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Figure1: There�ectance�eld of aglassfull of gummybearsis capturedusingtwo coaxialprojector/camerapairsplaced120� apart.(a) is the
resultof relightingthescenefrom thefront projector, which is coaxialwith thepresentedview, wherethe(synthetic)illumination consistsof
theletters“EGSR”. Notethatdueto their sub-surfacescatteringproperty, evena singlebeamof light thatfalls on a gummybearilluminatesit
completely, althoughunevenly. In (b) we simulatehomogeneousbacklightingfrom thesecondprojectorcombinedwith theillumination used
in (a). For validation,a ground-truthimage(c) wascapturedby loadingthesameprojectorpatternsinto the realprojectors.Our approachis
ableto faithfully captureandreconstructthecomplex light transportin this scene.(d) shows a typical framecapturedduring the acquisition
processwith thecorrespondingprojectorpatternin theinset.

Abstract

Wepresenta novel techniquecalledsymmetricphotographyto capturerealworld re�ectance�elds. Thetechnique
modelsthe8D re�ectance�eld asa transportmatrix betweenthe4D incidentlight �eld andthe4D exitant light
�eld. It is a challengingtaskto acquire this transportmatrixdueto its largesize. Fortunately, thetransportmatrix
is symmetricandoftendata-sparse. Symmetryenablesusto measure thelight transportfromtwosidessimultane-
ously, fromtheilluminationdirectionsandtheview directions.Data-sparsenessrefersto thefactthatsub-blocksof
thematrixcanbewell approximatedusinglow-rankrepresentations.We introducetheuseof hierarchical tensors
as theunderlyingdatastructure to capture this data-sparseness,speci�cally throughlocal rank-1factorizations
of thetransportmatrix.Besidesproviding an ef�cient representationfor storage, it enablesfastacquisitionof the
approximatedtransportmatrix andfastrenderingof imagesfromthecapturedmatrix.Our prototypeacquisition
systemconsistsof anarrayof mirrorsanda pair of coaxialprojectorandcamera.Wedemonstratetheeffectiveness
of our systemwith scenesrenderedfromre�ectance�elds that were capturedby our system.In theserenderings
wecanchange theviewpointaswell asrelightusingarbitrary incidentlight �elds.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:Digitizing andscanning;
I.3.6 [ComputerGraphics]:Graphicsdatastructuresanddatatypes;I.3.7 [ComputerGraphics]:Color, shading,
shadowing, andtexture
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1 Intr oduction

The mostcompleteimage-baseddescriptionof a scenefor
computergraphicsapplicationsis its 8D re�ectance �eld
[DHT� 00]. The8D re�ectance�eld is de�ned asa transport
matrix thatdescribesthe transferof energy betweena light
�eld [LH96] of incomingrays(theillumination) anda light
�eld of outgoingrays(the view) in a scene,eachof which
are4D. Therows of this matrix correspondto theview rays
and the columnscorrespondto the illumination rays.This
representationcan be usedto renderimagesof the scene
from any viewpoint underarbitrary lighting. The resulting
imagescaptureall globalilluminationeffectssuchasdiffuse
inter-re�ections, shadows, causticsandsub-surfacescatter-
ing, without theneedfor anexplicit physicalsimulation.

Treatingeachlight �eld asa 2D collectionof 2D images,
andassuming(for example)3� 3 imageswith a resolution
of 100� 100in eachimage,requiresa transportmatrixcon-
taining about1010 entries.If constructedby measuringthe
transportcoef�cients betweenevery pair of incoming and
outgoing light rays, it could take days to captureeven at
videorate,makingthisapproachintractable.

This paperintroducessymmetricphotography - a tech-
niquefor acquiring8D re�ectance�elds ef�ciently . It relies
on two key observations.First, the re�ectance�eld is data-
sparsein spite of its high dimensionality. Data-sparseness
refersto thefact thatsub-blocksof thetransportmatrix can
bewell approximatedby low-rankrepresentations.Second,
the transportmatrix is symmetric,due to Helmholtz reci-
procity. Thissymmetryenablessimultaneousmeasurements
from bothsides,rows andcolumns,of thetransportmatrix.
We usethesemeasurementsto developahierarchicalacqui-
sitionalgorithmthatcanexploit thedata-sparseness.

To facilitate this, we have built a symmetricalcapture
setup,which consistsof a coaxial array of projectorsand
cameras.In addition,we introducethe useof hierarchical
tensorsasanunderlyingdatastructureto representthema-
trix. The hierarchicaltensorrepresentationturns out to be
a naturaldatastructurefor theacquisitionalgorithm,andit
provides a compactfactorizedrepresentationfor storing a
data-sparsetransportmatrix.Further, hierarchicaltensorsal-
low fast computationduring rendering.Although our cur-
rent capturesystemallows us to acquireonly a sectorof
full sphereof incidentandre�ected directions(37� � 29� ),
and even then only at modestresolution (3 � 3 images,
eachof resolution130� 200 pixels), this subsetis truly 8-
dimensional,andit suf�ces to demonstratethe validity and
utility of ourapproach.

2 RelatedWork

Themeasurementof re�ectance�elds is anactiveareaof re-
searchin computergraphics.However, mostof this research
hasfocusedon capturingvariouslower dimensionalslices
of the re�ectance�eld. For instance,if the illumination is

�x edandtheviewerallowedto move, theappearanceof the
sceneas a function of outgoingray positionanddirection
is a 4D sliceof the re�ectance�eld. The light �eld [LH96]
andthe lumigraph[GGSC96] effectively describethis exi-
tant re�ectance�eld. By extractingappropriate2D slicesof
thelight �eld, onecanvirtually �y aroundascenebut theil-
luminationcannotbechanged.If theviewpoint is �x edand
the illumination is provided by a setof point light sources,
oneobtainsanother4D sliceof the8D re�ectance�eld. Var-
iousresearchers[DHT� 00,MGW01,HED05] haveacquired
suchdatasetswhereaweightedsumof thecapturedimages
canbecombinedto obtainre-lit imagesfrom a �x edview-
pointonly. Sincepoint light sourcesradiatelight in all direc-
tions, it is impossibleto castsharpshadows onto the scene
with this technique.

