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Abstract— From our terr estrially con�ned viewpoint, the actual
thr ee-dimensional shape of distant astronomical objects is, in
general, very challenging to determine. For one class of as-
tr onomical objects, however, spatial structur e can be recovered
fr om conventional 2D imagesalone. So-calledplanetary nebulae
(PNe) exhibit pronounced symmetry characteristics that come
about due to fundamental physical processes.Making useof this
symmetry constraint, we present a technique to automatically
recover the axisymmetric structur e of many planetary nebulae
fr om photographs.With GPU-basedvolume rendering dri ving a
non-linear optimization, we estimate the nebula's local emission
density as a function of its radial and axial coordinates, and
we recover the orientation of the nebula relative to Earth. The
optimization re�nes the nebula model and its orientation by
minimizing the differ encesbetweenthe rendered image and the
original astronomical image.The resulting model allows creating
realistic 3D visualizations of these nebulae, for example for
planetarium shows and other educational purposes.In addition,
the recovered spatial distrib ution of the emissive gas can help
astrophysicists gain deeper insight into the formation processes
of planetary nebulae.

Index Terms— J.2.c Astronomy; G.1.6.a Constrained optimiza-
tion; I.4.10.e Image Representation, Volumetric; I.4.8.j Scene
Analysis, Shape; I.6.9.h Volume visualization

I . INTRODUCTION

Due to their diverse and colorful appearance,planetary
nebulae (PNe)1 are amongthe estheticallymost attrac-

tive objects in the night sky. Picturesof PNe get regularly
publishedin public sciencemagazinesanddaily newspapers,
as their visual appealmake PNe ideal objects to stir broad
public interestin astrophysics research.PNeeven concernus
directly: Our own Sunwill end its life asa planetarynebula,
albeit not until somefour billion yearsfrom now.

Planetarynebulae becomestill more vivid if they can be
realistically visualizedin 3D. For planetariumshows or TV
documentaries,be ableto authenticallyvisualizePNeenables
creatingimpressive animations,suchasvirtual �y-arounds, to
captivate the audienceas well as to illustrate the underlying
physics. But visualizing the three-dimensionalshapeof PNe
canalsobe of scienti�c valueto astrophysicistswho may use
PN visualizationto investigate the gas distribution in space,
and to evaluate simulation results derived from theoretical
nebula models. Our article describesa computergraphics-
basedapproachhow to simultaneouslyrecoverandrealistically
visualizethe3D shapeof planetarynebulaefrom conventional
photographs.

M. Magnor is with the MPI Informatik, Germany.
1We will use“PN” and“PNe” to refer to planetarynebulaein the singular

andplural, respectively.

While it wassoonrealizedthatwhatweobserveof PNeare2D
projectionsof 3D volumesof glowing gas, the actualspatial
structureof PNehaslong beena subjectof investigationin as-
trophysics.It wasnot until thesecondhalf of the20thcentury
that,basedonearliermorphologicalclassi�cations[1], qualita-
tive modelswereproposedto explain the generalappearance
of PNe [2], [3], [4]. While thesesimple modelssucceeded
in qualitatively describingthe great variety of observed PN
shapes,they were not accurateenoughto re�ect the actual
three-dimensionalstructureof individual planetarynebulae.

To recover the actual structure of planetary nebulae from
conventional 2D images, we propose a volume modeling
techniquecoinedconstrainedinversevolumerendering(CIVR)
Basedon fastvolumerenderingusingPC graphicshardware,
we synthesizerealistic views from a genericPN model.This
model incorporatesthe symmetryconstraintsarisingfrom the
physical formation processesof bipolar PNe by representing
the spatial shapeas an axisymmetricemissiondensity dis-
tribution map. An optimizationalgorithm varies the model's
emissiondistribution entriesanditeratively comparesthe ren-
deredmodelto theactualimageuntil the renderedmodelbest
matchesthe observed image.By exploiting the axisymmetric
natureof mostPNeto constrainthereconstructionprocess,the
inverseproblembecomeswell-posed,andat thesametime we
obtain only physically plausible results.Reconstructionand
visualizationof PNe is useful for the productionof scientif-
ically consistentanimationsfor planetariumshows and TV
documentaries,as well as for the developmentof interactive
tools for educationalpurposes.In astrophysics research,the
recovered spatial distribution of the emissive gas can aid in
gaining a deeperunderstandingof PN formation processes.
ReconstructedPN shapescan, for example,be comparedto
computersimulationresultsto validatetheoreticalmodelsof
the stellar wind. A databaseof PN shapesmay also help in
establishinga generaltimeline of PN evolution.

In this article,we extendour earlierwork on the topic [5]. We
review previous relatedwork, in the following Section.After
anintroductoryoverview of thefundamentalphysicsof PNein
Sect.III,we describeour constrainedinversevolumerendering
approachin Sect.IV. Sect.V illustrates the practical steps
in reconstructingplanetarynebulae. Resultsare presentedin
Sect.VI.We discussour methodandvalidateits performance
in Sect.VII, beforewe concludein Sect.VIII.

I I . RELATED WORK

The presentedvolumetricmodelingtechniquerelieson recent
advancesin visualization and graphics research.The term
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inversevolume renderingwas �rst employed by Curless&
Levoy [6] to refer to updating volume data from range
images.Mueller et al. [7] use the sameterm to refer to a
re-projectiontechniquein CT reconstruction.Our useof the
term is derived from Marschner's Ph.D. thesis[8] in which
he introducesthe term inverserenderingto denotethe ideaof
reconstructingscenepropertiesfrom imagedatavia computer
graphicstechniques.

The volume modeling approachwe presentis basedon the
ability to perform volume rendering[9] very ef�ciently on
modern graphics hardware. Cabral et al. [10] demonstrate
how to perform ef�cient volume rendering using texture
mappinghardware, a fundamentaltechniquethat is still ap-
plicable to today's programmablegraphicsarchitectures[11].
For purely self-emitting volumes,Cabral's slicing technique
directly yields correctrenderingresults[12].

