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Abstract. We show the firsb(n?) algorithm for coloring vertices of triangle-
free planar graphs using three colors. The time compleXitthe algorithm is
O(nlogn). Our approach can be also used to desifn polylog n)-time algo-
rithms for two other similar coloring problems.

A remarkable ingredient of our algorithm is the data streeforocessing short
path queries introduced recently in [9]. In this paper weashow to adapt it to
the fully dynamic environment where edge insertions andtaais are allowed.

1 Introduction

The famous Four-Color Theorem says that every planar gea@riex 4-colorable. The
paper of Robertson et al. [10] describes@{m?) 4-coloring algorithm. This seems to
be very hard to improve, since it would probably require a peaof of the 4-Color
Theorem. On the other hand there are several linear 5-aglatgorithms (see e.qg. [4]).
Thus efficient coloring planar graphs using only three @(ifrpossible) seems to be
the most interesting area still open for research. Althahglgeneral decision problem
is NP-hard [6] the renowned Grotzsch’s Theorem [8] guaeasithat every triangle-free
planar graph is 3-colorable. It seems to be widely knowntti@simplest known proofs
by Carsten Thomassen (see [11, 12]) can be easily transfianteO(n?) algorithms.
In this paper we improve this bound (n logn).

In § 2 we present a new proof of Grotzsch’'s Theorem, based on er pdho-
massen [11]. The proof is inductive and it corresponds tocarsive algorithm. The
proof is written in a very special way thus it can be immedjateansformed into the
algorithm. In fact the proof can be treated as a descriptidhevalgorithm mixed with
a proof of its correctness. k13 we discuss how to implement the algorithm efficiently.
We describe details of non-trivial operations as well aa datictures needed to perform
these operations fast. The description and analysis of tst imvolved oneShort Path
Data Structure(SPDS), is contained i§ 4. This data structure deserves a separate
interest. In the paper [9] we presented a data structureibud(n) time and enabling
finding shortest paths between given pairs of vertices irstzon time, provided that
the distance between the vertices is bounded. In our cglaigorithm we need to
find paths only of length 1 and 2. Hence here we show a simplifexdion of the
previous, general structure. The SPDS is described fromsdtedch in order to make
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this paper self-contained but also because we need to indecsbme modifications and
extensions, like insert and identify operations, not descrin our previous paper [9].
We claim that techniques from the present paper can be eedetodthe general case
making possible to use the general data structure in thedyhhamic environment. The
description of this extension is beyond the scope of thigpapd is intended to appear
in the journal version of the paper [9].

Very recently, two new Grotzsch-like theorems appearée.first one says that any
planar graph without triangles at distance less than 4 atitbwi 5-cycles is 3-colorable
(see [2]). The other theorem states that planar graphs withyles of length from 4
to 7 are 3-colorable (see [1]). We claim that our techniqaeste adapted to transform
these proofs td(n log® n) andO(n log” n) algorithms respectively (a careful analysis
would probably help to lower these bounds). However, we dehow it in the present
paper, since it involves the general short path structure.

Terminology We assume the reader is familiar with standard terminologlreotation
concerning graph theory and planar graphs in particular ésg. [13]). Let us recall
here some notions that are not so widely used. Lée a face of a connected plane
graph. Afacial walk w corresponding tg’ is the shortest closed walk induced by all
edges incident witty. If the boundary off is a cycle the walk is called facial cycle
The length of walkw is denoted byw|. The length of facg is denoted byf| and equal
|wl|. Let C' be a simple cycle in a plane gragh The length ofC' will be denoted by
|C|. The cycleC divides the plane into two disjoint open domaifsand E, such that
D is homeomorphic to an open disc. The set consisting of afloesy of G belonging
to D and of all edges crossing this domain is denotediby”. Observe thaint C' is
not necessarily a graph, whif@ U int C' is a subgraph ofs. A k-path §-cycle,k-face)
refers to a path (cycle, face) of length

2 A Proof of Grotzsch’s Theorem

In this section we give a new proof of Grdtzsch’s Theorene Ptoof is based on ideas
of C. Thomassen [11]. The reason for writing the new proohgt the original one
corresponds to a@®(n log® n) algorithm when we employ our algorithmic techniques
presented in the following sections. In the algorithm cspending to the proof pre-
sented below we don’t need to search for paths of length 3 amdith reduces the
time complexity toO(n log n). We could also use the recent proof of Thomassen [12]
but we suspect that the resulting algorithm would be morepdmated and harder to
describe. We will need a following lemma that can be easitwpd using discharging
technique. Due to space limitations we omit the proof.