If the illumination is provided by an arrayof video pro-
jectorsandthesceneis capturedasilluminatedby eachpixel
of eachprojector, but still asseenfrom a singleviewpoint,
then one obtainsa 6D slice of 8D re�ectance�eld. Mas-
seluset al. [MPDW03] capturesuchdatasetsusinga single
moving projector. More recently, Senet al. [SCG� 05] have
exploitedHelmholtzreciprocityto improve on boththeres-
olution andcapturetimesof thesedatasetsin their work on
dual photography. With sucha dataset it is possibleto re-
light thescenewith arbitrary4D incidentlight �elds, but the
viewpoint cannotbechanged.Goeseleet al. [GLL� 04] use
ascanninglaser, a turntableandamoving camerato capture
a re�ectance�eld for thecaseof translucentobjectsundera
diffusesub-surfacescatteringassumption.Althoughonecan
view the object from any positionandrelight it with arbi-
trary light �elds, thecaptureddatasetis still essentially4D
becauseof their assumption.All thesepaperscapturesome
lower dimensionalsubsetof the8D re�ectance�eld. An 8D
re�ectance�eld hasneverbeenacquiredbefore.

Seitz et al. [SMK05], in their recentwork on inverse
light transport,alsousetransportmatricesto modelthelight
transport.While theirwork providesa theoryfor decompos-
ing the transportmatrix into individual bouncelight trans-
portmatrices,ourwork describesa techniquefor measuring
it.

Hierarchicaldatastructureshavebeenpreviouslyusedfor
representingre�ectance �elds. Theserepresentationspro-
vide greateref�ciency both in termsof storageandcapture
time.A typicalsetupfor capturingre�ectance�elds consists
of a sceneundercontrolledillumination, asimagedby one
or morecameras.PeersandDutré[PD03] illuminateascene
with wavelet patternsin orderto captureenvironmentmat-
tes (another4D slice of the re�ectance�eld). A feedback
loop determinesthenext patternto usebasedon knowledge
of previously recordedphotographs.Thestoppingcriteriais
basedon the error of the currentapproximation.Although
their schemeadaptsto the scenecontent,it doesnot try to
parallelizethecaptureprocess.Matusiket al. [MLP04] use
a kd-treebasedsubdivision structureto representenviron-
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mentmattes.They expressenvironmentmatteextractionas
an optimizationproblem.Their algorithmprogressively re-
�nes the approximationof the environmentmattewith an
increasingnumberof trainingimagestakenundervariousil-
luminationconditions.However, thechoiceof their patterns
is independentof thescenecontent.

In thedualphotography work of Senetal. [SCG� 05], they
alsouseahierarchicalschemeto capture6D slicesof there-
�ectance�eld. Their illuminationpatternsadaptto thescene
content,and the acquisitionsystemtries to parallelizethe
captureprocess,dependingon the sparsenessof the trans-
port matrix. However, their techniquereducesto scanning
if the transportmatrix is dense,e.g. in sceneswith diffuse
bounces.In thispaper, wemaketheobservationthatthelight
transportin thesecasesis data-sparseaswell assparse.By
exploiting this data-sparseness,we areable to capturefull
8D re�ectance�elds in reasonabletime. In Section6.1, we
compareour techniqueto dualphotography in moredetail.

3 Sparseness,Smoothnessand Data-sparseness

To ef�ciently storelarge matrices,sparsenessandsmooth-
nessaretwo ideasthataretypically exploited.Thenotionof
data-sparsenessis morepowerful thanthesetwo. A sparse
matrix hasa small numberof non-zeroelementsin it and
hencecanbe representedcompactly. A data-sparsematrix
ontheotherhandmayhavemany non-zeroelements,but the
actualinformationcontentin thematrix is smallenoughthat
it canstill be expressedcompactly. A simpleexamplewill
helpconvey this concept.Considertakingthecrossproduct
of two vectors,eachof lengthn. Althoughtheresultingma-
trix (which is rank-1by construction)could be non-sparse,
we only needtwo vectors(O(n)) to representthe contents
of theentire(O(n2)) matrix.Suchmatricesaredata-sparse.
More generally, any matrix in which a signi�cant number
of sub-blockscan have a low-rank representationis data-
sparse.Notethata low-ranksub-blockof a matrix neednot
besmoothandmaycontainhighfrequencies.A frequency or
wavelet-basedtechniquewould be ineffective in compress-
ing this block. Therefore,the conceptof data-sparsenessis
moregeneralandpowerful thansparsenessor smoothness.

Sparsenessin light transport has been previously ex-
ploited to accelerateacquisitiontimes in the work of Sen
at al. [SCG� 05]. RamamoorthiandHanrahan[RH01] ana-
lyze the smoothnessin BRDFsanduseit for ef�cient ren-
deringandcompression.A completefrequency spaceanal-
ysis of light transporthasbeenpresentedby Durandet al.
[DHS� 05]. The ideaof exploiting data-sparsenessfor fac-
torizing high dimensionaldatasetsinto global low-rankap-
proximationshasalso beeninvestigated,in the context of
BRDFs[KM99,MAA01,LK02] andalsofor light �elds and
re�ectance �elds [VT04, WWS� 05]. By contrastto these
global approaches,we use local low-rank factorizations.
We tie in the factorizationwith a hierarchicalsubdivision
scheme(seeSection5). Thishierarchicalsubdivisionallows
usto exploit thedata-sparsenesslocally.