While spectacular3D �y-throughs of astronomicalobjectscan
be experiencedin many planetariums,theseanimationsare
almost always purely artistic piecesof work. One notable
exception is the effort by Nadeauet al. [13] who employed
massive computationalpower to createscienti�cally justi�ed
views of theOrion nebula for theHaydenPlanetariumin New
York [14]. For their visualizations,they rely on a 3D model
of the Orion nebula that wasdeterminedby astronomersfrom
decadesof various observational data [15]. Our method, in
contrast,simultaneouslyreconstructsthe 3D volume model
from photographsand visualizesit realistically, albeit for a
differentclassof astronomicalobjects:planetarynebulae.

In astrophysics, a large body of literatureconcernsthe mor-
phologyandshapeof PNe.Curtis [1] classi�ed the planetary
nebulae known at his time basedon their visual appearance
into different classes.Khromov & Kohoutek[2] qualitatively
describedthediversity in PN appearanceasaneffect of nebula
orientationfrom onegeneric3D shape.Kwok [16] andCalvet
& Peimbert[17] introducedthe interacting-windstheory to
explain the physical processesleading to the 3D structure
of PNe. Making use of involved astronomicalobservation
techniques,3D gasvelocitieshave beendirectly measuredand
the three-dimensionalgas distribution inferred for a handful
of PNe by Sabbadinet al. [18], [19] and Saurer [20]. To
investigate the physical processesleadingto the observed PN
structures,gas-kineticand photo-ionizationsimulationshave
beenconductedby, amongothers,Mellema and Frank [21],
Kimeswengeret al. [22] and Ercolanoet al. [23]. The sim-
ulation results qualitatively con�rm observational �ndings.
Limited computationalcapacity, however, currently prevents
the simulationparametersto be driven by observationaldata,
and visual correspondencebetweensimulation results and
individual planetarynebulaehasyet to be established.

I I I . PLANETARY NEBULAE

In the following, we give a brief explanatoryoverview of the
main physical processesthat lead to the visual appearance
of PNe. For a more thoroughintroduction to the physics of

gaseousnebulae in generaland PNe in speci�c, we recom-
mendthe classicbookson the topic by Osterbrock[24] and
Kwok [25]. A conciseoverview of our current knowledge
about the formation processesleading to planetarynebulae
hasrecentlybeenpublishedby Balick & Frank [26].

Despitetheir name,PNeareof extra-solarorigin: a planetary
nebula constitutesthe last episodein the life of any star
weightinglessthanabouteight sunmasses.At this stage,the
star hasburnedup most of its nuclearfuel. On astronomical
scales,PNeareextremelyshort-lived, existing only for a few
tens of thousandsof yearsbefore they fade away, which is
why only about1,500have beendiscoveredin our Galaxyso
far. Owing to their greatdistancesfrom Earth, they are dim
and small, spanningat most a few arc minutes in the sky.
For the work presentedhere, we rely on publicly available
imagesof PNethathave beenrecordedwith theHubbleSpace
Telescope[27] andthe Nordic Optical Telescopeat Teneriffe,
CanaryIslands[28].

A. Photo-ionization

Whena starof initially lessthaneight times the massof the
Sun nearsits end of energy production,a strongwind blows
off its surface,carrying substantialamountsof stellar matter
into spaceandexposingdeeper, hotterregionsof thestar. This
wind consistsmainly of hydrogen,but alsoof otherelements
that werepreviously synthesizedwithin the star's core.At the
sametime, the centralstar contractswhich increasesthe ex-
posedsurface's temperaturefurther. Following Wien's law for
blackbodyradiation[24], with rising surfacetemperaturethe
star emits more high-energy ultra-violet (UV) photons.Once
the star emits enoughUV photonscarrying suf�cient energy
to ionizehydrogen(13.6eV, correspondingto a wavelengthof
91nm), the ejectedhydrogengas becomescompletelyphoto-
ionized,i.e.,essentiallyall hydrogenatomsarebeingseparated
into free electronsand hydrogenions (protons).Within this
plasma,bothconstituentsfrequentlyrecombineto form neutral
hydrogenatomsagain. Theserecombinedatomsare typically
in an excited state,however, from which they return to the
groundstatevia acascadeof energy transitions,beforeanother
UV photonionizestheatomagain. Eachtransitionduring this
cascadeis accompaniedby the emissionof a photon of a
distinct wavelength.Theseemission-linephotonscan escape
from thenebula essentiallyunhindered,andit is thesephotons

Fig. 1. Input images:Theplanetarynebula He2-437in thelight of hydrogen,
nitrogen and oxygen (from left to right). While the original image data is
scalar-valued(grey-scaleimages),correctcolor appearanceis determinedby
taking into accountthe completeemissionline spectrumof eachchemical
element(Sect.VI-A).
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Fig. 2. Interactingwindstheory:During its lifetime, a torusof dense,slowly
outward moving gasgathersin the equatorialplaneof the centralstar(blue).
At the endof its life, the starsuddenlyblows off gasat a muchhigher rate.
When this fastwind hits the inner boundaryof the old gasmasses,the fast-
moving gas is re-directedandescapesin opposite,polar directions(red).

that we observe and that are responsiblefor the nebula's
characteristiccolor.

Besideshydrogen,the other chemicalelementsin the nebula
are also in ionized statesand emit photonsat characteristic
wavelengths.Thus, imagesrecordedat different wavelengths
enableastronomersto identify different elementsin different
regions of a nebula, as shown in Fig.1. For most (mature)
PNe,the centralstar's UV photon�ux is morethansuf�cient
to photo-ionizeall gas that hadpreviously blown off the star.
Assuming that the amount of light-absorbingdust can be
neglected,we observe the entire massof ejectedgas as one
glowing volume in space[25].

