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Abstract

This paperpresentsa renderingmethodfor translucent
objects,in which view point andillumination canbemodi-
�ed at interactiverates.In a preprocessingsteptheimpulse
responseto incominglight impingingat each surfacepoint
is computedand stored in two different ways: The local
effect on close-bysurfacepointsis modeledas a per-texel
�lter kernelthat is appliedto a texturemaprepresentingthe
incidentillumination. Theglobalresponse(i.e. light shining
throughtheobject)is storedasvertex-to-vertex throughput
factors for the triangle meshof theobject. During render-
ing, theilluminationmapfor theobjectis computedaccord-
ing to thecurrent lighting situationandthen�lter edby the
precomputedkernels.Theillumination mapis alsousedto
derivetheincidentilluminationontheverticeswhich is dis-
tributed via the vertex-to-vertex throughputfactors to the
other vertices. The �nal image is obtainedby combining
the local andglobal response. We demonstrate theperfor-
manceof our methodfor several models.

1 Intr oduction

On theappropriatescale,thevisualappearanceof most
natural as well as syntheticsubstancesis profoundly af-
fected by light enteringthe material and being scattered
inside[9]. Examplesof materialswhosemacroscopicap-
pearancedependson thecontributionfrom subsurfacescat-
tered light include biological tissue(skin, leaves, fruits),
certain rocks and minerals(calcit, �uorit, silicates),and
many othercommonsubstances(snow, wax, paper, certain
plastics,rubber, lacquer). Dependingon the scaleof dis-
play, conventional,surface-basedre�ection functionsmay
only unconvincinglymimic thenaturalvisualimpressionof
suchmaterials(seeFigure1).

Unfortunately, previous renderingalgorithmshandling

Figure 1. A back lit marb le hor se sculpture .
Left: using a traditional surface based light
re�ection model. Right: taking into account
subsurface scattering of light. Translucenc y
effects are very clear in par ticular at the ears
and the legs. The sculpture measures about
5cm head to tail. This paper presents a
rendering method whic h convincingl y repro­
duces translucenc y effects as sho wn in the
right image, under dynamic viewing and illu­
mination conditions and at interactive rates.

subsurfacescatteringdo not nearlyallow interactive image
synthesis(seeSection2 for an overview). However, light
light particlestraveling throughanoptically densemedium
undergo frequentscatteringeventscausingsevereblurring
of incident illumination. The renderingmethodproposed
in this papertakesadvantageof this smoothingpropertyof
highly scatteringmediaby factoringthe light impulsere-
sponseon thesurfaceof a translucentobjectinto ahigh fre-
quency localpartanda low frequency globalpart.Weshow
that the impulseresponsecan be precomputedin a short
time,storedcompactlyandprocessedsuf�ciently rapidly in
orderto allow interactive renderingof translucency effects
on rigid objectsat interactive ratesunderdynamicviewing
andlighting conditions.



2 PreviousWork

Thealgorithmin thispaperdrawsuponpreviouswork in
theareasof globalillumination,realtimelocalshadingwith
complex BRDFsanddatabaseapproachesfor re�ectance.

Usually in global illumination, oneassumesthata scat-
teredlight particleleavesa hit surfaceat thelocationof in-
cidenceitself. The relationbetweenthe intensityof light
scatteredat � into an outgoingdirection ��� andthe inten-
sity of incidentillumination at � receivedfrom a direction

��� is given by the BRDF (bi-directionalre�ectancedistri-
bution function)

����	

��
��
��
��
��� . However, local light scatter-
ing is only a valid assumptionfor a metalsurfaceor for a
smoothboundarybetweennon-scatteringmedia. In other
cases,a light particlehitting a surfaceat a �rst location � �

from direction� � mayemergeatadifferentsurfacelocation
� � .

Thisphenomenoncanbesimulatedwith anumberof al-
gorithmsthathavebeenproposedfor globalillumination in
thepresenceof participatingmedia,including�nite element
methods[21, 1, 23], path tracing [6], bi-directionalpath
tracing[15], andphotonmapping[10, 4], or by a diffusion
simulation[26]. Also, the propagationof electromagnetic
radiationin scatteringmediais a well-studiedtopic outside
of computergraphicsin �elds suchasmedicalimaging,at-
mosphereandoceanresearchandneutrontransport[9, 25].
Methodsfor globalilluminationareofteninstancesof meth-
odsusedin theseother�elds. In opticallydensemedia,such
methodscanbequiteexpensive,with typical imagerender-
ing timesin therangefrom 10 minutesto severalhoursfor
staticilluminationandviewing parameters.