4 Propertiesof Light Transport

4.1 Data-Sparseness

The�o w of light in ascenecanbedescribedby a light �eld.
Light �elds, which wereintroducedin theseminalwork of
Gershun[Ger36], areusedto describethe radianceat each
pointx andin eachdirectionw in ascene.This is a5D func-
tion which we denoteby eL(x;w). Underthis paradigm,the
appearanceof a scenecan be completelydescribedby an
outgoingradiancedistributionfunctioneLout (x;w). Similarly,
theilluminationincidentonthescenecanbedescribedby an
incomingradiancedistribution functioneLin(x;w). Therela-
tionshipbetweeneLin(x;w) andeLout (x;w) canbe expressed
by an integral equation,thewell known renderingequation
[Kaj86]:

eLout (x;w) = eLin(x;w) +
Z

V

Z

W
K(x;w;x0;w0)eLout (x

0;w0)dx0dw0

(1)
The function K(x;w;x0;w0) de�nes the proportionof �ux
from (x0;w0) thatgetstransportedasradianceto (x;w). It is
a functionof theBSSRDF, the relative visibility of (x0;w0)
and(x;w) andforeshorteningandlight attenuationeffects.
Eq.(1) canbeexpressedin discreteform as:

eLout [i] = eL in[i] + å
j

K[i; j]eLout [ j ] (2)

whereeLout andeL in arediscreterepresentationsof outgoing
andincominglight �elds respectively. Wecanrewrite eq.(2)
asamatrixequation:

eLout = eL in + K eLout (3)

Eq.(3) canbedirectlysolved[Kaj86] to yield:

eLout = (I � K) � 1eL in (4)

The matrix eT = (I � K) � 1 describesthe completelight
transportbetweenthe5D incomingandoutgoinglight �elds
as a linear operator. Heckbert[Hec91] usesa similar ma-
trix in thecontext of radiosityproblemsandshowsthatsuch
matricesare not sparse.This is also observed by Börm et
al. [BGH03] in the context of linear operatorsarisingfrom
an integral equationsuchas eq. (1). They show that even
thoughthe kernel K might be sparse,the resultingmatrix
(I � K)� 1 is not.However, it is typically data-sparse.In par-
ticular, thekernelis sparsebecauseof occlusions.But dueto
multiplescatteringeventsonetypically observeslight trans-
port betweenany pair of points in the scene,resultingin a
denseeT. Ontheotherhand,weobservethatadiffusebounce
off apointon thescenecontributesthesameenergy to large
regionsof thescene.Therefore,largeportionsof the trans-
portmatrix,e.g.thoseresultingfrom inter-re�ectionsof dif-
fuseandglossysurfaces,aredata-sparse. Onecanexploit
thisdata-sparsenessby usinglocal low-rankapproximations
for sub-blocksof eT. Wechoosea rank-1approximation.

Figure2 illustratesthisdata-sparsenessfor a few example
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(I) (II) (III) (IV)

(a)

(b)

(c)

(d)

(e)

Figure 2: Understandingthe transportmatrix. To explain theintrinsic structure of re�ectance�elds wecapture thetransport
matrix for 4 realscenesshownin row(a) with a coaxialprojector/camera pair. Thescenesin differentcolumnsare: (I) a diffuse
texturedplane, (II) two diffusewhiteplanesfacingeach otherat an angle, (III) a diffusewhiteplanefacinga diffusetextured
planeat an angle, and (IV) two diffusetextured planesfacing each other at an angle. Row(b) showsthe images rendered
from the captured transportmatricesunder�oodlit illumination. A 2D slice of the transportmatrix for each con�guration is
shownin row (c). This slice describesthe light transportbetweenevery pair of raysthat hits the brightenedline in row (b).
Notethat thetransportmatrix is symmetricin all 4 cases.Since(I) is a �at diffuseplane, there are no secondarybouncesand
thematrix is diagonal.In (II), (III) and(IV) thediagonalcorrespondsto the �r st bouncelight and is therefore much brighter
thantherestof thematrix. Thetop-right andbottom-leftsub-blocksdescribethediffuse-diffuselight transportfrompixelson
oneplaneto theother. Notethat this is smoothlyvaryingfor (II). In caseof (III) and(IV), thetexturedsurfaceintroduceshigh
frequenciesbut thesesub-blocksarestill data-sparseandcanberepresentedusingrank-1factors.Thetop-leftandbottom-right
sub-blockscorrespondto theenergy from3rd-order bouncesin our scenes.Becausethis energy is aroundthenoisethreshold
in our measurementsweget noisyreadingsfor thesesub-blocks.Row(d) is a visualizationof the level in thehierarchy when
a block is classi�edasrank-1.Whiteblocksare leaf nodes,while darker shadesof gray progressivelyrepresentlower levelsin
thehierarchy. Finally, row (e) showstheresultof relightingthetransportmatrix with a vertical bar. Notetheresultof indirect
illumination on theright planein (II), (III) and(IV). Sincetheleft planeis texturedin (IV) theindirect illumination is dimmer
thanin (III). Notethat thematrix for a line crossingdiagonallythroughthescenewouldlooksimilar.
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transportmatricesthatwe have measured,andalsodemon-
stratesthe local rank-1approximation.To gain someintu-
ition, let uslook at thelight transportbetweentwo homoge-
neousuntexturedplanarpatches.Thelight transportbetween
thetwo is smoothandcanbeeasilyfactorized.It canbeseen
in the top-right andbottom-leftsub-blocksof the transport
matrix for scene(II). Even if the surfacesare textured, it
only resultsin appropriatescalingof eitherthe columnsor
rows of thetransportmatrix asshown in (III) and(IV). This
will notchangethefactorization.If ablockerwaspresentbe-
tweenthe two patches,it will introduceadditionaldiagonal
elementsin thematrixsub-blocks.Thiscanonly behandled
by subdividing theblocksandfactorizingat a �ner level, as
explainedin Section5.