It must be noted that local gas volume emissivity, i.e., the
numberof photonsemittedfrom a unit volumeper unit time,
is actuallyproportionalto thesquareof local gasdensity. This
is becausethe statisticalprobability for electron-ionrecombi-
nationsperunit time is proportionalto thenumberof hydrogen
ions per unit volume times the numberof electronsper unit
volume, both numbersbeing approximatelythe same.We
deliberatelydo not make this distinctionbetweenlocal photon
densityandgasdensityin ordernot to further complicatethe
following text passages.

B. Axisymmetry

Planetarynebulae glow becausegas previously ejectedfrom
the central star is being ionized by the star's intense UV
radiation.Photo-ionizationalone,however, cannotexplain the
axial symmetryof most PNe, sincethe centralstar certainly
radiatesisotropically into all directions.Instead,it is the non-
uniform spatialdistribution of the gas that is responsiblefor
the axisymmetricappearanceof many PNe.

A classi�cation schemefor PNebasedon visual morphology
was proposedby Curtis early in the 20th century[1]. In the
1960s, it becameclear that the various different shapesof
PNemay be qualitatively explainedby onecommon,general
shapeviewed from Earth at different orientations[2]. While
this phenomenologicalmodelwasmotivatedby observational
data, it could not explain the physical processesleading to
the shape.Kwok [16] and Balick [3] �nally proposeda
mechanismthat explains the observed gas distribution within
PNe, illustrated in Fig.2; their interactingstellarwind theory
startswith thepremisethatprior to its �nal stage,thestarhas
alreadybeenblowing off gas,but at a muchslower speed.This

continuouslyejectedgas accumulatesin the star's equatorial
plane.Towardstheendof thestar's life, however, thevelocity
of thedischargedgasincreasesby severalordersof magnitude.
Now, thismuchfasterandhotterwind collideswith theold gas
masseswithin the star's equatorialplane.The old, slow gas
massesact like a nozzle,andthe fastwind is re-directedaway
from the equatorand escapestowards the poles.Two lobes
of gas form, �o wing away from the centralstar into opposite
directions.From the overall symmetryof the systemand the
conservation of momentum,the out�owing gas jets must be
axisymmetric,creatingthe axisymmetricshapeof many PNe.

Besidestheseinteractingwinds [29], recentresearchsuggests
that in caseof tight binary star systemsthe companionstar
plays an important role in the formation of the planetary
nebula [26]. Finally, the central star's magnetic �eld can
additionally focus the out�ow of the photo-ionized,charged
gasplasma,as is probablythe casefor our testnebulaeHe2-
437, depictedin Fig.9.

Analytical calculations [30] as well as extensive gas-
dynamic [21] and photo-ionization simulations [31], [23]
demonstratedthe plausibility of the interactingstellar wind
theory, while observational evidencefor its correctnesswas
�rst put forwardby Balick [3]. On its basis,a low-dimensional
(4 degrees-of-freedom)shape model for PNe, the prolate
ellipsoidalshell (PES) model, was proposedby Masson[4].
The PESmodel was subsequentlyusedby Kwok et al. [32],
[33] to model the generalappearanceof a numberof PNe
by adjustingthe four model parametersby hand.This low-
dimensionalmodel, however, can only give a very rough,
qualitative account of the spatial gas density distribution
within PNe. For realistic visualizationpurposes,as well as
to investigate the gasout�ow characteristicsof actualPNe,a
muchmoredetailedmodeldescriptionmustbe recovered.

IV. CONSTRAINED INVERSE VOLUME RENDERING

The physicsof PNeenablesus to develop a methodto recon-
struct the axisymmetricemissive gas distribution from two-
dimensionalimagesasobserved from Earth.Our constrained
inversevolumerendering(CIVR) approachrelieson threekey
physical andobservationalproperties:

� Most PNe exhibit a symmetry axis. This axisymmetry
reducesthe 3D volumetric reconstructionproblem to a
2D emissiondensityfunction in cylindrical coordinates.

� Scatteringand absorptionis assumedto be negligible
at visible wavelengthsat which our astronomicalinput
imagesareacquired.

� Planetarynebulae span only a few arc minutes in the
sky (less than a tenth of a degree), so their projected
appearanceis essentiallyorthographic.

Our CIVR algorithmiteratively determinesPN modelparam-
eter valuesuntil the renderedmodel imagebestmatchesthe
nebula's photograph.Fig.3 illustratesthe algorithm:

� The PN model is realistically renderedon the GPU,
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Image 
Difference

Fig. 3. ConstrainedInverseVolumeRendering(CIVR) work¯ow.

� therenderedimageis comparedto theactualphotograph,
� The error function is evaluatedon the CPU,
� the error function value drives a non-linearoptimization

algorithmthat
� varies PN model parametervalues prior to the next

iterationstep.

The PN model consistsof a two-dimensionaldensity map
whoseentriesrepresentaxisymmetricemissiondensityvalues.
As depictedin Fig.4, the map is alignedwith the symmetry
axis of the nebula suchthat the centralstar is in the middle.
The emission map entries and the two orientation angles
of the symmetry axis representthe model parametersthat
needto be optimized.Making useof a modernPC graphics
board,the projectionimageof the PN modelis rendered.The
renderedimage is comparedto the actualphotographof the
PN by calculatingper-pixel differences.A scalarerrorvalueis
derivedthatdrivesanon-linearoptimizationalgorithmrunning
on the CPU. The optimization routine, in turn, varies the
parametervaluesof thePN modelsuchthat theerror function
valuedecreases.To accelerateconvergence,a hierarchicalop-
timization approachis pursued,basedon an imageresolution
pyramid.TheCIVR algorithmterminateseitherwhentheerror

Fig. 4. Axial symmetry: the structureof most planetarynebulae can be
describedby a densitymapin cylindrical coordinates.Thevolumetricdensity
distribution in 3D spaceis generatedby rotating the densitymap along the
nebula's axis of symmetry.