Non-local light scatteringat a surface can however
also be modelled explicitly, by meansof the BSSRDF
(bi-directionalsubsurfacescatteringre�ectancedistribution
function) �

	

�
�


��
���

�
�


��
�

� . BSSRDFmodelshave been
presentedfor single[6] andmultiple [11] subsurfacelight
scatteringin homogeneousmaterials.Thesemodelscanbe
usedin a ray tracer, much in the sameway as traditional
BRDF models.Themostprominentdifferenceis that they
require two surface locationsrather than one. However,
theseBSSRDFmodelsaremuchmorecomplex thantypical
BRDFmodels(seefor instanceFigure2), sothatrendering
timesfor commonimageresolutionsstill arein theorderof
secondsto minutesperframe.

Real-timerenderingof objectswith complex BRDFshas
beendonewith avarietyof techniques[2, 8, 12, 13]. These
techniquesassumepoint light sourcesor distantillumina-
tion (environmentmaps)and usuallydo not allow spatial
variationof theBRDF. Noneof thesetechniquescanbeap-
plied to subsurfacescatteringfor translucentobjects,since
the in�uence on incident light is not local anymore. Re-
centwork on interactiveglobalilluminationof objects[24],
including self-shadowing and interre�ections, can proba-
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Figure 2. The BSSRDF model (from [11])
used in this paper. Constants for some
materials are also found in [11]. The
graphs sho w the diffuse re�ectance due to
subsurface scattering gih for a measured
sample of marb le with j�k

l =(2.19,2.62,3.00) mon�p ,
jrq =(0.0021,0.0041,0.0071) mon�p and s =1.5. gih

	ut

�

indicates the radiosity at a distance v in a
plane , due to unit incident power at the ori­
gin. Subsurface scattering is signi�cant up
to a distance of several millimeter s in marb le.
The graphs also explain the str ong colour �l­
tering effects obser ved at larger distances.

mon�p RGB colour triplet
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bly be extendedto subsurfacescattering.But this method
assumeslow-frequency distant illumination, whereasour
methodallowshigh-frequency localizedillumination.

Image-basedtechniqueslike light �elds [16, 5] or sur-
facelight �eld [18, 28] representtheappearanceof objects
suchthat they can be interactively displayedfor different
views. The outgoingradianceis recordedandstoredin a
sort of databasewhich thencanbe ef�ciently queriedfor
assemblingnew views. Light �elds canrepresentthe out-
goingradianceof anobjectwhich exhibits subsurfacescat-
teringunder�x edillumination. Relightingof theobjectre-
quiresto additionallyrecordthedependency ontheincident
illumination. Re�ection �elds [3] parameterizetheincident
illumination by its directiononly. Although differentillu-
minationcanbesimulatedby useof differentenvironment
maps,it is not possiblee.g. to casta shadow line onto the
object. Thedirectionaldependency is not suf�cient to rep-
resentlocalvariationof theilluminationontheobject'ssur-
face.

Our approachfor the representationof translucentob-
jectstakesthespatialvariationof incidentillumination into
accountwhile thedirectionaldependency is not storedex-
plicitly. This approachwill be motivatedin the following
section.

3 Background and Moti vation

In orderto computetheshadeof a translucentobjectata
surfacepoint �

� , observedfrom a direction �
� , thefollow-

ing integral needsto besolved:
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� denotesthesurfaceof theobjectand ���

	

�
�

� is thehemi-
sphereof directionsontheoutsideof thesurfaceat �

� . Note
thattheBSSRDF, whichrepresentstheoutgoingradianceat

�
� into direction �

� dueto incidentradianceat �
� coming

from direction �
� , is aneight-dimensionalfunction,sothat

naiveprecomputationandstorageapproachesarenot feasi-
ble in all practicalcases.

Previous subsurfacescatteringstudies[6, 11] however
revealthat:

� subsurfacescatteringcanbe accuratelymodelledasa
sumof a singlescatteringtermanda multiple scatter-
ing term;

� singlescatteringacountsfor at mosta few percentof
theoutgoingradiancein materialswith highscattering
albedo,likemarble,milk, skin,etc.. .— wewill ignore
singlescatteringin thiswork;

� multiple scatteringdiffusesincidentillumination: any
relationbetweendirectionsof incidenceandexitance
is lost.

