.

The essential statement of the lower bound is the abstraction that an arbitrary sequence can
be seen as if it were a collection of multicycles with the same characteristic vector.

Before we proceed to the proof of Theorem 2, we want to give some intuition about the obstacles

we have to overcome. Let R be a request sequence which requests p distinct pages; then

{—k+1
> -
orT(R) > I;lgg{{ i ce(R)} ,
)



where k denotes the cache size. To see this, observe that OopPT faults at least / — k 4+ 1 times
between two consecutive requests to a page, with ¢ distinct pages in between, as at the point
of time of the first request it has cached at most k — 1 of the pages inbetween. Therefore, by
considering only consecutive request pairs of distance ¢, we overcount by at most a factor £ because
every fault is counted for at most £ consecutive request pairs. Observe that the bound is tight for
(¢ + 1)-multicycles.

Theorem 2 states that the max in the above lower bound can be replaced by a sum, loosing a
factor which is at most two. The main difficulty in proving it is that consecutive request pairs of
different distances may overlap, which has to be handled appropriately.

Proof of Theorem 2. Recall that C denotes the set of all consecutive request pairs and also recall the
set T which is referred to as time. Consider an execution of an arbitrary optimal offline algorithm
OPT on a given sequence R, e.g., LONGEST-FORWARD-DISTANCE. Define

F =F(R)={teT:opt faults at time ¢t} (1)

f— f(R ):{1 if t € F(R),

0 otherwise,

and

which yields oPT(R) = >, o1 fi(R).
Below, we prove that for every ¢t € T and every pair (¢,7) € C, there exitsts a function &(i, j),
which has the two properties expressed in Claim 4 and Claim 5.

Claim 4. Let (i,7) € C. If dist(i,j) > k, then it holds that

o dist(i,5) —k+1
5u(i, §) = .
2Ol dist (i, )

teT
Otherwise, i.e., if dist(i, j) < k, then Y, 0¢(i,5) = 0.
Claim 5. For every t € T we have that
k-1 k-1
S st < (1
k p—1
(i.4)eC

If Claim 4 and Claim 5 hold, then the following argument, which is based on changing the order
of summation, completes the proof of the lower bound.

Claim 5

OPT(R) =3 fill) 2 ey 2 D i)
teT T Tl teT (i,5)eC
1 .
= Rl ET %:(0 1)
k. p1 (ij)eC teT
Claim 4 1 Z dlSt(Z,j) —k+1
k=1 _ k-1 ist(i.
I+ =03 hec dist(i, j)
dist(4,5) >k
1 —k+1
= =1 k-1 Ce-
I+5% e ¢



Before we actually prove Claim 4 and Claim 5 we need additional notation. For every pair
(i,7) € C define the set
F(i,j)={te F:i<t<j},
i.e., the times when OPT faults between i and j. For every t € F(i,7), define the rank of the fault
at time ¢ within (4, j) by
rank(i,7) = ||{s € F(i,7) : s > t}||.

The intuition is that the fault with rank r is the r-th last fault within (¢, 7). Let
L(i,5) = {t € F(i,7) : rank.(4, j) < dist(¢,j) — k + 1}

denote the set of the (at most) dist(i,j) — k + 1 last faults of (i, 7).
Define the value of (i,j) at time t € T by

valy (i, j) = dist (i, 5), (2)

v J) =
R valy (i, 7) otherwise.

Observe that the value of a pair (i,j) decreases by exactly one at a time whenever one of the
dist(i,7) — k + 1 last faults in L(7,j) occurs. At all other times, the value remains constant. It is
not hard to see that the following equality holds. It relates the rank of a fault at time t € L(i, j)
with the value at that time:

val(i,7) = ranks(i,7) + k — 1. (4)

Hence we have valy(i,7) € {k,...,dist(i,7)} for all ¢t € L(3, j).
We are now in position to define the function d6;(4, j) based on val;(i, ):

k—1 k—1 NI TR N
64(i,7) = § val+ i) vali(i,g) if dist(7, 7) > K, (5)
0 otherwise.