1 MOV R0, f[TEX0];
2 MUL R1, R0,R0;
3 ADD R1.z,R1.x,R1.y;
4 RSQR0.x, R1.z;
5 RCPR0.x, R0.x;
6 MAD R0.y, R0.z,0.5, 0.5;
7 MOV R0.z,R0.w;
8 MUL R0,R0,p[0];
9 TEX R1, R0.xyzw, TEX0, RECT;
10 TEX R0, f[TEX1].xyzw, TEX1, RECT;
11 ADD o[COLH], R1,R0;
12 END;

Fig. 5. Assemblysourcecode of the CIVR fragmentprogram.As input,
textureunit 0 is assignedtheemissiondensitytexturemap.Theunit's texture
coordinatescorrespondalreadyto themodel's frameof reference,having been
transformedby the appropriatetexture matrix. Texture unit 1 representsthe
¯oatingpoint (P) buffer, its texture coordinatescorrespondto the fragment's
position in the buffer. The constantp[0] stores width and height of the
emissiondensity texture map in the x and y component,respectively. The
programconvertsthe fragment's Cartesiancoordinatesin the model frameto
cylindrical coordinateswith a radial andan axial component(R0.x andR0.y
in lines 5,6). The coordinatesare scaledto match the size of the emission
density map (l.8), and the emissionmap is queried(l.9). Additionally, the
fragmentposition's correspondingvalue in the ¯oating-pointbuffer is read
(l.10) beforeboth valuesaresummedandpassedon asfragmentcolor (l.11).

function value levels out, when it reachesa presetminimum
threshold,or whena presetnumberof maximumiterationshas
beencomputed.

A. EmissiveVolumeRendering

BecauseCIVR cantake up to 106 iterationsto converge, and
steprenderingthePNmodelis by far themosttime-consuming
operation,we mustbe ableto renderthe PN modelasfastas
possiblewithout sacri�cing physical accuracy. SincePNeare
madeof glowing gas,synthesizingfaithful projectionimages
from our PN model is equivalent to renderingarbitraryviews
of a purely emissive volume. Using ray tracing techniques,
such emissive volume rendering can be straight-forwardly
implementedon the CPU. However, the permanenttransfor-
mationsfrom viewpoint coordinatesto the orientedmodel's
frame of reference,and on to the cylindrical coordinatesof
the emissive densitymapis slowing down softwarerendering
performanceconsiderably.

Alternatively, emissive volumerenderingcanbe implemented
on modernPC graphicshardware.Multiple viewport-aligned
slices through the nebula volume are renderedat increasing
distancesfrom the viewpoint, while all slices' contributions
are accumulated[10]. Each quadrilateralsent through the
graphicspipeline spansthe entire viewport and is oriented
perpendicularto the viewing direction. The transformation
from view to modelcoordinatesis doneat no costby loading
the appropriatemodelview matrix to the stack.Programmable
fragment processingthen enablesus to convert on-the-�y
rasterizedCartesiancoordinatesto cylinder coordinates.As
shown in Fig. 5, duringrasterization,asmallfragmentprogram
transformsrasterizationcoordinatesto cylindrical coordinates,
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Fig. 6. Multi-resolution optimization: The upper row depictsthe actual image of the hydrogenemissionline of Mz-3 at different resolutionlevels, the
lower row shows the correspondingrenderedmodel after convergence.The samplingtheoremdictatesthat the model can be reconstructedonly at half the
resolutionof the respective image.CIVR startsout with optimizing a low-resolutionversionof the emissiondensitymap(a).After convergence,the result is
then up-sampledand usedas initial map for optimizing at the next-higher resolutionlevel (b,c,d).The full-resolutionversion(d) closelymatchesthe actual
photographof the planetarynebula (e). In the photo,the centralstarandbackgroundstarsaremasked (green)prior to running the CIVR algorithm.

performsa (bilinearly interpolated)look-up into the 2D emis-
sion density texture map, and accumulatesthe emission.To
addup all renderedsliceswithout introducingroundingerrors
dueto limited precision,we alsomake useof the�oating point
buffer availableon moderngraphicshardware.

The accuracy of the renderedimage is determinedby the
inter-dependencebetweenrendering resolution, the number
of renderedslices,and emissive densitymap resolution.For
convenient comparison,rendering resolution is matchedto
the resolution of the reference photograph.To minimize
aliasing, the number of slices should be equivalent to the
linear dimensionof the renderedimage.The emissive density
map, in contrast,should exhibit half the resolution of the
referenceimage,asdescribedin Sect.V. An nVidia GeForce
FX 3000 graphicscard easily attains10 fps when rendering
128depthlayersat 128x128-pixel imageresolution.Assuming
106 iterations,ourCIVR algorithmconvergesin approximately
oneday.

B. ProjectionError Evaluation

The aim of CIVR is to determinethe emissiondensitymap
entriessuchthatits 2D projection,thevolumerenderingresult,
matchesthe true PN image as closely as possible.This is
accomplishedby comparingtherenderingresultto theoriginal
PNimageandsystematicallyvaryingtheemissiondensitymap
valuesuntil the differenceis minimal.

To quantify thedifferencebetweenrenderedmodelandactual
photograph,the �oating point buffer is readto main memory.
Each renderedpixel is comparedto its correspondingpixel
in the PN image, and the sum-of-squared-differencesover
all pixels is computed.We have experimentedwith different
errormeasuresbeforereturningto sum-of-squared-differences
which yieldedthe fastestconvergenceresults.Sinceemission
density cannotbecomenegative, a very high error value is
returnedwhenever the optimizationroutine attemptsto set a
map elementto a negative value. This allows the otherwise
genericoptimizationroutineto be constrainedto a physically
plausiblePN model.

C. Non-linearOptimization

From an optimization-theoreticalpoint of view, a particular
emissiondensitymapin conjunctionwith thenebula's 3D ori-
entationanglesconstitutesone point in the high-dimensional
model parameterspace.For initialization, all density map
elementsare set to zero, the orientation angle is assigned
the value that is determinedfrom the images,Sect.V, and
the inclination angle is set to 90� , i.e., the symmetry axis
is assumedto be orthogonalto the viewing direction. From
this starting point, the optimization routine then traverses
the modelparameterspaceandconvergestowardsthe (local)
minimum of the SSDerror function.