4.2 Symmetry of the Transport Matrix

Capturingfull transportmatrix is a dauntingtask.However,
eT is highly redundant,sincetheradiancealonga ray is con-
stantunlessthe line is blocked.So, if oneis willing to stay
outsidethe convex hull of the sceneto view it or to illu-
minateit, then the 5D representationof the light �eld can
be reducedto 4D [LH96, GGSC96, MPDW03]. We will be
working with this representationfor the rest of the paper.
Let us representthe 4D incominglight �eld by L in(q) and
the 4D outgoinglight �eld by L out (q) whereq parameter-
izes the spaceof all possibleincoming or outgoingdirec-
tions on a sphere[MPDW03]. The light transportcanthen
bedescribedas:

Lout = TL in (5)

T[i; j ] representstheamountof light receivedalongoutgoing
directionqi whenunit radianceis emittedalongincomingdi-
rectionq j . Helmholtzreciprocity[vH56, Ray00] statesthat
the light transportbetweenqi andq j is equalin bothdirec-
tions,i.e.T[i; j ] = T[ j; i]. Therefore,T is asymmetricmatrix.
Weuseacoaxialprojector/camerasetupto ensuresymmetry
duringouracquisitions.Also, notethatsincewearelooking
at a subsetof rays(4D from 5D), T is just a sub-blockof eT.
Therefore,T is alsodata-sparse.

5 Data Acquisition

In orderto measureT, we useprojectorsto provide the in-
cominglight �eld andcamerasto measuretheoutgoinglight
�eld. Thus,thefull T matrixcanbeextremelylarge,depend-
ing on thenumberof pixels in our acquisitionhardware.A
naive acquisitionschemewould involve scanningthrough
individual projectorpixels and concatenatingthe captured
cameraimagesto constructT. This couldtake daysor even
monthsto complete.Therefore,to achievefasteracquisition,
we would like to illuminatemultiple projectorpixelsat the
sametime.

In order to understandhow we can illuminate multiple
projectorpixelsatthesametime,let usassumethatthetrans-

portmatrix is:
�

U1 M
MT U2

�
=

�
U1 0
0 U2

�
+

�
0 M

MT 0

�
(6)

whereU1 and U2 have not beenmeasuredyet. Senet al.
[SCG� 05] utilized thefact that if M = 0, thentheunknown
blocksU1 andU2 areradiometricallyisolated,i.e. thepro-
jector pixels correspondingto U1 do not affect the camera
pixels correspondingto U2 andvice versa.Thus,they can
illuminate theprojectorpixelscorrespondingto U1 andU2
in parallelin suchcases.In this work, we observe thatif the
contentsof M areknown but not necessarily0, we canstill
radiometricallyisolateU1 andU2 by subtractingthecontri-
bution of known M from thecapturedimages.TheRHSof
eq.(6) shouldmake this clear. We usethis factto illuminate
theprojectorpixelscorrespondingto U1 andU2 in parallel
whenM is known.

Now, considera sub-blockM of thetransportmatrix that
is data-sparseandcanbe approximatedby a rank-1factor-
ization.We canobtainthis rank-1factorizationby just cap-
turing two images.An imagecapturedby thecamerais the
sumof thecolumnsin thetransportmatrixcorrespondingto
thepixels illuminatedby theprojector. Becauseof thesym-
metry of the transportmatrix, the imageis alsothe sumof
correspondingrows in the matrix. Therefore,by just shin-
ing two projectorpatterns,pc andpr , wecancaptureimages
suchthat one provides the sum of the columns,c and the
otherprovidesthe sumof the rows, r of M (c = Mp c and
r = MTpr ). A tensorproductof c andr directly providesa
rank-1factorizationfor M. Thusthewholesub-blockcanbe
constructedusingjust two illumination patterns.This is the
key ideabehindour algorithm.The algorithmtries to �nd
sub-blocksin T thatcanberepresentedasa rank-1approx-
imation by a hierarchicalsubdivision strategy. Oncemea-
sured,thesesub-blockscanbeusedto parallelizetheacqui-
sition asdescribedabove. For an effective hierarchicalac-
quisitionwe needanef�cient datastructureto representT.
Wewill describeourdatastructurenow.

5.1 Hierar chical Tensorsfor RepresentingT

Weintroduceanew datastructurecalledhierarchical tensors
to representdata-sparselight transport.Hierarchicaltensors
areageneralizationof hierarchicalmatrices(or H -matrices),
which have beenintroducedby Hackbush [Hac99] in the
appliedmathematicscommunityto representarbitrarydata-
sparsematrices.The key idea behindH -matricesis that a
data-sparsematrix canberepresentedby anadaptive subdi-
visionstructureandalow-rankapproximationfor eachnode.
At eachlevel of the hierarchy, sub-blocksin the matrix are
uniformly subdivided into 4 children (as in a quadtree).If
a sub-blockat any level in the treecanbe representedby a
low-rank approximation,then it is not subdivided any fur-
ther. Thus,a leaf nodein the treecontainsa low-rank ap-
proximationfor thecorrespondingsub-block,whichreduces
to justascalarvalueat the�nest level in thehierarchy.
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Bi and Bj cannot be scheduled together iff
(Tik is unknown Ù Tjk is unknown) $ Bk Î

i

B :

Bi
B

B

Projector Pattern

j

i jk
Tik Tjk

Tjk
Tik

k

Figure3: Determiningblock scheduling.TwoblocksBi and
B j cannotbe scheduledin the sameframeif and only if,
9Bk 2 B, such that the light transportsTik andTjk are both
unknown.ThisisbecauseuponilluminatingBi andB j simul-
taneously, theblock Bk in thecamera will measure thecom-
binedcontribution of both Tik and Tjk. Sinceboth of these
are unknownat this point there is no way to separate them
out.