As a result,subsurfacescatteringin highly scatteringmate-
rials canberepresentedto anaccuracy of a few percentby
a four-dimensionaldiffusesubsurfacere�ectancefunction

���

	

� ��
�� ��� , which relatesscatteredradiosityat a point �$�

with differentialincident�ux at � � :

� � 	

� � 
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s.
�� � �'&)( �+* � � &,� � � (3)

TheFresneltransmittancefactors
 !

indicatewhatfraction
of the �ux or radiosity is transmittedat a surfacebound-
ary. TheFresnelfactorin (3) indicateswhatfractionof in-
cidentlight entersthe translucentobject. In (1), it models
what fraction of light coming from underneathre-appears
in theenvironment.Theremainderre-enterstheobject,for
instancedue to total internal re�ection if the objecthasa
higherrefractionindex thanits surrounding.A fastapprox-
imation of Fresnelfactorshasbeenproposedin [22]. The
factor

�,-

� in (1) convertsradiosityinto exitant radiance.
The diffusesub-surfacescatteringre�ectance

�
�

in (2)
playsasomewhatsimilarroleastheradiosityintegralkernel

. 	

�;
�/r� in theradiosityintegralEquation
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where #

	

�.� denotesthe radiosity at � , #

1

	

�.� the self-
emittedradiosity, 5

	

� � there�ectivity, �


�8

thedirectionof a
line connecting� and / andvis

	

�;
�/r� is thevisibility predi-
cate.Factorslike

. 	

�;
�/r� in radiosityand
�?�

	

� ��
�� �9� in our
case,areusuallycalled(differential)throughputfactors.

Themain ideaof this paperis to discretiseequation(2),
much in the sameway as the the radiosity integral equa-
tion (4) is discretisedin Galerkinradiositymethods[7, 29].
Thethroughputfactorsthatresultfrom discretisationof the
radiosityequationarebetterknown asform factors. Note
however that form factorsin radiosityencodepurely geo-
metric information abouta sceneto be renderedand that
they do not directly allow to re-rendera sceneunderdy-
namic lighting conditions. The subsurfacescatteringre-
�ectance

�
�

	

�
�


��
�

� encodesbesidesgeometricinforma-
tion alsothevolumetricmaterialpropertiesanywherein the
object relevant for light transportfrom �.� to �.� : it is the
Greensfunction(impulse-reponse,globalre�ectancedistri-
bution function [14]) of thevolumetricrenderingequation
insidetheobject. In radiosity, theGreensfunctiondoesin
generalnot result in practicalrelighting algorithmsdueto
its high storagecost. The primary goal of this paperis to

3



Figure 3. Work �o w during rendering: �r st, incident illumination is computed and projected into the
texture atlas. The resulting illumination map is processed in two ways. The global response (upper
branc h) is computed by projecting the illumination to the mesh ver tices and multipl ying the ver tex
irradiance vector with a ver tex­to­ver tex thr oughput factor matrix. The local response (lower branc h)
is computed by �ltering the incident illumination map with spatiall y varying ����� texel­to­te xel �lter
kernels. Finall y the global and the local response are combined.

demonstratethatexplicit representationof theGreensfunc-
tion however is practicalfor dynamicrelightingof translu-
cent objects. This is because

�
�

is in generala much
smootherfunctionthantheGreensfunctionfor radiosity.

In this paper, wewill usethediffusesub-surfacescatter-
ing re�ectancemodelfrom [11] (see�gure 2). This model
hasbeenderivedfor scatteringataplanarboundarysurface
betweenhomogeneousmaterials.It is in principlenotvalid
for curved surfacesandneitherfor heterogeneousmateri-
als, althoughusing it in suchcasesoften yields plausible
results. This paperhowever focusseson the feasibility of
storingandusingtheGreensfunctionfor interactiverender-
ing of translucentmaterials.A propertreatmentof curved
surfacesand heterogeneousmaterialsrequiresa more so-
phisticatedpreprocessingthanshown here,andis thetopic
of future work. However, it doesnot affect the rendering
algorithmitself proposedin this paper.

4 Outline

Ourmethodis basedonadiscreteversionof theintegral
expressionin Equation2 atwhichwearrivewith aGarlekin
type approach.In this approachwe employ two different
setsof basisfunctionsarriving at two differentdiscretiza-
tion. One set of basisfunctionsare hat functionsplaced
at objectverticesin orderto modelsubsurfacescatteringat
largedistances(smoothglobalpart). Theothersetof basis
functionsarepiecewiseconstantcorrespondingto thetexels
in a textureatlas(disucssedbelow) in theimmediateneigh-
borhoodof apoint,in orderto accuratelymodel

�
�

atsmall

scatteringdistances(detailledlocal part). Eachof the two
discretizationsproceedasfollows:

1. We �x asetof spatialbasisfunctions�
�

	

�.� . Thebasis
functionsweusearediscussedbelow;

2. We project the irradiance
$

	

�.� (equation(3)) onto
the chosenbasis: the coef�cients

$

� in �

$

	