Observe that d;(i,7) = 0 for all times except t € L(i,7). The two crucial properties of this
definition are the following. First, for each pair (i, j) with dist(i, j) > k we have ), . 0¢(i,7) =
dist(i,j)—k+1

dist(7,7)
smaller the rank of a fault is, the more it contributes to ), L(i.j) 0¢(7,7). This second property is
crucially needed for the proof of Claim 5 below.

, which will be shown below. Second, observe that (5) is defined in such a way that the

Proof of Claim 4. Let (i,7) € C be a consecutive request pair.

First, let dist(i,7) < k and observe that L(i,5) = 0 in this case. Hence (3), and (5) imply
S er 0uisg) = 0.

Second, let dist(é, j) > k. Observe that the number of faults of OPT within (4, 5) is || F'(4,7)|| >
dist(i,7) — k + 1 for all pairs with distance at least k. This is because there are dist(7, j) distinct
pages between ¢ and j and there are at most k£ — 1 of these in the cache of OPT at time i. Hence,
for pairs (4, j) with dist(¢, ) > k the property ||F(i,7)|| > dist(¢,j) — k + 1 implies that ||L(4, j)|| =
dist(i, j) — k + 1.



Then the definitions (1), (2), (3), and (5) imply

D oouig) =D i) = Y 6(i.])

teT teF teL(i )
k-1 k-1 G
=2 valyy1(i,7)  vali(4, ) =(k=1) > v—1 v
teL(iy) T\ ' v=k

) . 1oy dist(i, j) — k+1
= k=1 (k 1 dist(i,j)> ~ DG i)
_dist(d,) —k+1

o dist (4, 5)

and Claim 4 is established. .

Before we proceed to the proof of Claim 5, we give some of the intuition behind it and introduce
additional notation.

Let t € F be a point in time when an OPT fault occurs. We have to prove that the sum
> (.jec 0t(i, ) of all the pairs (4, j) for which &(¢, j) > 0 is not “too large”. As mentioned above,
for every pair (i,j) with dist(é, j) > k a fault at time ¢ contributes the more to > ¢/ ; 5y 6:(i, j)
the smaller the value of that pair is at time ¢. Hence it is crucial to prove that there are not “too
many” pairs with small value at time ¢. This central property is expressed in Lemma 6.

For every t € T define the set X (t) = {(¢,7) € C : t € L(i,7)}. Observe that if no fault occurs
at time ¢, then X (t) is empty. Otherwise, i.e., for t € F, the set X (t) comprises all the pairs for
which the fault at time ¢ is one of the dist(7, j) — k + 1 last faults. Hence, for these pairs the value
val (i, j) decreases by definition (3) at time ¢ 4+ 1. Furthermore, observe that

Yoo =Y g,
(4,)eC (1,)€X(2)

i.e., it actually suffices to consider the pairs (i,7) € X (t), because d;(v,w) = 0 for all the other

pairs (v, w) & X(t).
For every £ =1,...,p — 1 define the sets and quantities

Xe = Xo(t) = {(i,5) € X(t) s ramke(i,j) = €} and @ = @,(t) = | Xe(0)]

i.e., the (number of) pairs for which the fault at time ¢ has rank ¢.

Lemma 6. For allt € F it holds that

forallr=1,...,p—Fk and xp_p11(t) = - = x,_1(t) = 0.

Proof. Consider a fixed time ¢ € F'. For simplicity of notation, we omit the argument ¢, e.g., we
write Xy and X instead of X,(¢t) and X (¢).

First observe that (4) implies rank (4, j) < dist(é,j) —k+1 < p—k. Hence X, j41 = -+ =
Xp1=0and zp_p11 = =xp—1 =0.