Considerthe 4D re�ectance�eld that describesthe light
transportfor a singleprojector/camerapair. We have a 2D
imagerepresentingthe illumination patternanda resulting
2D image capturedby the camera.The connectinglight
transportcanthereforeberepresentedby a 4th-ordertensor.
Onecanalternatively �atten out the2D imageinto a vector,
but thatwould destroy thespatialcoherency presentin a 2D
image[WWS� 05]. To preserve coherency we representthe
light transportby a 4th-orderhierarchicaltensor. A nodein
the4th-orderhierarchicaltensoris divided into 16 children
at eachlevel of the hierarchy. Thus,we call the hierarchi-
calrepresentationfor a4th-ordertensor, asedectree(derived
fromsedecim, Latinequivalentof 16).Additionally, weusea
rank-1approximationfor representingdata-sparsenessin the
leaf nodesof thehierarchicaltensor. This meansthata leaf
nodeis representedby a tensorproductof two 2D images,
onefrom the camerasideandthe other from the projector
side.

5.2 Hierar chical Acquisition Scheme

Ouracquisitionalgorithmfollowsthestructureof thehierar-
chicaltensordescribedin theprevioussection.At eachlevel
of thehierarchy weilluminatethescenewith afew projector
patterns.We usethecapturedimagesto decidewhichnodes
of the tensorin the previous level of hierarchy arerank-1.
Oncea nodehasbeendeterminedto be rank-1,we do not
subdivide it any furtherasits entriesareknown. Thenodes
which fail the rank-1testaresubdivided andscheduledfor
investigationduringthenext iteration.Thewholeprocessis
repeateduntil wereachthepixel level. Weinitiate theacqui-
sition by illuminating with a �oodlit projectorpattern.The
captured�oodlit imageprovidesapossiblerank-1factoriza-

projector
camera

beamsplitter

scene

Figure 4: Schematic of symmetricphotographysetup.A
coaxial array of projectors and cameras providesan ideal
setupfor symmetricphotography. Theprojector array illu-
minatesthe scenewith an incoming light �eld. Sincethe
setupis coaxial,thecamera arraymeasuresthecorrespond-
ing outgoinglight �eld.

tion of therootnodeof thehierarchicaltensor. Therootnode
is scheduledfor investigationin the�rst iteration.

For eachlevel, the �rst stepis to decidewhat illumina-
tion patternsto use.In orderto speed-upouracquisition,we
needto minimize the numberof thesepatterns.To achieve
this,ouralgorithmmustdeterminethesetof projectorblocks
which canbeilluminatedin thesamepattern.To determine
this, we divide eachschedulednode into 16 children and
the 4 blocksin the projectorcorrespondingto this subdivi-
sionareaccumulatedin a list B = f B1;B2; :::;Bng. Figure3
describesthe conditionwhentwo blocksBi andB j cannot
be scheduledin parallel.It canbe written asthe following
lemma:

Lemma: Two blocksBi andB j cannotbe scheduledto-
getherif andonly if, 9Bk 2 B, suchthatbothTik andTjk are
notknown.

Sincethe direct light transportTii is not known until the
bottomlevel in thehierarchy, any two blocksBi andB j for
which Ti j is not known cannotbescheduledin parallel.For
all suchpossibleblockpairsfor whichthelight transporthas
not beenmeasuredyet, let usconstructa setC = f (Bi ;B j ) :
Bi ;B j 2 Bg. Given thesetwo sets,we de�ne an undirected
graphG = (B;C), whereB is thesetof verticesin thegraph
and C is the set of edges.Thus, the verticesin the graph
have an edgebetweenthem if the light transportbetween
the correspondingblocks is not known. In this graph,any
two verticesBi andB j which do not have anedgebetween
them but have a direct edgewith a commonblock Bk (as
shown in Figure 3) also satisfy the lemma.Therefore,we
cannotschedulethemin parallel.Suchblockscorrespondto
verticesatadistancetwo from eachotherin ourgraphG. In
orderto capturetheseblocksasdirectedgesin a graph,we
constructanothergraphG2 which is thesquareof graphG
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Figure5: Coaxialsetupfor capturing8D re�ectance�elds.
A patternloadedinto projectorat A illuminatesa 4� 4 ar-
ray of planar mirrors at B. Thisprovidesuswith 16 virtual
projectors which illuminate our sceneat C. The light that
returnsfrom the sceneis divertedby a beam-splitterat D
towards a camera at E. Any stray light re�ected from the
beam-splitterlandsin a light trap at F. Thecamera usedis
an ImperxIPX-1M48-L(984� 1000pixels)andtheprojec-
tor is a MitsubishiXD60U (1024� 768 pixels).Thesetup
is computercontrolled, and we capture HDR imagesevery
2 seconds.

[Har01]. Thesquareof agraphcontainsanedgebetweenany
two verticeswhichareatmostdistancetwo away from each
otherin the original graph.Thus,in thegraphG2, any two
verticeswhich arenot connectedcanbescheduledtogether.
We usea graphcoloringalgorithmon G2 to obtainsubsets
of B which canbe illuminatedin parallel.Oncethe images
have beenacquired,theknown intra-blocklight transportis
subtractedoutfor theblocksthatwerescheduledin thesame
frame.