Lemma 1. LetG be a biconnected plane graph with every inner face of lenglbeest

5, and the outer fac€’ of length4 < |C| < 6. Furthermore assume that every vertex
notinV (C) has degree at least 3 and that there is no pair of adjacentaestof degree
2. ThenG has a facial cycle”” such thatV' (C") N V(C) = ( and all the vertices of’
are of degree 3 except, possibly one of degree at most 5.

Instead of proving Grotzsch’s Theorem it will be easienfsito show the following
more general result. (Let us note that it follows also fronedilem 5.3 in [7]). A 3-co-



loring of a cycleC is calledsafeif |C| < 6 or the sequence of successive colors on the
cycle is neithef1,2,3,1,2,3) nor(3,2,1,3,2,1).

Theorem 1. Any connected triangle-free plane graghis 3-colorable. Moreover, if
the boundary of the outer face 6f is a cycleC of length at most 6 then any safe
3-coloring of G[V (C)] can be extended to a 3-coloring 6f

Proof. The proof is by the induction of¥’(G)|. We assume thaf has at least one
uncolored vertex, for otherwise there is nothing left to W are going to consider
several cases. After each case we assume that none of theystgwconsidered cases
applies toG.

Casel. G has an uncolored vertexof degree at mos2. Then we can remove
and easily complete the proof by inductionzlfs a cutvertex the induction is applied
to each of the connected components of the resulting graph.

Case2. (G has a vertex joined to two or three colored vertices. Note that ihas
3 colored neighbors thej€| = 6 and the neighbors cannot have 3 different colors,
as the coloring of” is safe. Thus we extend the 3-coloring@fto a 3-coloring of
G|V (C) U {z}]. Note that for every facial cycle a&[V(C) U {z}] the resulting 3-
coloring is safe. Then we can apply induction to each fag@[®f(C') U {«}].

Case3. C'is colored and has a chord. We proceed similarly as in Case 2.

Case4. G has afacialwallC’ = x5 - - - 1,1 such thak > 6 and at least 1 vertex
of C" is uncolored. As Case 2 is excluded we can assumerthat are uncolored.

Caseda. Assume thatj is colored andr; has a colored neighbat As Case 2 is
excludedyz, andx; have no colored neighbors, except igrandz respectively. Then
G|V (C) U {z,x1,z2}] has precisely two inner faces, each of length at least 4Clet
andC; denote the facial cycles corresponding to these faces andile< |Cs|. We
see thaiC4| < 6, because otherwis€'| > 7 andC is not colored. We can assume
thatC is separating for otherwis®, = C’, |C4| = 6, |C3| = 6 andC5, is separating.
Let @’ = G — int(C}). Observe that if cycl€’; is of length 6 we can add an edge to
G’ joining z; and the vertexv at distance 3 fromx; in C; without creating a triangle.
Then we can apply the induction hypothesigo Note that the resulting 3-coloring of
(1 is safe because whe@';| = 6 verticesz; andw are adjacent irfz’. Moreover, as
C is chordless irG, it is also a 3-coloring o&[V (C1)] so we can use induction and
extend the coloring t6; U int(C ).

Casedb. There is a pathy1yox3 Or z1y; 23 distinct fromazy 2023, SinceG does
not contain a triangle;s ¢ {y1,y=}. LetC” be the cyclesszoxiy1yaws O x3T221 Y123
respectively. LeG; = G — int(C”). Then|V(G1)| < |V (G)| becauseleg(z2) > 3.
By the induction hypothesis, the 3-coloring@fcan be extended to a 3-coloring@f.
The resulting 3-coloring of?” is also a safe 3-coloring @¥ [V (C")], since|C”| < 5
andC"” is chordless. Thus we can use induction to find a 3-coloring’dt) int(C").

Case4c. Since Cases 4a and 4b are excluded, we can identind x5 without
creating a chord irC' or a triangle in the resulting graph’. Hence we can apply the
induction hypothesis t6'.

Caseb. GG has a facial cycl€” of length 4. Furthermore i’ is colored assume that
C' # C. Observe that’ has two opposite verticag v such that one of them is not
colored and identifying: with v does dot create an edge joining two colored vertices.
For otherwise, there is a triangle@nor either of cases 2, 3 occurs.



Caseb5a. There is a pathyiv or uyi1y2v, y1 € V(C'). Thenys & V(C"), for
otherwise there is a triangle . Then the path together with one of the twa-paths
contained inC’ creates a separating cycl® of length 4 or 5 respectively. Then we can
apply induction as in Case 4b.