The sets X, partition the pairs (i,j) € X accoring to their rank. Hence the sets X, induce a
disjoint partition of X and we have || Uj_; Xo|| = >"p_; || Xel| = Dop_; 2o

For sake of contradiction, fix r such that Uj_, X, comprises m > r + k — 1 pairs. Let these be
(41,791)y - - - (im, Jm). Without loss of generality ¢t < j;3 < -+ < jm—1 < jm. Observe that all the
pages ¢, 7j,, ..., 7, are distinct from each other. Hence, at time ¢, the set {r¢,7j,,...,7j,._ 1, 7.}
comprises exactly m + 1 distinct pages. Therefore any algorithm with cache size k faults at least
m+1—k>r+k—1+1—Fk=r times. Hence there are more than r faults of OPT within the

time range t,...,Jjm,. Consider the pair (i, jm,) and observe that the fault at time ¢ within that
pair has rank more than r, i.e., rank;(iy,, j;m) > r. Hence (im,jm) & Uj_1 X, yields the desired
contradiction. .

Proof of Claim 5. First observe that for every t € T\ F' we have

E—1 k-1
Z 0¢(i,j) =0 < (1+k—_1)ft
(i,9)eC p

by definition of §:(3, j).
Second, let t € F' and consider the set X (¢). Recall the disjoint partition X (¢t) = X;(t)U---U
Xp—k(t). By (3), (4), and (5) each pair (i, j) € X,(t) contributes

o k-1 k—1
CE DRl ey s Sl ey |

to Z(i,j)GXt 5t(Z7j)
Now interpret the z, as variables of the following linear program, where the constraint (7) is
implied from Lemma 6.

p—Fk
kE—1 kE—1
maximize Zw<€—|—k—2_€+k—l) (6)
subject to ng§r+k—1 forr=1,....,p—k (7)
(=1

Clearly, the optimum value of the linear program (6) immediately yields an upper bound on
Z(i,j)eXt 61(i, 7).

Now we prove that the unique optimal solution to (6) is x* = (k,1,...,1). Consider an arbitrary
optimal solution x = (z1, ..., z,_x) and let v be the smallest index such that >, _, a2y =v+k—1—¢
for some € > 0. If v does not exist, there is nothing to prove, because then x = (k,1,...,1).

If v = p—k holds, increasing d, by ¢ yields the feasible solution (k,1,...,1) with larger objective
value and hence a contradiction. Otherwise, i.e., for v < p — k, let w be an index with v < w and

consider the solution x. = (£1,...,%y +¢€,..., %y —&,...,%p_), Which is indeed feasible. We have
that the objective value of x, — x is
(k—1) ! ! >0 byv< de>0
e(k — - v<wand e
Wtk-Dw+k—2) (wtk—-1Dw+k—2) Y
which is a contradiction. Hence x* = (k,1,...,1) is the unique optimum solution to (6).
This solution and a simple calculation yields
. E—1 k-1
> i< (145 A oy ®
< p—1
(i,5)eC



and the proof of Claim 5 is complete. .

It is easy to see from the discussion preceeding this proof, that the bound is tight for (k + 1)-
multicycles (1,2,...,k+1,1,2,...,k+1,...) because p = k+ 1. As discussed above, the proofs of
Claim 4 and Claim 5 imply Theorem 2. Corollary 3 is implied by (8). .

2.3 The (a,f)-Adversary

How does the request sequence of a typical program look like? To answer this question, recall that
programs are organized in two parts: code and data.

The algorithms executed by the program are implemented in the code segment, which is usually
small compared to the cache size. By locality of reference, most consecutive requests to code pages
will have short distance. For example, a lot of time of the control flow is spent in executing loops
resulting in an enormous number of requests to few pages.

However, the size of the datastructures needed by an algorithm can be assumed to be large
compared to the cache size, e.g., databases, matrices, or graphs. This data is mostly accessed in
a structured way, e.g., linearly reading, or in an irregular way, e.g., the queries to a database. In
both cases, we expect a typical memory access pattern: a consecutive request to a page either has
small or large distance compared to the cache size.