�.� �

�

�

$

�
�

�

	

�.���

$

	

� � , arefoundby calculatingscalar
productsof

$

	

�.� with dualbasisfunctions �
�

�

	

� � :
$

�
�

�
�
$

	

�.�	� �
�

	

�.�%�[� (5)

The dual basisfunctionsare the uniqueset of linear
combinationsof theprimarybasisfunctions�

	

� � that
ful�ll thefollowing orthonormalityrelations:

�
�

�
�

	

�.�
�
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� �%�[� �
�
�



�

�
�


 denotesKroneckersdelta function (1 if �;��� , 0
otherwise);

3. Equation(2) is transformedinto a matrix-vectormul-
tiplication:

#



���

�

$
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 (6)

with throughputfactors
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�[� (7)
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4. The radiosity #

	

/r� at surface position / is recon-
structedas

#

	

/r� ���




# 
 � 


	

/r� � (8)

Equation(1) showshow radiosityis convertedinto out-
goingradiancefor a particulardirection.

Two discreterepresentationsof thesameproblemareof
courseredundant.Weapplysuchadoublerepresentationto
exploit theadvantagesof each,howeverappropriateblend-
ing will benecessaryfor correctresults.Thework �o w for
renderinganimageis illustratedin �gure 3.

Our methodhasto addressthe following sub-problems,
whicharediscussedin detailbelow:

� Preprocessing:generationof a texture atlas for the
input model; computationof throughputfactorsfrom
eachtexel to a9 � 9 texel neighborhood(detailledlocal
response);computationof weightsfor distributing the
illumination in eachtexture atlastexel to the nearest
triangleverticesaswell asfor reconstructingthe illu-
minationfrom thenearesttriangleverticesandcompu-
tation of vertex-to-vertex throughputfactors(smooth
global response);computationof factorsfor blending
thelocalandglobalresponse;

� At renderingtime: computationof the irradiancein
eachtexture atlas texel (incident illumination map);
distribution of the irradiancein eachtexel to triangle
meshvertex irradianceandapplicationof theprecom-
putedvertex-to-vertex throughputfactorsin order to
obtainthescatteredradiosityat eachvertex (globalre-
sponse);convolution of the incidentillumination map
with the precomputedtexture �lter kernels(local re-
sponse);blendingof local andglobal responsesusing
theprecomputedblendingfactors.

5 Preprocessing

Thepreprocessingphaseof theproposedalgorithmcon-
sists of two steps– the generationof a texture atlas for
the input modelandthecalculationof the local andglobal
light distribution for light hitting anobjectat a singlepoint
(Green's functions).

5.1 GeometryPreprocessing

All renderingresultspresentedherearebasedontriangle
modelswhicharereducedto lessthen20000triangles.Dur-
ing simpli�cation wetry to obtainroundtrianglesof similar
size.

To obtaina2D parameterizationof theobjectsurface,we
generatea textureatlas.Theatlasis generatedby �rst split-
ting the meshof the model into different triangle chunks

Figure 4. Example of a texture atlas for the
bir d model. Inner triangles are drawn in
green, bor der triangles are marked in red.

andorthographicallyprojectingeachchunkontoa suitable
plane.Theanglebetweenthenormalsof theprojectedtrian-
glesandtheplanenormalarekeptsmallto avoid distortion
andensurebestsamplingrate.Startingwith arandomtrian-
gle, we addanadjacenttriangleto a chunkif thedeviation
of thetriangle'snormalcomparedto theaveragenormalof
the chunk is below somethreshold,e.g. 30 degrees. We
alsoaddto eachchunka borderformedby adjacenttrian-
gles.Thewidth of theborderis requiredto beat least3 tex-
elsto providesuf�cient supportfor applyingthe

�

�

�

�lter
kernelsto theoriginal chunk. Thebordertrianglesmaybe
distortedin orderto ful�ll this constraint.

All projectedtexture chunksare rotatedto ensurethat
theareaof their axis-alignedboundingbox is minimal [27,
20]. A genericpackingalgorithmgeneratesadensepacking
of the boundingboxesinto a squaretexture of prede�ned
size.Thealgorithmis ableto scalethesizeof thebounding
boxesusinga globalscalingfactorin orderto ensuredense
packing. Figure4 shows an exampletexture atlasfor the
bird model.

5.2 Global response

Subsurface scatteringat larger distancestends to be
very smoothandamendableto representationby meansof
vertex-to-vertex throughputfactorsusing linear interpola-
tion of vertex radiosities.