Casebb. Since case 5a is excluded, we can identifgnd v without creating a
triangle or a multiple edge. Thus it suffices to apply indmetio the resulting graph.
Observe that whe' was colored andC| = 6 then the coloring of the outer cycle
remains safe.

Case6 (main reduction). Observe that since inner faceg-dfave length 5 and
G is triangle-freeG is biconnected. Moreover there is no pair of adjacent vestiaf
degree 2, for otherwise the 5-face containing this pair @iosteither a vertex joined
to two colored vertices or a chord 6f (Case 2 or 3 respectively). Hence by Lemma 1
there is a fac€’ = zyaox3242521 In G such thateg(z1) = deg(za) = deg(as) =
deg(z4) = 3, deg(zs) < 5andV(C) NV (C") = @. Then vertices:; are uncolored.
Lety; be the neighbor af; in G — C’, fori = 1,2, 3, 4. Moreover, letys, . . . y,, be the
neighbors ofts in G — C'.

Caseba.y; = y; fori # j. SinceG is triangle-freer; andz; are at distance 2 i6”.
Then there is a 4-cycle;y;z;zx; in G. As Case 5 is excluded the cycle is separating
and we proceed as in Case 4a.

Case6b.y;y; € E(G) fori # j. Then there is a separating cycle of length 4 or 5 in
G and we proceed as in Case 4a again.

Caseb6ce. There are three distinct vertices =;, zx, C {z1,... x5} such that each
has a colored neighbor. Then at least one of cycle§[W(C) U {z;, z;,z}] is a
separating cycle ig of length from 4 to 6. Then we can proceed exactly as in Case 4a.
By symmetry we can assume thator y- is not colored (i.e. we change denotations of
verticesey, ... x4 andyy, . . . y4, if needed).

Case6d.y;, y; andz are colored and is a neighbor ofy;, for distincti, j, k. More-
over,y; andz have the same color and is adjacent withr,. Again one can see that
at least one of cycles iG[V (C) UV (C’) U {yx}] is a separating cycle i& of length
from 4 to 6 so we can proceed as in Case 4a.

Casebe.y> and a neighbor of; have the same color (@ and a neighbor of-
have the same color). As Case 6d is exclugiedndy, are uncolored. By symmetry we
can assume that identifying andy, does not introduce an edge with both ends of the
same color (i.e. we change denotations of vertiges. . x4 andy, . . . y4, if needed).

Case6f. y3 is colored andr; has a colored neighbor. As Cases 6¢ and 6d are ex-
cludedys, is uncolored ang, has no neighbor with the same colorngsBy symmetry
we can assume that identifying with y, andys with x5 does not introduce an edge
with both ends of the same color.

Case6g. There is a pathy; w;iwsys distinct fromy;z22y2. Then we consider a
cycleC’ = yywiwayswax1y1. As G is triangle-freedeg 1 = deg o = 3 andy 1y &
E(G) cycle C’ has no chord. Case 4 is excluded@bis a separating cycle and we
can proceed similarly as in Case 4a. The only differencedsttiis time if|C’| = 6
we try to joinz, andw; to assure that a safe coloring@f is obtained. We cannot do
it when there is a 2-path i& — int(C”) between the vertices we want to join because



it would create a triangle. Sina&g xo = 3 this 2-path iszez3w,. But then 5-cycle
Tox3w1 Y121 X2 IS Separating and we proceed as in Case 4a.

Case6h. There is a pathsyiwys for somek € {5,...m}. Then we consider a
cycleC’ = ypwsz4x3yswyy, and proceed similarly as in Case 6g.

Casebi. Let G’ be the graph obtained frod by deletingz1, =2, z3, x4 and iden-
tifying x5 with y3 andy; with y,. Since we excluded cases 6c—6H,is triangle-free
and the graph induced by colored verticegfs properly 3-colored. Thus we can use
induction to get a 3-coloring of G’. We then extend to a 3-coloring ofG. As Case
6b is excluded, the (partial) coloring inherited fra@#is proper. Ife(y;) = ¢(z5) then
we colorxy, x5, 22, 21, in that order, always using a free colore(f1 ) # c(x;5) we put
c(z2) = c(zs) and colorzy, x3, z1 in that order. This completes the proof. O

3 An Algorithm

The proof of Grotzsch’s theorem presentedgi@ can be treated as a scheme of an
algorithm. As the proof is inductive, the most natural agmio suggests that the al-
gorithm should be recursive. In this section we describe twimplement efficiently
the recursive algorithm arising from the proof. In partanulve need to explain how to
recognize successive cases and how to perform relevanttreasi efficiently. We start
from describing data structures used by our algorithm. Wemiscuss how to use re-
cursion efficiently and how to implement some non-triviabogtions of the algorithm.
Throughoutthe papé¥ refers to the graph given in the input of our recursive akoni
andn denotes the number of its vertices.