In thenext step,we usethesemeasurementsto testif the
tensornodesin the previous level of the hierarchy can be
factorizedusing rank-1 approximation.We have a current
rank-1approximationfor eachnodefrom thepreviouslevel
in thehierarchy. The8 measuredimages,correspondingto 4
blocksfrom the projectorsideand4 blocksfrom the cam-
era side of a node,are usedas test casesto validate the
currentapproximation.This is doneby renderingestimate
imagesfor theseblocksusingthecurrentrank-1approxima-
tion. Theestimatedimagesarecomparedagainstthecorre-
spondingmeasuredimagesandan RMS error is calculated
for the node.A low RMS error indicatesour estimatesare
as good as our measurementsand we declarethe nodeas
rank-1andstopany further subdivision on this node.If on
the other handthe RMS error is high, the 16 children we
have measuredbecomethe new nodes.The 4 imagesfrom
theprojectorsideandthe4 imagesfrom thecamerasideare
usedto constructthe16 (4 � 4) rank-1estimatesfor them.

29Ê

37Ê

3x130 px

3x200 px

Illumination Viewing

Figure 6: Regionof the spheresampledby our setup.Our
setupspansanangularresolutionof 37� � 29� onthesphere
both for the illumination and view directions.The spatial
resolutionin each view is 130� 200 pixels.This accounts
for about2%of thetotal raysin thelight �eld.

Thesenodesarescheduledfor investigationin thenext iter-
ation.

A tensornodecontainingjust a scalarvalue is trivially
rank-1.Therefore,the whole processterminateswhen the
sizeof the projectorblock reducesto a singlepixel. Upon
�nishing, theschemedirectly returnsthehierarchicaltensor
for there�ectance�eld of thescene.

5.3 Setupand Pre-processing

In orderto experimentallyvalidateour ideaswe needanac-
quisition systemthat is capableof simultaneouslyemitting
andcapturingalongeachray in thelight �eld. Thissuggests
having a coaxialarrayof camerasandprojectors.Figure4
showstheschematicof suchasetup.Ouractualphysicalim-
plementationis built usinga singleprojector, a singlecam-
era,a beam-splitterandanarrayof planarmirrors.Thepro-
jectorandthecameraaremountedcoaxiallyusingthebeam
splitter on an optical benchasshown in Figure 5, and the
mirror arraydividestheprojector/camerapixelsinto 9 coax-
ial pairs.Oncetheopticalsystemhasbeenmountedit needs
to becalibrated.First, thecenterof projectionof thecamera
andprojectoris aligned.Thenext taskis to �nd theperpixel
mappingbetweenthe projectorandcamerapixels. We use
a calibrationschemesimilar to that usedby Han andPer-
lin [HP03] andLevoy et al. [LCV� 04] in their setupto �nd
thismapping.Figure6 illustratestheangularandspatialres-
olutionof re�ectance�elds capturedusingout setup.

The dynamicrangeof the scenesthat we capturecanbe
very high. This is becausethe light transportcontainsnot
only the high energy direct bounceeffects but also very
low energy secondarybounceeffects. In order to capture
this rangecompletely, we take multiple imagesof thescene
andcombinetheminto a singlehigh dynamicrangeimage
[DM97,RBS99]. Additionally, beforecombiningtheimages
for HDR, we subtractthe black level of the projectorfrom
ourimages.Thisaccountsfor thestraylight comingfrom the
projectorevenwhenit is shininga completelyblackimage.
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(a) Fixed view point / Differ ent light sourcepositions (b) Fixed light sourceposition / Differ ent view points

Figure 7: 8D re�ectance�eld of an examplescene.Thisre�ectance�eld wascapturedusingthesetupdescribedin Figure 5.
A 3� 3 grid of mirrors wasused.In (a) weseeimagesrenderedfromtheviewpointat thecenterof thegrid with illumination
comingfrom 9 different locationson the grid. Note that the shadowsmove appropriately dependingupon the direction of
incident light. (b) showsthe imagesrendered from 9 different viewpointson the grid with the illumination comingfrom the
center. In this caseonecan notice the change in parallax with the viewpoint. Note that noneof theseimageswere directly
captured during our acquisition.Thecenterimage in each setlooksslightly brighter becausethe viewpoint and lighting are
coincidentin thiscase.

Also, uponilluminating thescenewith individual projector
pixels,wenoticethatthecapturedimagesappeardarkerand
haveasigni�cantly reducedcontrast.Thisisbecauseanindi-
vidualprojectorpixel wouldbeilluminatingvery few pixels
on the Bayermosaicedsensorof the camera,leadingto an
error uponinterpolationduring demosaicing.This problem
wasalsonoticedby Senet al. [SCG� 05]. To remove these
artifacts,weemploy asolutionsimilar to theirs,i.e. the�nal
imagesarerenormalizedby forcing the capturedimagesto
sumup to the�oodlit image.

6 Results

We capturere�ectance�elds of several scenes.For refer-
ence,Table1 providesstatistics(size,time andnumberof
patternsrequiredfor acquisition)for eachof thesedatasets.