Linear interpolationof vertex colors is well-known in
graphicsunderthe nameof Gouraudinterpolation. On a
trianglemesh,it correspondsto representinga color func-
tion by its coef�cients w.r.t. thefollowing basisfunctions:

��� �
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where � � �

�

	

� �

�

�

3�� =

	

� �

�

=�3��

	

	

� �

�

	 with �

�




�

=�


�

	

the threeverticesof the trianglecontaining� . The � 's are
the barycentriccoordinatesof � in the triangle �

�




�

= 


�

	 .
Note that �

	

	

� �6�

�

: �

�

	

� ��: � =

	

� � . We associatea
basisfunction � �

�

with every vertex � in the trianglemesh.
���

�

	

� � is zero except for the threeverticesin the triangle
containing� . Whenplotted,thesebasisfunctionslook like
“hats” centeredateachmeshvertex.

We will needto project the irradiance
$

	

� � to sucha
basis:

$

	

� � �

�

�

$

�

�

�

�

�

	

�.� . Thecoef�cients
$

�

�

aregiven
by scalarproducts(5) with the dual basisfunctions ����

�

of
the ���

�

. Thesedual functionsarealsozeroexcept for the
threeverticesof the trianglecontaining� . The threenon-
zerovaluesare

��

�

�

	

� ���

�

�

�

	��

�

�

	

�.� :

�

�

where
�

� is the sumof the areasof the trianglessharing
vertex � , � beinga vertex of thetrianglecontaining� .

The throughputfactors(7) areapproximatedin the fol-
lowing way, which requiresto evaluatethediffusesubsur-
facescatteringre�ectance

�
�

only oncefor eachpair of
meshvertices

	

�

�



�


A� :

 

�



�

� �

	

�

��


�



�

*

� �

�
�

	

�.�%�[�
*

�
�

��



	

/r�%�7/ �

�

�

�

���

	

�

��


�



�

�

The matrix-vectorproduct(6) thenresultsin the scattered
radiosity # �




at the meshvertices �


 . The global radios-
ity #

�

	

/r� for intermediatesurfacepoints / is foundby lin-
earinterpolation: #

�

	

/r� �

�




# �




��


	

/r� �

�

�
#

�

�

�

�

	

/r�

wherethelattersumis overthethreeverticesof thetriangle
containing/ .

5.3 Local response

Subsurfacescatteringre�ectanceis however quite large
at smalldistances(a rangeof up to about2mmfor marble,
seeFigure2), sothatdetail in incidentillumination suchas
sharpshadow boundarieswill be preserved. For this rea-
son,a moreaccuraterepresentationwill berequiredfor the
throughputin theimmediateneighborhoodof apointwhere
light entersthetranslucentobject.We modelthis by means
of � �	� texel-to-texel throughput�lter kernelscenteredat
eachnon-emptytexel of thetextureatlas.

Mathematically, this correspondswith projecting to a
piecewiseconstantbasisfunctions ��


m
��� �Wp

. The basisfunc-
tionsare1onthepart �

	��




�

� of themodelsurfaceprojected
in a single texture atlastexel

	��




�

� andthey are0 every-
whereelse.Thereis onesuchbasisfunctionpernon-empty
texture atlastexel. The dual basisfunctionsin ���


m���� �Wp

are
piecewiseconstantin thesameway, exceptthat they take a
value

� -

�
	��




�

� insteadof 1 on �

	��




�

� .
�

	��




�

� is thearea

of �

	��




�

� andis computedasa sideresultof textureatlas
generation.

By equation(5), theirradiancecoef�cients
$




	��




�

� cor-
respondto the averageirradianceon �

	��




�

� . We will
approximatethem by the value at the centerpoint in the
texel. The texel-to-texel throughputfactor (7) between
texel

	��




�

� and
	��


���� is approximatedas �

m���� �Wp

	��


���� �

� 	��




�

�

� � 	

���

	��




�

�W
����

	��


������ with
� �

being evaluatedat
thesurfacepoints � � correspondingto thecenterof thetex-
els. Thesetexel-to-texel throughputfactorscanbe viewed
asnon-constantirradiancetexture �lter kernels. Equation
(6) then correspondswith a convolution of the irradiance
texture. Theconvolved(blurred)textureshows the locally
scatteredradiosity #�


	

/r� .

5.4 Blending Local and Global Response

The global and the local responsecannot be simply
addedto obtainthecorrectresult.In theregionsof directil-
lumination,bothcontributionswill addupto approximately
twice the correctresult. However, the radiosity #

�

calcu-
latedin  5.2will havethelargestinterpolationerrornearthe
pointof light incidencewhile #�
 (  5.3)returnsthemoreac-
curateresponsefor pointscloseto direct illumination (see
Figure 5). #!
 is actually only available for thosepoints.
Our choiceis to keepthetexel accurate�lter kernelfor the
local radiositysinceit representsthebestlocal responseof
ourmodel.Thus,wesomehow haveto reducethein�uence
of the low-frequency partat small scatteringdistancesand
mustensuresmoothblendingbetweenthe local andglobal
responsewherethein�uence of thelocal responseends.