3.1 Data Structures

Input Graph, Adjacency Lists. W. I. 0. g. we can assume that the input graph is con-
nected, for otherwise the algorithm is executed separatebach connected compo-
nent. Moreover, the input graph is given in the form of adjagdists. We also assume
that there is given a planar embedding of the graph, i. e hbeigs of each vertex appear
in the relevant adjacency list in the clockwise order givenhe embedding.

Faces and Face QueuesObserve that using a planar embedding stored in adjacency
lists we can easily compute the faces of the input graph. Asgtiaph is connected
each face corresponds to a certain facial walk. For everg edghere are at most two
faces adjacent tav. A face is calledight face adjacent t¢u, v) whenv succeeds in
the sequence of successive vertices of the facial walk sporaling to the face given
in the clockwise order. Otherwise the face is calleft face adjacent tqu, v). Each
face f is stored as the corresponding facial walk, i. e. a list ohfars to successive
adjacency lists elements corresponding to the edges ofdlie lRor each such element
e corresponding to neighber of vertexw, face f is the right face adjacent t@, v).
Additionally, e stores a pointer tg. Each face stores also its length, i.e. the length of
the corresponding facial walk.

We will also use three queu&d,, Qs, Q> Storing faces of length 4, 5, and 6
respectively, satisfying conditions described in casds 8,0f the proof of Theorem 1,
respectively.



Low Degree Vertices Queue. In order to recognize Case 1 fast we maintain a queue
storing the vertices of degree at most 2.

Short Path Data Structure (SPDS) In order to search efficiently for 2-paths joining a
given pair of vertices we maintain the Short Path Data Streadescribed if§ 4.

3.2 Recursion

Note that in the recursive algorithm induced by the prooggiis§ 2 we need to split
G into two parts. Then each of the parts is processed sepabgteliccessive recursive
calls. By splitting the graph we mean splitting the adjagdists and all the other data
structures described in the previous section. As the wearsé depth of the recursion is
©(n) the naive approach would involvg(n?) total time spent on splitting the graph.
Instead, before splitting the information ¢hour algorithm finds the smaller of the two
parts. It can be easily done using two DFS calls run in pdradleach of the parts,
i.e. each time we find a new vertex in one part, we suspend #relsé this part and
continue searching in the another. Such an approach findsriaer partA in linear
time with respect to the size of. The other part will be denoted by. Then we can
easily split adjacency lists, face queues and low degraegsrquery. The vertices of
the separating cycle (or path) are copied and the copiedldetidaoA. Note that there
are at most 6 such vertices. Next, we delete all the vertit€g d) from the SPDS. We
will refer to this operation a€ut. As a result ofCut we obtain an SPDS faB. A Short
Path Data Structure fot is computed from the scratch. §¥ we show that deletion of
an edge from the SPDS také%1) time and the new SPDS can be builid{| A|) time.
Thus the splitting is performed i®(|V (A4)|) worst-case time.

Proposition 1. The total time spent by the algorithm on splitting data stinwes before
recursive calls isD(nlogn)

Proof. We can assume that each time we split the graph into two palts possible
splitinto three ones described in Case 2 is treated as twoessive splits. Let us call the
vertices of the separating cycle (or pathaser verticesand the remaining ones from
the smaller partA asinner vertices The total time spent on splitting data structures
is linear with the total number of inner and outer vertices.there are)(n) splits,
and each split involves at most 6 outer vertices the totalbmrof outer vertices to be
considered i€)(n). Moreover, as during each split okavertex graph there are at most
ng inner vertices each vertex of the input graph becomes am iremtex at mostog n
times. Hence the total number of inner vertice®ig log n). O

3.3 Non-trivial Operations

Identifying Vertices In this section we describe how our algorithm updates tha dat
structures described 3.1 during the operation of identifying a pair of vertice.
Identifying two vertices can be performed using deletiond asertions. More pre-
cisely, the operatiomdentify(u,v) is executed using the following algorithm. First it
compares degrees afandv in graphG. Assume thatleg (u) < degq(v). Then for
each neighbo#: of v we delete edgex from G and add a new edger, unless it is
already present in the graph.



Lemma 2. The total number of pairs of delete/insert operations panked byldentify
algorithm is bounded b (n log n).