We argue that request distances can be divided into three classes: short, long, and uncertain.
Intuitively, for short distance, “no” (reasonable) algorithm faults, for long distance, “any” algorithm
faults, but it is not clear for the distances inbetween. As discussed below, the treatment of the
latter turns out to be crucial for the performance of a strategy.

This observation motivates the definition of the («, 3)-adversary. Let k denote the cache size,
let o > 1 be such that ak is an integer, and let 5 > 0. Then, the («, §)-adversary is free to choose
any sequence R in the set S, g) defined by

ak—1 p—1
S(a,p) = {R request sequence with ¢(R) such that Z «a(R)<p Z c@(R)} ) (9)
=k t=ak

The set of all sequences is classified according to the parameters o and (3, which is motivated
from the above reasoning and has the following intuition. The parameter § controls that there
are not “too many” consecutive requests with distance in the crucial interval [k,ak — 1]. To see
why this interval is critical, consider an ¢ + 1-multicycle and observe that each request pair has
distance ¢. For these sequences, the competitive ratio of LRU is ﬁ, decreasing from k to %5
as £ grows from k to ak — 1.

Notice that we do not restrict the number of requests with very short distance, i.e., in the
interval [0, k — 1]. Hence, our model implicitly captures the notion of locality of reference. Observe
that the interval [ak, p — 1] is also not constrained, allowing sequences that have a typical memory
access pattern.

Summarizing, the (a, §)-adversary restricts the crucial interval [k, ak — 1] of request distances;
but only mildly. We just require that the total number of crucial requests Z?ﬁgl c¢ can be balanced

with the long-distance requests ?;Olék cy.

For technical reasons, we define the function £(R) = Oﬁ(TIZ){) which relates the number of initial
faults to the optimum number of faults of the sequence R. Observe that 0 < ¢(R) < 1 always

holds. Define ¢ = ¢(R), where R € S(, g) is a sequence that maximizes ERPITJE‘;; over all S € S, )

10



Legend
x-axis L
y-axis cy (log-scale)
Left Image

SPEC Hydro
purpose fluid dynamics
pages ~ 710%
k 1024 (4 MB)

(a,8)  (16.002,0.012)
flo, 8)  2.16
Right Image

SPEC Nasa7
purpose weather sim.
pages ~ 3107
k1024 (4 MB)
(o, ) (3.97,0.6)
f(a, B) 4.28

Figure 1: Characteristic vectors of two SPEC benchmarks
Theorem 7. For the («, 3)-adversary and cache size k, it holds that

CR(q,3)(LRU) < f(a, B) :=2(1 + B3) <1 + 1) +e.

a—1

Proof. Let R € S, g) be a sequence that maximizes BR%ESS; over all S € S, ) with ¢ = ¢(R) relative

contribution of initial faults. Further, Theorem 1, Theorem 2, and (9) yield

k—1
LRU(R) _ 2Z?Zk ot D an Ct <9 (L+6) ek | 9(1 1 1
7y S y— e< 255 +e=2(1+0) to—g ) te
OPT(R) Zezk T o 2ut=ak CC Q=
and the proof is complete. .

This result is a theoretical underpinning of the good practical behaviour of LRU, since it gives a
criterion for the sequences on which the algorithm achieves constant competitive ratio. The bound
f(a, B) is constant if o is “large” and [ is “small”. Indeed, the discussion above suggests that
practical sequences are in a set S, gy with this property.

To substantiate this claim, we performed extensive experiments with memory traces gener-
ated by our implementations of standard algorithms and by the execution of SPEC benchmark
programs [11]. SPEC benchmarks are standard for performance evaluation in computer industry.
They provide programs for a broad variety of applications, e.g., numerical simulations or user pro-
grams. We calculated o and # and obtained that our bound f(«, 3) gives values between two and
five for these request sequences, see Figure 1.