Theglobalradiosity #

�

dueto directilluminationcorre-
spondsto thediagonalof theform factormatrix " . Thedi-
agonalentriesaresetto zeroyielding "$# . To obtainsmooth
blendingwe introducea new radiosityvector #

�

�

which is
directly derived from the illumination map in a way de-
scribedbelow. Using this new radiosity vector, the com-
binedradiosityresponsewill beobtainedas

#

	

�.� � #




	

�.�43 #

�

	

� � 3 #

�&%

	

� �

# �'%




� �

�

$

�

�

 

#

�



(9)

For eachtexel
	��




�

� of the illumination map,we have
to determineits optimal contribution (

�

	��




�

� to thedirect
radiosity #

�

�

of the threevertices�

� of theenclosingtrian-
gle. Our approachis to minimize the differencebetween
theglobal radiosityandthecorrect radiosityfor eachtexel

	��


���� ontheboundary) of its �lter kernel �

m
��� �Wp

	��


���� . The
correct radiosityat ) is foundby calculatinga larger �lter
kernel �+*-,.*

m���� �Wp

	��


���� . Notice that the in�uence of the
�

�

�

kernelon ) of the � �/� kernelis exactlyzero.Statedmath-
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a) b)

d)c)

Figure 5. a) Ideal impulse response . b) Local
response modeled by the �ltering kernel (red)
c) Linear interpolation of the global response
resulting from distrib uting the irradiance and
evaluating the form factor matrix " . d) Opti­
mized global and local response: The diag­
onal of " # is set to zero, the weights for #

�

�

(green dots) are optimiz ed to interpolate the
boundar y of the �lter kernel (blue dots), the
blue area is subtracted from the �lter kernel.

ematically, theproblemis to �nd (

�

	��




�

� sothat

�

m

�

�

!

p

���

�

�	*-,.*

m���� �Wp
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=

is minimal. �
�

	��


���� is the surfacepoint correspondingto
thecenterof texel

	��


���� and #

�'%

	

� ���

�

�
�

�

�

	

� ��#

�&%

� . The
sumis over thevertices� of thetrianglecontaining� , and

#

�
%

� is givenin (9).
After correctingthe global response,we also have to

changethe �lter kernels. The interpolatedvaluesof the
globalresponsehaveto besubtractedfrom eachkernel,cor-
respondingto theblueareain Figure5.

This optimizationhasto be donefor every texel. It is
performedasapreprocessingstepandtakesjusta few min-
utes.Theirradianceat eachtexel is now distributedto two
differentvectors: to

$

�

�

usingthe dual basisfunctions �
�

�

andto the #

�

�

usingtheweights( describedin thissection.

6 Rendering

After preprocessing,therenderingis straightforward. In
order to rendera translucentobject interactively, we �rst
computean illumination mapandthensplit the computa-
tion into two branches. The �rst one derives the irradi-

anceat eachvertex from the illumination map and com-
putesthesmoothglobalresponse.Thesecondbrancheval-
uatesthe local responseby �ltering the illumination map.
Bothbranchescanbeexecutedin parallelona dualproces-
sormachine.Finally, theglobalandthe local responseare
combined.

6.1 Computing the Illumination

For anilluminatedobject,we needto convert its illumi-
nation from object spaceinto texture spacesincethe pre-
computed�lter works in texture space. Furthermore,we
haveto integrateovertheilluminationmapin orderto com-
putetheirradianceat thevertices.For theconversionto tex-
ture spacewe usetheparameterizationof the objectgiven
by thetextureatlas.

Theilluminationmapcaneasilybecreatedby rendering
the objectby not using its 3D vertex positionsbut its 2D
texturecoordinatesfrom thetextureatlas.This �attens the
objectaccordingto theatlasandtheresultis a texturecon-
tainingtheillumination. Somecarehasto betakenthatthe
lighting is correctlycomputedeventhoughthegeometryis
projectedinto 2D. We do this by computingthe lighting in
a vertex shader[17] using the original 3D vertex position
andnormal. Furthermorewe includea Fresnelterm in the
lighting calculationsfor which we useSchlick's approxi-
mation[22] whichcanbecomputedin thevertex shaderas
well. Therenderedilluminationmapis thenreadbackfrom
the framebuffer andstored. In Figure3a) andb) the illu-
minationon theobjectandthecorrespondingillumination
mapderivedusingthetextureatlasareshown.