Since we do not know the nebula's true 3D orientation in
space,the relationshipbetweenthe axisymmetricdensitymap
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Fig. 7. Prior to applyingCIVR, the centralstarandbackgroundstarsin the original photograph(a) aremasked out (green).The reconstructedaxisymmetric
nebula model (b) closely resemblesthe original image.The differenceimage(c) depictslocal contrastbetween(a) and (b). Purplerepresentslittle contrast
(difference)between(a) and(b), red denotesmaximumcontrast.

andthenebula's observedprojectionimageis non-linear. Also,
map entriescan only have non-negative values.We therefore
employ a non-linearoptimizationapproachthat relies on re-
peatedlyevaluatinganerror functionmeasuringthedifference
betweenthe renderedPN model and the photographof its
celestialcounterpart.We employ a standardimplementation
of Powell's optimizationmethod[34]. It numericallyevaluates
the error function's local slope along all dimensionsfrom
which it determinesthe conjugate-gradientdirection. Each
optimizationiteration stepentailsmodifying the densitymap
elementsandorientationangles,uploadingthenew mapvalues
to the graphicscard, volume-renderingthe model, and re-
calculatingthe error measure.This analysis-by-synthesisloop
iteratesuntil the algorithm converges to a minimum of the
error function.It mustbenotedthat,sincewe aredealingwith
a non-linearoptimizationproblem,convergenceto the global
minimum cannotbe assured.Due to the model constraints,
however, in our experimentswith real as well as simulated
data,Sect.VII, we observe that the model is always robustly
driven towardsa well-matchingminimum.

D. ConvergenceAcceleration

Naively, the emission density map may be optimized by
consideringthe full-resolutiondensitymapdirectly, suchthat
per iteration step, one density map element is optimized
individually. This approach,however, doesnot take into ac-
countthe in�uence of otherdensitymapelements.Oscillating
elementvaluesarethe result,andconvergenceis prohibitively
slow. Instead,a multi-resolutionrepresentationof theemission
densitymapis employed,which alsohasa regularizingeffect
on the optimizationresult.

In a �rst attempt, we representedthe density map using
Haar-wavelet basis functions. The wavelet coef�cients were
optimized in order of ascendingspatial frequency. While
convergenceperformancewasmuch improved in comparison
to the naive full-resolutionapproach,the wavelet coef�cients
had to be transformedback to the 2D map domain prior to

eachSSDerrorevaluationto enforcenon-negativevaluesof all
densitymap elements.In order to avoid this additionalcom-
putationaloverheadin the innermostloop of the opimization
routine, instead,we found that a simple resolutionpyramid
performs just as well. Fig.6 depicts the hierarchicalrecon-
structionapproach.Reconstructionstartsfrom a low-resolution
versionof the densitymapand the image.At this level, only
a fraction of densitymap entriesmust be reconstructed,and
the model is volume-renderedvery quickly at low resolution.
After convergence,the reconstructedlow-resolution density
map is scaledup to serve as initialization for the next-higher
resolutiondensitymap.Whendoubling the map's resolution,
renderingresolutionmustbe increasedlikewise,which in turn
increasesmodel rendering time. Employing four hierarchy
levels, the reconstructionof a 128x32-pixel densitymaptakes
approximatelyoneday on a 2.4 GHz PC in conjunctionwith
an nVidia GeForceFX 3000graphicscard.

V. RECONSTRUCTION

For PN reconstruction,the CIVR algorithm is applied to
photosof planetarynebulae recordedat optical wavelengths.
Mathematically, the recovery of the axisymmetricemission
density distribution from a 2D image is equivalent to de-
projectingthe image,i.e., a deconvolution with a point spread
function that dependson the (unknown) 3D orientation of
the nebula. This de-projectionbecomespossiblebecauseof
the nebula's axial symmetry as long as the symmetry axis
is not pointed towards our viewing position. For axis-on
PNe, the axisymmetricemissiondensity distribution cannot
be unambiguouslyrecovered.

Constrainedinversevolumerenderingtakesoptical imagesof
planetarynebulae as input. Research-gradeimagesof many
PNe are publicly available in FITS �le format on the Inter-
net [35]. The data usedfor our work, and the astronomical
imagesshown here, are from the Hubble SpaceTelescope
Archive [27] andthe IAC MorphologicalCatalogof Northern
Galactic PlanetaryNebulae [28]. The imageshave beenac-
quiredwith narrow-bandpass�lters atdistinctwavelengthsthat
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Fig. 8. Axisymmetricemissiondensitymapsfor theplanetarynebulaeHe2-437,M1-92, andMz-3 (left to right). Fromtop to bottom,themapscorrespondto
the distribution of hydrogen,oxygen,andnitrogen(sulfur for Mz-3). Empty voids areapparentwithin He2-437,while luminouswall-like structuresdominate
Mz-3. M1-92 is morehomogeneous.Thesedifferencesmay be relatedto the centralstar's massandthe processesgoverning the gasout¯ow, aswell asdue
to interactionswith interstellarmatter.

correspondto speci�c chemicalelements.The scalar-valued
imagesfeaturesixteenbit-accuratelinear dynamicrange.