Proof. For now, assume that there are no other edge deletions perfoby our al-
gorithm, except for those involved with identifying vegi&: The operation of deleting
edgeux and addingua during Identify(u,v) will be called moving edgeuz. We see
that each edge of the input graph can be moved at ifost:| times, for otherwise
there would appear a vertex of degree:. Subsequently, there a€®(n logn) pairs of
delete/insert operations performed duridentify operation. It is clear that this number
does not increase when we consider additional deletions. a

As we always identify a pair of vertices in the same facialkwitis straightforward
to update adjacency lists. Lemma 2 shows that we d&edog n) time in total for these
updates including updating the information about the fageislent tox andy. Each of
affected faces is then placed in appropriate face queuadihas to be changed). 4
we show how to update the Short Path Data Structure effigiaftgrIdentify. To sum
up, identifying vertices take®(n log n) time including updating data structures.

Finding Short Paths In our algorithm we need to find paths of length 1, 2 or 3 between
given pairs of vertices. Observe that there @@) such queries during an execution
of the whole algorithm. As we show &4 paths of length 1 or 2 can be foundd@n1)
time using the Short Path Data Structure. It remains to fooysaths of length 3.

Let us describe an algorithReth3 that will be used to find a 3-path between a pair
of verticesu, v, if there is any. We can assume that we are given a pathlength
2 (cases 4b and 5a) or of length 3 (Case 69) joinirandv. W.I.0.g. we assume that
deg(u) < deg(v). Let A(u), A(v) denote the adjacency lists afandv, respectively.
We start from assigning variables andz, to the element ofd(u) corresponding to
the edge op incident withw. Similarly, we assigrnes andx, to the element ofd(v)
corresponding to the edge pfincident withv. Then we start a loop. We assign to
the succeeding element ang to the preceding element ia(u). Similarly, we assign
x3 to the succeeding element amg to the preceding element iA(v). Then we use
the Short Path Data Structure to search for paths of lengt#tv2denz; andv, x, and
v, 3 andu, x4 andu. If a path is found, the algorithm stops, otherwise we repeat
loop. If no 3-path exists at all, the loop stops when all thiginieors ofu are checked.

Lemma 3. The total time spent on performirfiath3 algorithm isO(nlogn).

Proof. We can divide these operations into two groups. The operaticalledsuccess-
ful if there exists a 3-path joining andv, distinct fromp when|p|=3, andfailed in the
other case. Recall that when there is no such 3-path, veitiaedv are identified. As
the time complexity of a single execution Bath3 algorithm isO(deg ) and all the
edges incident withy are deleted durinilentify(u,v) operation, the total time spent on
performing failedPath3 operations is linear in the number of edge deletions cauged b
identifying vertices. By Lemma 2 there af¥n logn) such edge deletions.

Now it remains to estimate the time used by successful apesatl.et us consider
one of them. Let”’ be the separating cycle compound of the ga#imd the 3-path that
was found. Letd be the graptC’ U int(C"). Recall that one of vertices, v is not



colored, sayw. Then the number of queries sent to the SPDS is at thoskg, (v).
Note that since» will be colored in graphH the total number of queries asked during
executions of successfBbth3 operations is at most 8 times larger than the total number
of edges appearing i@ (an edgerv added after deletingu duringldentify(u,v) is not
counted as a new one here). Thus the time used by successfatiops isO(n). O

Removing a Vertex of Degree at Most 3In cases 1 and 6i we remove vertices of
degrees 1, 2 or 3. There are at m6Xt:) such operations in total. As the degrees are
bounded the total time spent on updating the Short Path DatatGre and adjacency
lists isO(n). We also need to update information about incident facesmaf need
to join two or three of them. It is easy to update the facialknalthe resulting face in
O(1) time by joining the walks of the faces incident to the delatedex. The problem
is that edges contained in the walk corresponding to the aee/$tore pointers to two
different faces. Thus we use the well-known Find and Unigioathm (see e.g. [5])
for finding a right face adjacent to a given edge. The amatttirae of the search is
O(log" n). As the total number of all these searche®ia:) it does not increase the
overall time complexity of our coloring algorithm.

Before deleting an edge we additionally need to check whétl® a bridge. The
check can be easily done by verifying whether the edge hasggheface equal to its
left face. If so, after deleting the edge the face is splib iwto faces inO(1) time and
we process each of the connected components recursively.

Searching for FacesTo search for the faces described in the cases 5, 6, 4 of thé pro
from § 2 we use queue@y, @5, Q>¢, respectively. The queues are initialized?n)
time and the searches are performedifl) time.