In Figure2, wepresenttheresultsof ourmeasurementfor
four simplescenesconsistingof planes.Thisexperimenthas
beendesignedto elucidatethe structureof the T matrix. A
coaxialprojector/camerapair is directly aimedat thescene
in this case.Theimageresolutionis 310� 350pixels.Note
thestorage,timeandnumberof patternsrequiredfor thefour

scenes(listedin Table1). A brute-forcescan,in which each
projectorpixel is illuminated individually, to acquirethese
T matriceswould takeat least100timesmoreimages.Also,
sincetheenergy in the light afteran indirectbounceis low,
the camerawould have to be exposedfor a longertime in-
terval to achievegoodSNRduringbrute-forcescanning.On
theotherhand,in ourschemetheindirectbouncelight trans-
port is resolvedearlierin thehierarchy, seerows (c) and(d)
in Figure2. At higher levels of the hierarchy, we are illu-
minatingwith biggerprojectorblocks(andhencethrowing
morelight into thescenethanjustfrom asinglepixel), there-
fore we areableto getgoodSNRevenwith smallexposure
times.Also,notethatthehighfrequency of thetexturesdoes
not affect the data-sparsenessof re�ectance�elds. The hi-
erarchicalsubdivision follows almostthe samestrategy in
all four casesasvisualizedin row (d). In row (e), we show
the resultsof relighting the scenewith a vertical bar. The
smoothglow from oneplaneto theotherin column(II), (III)
and(IV) shows that we have measuredthe indirect bounce
correctly.

Figure1 demonstratesthat our techniqueworks well for
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Symmetric photography Brute-force
SCENE SIZE TIME PATTERNS PATTERNS

Fig. (MB) (min) (#) (#)
1 337 151 2,417 91,176
2(I) 255 44 809 108,500
2(II) 371 70 1,085 108,500
2(III) 334 65 1,081 108,500
2(IV) 274 46 841 108,500
7 1,470 484 3,368 233,657

Table1: Tableof relevantdata(size, timeandnumberofpat-
terns)for differentexamplescenescapturedusingour tech-
nique. Note that our algorithm requires about 2 orders of
magnitudefewerpatternsthanthebrute-forcescan.

acquiringthe re�ectance�elds of highly sub-surfacescat-
tering objects.The image(240� 340 pixels) reconstructed
from relightingwith a spatiallyvaryingillumination pattern
(seeFigure1(b)) is validatedagainsttheground-truthimage
(seeFigure1(c)). We alsodemonstratethe resultof recon-
structingatdifferentlevelsof thehierarchicaltensorfor this
scenein Figure11. This �gure alsoexplainsthe difference
betweenourhierarchicaltensorrepresentationandawavelet
basedrepresentation.

Figure7 shows the result of an 8D re�ectance�eld ac-
quired using our setup.The capturedre�ectance�eld can
beusedto view thescenefrom multiple positions(seeFig-
ure 7(b)) andalsoto relight the scenefrom multiple direc-
tions(seeFigure7(a)).Theresolutionof there�ectance�eld
for thisexampleis about3� 3� 130� 200� 3� 3� 130�
200.Thetotal sizeof this datasetwould be610GB if three
32-bit �oats wereusedfor eachentryin thetransportmatrix.
Our hierarchicaltensorrepresentationcompressesit to 1.47
GB. A bruteforceapproachwould require233,657images
to captureit. Our algorithmonly needs3,368HDR images
andtakesaround8 hoursto complete.In our currentimple-
mentation,the processingtime is comparableto the actual
imagecapturetime. We believe that the acquisitiontimes
canbereducedevenfurtherby implementinga parallelized
versionof our algorithm.Renderinga relit imagefrom our
datasetsis ef�cient andtakeslessthana secondon a typical
workstation.

6.1 Symmetric vs.Dual Photography

It is instructive to comparethesymmetricphotography tech-
niqueagainstdual photography [SCG� 05]. Dual photogra-
phy reducestheacquisitiontime by exploiting only sparse-
ness(the fact that thereare regions in a scenethat are ra-
diometricallyindependentof eachother).Theseregionsare
detectedandmeasuredin parallelin dualphotography. How-
ever, for a scenewith many inter-re�ections or sub-surface
scattering,suchregionsarefew andthetechniqueperforms
poorly. In order to resolve the transportat full resolution,
thetechniquewould reduceto brute-forcescanningfor such
scenes.Illuminatingwith singlepixel for observingmultiple
scatteringeventshasinherentSNR problemsbecauseindi-

(a)Symmetric (b) Dual

Figure 8: Symmetricvs.Dual Photography. The�gur e il-
lustratesthe strengthof symmetricphotography technique
(a) whencomparedagainstthedual photographytechnique
(b) of Senet al. [SCG� 05]. Thesetupis similar to thebook
exampleof Figure 2 (IV). In bothcases,theright half of the
bookis syntheticallyrelit usingthe transportmatricescap-
tured by the respectivetechniques.Notethat in the caseof
symmetricphotography(a), the high frequenciesin the left
half of the book are faithfully resolvedwhile in dual pho-
tography (b), the frequenciescannotbe resolvedand just
appearas a blur. The light transportfor (a) wasacquired
using841imageswhile that for (b) wasacquiredusing7382
images.

rect bouncelight transportcoef�cients could be extremely
low. Themeasurementsystem,which is limited by theblack
level of the projectoranddark noiseof the cameracannot
pick up suchlow values.The schemethereforestopsre�n-
ing at a higher level in the hierarchy andmeasuresonly a
coarseapproximationof the indirectbouncelight transport.
Thisessentiallyresultsin alow-frequency approximationfor
indirect bouncelight transport.The comparisonof the two
techniquesin Figure 8 con�rms this behavior. Sincesym-
metric photography is probing the matrix from both sides,
the high frequenciesin indirect bouncelight transportare
still resolved whereasdual photography can only produce
a low frequency approximationof the same.Furthermore,
while symmetricphotography tookjust841HDR imagesfor
this scene,dualphotography required7382HDR images.