Prior to applying our CIVR volume modeling method, the
images must be pre-processedto correct for a number of
imaging-relatedeffectsin orderto obtainscienti�cally accurate
data.For our CIVR techniqueto producecorrectresults,the
imagesmust be calibratedto exhibit a linear responsecurve,
i.e., twice the number of photons falling on a pixel must
double the pixel's value. We calibrate the raw image data
using the standardastronomicalimage processingsoftware
IRAF [36] andSTSDAS [37]. Starsnearbyandbehindtheneb-
ula interferewith thereconstructionprocessbecausetheir light
originatesoutsidethenebulamodel.Suchregionsaremanually
masked. Fig.7adepictsthe pre-processedphotographof M1-
92 taken in the light of nitrogen, with the masked regions
highlightedin green.To avoid biasin thereconstructionresult,
the CIVR algorithmdisregardstheseregionswhencomputing
the error function; the masked pixels are effectively missing
from the image.Due to imagingnoise,the backgroundpixels
in the imagesadditionallyexhibit small,non-zerovalues.This
is a secondpotential sourceof inaccuracy since the CIVR
algorithmwouldattemptto modelthepixelsoutsidethenebula
aspartof thenebula itself. Thus,we thresholdthe imagesand
setthebackgrounduniformly to zero.Finally, thePN's central
staris identi�ed in eachimage,andthenebula's projectedaxis
of symmetryis approximatelydetermined.This can be done
automaticallyby �nding themaximumpixel valuein theimage
(correspondingto the central star's position) and calculating
the principal eigenvectorsof the image's covariancematrix.
The PN image is centeredon the central star and clipped
to 256x256pixels, which is suf�ciently large to completely
accommodatethe nebulae in all our test images.

PNe are small astronomicalobjects in the sky, typically
measuringno more than a coupleof arcminutesin diameter.
Sinceatmosphericturbulencelimits useful imagingresolution
from ground-basedtelescopesto aboutonearcsecond,sensibly
PN imagesare no larger than a few hundredpixels along
their longestdimension.To determineat which resolutionour

axisymmetricdensitymapmaybeoptimally reconstructed,we
employ the samplingtheoremandmake surethat the highest
measurablefrequency correspondsto two samplesper period.
It follows that for a nebula covering 256 pixels in the image
along its longestdirection,we shouldnot attemptto recover
more than128 elementsin our densitymap.

We now apply our CIVR algorithm to eachcalibratedgrey-
scalephotographindividually. Initially, all densitymapentries
are set to zero. Becausethe nebula's symmetry axis goes
throughthecentralstar, we caninitialize theorientationangle
basedon theslopeof thePN's line of symmetryin the image.
The second,unknown angle, representingthe inclination of
the nebula's symmetryaxis towardsEarth, is initialized to be
perpendicularto our viewing direction. During CIVR, both
anglesare optimizedto determinethe true 3D orientationof
the nebula, in addition to the emissiondensity map entries.
Fig.7b shows the �nal nebula model renderedfrom the same
viewing direction as the original photograph,Fig.7a. Note
that the masked (green) regions in Fig.7a have not been
taken into accountduring optimization,so theseregions are
not necessarilyexpectedto match.To illustrate the residual
differences,Fig.7c depictslocal contrastbetweenthe original
image and the model rendering.Local contrast c at pixel
coordinates(x;y) is de�ned as

c(x;y) =
kpI (x;y) � pR(x;y)k

pI (x;y) + pR(x;y)
; (1)

where pI is the pixel intensity value in the original image,
and pM is the correspondingrenderedpixel value. Note that
pI and pM are always non-negative. When c = 0, contrast
vanishessignifying anexactmatchbetweenbothpixel values,
whereasmaximumcontrastc= 1 denotesmaximumdeviation.
In Fig.7c, local contrast c is linearly color-encoded,with
purple denoting small contrastvalues,and red representing
maximumcontrastc = 1. As canbe seen,the renderedmodel
matchesthe photographwell over most of the nebula's area.
Deviationsalong the edgesof the dim lower gas lobe canbe
attributed to imagenoise.The small differencesin the upper
lobe showing up in blue, on the other hand, may hind at
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Fig. 9. CIVR resultsfor the planetarynebulaeHe2-437(top), M1-92 (middle), andMz-3 (bottom).Left to right: the color-compositedoriginal image,the
sameview renderedfrom the reconstructedaxisymmetricmodel,and two “unearthly” sightsof the nebulae from inclination angles35� and10� .

absorptiondueto localizeddustclouds,breakingthe nebula's
axisymmetry.

VI . RESULTS

We evaluate our CIVR algorithm on photographsof three
different PNe. For eachplanetarynebula, several imagesare
used, taken at different wavelengthsand correspondingto
differentchemicalelements,asshown in Fig.1. Using CIVR,
for each element a separateaxisymmetric density map is
reconstructed.Fig.8 depictseachelement's spatialdistribution
within the nebulae.The three-dimensionalgas distribution is
obtainedby revolving eachdensitymapaboutits upperedge.

In additionto theemissiondensitymaps,theorientationangles
of eachnebula are determinedas statedin Tab.I. Note that
orthographicprojectionimplies that the inclination anglecan
only be recoveredup to a two-fold ambiguity, yielding sym-
metricalsolutionswith respectto theperpendicularorientation.
If we assumean equatorialdust belt aroundthe centralstar,

PN incl. angle orient. angle

He2-437 84� =96� 77:5�

M1-92 79� =101� 16:5�

Mz-3 55� =125� 175:5�

TABLE I

RECONSTRUCTED NEBULA ORIENTATIONS. THE INCLINATION ANGLE CAN

ONLY BE DETERMINED UP TO A SYMMETRY AMBIGUITY WITH RESPECT

TO THE PERPENDICULAR 90� ORIENTATION.

however, this symmetrycanbebroken,asthedimmerof either
lobe mustbe behindthe absorbingdust.This effect might be
responsiblefor the differencein brightnessof the lobes of
M1-92 in Fig.9.

A. Realistic3D Visualization

Our reconstructedPN modelsenableusto accuratelyvisualize
theseattractive objectsfrom arbitraryviewpoints,useful,e.g.,
for planetariumshows or interactive educationaltools. Fig.9
depictscolor compositesof the actual PN imagesalongside
with renderingsfrom the sameviewpoint obtainedfrom the
reconstructedmodelsaswell asvisualizationsof the nebulae
as they would appearfrom vantagepoints thousandsof light
yearsfrom Earth.