Oncetheirradianceat eachtexel
	��




�

� is computed,we
canintegrateit to obtainthe irradiancefor eachvertex. In
order to distribute the texel irradiancecorrectly to vertex
irradiance,we follow Equation5. Thevertex irradiance

$

�

�

is givenas
$

�

�

�
�

m���� �Wp

�
���

�

	��




�

�

$

	��




�

�

�
	��




�

�&
 (10)

the sum over all texels in the illumination map times the
valueat the currenttexel of the dual basisfunction corre-
spondingto thevertex, timesthearea

�
	��




�

� of themodel
surface �

	��




�

� coveredin the texel. As a result, the illu-
minationat eachtexel is distributedto exactly threediffer-
entvertices.Theweights ����

�

	��




�

�

�
	��




�

� areprecomputed
into animageof thesameresolutionasthetextureatlas.

The samedistribution mechanismis alsoappliedto ob-
tain the secondradiosityvector #

�

�

(  5.4). This time, the
weights( �

	��




�

� areusedinsteadof thedualbasisfunction.
Distributing the illumination mapto two vectorsinsteadof
just onedoesnot signi�cantly in�uence renderingperfor-
mance.
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6.2 Low FrequencyReconstruction

Giventheirradianceat thevertices,thelow frequency or
globalresponseis calculatedwith thethroughputfactorsof
Section5.2.Theresultingradiosity # �

�

at theverticesbased
on thetransferfunctionsmatrix " is thenfoundby

# �




� �

�

$

�

�

 

� 
 � (11)

As previously discussed,the radiosity at a particular
point � on a triangle is interpolatedusing the barycentric
basis�

�

�

	

�.� with respectto theverticesof thetriangle.

#

�

	

�.���

	

�

���

�

�

�

�

	

� ��#

�

� (12)

Dependingon the sizeof the modeland the scattering
parameters,theentriesin thematrixmaydropto verysmall
values.In thesecasesafull ( ��( matrixtimesvectormul-
tiplication may be morecostly than ignoring form factors
below

���

��� usingjust a sparsematrix. In our experiments
theoverheadof representinga sparsematrix paidoff if 40
percentof theform factorscouldbeignored.

If desired,surfaceappearancedetail can be addedby
meansof asurfaccetexture ��� whichmodulatestheradios-
ity. ��� representstheoverallre�ectanceateachtexel. Since
the form factormatrix " alreadycomputestheradiosityat
the verticescorrectly, we have to ensurethat thosevalues
are not changedby the texture. Thereforewe devide the
vertex radiosityby its correspondingtexturevalueprior to
multiplicationwith thetexture:

#

	

�

� # �

�

-

���

	

�

��� (13)

Thecompletelow-frequency responseis thengivenby

#

�

	

�.���
���

	

�.�

	

�

� �

�

�

�

�

	

� �%#

	




� (14)

6.3 Local Response

Accordingto thefactorizationdescribedin Section3, the
local responseto a light impulseimpinging on thesurface
atpoint � is representedby a

�

�

�

�lter kernel �

m���� �Wp

	��


&���

in texturespacecenteredat thecorrespondingtexel
	��




�

� .
Eachpointor texelmaypossessadifferent�lter kernel.The
resultingradiositydueto localresponseis thuscomputedby
akind of convolution for eachtexel:

�
�

���r%�'��������

H

�

���"���2%���� ���"���2%�'

�

�

c

�

-

� �"!$#%!

���&���

H

�

���"���2%�� ���A�'��%

(15)

Sincethe �lter kernelsfor eachtexel are different,we
currentlyimplementthis stepin software.After theconvo-
lution, the �ltered illumination map is reloadedastexture

andappliedduring the �nal composition. In future work,
we plan to mapalsotheconvolution to graphicshardware.
Onsomesystemsconvolutionwith asinglekernelis already
availableasanOpenGLextension.Onecouldthink of per-
forming a principlecomponentanalysison thekernels,use
hardware�ltering for principlekernelsand�nally blendthe
results.Anotherway would beusing

�

�

�

weightingtex-
tureswhichareoffsetby thecorrectpositionin the�lter ker-
nel andthenmultiplied with the illumination map,adding
up the49contributionsin theframebuffer.

6.4 Combining Local and Global Response

Local and global response are combined in one
hardware-acceleratedrenderingstepusingmulti-texturing.
Registercombinersaresetup in sucha way the thevertex
radiosityis multipliedwith thesurfacetexture �(� andat the
sametime the �ltered illumination map correspondingto
thelocal responseis added.