Additional Remarks To recognize cases 2, 3, 4a, 6¢—6f efficiently it suffices &spa
down the outer cycle in the recursion, when the cycle is edloiThen it takes only
O(1) time to recognize each case (in some cases we use Short PatiSDacture)
since there are at most 6 colored vertices.

4 Short Path Data Structure

In this section we describe tt&ghort Path Data StructuréSPDS) which can be built

in linear time and enables finding shortest paths of lengthcat 2 in planar graphs in
O(1) time. Moreover, we show here how to update the structure défleting an edge,

adding an edge and after identifying a pair of vertices. Tlweranalyze the total time
needed for updates of the SPDS during the particular sequermperations appearing
in our 3-coloring algorithm. The time turns out to be bountg@® (n logn).

4.1 The Structure and Processing the Queries

The Short Path Data Structure consists of two eIements,tdéM andCTS. We will
describe them after introducing some basic notions.

A directed graph is said to ble-orientedif its every vertex has the out-degree at
mostk. If one can orient edges of an undirected grdptobtainingk-oriented graph



H' we say thafd can bek-oriented In particular, wherk = O(1) we will say thatH’

—
is O(1)-oriented andH can beO(1)-oriented.H will denote certain orientation of a
graphH . Thearboricity of a graphH is the minimal number of forests needed to cover
all the edges ofi. Observe that a graph with arboriciiycan bea-oriented.

Graph CT{ and Adjacency Queries. In this sectionG; denotes a planar graph for
which we build a SPDS (recall from3.2 that it is not only the input graph). It is widely
known that planar graphs have arboricity at most 3. T@yscan beO(1)-oriented.
Let (Tf denote such an orientation 6f;. Thenzy € E(G) iff (x,y) € E((T{) or
(y,z) € E((Tf). Thus, providing that we can maintain bounded out—degme@fi
during our coloring algorithm, we can processti1) time the queries of the form:
“Are verticesz andy adjacent?”.

Graph CT; Let G, be a graph with the same vertex setas Moreover, edgew is in

G, iff there exists vertex: € V(CT{) such that(x,v) € E(CT{) and(z,w) € E(CT{).
Vertex z is said tosupportedgevw. Since(?l> has bounded out-degree every vertex
supportsO(1) edges inG,. HenceGs is of linear size. The following lemma states
even more (proof is ommited due to space limitations):

Lemma 4. Let (7{ be a directed planar graph with out-degree boundedibizet G,
be an undirected graph with'(G2) = V(G;1) and E(G3) = {vw : (z,v) € E(G1)
and(z,w) € E(G1)}. ThenG» is a union of at most - (4) planar graphs.

Corollary 1. Ifthe out-degree in grapﬁTl> is bounded byl then graph(z, has arboric-
ity bounded byl 2 - (§).

Corollary 2. GraphG, can beO(1)-oriented.

Corollary 1 follows immediately since the arboricity of aaphr graph is at most
3. By 67; we will denote anO(1)-orientation ofG,. Let e be an edge irCTQ> equal
(v, w) or (w,v). Letz be a vertex that supporésand lete; = (z,v) andez = (z, w),
e1,e9 € E(CT{). We say that edges ande, areparentsof e ande is achild of e; and
es. We say that a paifes, e2} is acouple of parent®sf e. Notice that each edge can
have more than one couple of parents. We additionally skaréailowing information:

— for eache € E(Cz) a list P(e) of all pairs{ey, e2} such that is a common child
of e; andes, _ _

— for eache € E(G1) alistC(e) of pairs(c, p) wherec € E(G2) is a common child
of e and certain edg¢ andp is a pointer to{e, f} in the list P(c).

Queries About 2-paths It is easy to see that Wheﬁf andCTQ> areO(1)-oriented we
can find a pathuzv of length 2 joining a pair of given distinct verticasv in O(1) time
as follows:

(i) check whether there is an oriented pattv or vxzu in (Tf
N
(i) check whether there is a vertexsuch thai(u, x), (v, z) € E(G1),



(iii) check whether there is an edge= (u,v) ore = (v,u) in 67; If so, pick any of its
couples of parent§(z, u), (x,v)} stored inP(e).

To build the shortcut graph data structure for a given gi@phnamely graphé?l>

and CTQ we start from creating two graphs containing the sameogstass; but no
edges. Then for every edge from GG; we adduv to SPDS using insertion algorithm
described in the following section. §¥.3 we show that it takes on@(|V (G1)]) time.