Finally, Figure 9 illustrates the relative percentageof
rank-1vsemptyleafnodesatvariouslevelsof thehierarchy
for thetransportmatricesthatwe have captured.Theempty
leaf nodescorrespondto sparseregionsof thematrix while
the rank-1 leaf nodescorrespondto data-sparseregionsof
thematrix.While dualphotography only exploitssparseness
andhenceculls away only emptyleaf nodesat a particular
level, symmetricphotography exploits bothdata-sparseness
andsparsenessandculls away both rank-1andempty leaf
nodes.Notethatbetweenlevels4 and9, thereis asigni�cant
fractionof rank-1nodeswhich areculledaway by symmet-
ric photography in additionto emptyleafnodes.This results
in largereductionof nodesthatstill have to be investigated
andresultsin a signi�cantly fasteracquisitionascompared
to dualphotography.
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Figure9: Comparisonof rank-1 vsemptyleaf nodes.The�gur eempiricallycomparesthepercentageof rank-1vs.emptyleaf
nodesin thehierarchical tensorat different levelsof thehierarchy for variousscenescapturedusingour acquisitionscheme.
Theblueareain each bar representsthepercentageof rank-1nodeswhile thegrayareacorrespondsto thepercentageof empty
nodes.Thewhitearearepresentsthenodeswhich aresubdividedat next level.Notethatat levels4, 5, 6, 7, 8 and9 a signi�cant
fractionof leaf nodesare rank-1.Alsonotethat for Figures2(I) and2(II), at levels6, 7, and8, there are far more emptynodes
in 2(I) thanin 2(II). Thisis whatweexpectedasthetransportmatrix for 2(I) is sparserthanthat for 2(II).

7 Discussionand Conclusions

In this paperwe have presenteda framework for acquir-
ing 8D re�ectance�elds. The methodis basedon the ob-
servation that re�ectance�elds aredata-sparse.We exploit
the data-sparsenessto representthe transportmatrix by lo-
cal rank-1approximations.Thesymmetryof thelight trans-
port allows us to measuretheselocal rank-1 factorizations
ef�ciently , aswecanobtainmeasurementscorrespondingto
both rows and columnsof the transportmatrix simultane-
ously. We have alsointroduceda new datastructurecalled
a hierarchicaltensorthatcanrepresenttheselocal low-rank
approximationsef�ciently . Basedon theseobservationswe
have developeda hierarchicalacquisitionalgorithm,which
looks for regionsof data-sparsenessin the matrix. Oncea
data-sparseregionhasbeenmeasuredwecanuseit to paral-
lelizeouracquisitionresultingin tremendousspeedup.

Therearelimitationsin ourcurrentacquisitionsetup(Fig-
ure 5) that can corrupt our measurements.To get a coax-
ial setupwe usea beam-splitter. Although we usea 1mm
thin plate beam-splitter, it producesthe slight double im-
agesinherentto plate beam-splitters.This, along with the
light re�ectedbackoff thelight trap,reducestheSNRin our
measurements.Thesymmetryof ourapproachrequirespro-
jector andcamerato be pixel aligned.Any slight misalign-
mentaddsto themeasurementnoise.Camerasandprojectors
canalsohavedifferentopticalproperties.Thiscanintroduce
non-symmetriessuchas lens �are, resultingin artifactsin
our reconstructedimages(seeFigure10).

By wayof improvements,in orderto keepour implemen-
tation simple,we usea 4th order hierarchicaltensor. This

Figure10: Artifacts dueto non-symmetryin measurement.
Thelens�ar e aroundthehighlights(right image) is caused
by theaperture in thecamera. Sincethis effectdoesnot oc-
cur in theincidentillumination fromtheprojector, themea-
surementsare non-symmetric.Applyinga strong threshold
for therank-1testsubdividestheregionvery�nely andpro-
ducesa corruptedresult in the area of the highlights (left
image). If the inconsistenciesin measurementare stored at
a highersubdivisionlevelbychoosinga looserthresholdfor
rank-1test,theseartifactsare lessnoticeable(right image) .

meansthatweare�attening out2 of the4 dimensionsof the
light �eld, therebynot exploiting the full coherency in the
data.An implementationbasedon 8th order tensorshould
beableto exploit it andmake theacquisitionmoreef�cient.

Sincewe usea 3� 3 arrayof planarmirrors, the resolu-
tion of our incomingandoutgoinglight �elds is low. There-
fore, the re�ectance�elds that we can captureare sparse
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andincomplete.Regardingsparseness,techniqueshavebeen
proposedfor interpolatingslices of the re�ectance �elds,
both from the view direction[CW93] andfrom the illumi-
nationdirection[CL05], but theproblemof interpolatingre-
�ectance �elds is still open.By applying �o w-basedtech-
niquesto the transportmatrix, oneshouldbe ableto create
moredenselysampledre�ectance�elds. Onecanalsoimag-
ine directly sampling incoming and outgoing light �elds
moredenselyby replacingthesmallnumberof planarmir-
rorswith anarrayof lensletsor mirrorlets[UWH� 03]. This
will increasethenumberof viewpointsin the light �eld but
at thecostof imageresolution.

Regardingcompleteness,if the setupusedfor capturing
Figure 7 is replicatedto cover the whole sphere,then ex-
trapolatingfrom the numbersin Table1, we would expect
thetransportmatrix to bearound75GB in size.Acquisition
would currentlytake roughly2 weeks.Notethatalthoughit
is not practicalto build sucha setupnow, fasterprocessing
andtheuseof anHDR videocameracouldreducethis time
signi�cantly in thefuture.

Finally, althoughweintroducethehierarchicaltensorasa
datastructurefor storingre�ectance�elds, theconceptmay
have implications for other high dimensionaldata-sparse
datasetsas well. The hierarchicalrepresentationalso has
someotherbene�ts. It providesconstanttime accessto the
data during evaluation or rendering.At the sametime it
maintainsthespatialcoherency in thedata,makingit attrac-
tive for parallelcomputation.
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is distributedover thewholeblock that it is illuminating. This is clear fromtheintensityvariation amongblocks,especiallyin
theimagesat levels3, 4, and5.
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