7 Results

We report the performanceof our systemduring tests
with four differentmodels(seecolor page).We perfomed
onetestwith a horsemodelmadeof homogeneouswhite
marble(parameterstaken from [11]), anda secondteston
thesamehorsemodelbut with thewhitemarbleaugmented
by darkveinsproducedby Perlin noise[19]. We rendered
a bustmodelwith skim milk, andwe applieda completely
syntheticmaterialto abird model.

The preprocessingtime for all modelsare around1-2
minutesfor calculatingthe �lter kernelsand around2-8
minutesfor computingthe vertex-to-vertex form factors.
The�lter kernelsarecomputedfor a )

�

*

�+)

�

*

textureat-
las. In thecomputationof theglobalpartonly thevertex-to-
vertex form factorsabovethethresholdof

�,�

�-� areconsid-
ered.Thethird columnin Table1 showshow thenumberof
form factorsabovethis threshold.

All modelscanberenderedandrelit at interactive frame
rates.Table1 lists how muchof therenderingtime is spent
oneachindividualstepof therenderingprocedure.Thetim-
ingswerecollectedon a dual1.7GHz XeonPCwith 1GB
of RAM, usinga GeForce3graphicscard. The local and
the global responseare computedin two parallel threads
suchthat the total time is lessthanthesumof the individ-
ual tasks. Table1 shows that the numberof form factors
during thecomputationof theglobal responsehasa major
in�uence on therenderingtime.

For eachmodelwe currentlyusea resolutionof )

�

*

�

)

�

*

to renderthe illumination mapwhich is alsothe reso-
lution of all othermaps. In the future we hopeto be able
to improve the resolutionby perfomingthe convolution in
hardware.
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model # vertices #formfactors fps illummap local global display total

horse 10000 16441460 2.3 29 149 33 371 431
horsetextured 10000 12409116 2.7 29 145 302 33 364
bust 8574 4946764 5 24 147 144 28 199
bird 4000 1750862 5.6 16 139 86 26 180

Table 1. This tablelists thenumberof verticesof eachmodel,thenumberof relevantvertex-to-vertex form factors,
theachievedframerateandthetimingsfor renderingtheillumination map,computingthelocal responseby �ltering,
distributing the illumination to the vertices,performingvector/matrixmultiplication for the global responseandthe
overall time. All timings aregiven in milliseconds.Note that the total timings aresuchthat all four modelscanbe
renderedandrelit at interactive framerates.

Figure 6. Optimizing the blending: A checker­
boar d is projected on a bust (left). Triangles
in the hair region crossing the bor der lead
to artifacts (mid dle). The optimiz ed blending
yields much better results (right).

Figure8 displayshow the�nal resultis composedof the
local and global response.Notice that the color �ltering
effect for light transportto distantpointscanbeobservedat
thelegs.Thiseffect is actuallyvisible in all models.

Theeffect of optimizing theblendingbetweenthe local
andglobal part is demonstratedin Figure6. Note that the
combinedresultwithout theoptimizationis muchto bright
andexhibits severeartifactsat illumination discontinuities.
Thosehavealmostperfectlybeenremovedby theoptimiza-
tion.

8 Conclusionand Future Work

We have developeda systemfor the interactive render-
ing of translucentobjects. The basicidea is to represent
the impulse-reponseas a high frequency local part and a
low-frequency globalpart. Thepapershows thatstorageis
feasible,andinteractive renderingunderdynamicviewing
andilluminationconditionsis achieved.

In the future we would like to show the applicability
of thepresentedmethodto heterogeneousmaterials.More
complicatedalgorithmshave to be appliedduring the pre-
processingto determinetheform factormatrixandthelocal
�lter kernelswhile therenderingprocedurewill beexactly
thesame.

It is worthinvestigatingwhichadditionalpartsof theren-
deringcould be computeddirectly on the graphicsboard.
This may affect the �ltering for the local response,or the
computationof thevertex irradiances.

Acknowledgements

We would like to thank JensVorsatz,ChristianRoessl
andKolja Kählerfor providing andsimplifying thegeomet-
ric models.

References
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Figure 7. The hor se model with unif orm marb le and with added veins. The structures in the head and
leg areas are clearl y noticab le. The bust on the right is rendered as skim milk.

Figure 8. The textured hor se model lit from the top left, parallel to the hor se. The left image sho ws
the local response , the mid dle the global response and the right image the combined result. Notice
that diff erent areas are illuminated due to local and global response .

Figure 9. The bir d model with an arti�cial material under unif orm illumination (left) and illuminated
by a white slide of increasing intensity (left­to­right: 1 unif orm, 1, 3, 5, 10, 50). Note the color shift
from magenta to green.
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