4.2 Inserting and Deleting Edges

Maintaining Bounded Out-degrees inCT{ and CT£ As graphG; is dynamically
changing we will need to add and remove edges f@fnand 67; While removing
is easy, after adding an edge we may need to reorient some &ul¢gave the graph
O(1)-oriented. We use the approach of G. Brodal and R. FagerBéré$sume that
H is an arbitrary graph of arboricity. Let A = 6a — 1 and assume that we want to

maintain aA-orientation ofGG, denoted byﬁ. They consider the following routine for

inserting an edgev. First add(u, v) to H.If outdegu = A + 1, repeatedly a node
with out-degree larger than is picked, and the orientation of all the edges outgoing
from w is changed. Deleting an edge does not need any reoriergatdm will refer

to these routines adssert (u, v) andDelete (u, v) respectively and we will use them

for inserting and deleting edges([?\l andCTQ). Observe that the out-degreesL?m will
be bounded by 17 since it has arboricity 3 as a planar gragisesuently Corollary 1

guarantees tha@) has bounded arboricity and hence it will be at3@l)-oriented.

Updating the SPDS After a Deletion Note that after deleting an edge fro@{ we
need to find out which edges @, should be deleted, if any. Assume tleds an edge

of (7{ and it is going to be deleted. For each pairp) € C(e) we have to perform
the following operations: remove the péir, f} referenced by pointerfrom list P(c),
remove the paifc, p) from the listC(f). If list P(c) becomes empty we delete edge
from G». Sincee has at most = O(1) children, the following proposition holds:

Proposition 2. After deletion of an edge the SPDS can be updated(in) time.

Updating the SPDS After an Insertion To perform insertion we first calhsert in
— —
graphG:. Whenever any edge i#; changes its orientation we act as if it was deleted

and updat«e%> as described above. Moreover, when any gdge) appears ira, both
afterInsert(u, v) and after reorientingv, ), we add an edgew to G, for each edge

(u,w) present ira.

4.3 Time Complexity of Updating the SPDS

There are four operations performed by our coloring algaribn an input graph. First
two are insertions anidlentify operations. The third one is deleting a vertex of degree
at most 3 and will be denoted d&xleteVertex. The last operation i€ut described

in § 3.2. These four operations will be callegeta-operationsEach of them will be
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performed using a sequence of deletions and insertion&idrsection we show that
for the particular sequence of meta-operations appeatiogi coloring algorithm the
total time needed for updating the SPD®J&: log n). The following lemma is a slight
generalization of Lemma 1 from the paper [3]. Their proof agms valid even for the
modified formulation presented below.

Lemma 5. Given an arboricitya preserving sequence of edge insertions and dele-
tions on an initially empty graph, |dif; be the graph after théth operation.

LetHy, Hs, ..., H|,| be any sequence ¢fa)-orientations with at most edge re-

orientations in total and Ieﬁ, 17;, ce m be theA-orientations off;, Ha, ... H 4
appearing whernsert and Delete algorithms are used to perform Letk be the num-
ber of edges:v such that(u,v) € 17; (v,u) € I?Z and thei-th operation ino is
insertion ofuv.

Then thdnsert andDelete algorithms perform at mosX(k + ) edge reorientations
in total on the sequence

Lemma 6. The total number of reorientations E{ used byinsert and Delete algo-
rithms to perform a sequence lbmeta-operations leading to the empty grapldig:).

Proof. Let us denote the sequence of meta-operations.dyet G* be the graphG,
after thei- th meta- operation We will construct a sequence of 6-tainsG =

G1 G2 G’C Observe thaG’C has no edges thus it is 6- onented We will describe
GZ uslngG“rl If o; is an insertion of edgev, GZ is obtained fronGZ“ by deleting
uv. If o; = ldentify(u,v) the edges incident with the identified vertein G“rl are par-
titioned into two groups ini_ﬂ)' without changing their orientation. Recall thatindv
are not adjacent Iﬁ_r'; ThUSOutdegC—:; u < outdegc—;; x andoutdegc—;; v < outdegc—;; x.

—
If o; = DeleteVertex we simply add a vertex of degree at most 3ibin such a way
that that the added edges leave the new vertex. Its out-@égBeand the out-degrees
of other vertices do not change. Finally we consider the wdmo; is Cut operation.
Let A be the graph induced by the vertices removed ft8mAs A is planar it can be
3-oriented. The remaining edges, joining a vertex frdsay x, with a vertex from
G, sayy are oriented fromx to y. Observe that a vertex id can be adjacent with at

—_—
most 3 vertices iz, since there are no triangles. Th@é™ is 6-oriented. Descrip-
tion of the sequencé@ of orientations is finished now. Observe that there is nolsing
reorientation in this sequence.