To achieve the most natural visual impression,we madean
effort to reproducethe nebula's actual colors. For eachPN,
we have available imagescorrespondingto onecharacteristic
emissionline for theelementshydrogen,oxygen,andnitrogen
or sulfur, shown in Fig.1. Theseare the elementsresponsible
for the visible color appearanceof PNe.We assumethat the
imageshave beenobtainedusing narrow-band �lters which
single out only the respective element's emissionline. While
relativeemissionline strengthsaresomewhatdependenton the
physical conditions inside the nebula (temperature,electron
density), we have adopted here mean values for PNe as
publishedin the literature[24], [25]. Having rendereda view
usingall elements'emissiondensitymaps,for eachpixel we
construct its spectrumaccordingto the elementemissions'
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Fig. 10. Volume renderingsto visualize 3D isosurfacesin He2-437(left), M1-92 (middle), and Mz-3 (right). The renderingsmake apparentthe spatial
inhomogeneitiesand internalstructureof the nebulae.

intensities[5], which we convert to RGB valuesusingtheCIE
1931XYZ color matchingfunctionvaluesandtheappropriate
color spacetransformation[38].

Planetarynebula imagesexhibit a wide dynamicrange.While
the centralstartypically representsthe brightestregion in any
PN image, the outermostregions of glowing gas frequently
drown in detectornoise.To simultaneouslydisplay the bright
regions and the faint structureof the gas,we employ simple
gammacorrectionto all threecolor channels.More advanced
tonemappingoperatorsmay yield visually even moreattrac-
tive renderingresults[39]. The right columnsin Fig.9 depict
our testPNeasthey would appearunderdifferent inclination
angles,correspondingto viewpointslocatedthousandsof light
years from Earth [40]. Notice the considerablechangein
appearancewith orientationangle,but alsothediversityamong
different planetarynebulae.By studyingthe variety in possi-
ble PN appearance,the CIVR resultsmay help astronomers
identify planetarynebulae seenat low inclination anglesthat
have so far eludedidenti�cation.

B. AstrophysicalAnalysis

An astrophysical interpretationof the reconstructedaxisym-
metricmapsmustbedonewith care.Especiallyournegligence

Fig. 11. Deviation from axisymmetry. Left: He2-437in thelight of hydrogen
(Ha ) and the correspondingrenderedaxisymmetricmodel. Right: Color-
encodeddifferenceimage.Negative differencesaredepictedin blue,positive
difference in red. The symmetric deviation from axial symmetry may be
hinting at the centralstar's precessingmagnetic®eld.

to absorptionin andaroundthe nebula canleadto systematic
errors. This is obvious for M1-92 in Fig.9, whose lower
lobe appearsmuch dimmer than the upper lobe, which is
probablydue to an equatorialbelt of absorbingdust around
the centralstar. On the otherhand,the accuracy of our �tted
model,depictedin Fig. 7c, is a strongindicationthatany dust
presentmustbe locatedoutsidetheemissive volumeandobey
the nebula's axisymmetry, in which caseour reconstruction
methodremainsapplicable.

Visualizingthe differencebetweenthe original imageandthe
reconstructedmodelof He2-437,deviationsfrom the axisym-
metry assumptionbecomeapparentin Fig. 11. The aberations
from axial symmetry show an orderly pattern, resembling
higher-order harmonics.This can be taken as indication that
fundamentalphysicalprocessesarethecauseof theanomalies,
for examplea precessingcentralstar.

Gasemissiondensityvariesconsiderablywithin eachnebula,
indicating that the gas is ratherinhomogeneouslydistributed,
as can be observed in Fig.8. The internal structurediffers
considerablyamongthe nebulae:Large emptyvoids centered
on the symmetryaxis arepresentin He2-437.M1-92 is more
homogeneous,featuringa smoothdensitygradienttowardsthe
luminous region close to the central star in the right lobe.
The distribution in Mz-3 is even more complex, with most
emissionbeingconcentratedin thin veils, probablyalong the
shock front. To help convey the three-dimensionalstructure
of the PNe,Fig.10 depictsvolume renderingsof the nebulae
using multiple soft isosurfacesof the emissiondensity. The
coloring on the isophotesoriginates from a volume RGB
texture generatedsimilarly to the images in Fig.9. Diffuse
shadingaids in interpreting3D shape,making apparentthe
spatial inhomogeneities.This can be seenfor M1-92 whose
seeminglyhomogeneousinternal structurein Fig.8 turns out
to bemuchmorecomplex. Severalnestedshellsandemission
concentrationsalong the axis of symmetrybecomeapparent
in the volume visualization.For He2-437, the visualization
shows thattheemptybubbleswithin thenebula aresurrounded
by strong emission, probably gas concentrationsthat are
causedby magnetic�elds which are also responsiblefor the
nebula's constrictedshape.Mz-3, �nally , shows opensurfaces
of glowing gas along the shockfront that may be due to an
eruptive outbreakof Mz-3's centralstar.
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Fig. 12. Spatial correlationof chemicalelements:The ®guresillustrate the relative amountof oxygen(upper row) and nitrogen/sulfur(lower row) with
referenceto hydrogenin the axisymmetricdensitymapsof He2-437,M1-92, and Mz-3 (left to right). Deviations from the averagepercentageare depicted
in blue or red, correspondingto smaller-than-averageor large-than-averagelocal elementabundance.