Further experimental study is needed to determine consistent values of o and 3. However,
according to the above reasoning, the size of data needed by a program is large compared to the
cache size, i.e., at least a constant factor. We hence expect that « is “large” in practice. In
our experiments, we also monitored the structure of the characteristic vector of these sequences.
Figure 1 depicts two representative examples of our results. The z-axis shows the length ¢ of the
consecutive request and the y-axis shows the value of the respective ¢y in log-scale. There is a peak
for smaller values of £ and there are many lange entries ¢, for larger values of ¢, corresponding to
short and long distance. This structure suggests that 8 should be “small” in practice.
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2.4 The K-Adversary

An alternative approach is to consider variable cache size, which was already studied by Young [12].
He measured the performance of an algorithm with a relaxation of the competitive ratio. We
propose an alternative measure, the expected performance ratio, see Souza [10] for further reading,
and compare it with the expected competitive ratio in a diffuse adversary model.

We argue that the expected competitive ratio loses an important property of competitive analy-
sis: the instance-wise comparison of a certain algorithm against an optimum algorithm. Theorem 8
is evidence that the expected competitive ratio can be misleading due to this fact.

The K-adversary is completely free to choose a request sequence, i.e., Sk is not restricted, but
the cache size K is uniform distributed K ~ Uni{a,...,b} and beyond the power of the adversary.

The expected competitive ratio ECR and the expected performance ratio EPR of an algorithm
ALG against the K-adversary are defined by

E [ALG(R)]
E [opT(R)]

where each expectation is taken over the random cache size K.

ALG(R)

ECRi (ALG) = max{ PT(R)

‘R e SK} and EPRy(ALG) = max {E

:RESK},

Theorem 8. For the K-adversary with cache size K ~ Uni{a,...,b}, and a > 2 it holds that

b
a < ECRk(LRU) <2a+1 and EPRg(LRU) = a;r .

The proof of Theorem 8 is deferred to Appendix A.1. The value of the expected competitive
ratio varies from © (1) to © (b) as a varies from one to b. The expected performance ratio is © (b),
independent of a. Both bounds are tight for sequences R with the characteristic vector c(R)

c(R) =2 fort =a,...,b, and ¢(R) =0 for all other ¢,

where x is a free variable. Then LRU indeed exhibits its worst-case behaviour because we have
limg 00 % = k for every cache size k € {a,...,b}. The bound EPRg(LRU) = © (b) reflects
this result, but ECRg (LRU) = © (a) does not, if we fix a and let b grow.

We draw two conclusions from the K-adversary model. First, variable cache size and an unre-
stricted adversary are not appropriate to explain the good performance of LRU in practice because
EPRg (LRU) = © (b). Hence we argue that assumptions on the sequence are necessary and justify
restrictions, e.g., the («, §)-adversary. Second, the expected competitive ratio can be misleading in
the following sense. Although there exist sequences such that LRU yields competitive ratio k on
every cache size k € {a,...,b}, we have that ECRk (LRU) is constant if a is chosen to be constant.
LRU appears to perform quite well in this measure against an unrestricted adversary with variable
cache size, although the opposite is the case. The reason for this inconsistency is that algorithms
are not compared instance-wise, which can be seen in the proof of Theorem 8.

2.5 Outlook

An interesting outlook of this paper is that the proof of the lower bound, Theorem 2, could also
lead to new insights concerning the long-standing k-server conjecture, which was raised by Manasse
McGeoch and Sleator [7]. The k-server problem is a natural generalization of the paging problem,
where the cost of moving a page into the cache may differ from one. The conjecture states that there
exists a k competitive algorithm for this problem. See, e.g., Koutsoupias and Papadimitriou [6] for
further reading.
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A Appendix — Omitted Proofs

A.1 Proofs of Section 2

Before we actually prove Theorem 8, we state Lemma 9 and its variant Corollary 10 which are

needed therein.