Now let us compare the sequengewith the sequencé of 17-orientations ap-
pearing whennsert andDelete algorithms are used to perforsn Consider insertions
involved with a singlddentify operation. Then at most+ 17 = O(1) inserted edges
obtain different orientations i andF. Hence the total number of such insertions in-
volved with identifying vertices i€ (k). OperationDeleteVertex andCut do not use
insertions and trivially there are at mdsbrdinary insertions ing Thus by Lemma 5

thelnsert andDelete algorithms perform©(k) reorientations irG; to performe. O

Lemma 7 (proof ommited).Leto be a sequence @f+ | meta-operations performed
on an initially empty planar grapliz; = (V, E). Moreover, let the firsk operations
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in o be insertions. Then the total number of reorientationé?’m used bylnsert and
Delete algorithms to performw is O(llog [V ).

Corollary 3. For any planar graphG; the Short Path Data Structure can be con-
structed inO(|V (Gy)]) time.

Corollary 4. Letn be the number of vertices of the graph on the input of the eolor
ing algorithm. The total time needed to perform all metaratiens executed by the
coloring algorithm, including updating the Short Path D&#ucture, isO(n logn).

Proof. By Lemma 2 allldentify operations caus@(n logn) pairs of deletions/inser-
tions. By Proposition 1 alCut operations caus®(nlogn) deletions. There i©(n)
meta-operations performed. Hence, by Lemmas 6 and 7 tHentatzber of reorienta-
tions needed by insert operationg¥n log n). It ends the proof. a

Let us also note that using techniques from proof of Lemma& @an show that
update of SPDS after an insertiordrbitrary sequence of insert/delete operations takes
amortized?d(log® n) time. The approach presented here can be extended to thebene
version of SPDS. It need3(1) time to find a shortest path between vertices at distance
bounded by a constaktand updates after an insertion(ﬂ(logk n) amortized time.

Acknowledgments | would like to thank Krzysztof Diks and anonymous refereas f
reading this paper carefully and helpful comments. Thaikslgo to Maciej Kurowski
for many interesting discussionsArhus, not only these on Grotzsch’s Theorem.

References

1. O. V. Borodin, A. N. Glebov, A. Raspaud, and M. R. Salawvaiip Planar graphs without
cycles of length from 4 to 7 are 3-colorable. 2003. Submittedl of Comb. Th. B.
2. O. V. Borodin and A. Raspaud. A sufficient condition forn@a graphs to be 3-colorable.
Journal of Combinatorial Theory, Series 83:17—-27, 2003.
3. G. S. Brodal and R. Fagerberg. Dynamic representatiosparse graphs. IRroc. 6th Int.
Workshop on Algorithms and Data Structureslume 1663 oL NCS pages 342-351. 1999.
4. N. Chiba, T. Nishizeki, and N.Saito. A linear algorithnt five-coloring a planar graphl.
Algorithms 2:317-327, 1981.
5. T. Cormen, C. Leiserson, R. Rivest, and C. Stéitroduction to AlgorithmsMIT, 2001.
6. M. R. Garey and D. S. Johnson. Some simplified NP-compleighgoroblemsTheoretical
Computer Science(3):237-267, February 1976.
7. J. Gimbel and C. Thomassen. Coloring graphs with fixed g@md girth. Transactions of
the AMS 349(11):4555-4564, November 1997.
8. H. Grotzsch. Ein dreifarbensatz fur dreikreisfreiezeetuf der kuzel. Technical report, Wiss.
Z. Martin Luther Univ. Halle Wittenberg, Math.-Nat. ReiheI®59.
9. L. Kowalik and M. Kurowski. Shortest path queries in plageaphs in constant time. In
Proc. 35th Symposium Theory of Computipgges 143-148. ACM, June 2003.
10. N. Robertson, D. P. Sanders, P. Seymour, and R. Thoméisiegty four-coloring planar
graphs. IrProc. 28th Symposium on Theory of Computipages 571-575. ACM, 1996.
11. C. Thomassen. Grdtzsch'’s 3-color theorem and its eppaitts for the torus and the projec-
tive plane.Journal of Combinatorial Theory, Series &:268-279, 1994.
12. C. Thomassen. A short list color proof of Grotzsch'sotieen. Journal of Combinatorial
Theory, Series B38:189-192, 2003.
13. D. West.Introduction to Graph TheoryPrentice Hall, 1996.

12