To investigate the spatial correlation of different chemical
elementswithin the nebulae, Fig.12 illustratesthe deviation
of relative elementabundancefor oxygenandnitrogen(sulfur
for Mz-3) with respectto hydrogen.Thereconstructeddensity
mapsfor the threenebulae in Fig.8 are usedto computethe
relative elementabundance

aO;N;S=H (l ; r ) =
mO;N;S(l ; r )

mH (l ; r )
� ÅaO;N;S=H ;

where mO;N;S is the value of the density map for oxygen,
nitrogen or sulfur at position (l ; r ), mH is the value in the
hydrogenmap,and ÅaO;N;S=H is theaveragerelative abundance
over all mapelementsexceedinga minimumthreshold.Fig.12
depictsregions of smaller-than-averagerelative abundancein
blue andregionsof larger-than-averagerelative concentration
in red.Spatialcorrelationdifferssubstantiallybetweennebulae
aswell asbetweenelements:In He2-437,relative abundance
of hydrogenandoxygenis almosthomogeneous,while nitro-
genandhydrogenaredistributeddistincly differently. In M1-
92, on the oter hand,all threeelementshave similar relative
abundanceswithin the entire nebula. In contrast, relative
elementconcentrationsin Mz-3 vary very stronglyover space.
Astrophysicalmodelsattemptingto describetheformationand
evolution of planetarynebulae must be able to explain these
differences.

VI I . VALIDATION AND DISCUSSION

The CIVR method reconstructsthe axisymmetric structure
of PNe such that the re-projectionis a very close match to
the actual,recordedimage.In the following, we validatethe
credibility of CIVR resultsanddiscusstheinherentlimitations
of our reconstructionapproach.

Since our reconstructionproblem is non-linear, a proof for
general convergence to the global minimum of our error
functioncannotbegiven.To validatethereconstructionresults
derived for real nebulae, we would have to know the actual
3D distribution. While thereexists a ratherinvolved, indirect

observation techniqueknown as echellogrametry[18], [19]
to reconstruct3D gas velocities in spherical nebulae, no
measured3D gas distribution data is available for planetary
nebulaewith a pronouncedaxisymmetry.

Instead,we mustrely on syntheticimagesto testour approach.
Wemakeuseof AaquistandKwok'sellipsoidshellmodel[32]
to generatetest imagesfor a numberof differentorientations.
We then let our CIVR algorithm recover the axisymmetric
density distribution and orientationanglesand comparethe
reconstructedvalueswith the original valuesderived from the
ellipsoid shell model.

Fig.13ashows a syntheticdensitymap with a corresponding
projection image. The CIVR-reconstructeddensity map and
renderedmodel image are depicted in Fig.13b. While the
original densitymap is not recoveredexactly, Fig.13c (top),

(a) (b) (c)

Fig. 13. CIVR validation on synthetic data. Using the ellipsoidal shell
model[32], wegeneratetheaxisymmetricdensitymapof asyntheticplanetary
nebula (a, top) and renderits appearancefor 0� inclination, 45� orientation
(a, bottom). From the projection image (a, bottom), the density map is
reconstructedusing CIVR (b, top) suchthat the renderedmodel (b, bottom)
closely resemblesthe input image (a, bottom). The differencebetweenthe
ground-truthdata(a) and the reconstruction(b) is depictedin (c). Shown is
the color-codedcontrast(1). Purpledenotesminimal differencebetween(a)
and(b), while red representsmaximumcontrast.
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the close resemblanceshows that the found values are in
the vicinity of the exact solution.The largesterrorsoccuring
alongtheupperandlower mapboundariesaredueto residual
aliasing.

For inclinationanglesfrom 90� down to 40� , thereconstructed
map valuesare within the error rangethat can be expected
from theoptimizationroutine's presetterminationerrorthresh-
old. The accuracy of the recovered inclination angle varies
with anglevalue,from about3� error for 90� inclinationdown
to less than one degreeat 45� inclination. While we cannot
testall possiblecases,our validationexperimentsindicatethat
CIVR reconstructionresultsdo, indeed,closely resemblethe
true 3D structureof planetarynebulae.

CIVR can be appliednot only to axisymmetricPNe but also
to sphericalnebulaeby exploiting their point symmetry. Only
for irregularly shapednebulae, for exampleif the out�owing
gas collides with interstellar gas clouds, our reconstruction
approachis not applicable.Our methodworksbestfor nebulae
seen at high inclination angles, i.e., for PNe whose axis
of symmetryis orientedapproximatelyperpendicularto our
viewing direction. This can be understoodby approximating
the reconstructionas an inverselinear problem and looking
at the condition numberof the projection matrix. With de-
creasinginclination angle,i.e., whenthe PN's symmetryaxis
approachesthe viewing direction, the condition number in-
creasesandthe (unregularized)reconstructionresultbecomes
unstable.At 0� inclination, the symmetryaxis pointsdirectly
towardstheobserver, andthenebula's axial symmetryis of no
useto constrainthe reconstructionproblem:the linear system
of equationsis under-determined.Our validationexperiments
indicatethat CIVR is capableof robustly reconstructingPNe
down to inclination anglesof 40� .

VI I I . CONCLUSIONS

We have presenteda constrainedinverse volume rendering
(CIVR) approachto recover thethree-dimensionaldistribution
of the photo-ionizedgas in planetary nebulae (PNe) from
optical images.Their inherentaxial symmetryenableus to
usean axisymmetricmodel to describethe nebula's emission
distribution in space,therebyconstrainingthe reconstruction
problem. Being purely emissive, the PN model is volume-
renderedef�ciently using modernPC graphicshardware.By
comparingthe renderingresultwith theactualimage,anopti-
mizationalgorithmvarieslocal emissionaswell asorientation
anglesto matchthe renderedmodel to the recordedimage.

From the reconstructedspatialemissiondistribution, the neb-
ulaecanbe renderedfrom arbitraryperspective. Applications
include creatingrealistic visualizationsof PNe as illustration
materialfor astronomycourses,scienceprograms,planetarium
shows, or TV documentaries.Collaborationswith a number
of planetariumsare underway. Furthermore,the recovered
axisymmetricshapeis useful for studying the spatial rela-
tionshipsof elementabundances,as well as to validate and
re�ne theinteractingstellarwindstheory. By comparingCIVR
reconstructionresults to photo-ionizationand gas-dynamic

simulations[22], astrophysical models of planetarynebulae
canbe validated.This might be of help to establisha general
evolutionary sequenceamongobserved PNe that can explain
the variations in PN compositionand appearancebasedon
only a handfulof physical propertiesof the centralstar.
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