Lemma 9 (Omitting Lemma). Let x = (z1,...,2,) >0 andy = (y1,...,yn) > 0 be such that

Then we have
$1+$2+'--+xnS:U1+:c2+---+mn71S_“Sm—i—ngﬂ'
y1+y2+--+Yn yr+y2+-+Yn-1 Y1+ Y2 Y1

Proof. For everyi € {1,...,n}, define the values n; = 23:1 xj, di = Z;:l yj, and r; = Z—Z Observe
that the claimed assertion r; > r;41 is equivalent to r; > z’—ﬁ because
: i Tl Tl G >0 ifandonlyif — =pr; > =L

-

i di+tyi did; 1 i T Vit

Ty —Tit+1 =

We proceed by induction on the assertion r; > 3;—11 The base case ¢ = 1 is trival:

7 :1:1+x2_:1:1y2—352y1>0 if and only if s

v yitye vy ) v Y2

For the inductive case, we prove that r;;1 > 2 follows from r; > TL and % > T4l > Tid2,
Yit2 Yi+1 Yi Yi+1 Yit2

Ti4-2 . .
Vito holds if and only if

Fil”St, Ti+1 >

NiYit2 + Tit1Yi+2 — Tit2Yir1 — diTipo > 0. (10)

Second, the assumption Z‘Z—E > Zf—ﬁ, ie., Tit1Yir2 — Tivoyiy1 > 0 implies that (10) is true if
nYi+2 — d;Tir2 > 0 or equivalently ;’—E < % = r;. The induction hypothesis implies
n
ri=—-> >
i Yi+1 Yi+2

Li4-1 > Ti42

ISH

and the proof is complete.

Corollary 10. Let x = (z1,...,2,) > 0,y = (Y1,...,Yn) > 0, and let © denote a permutation of
(1,...,n). Then we have

o x; T
Z:Z,L_“’Sminmax{ - :izl,...,n}gmax{ L i=1,...,n, andﬁxedﬂ}.
Yy oo Yr (i) Yr (i)
Proof of Theorem 8. First note that we may assume characteristic vectors ¢ = (g, ..., ¢p) without
loss of generality, i.e., £ is in the range a, ..., b. If there is a ¢, > 0 with £ < a, it does not contribute,

neither to LRU nor to OPT. If we want to prove an upper bound of % and there is a ¢y > 0 with
¢ > b, then we can simply modify the characteristic vector ¢ to ¢’ by setting ¢, = ¢, +¢¢ and ¢, = 0.
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This change does not affect LRU and only decreases the lower bound for opT. If we want to prove
a lower bound of Z¥T we can choose a characteristic vector anyway.

The upper bound on EPRx (LRU) is easy to prove, because ¢% < k holds. We find

b
LRU 1 a+b

E[ ]< k= .
OPT _b—a+1kz_;l 2

The lower bound on EPRg (LRU) is obtained for sequences R with the following characteristic
vector with the free variable x

cp=a"fort =a,...,b. (11)

Consider for example a collection of multicycles with this characteristic vector. For this sequence
R, we find that LRU(R) > 375 ¢, and OPT(R) < 3y E=htl ey, Therefore, as x tends to infinity,
we obtain

E [LRU] - 1 b D sk C
= —ktl
OPT b—a+1 Ft Zle 7; ¢

_ 1 zb: Sspat 1 zb: k
Ty — L=k+1 _b— T h—

b—a+1 = sk Ehilpb—t+1 — p—a+1 o
a+b

5

For the upper bound on ECRg (LRU), we first derive the following facts by changing the index
of summation:

IE[LRU]: a+12205+p Z —a+ 1), +p

k=a >k
(- k:+1 L (l—a+1)(—a+2)
E [opT] > —a—i—lzz :42 / ¢
a >k {=a

With Corollary 10, and the trivial lower bound OPT > p, we obtain

b
LR0) |, Sh (=t e
E[OPT] - Eb . (f—a+1)(I—a+2) a+1)(l a+2) ¢
<1—|—4max{ a,...,b}
—a+2
=1+ 2a,

as a > 2.
The lower bound on ECRk (LRU) is obtained for sequences with the same characteristic vector

(11) as for the lower bound EPRg(LRU) = Q (b), for example. As x tends to infinity, we obtain
E[LRU]
E[oPT]

> a and the proof is complete. .
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