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Abstract—From our terrestrially con ned viewpoint, the actual
three-dimensional shape of distant astronomical objects is, in
general, very challenging to determine. For one class of as-
tronomical objects, however, spatial structure can be recorered
from corventional 2D imagesalone. So-calledplanetary nebulae
(PNe) exhibit pronounced symmetry characteristics that come
about due to fundamental physical processesMaking use of this
symmetry constraint, we presenta technique to automatically
recover the axisymmetric structure of many planetary nebulae
from photographs. With GPU-basedvolume rendering driving a
non-linear optimization, we estimate the nebula's local emission
density as a function of its radial and axial coordinates, and
we recover the orientation of the nebula relative to Earth. The
optimization re nes the nehula model and its orientation by
minimizing the differ encesbetweenthe rendered image and the
original astronomical image. The resulting model allows creating
realistic 3D visualizations of these nehbulae, for example for
planetarium shows and other educational purposes.In addition,
the recovered spatial distrib ution of the emissive gas can help
astrophysicists gain deeper insight into the formation processes
of planetary nebulae.

Index Terms—J.2.c Astronomy; G.1.6.a Constrained optimiza-
tion; 1.4.10.e Image Representation, Volumetric; 1.4.8.j Scene
Analysis, Shape;1.6.9.h Volume visualization

I. INTRODUCTION

D ue to their diverse and colorful appearanceplanetary
nehulae (PNe)} are amongthe estheticallymost attrac-
tive objectsin the night sky. Picturesof PNe get regularly
publishedin public sciencemagazinesand daily newspapers,
as their visual appealmake PNe ideal objectsto stir broad
public interestin astroplysics researchPNe even concernus
directly: Our own Sunwill endits life asa planetarynetula,
albeit not until somefour billion yearsfrom now.

Planetarynetulae becomestill more vivid if they can be

realistically visualizedin 3D. For planetariumshows or TV

documentariedhe ableto authenticallyvisualizePNe enables
creatingimpressve animationssuchasvirtual y-arounds,to

captivate the audienceas well asto illustrate the underlying
physics. But visualizing the three-dimensionashapeof PNe
canalsobe of scienti ¢ valueto astroplysicistswho may use
PN visualizationto investicate the gas distribution in space,
and to evaluate simulation results derived from theoretical
nelula models. Our article describesa computer graphics-
basedapproactow to simultaneouslyecover andrealistically
visualizethe 3D shapeof planetarynetulaefrom corventional
photographs.

M. Magnoris with the MPI Informatik, Germary.

Iwe will use“PN” and“PNe” to referto planetarynetulaein the singular
and plural, respectiely.

While it wassoonrealizedthatwhatwe obsenre of PNeare2D
projectionsof 3D volumesof glowing gas, the actual spatial
structureof PNehaslong beena subjectof investigationin as-
trophysics. It wasnot until the secondhalf of the 20th century
that,basecbn earliermorphologicaklassi cationg[1], qualita-
tive modelswere proposedo explain the generalappearance
of PNe [2], [3], [4]. While thesesimple models succeeded
in qualitatvely describingthe greatvariety of obsered PN
shapesthey were not accurateenoughto re ect the actual
three-dimensionastructureof individual planetarynehulae.

To recover the actual structure of planetary nehulae from
conventional 2D images, we proposea volume modeling
techniquecoinedconstrainedhversevolumerendering(CIVR)
Basedon fastvolume renderingusing PC graphicshardware,
we synthesizerealistic views from a genericPN model. This
modelincorporateghe symmetryconstraintsarising from the
physical formation processe®f bipolar PNe by representing
the spatial shapeas an axisymmetricemissiondensity dis-
tribution map. An optimization algorithm varies the model’s
emissiondistribution entriesanditeratively compareghe ren-
deredmodelto the actualimageuntil the renderednodelbest
matchesthe obsened image.By exploiting the axisymmetric
natureof mostPNeto constrainthe reconstructiorprocessthe
inverseproblembecomesvell-posedandat the sametime we
obtain only physically plausible results. Reconstructionand
visualizationof PNe is useful for the productionof scientif-
ically consistentanimationsfor planetariumshovs and TV
documentariesas well as for the developmentof interactve
tools for educationalpurposesin astroplysics researchthe
recovered spatial distribution of the emissve gas can aid in
gaining a deeperunderstandingdf PN formation processes.
Reconstructed®N shapescan, for example, be comparedto
computersimulationresultsto validate theoreticalmodelsof
the stellar wind. A databaseof PN shapesmay also help in
establishinga generaltimeline of PN evolution.

In this article, we extendour earlierwork on the topic [5]. We
review previous relatedwork, in the following Section.After
anintroductoryoverview of thefundamentaphysicsof PNein
Sect.lll,we describeour constrainednversevolumerendering
approachin Sect.lV. Sect.V illustrates the practical steps
in reconstructingplanetarynehulae. Resultsare presentedn
Sect.VI. We discussour methodand validateits performance
in Sect.VIl, beforewe concludein Sect.VIIl.

Il. RELATED WORK

The presentedrolumetric modelingtechniquerelies on recent
adwancesin visualization and graphicsresearch.The term
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inversevolume renderingwas rst emplo/ed by Curless&

Levoy [6] to refer to updating volume data from range
images.Mueller et al. [7] use the sameterm to refer to a
re-projectiontechniquein CT reconstructionOur use of the
term is derived from Marschners Ph.D. thesis[8] in which
he introducesthe term inverserenderingto denotethe idea of

reconstructingscenepropertiesfrom imagedatavia computer
graphicstechniques.

The volume modeling approachwe presentis basedon the
ability to perform volume rendering[9] very efciently on
modern graphics hardware. Cabral et al. [10] demonstrate
how to perform efcient volume rendering using texture
mappinghardware, a fundamentattechniquethat is still ap-
plicable to today's programmablegraphicsarchitectureg11].
For purely self-emitting volumes, Cabrals slicing technique
directly yields correctrenderingresults[12].

While spectaculaBD y-throughs of astronomicabbjectscan
be experiencedin mary planetariumstheseanimationsare
almost always purely artistic piecesof work. One notable
exceptionis the effort by Nadeauet al. [13] who employed
massie computationalpower to createscienti cally justi ed

views of the Orion nehula for the HaydenPlanetariurnin New
York [14]. For their visualizationsthey rely on a 3D model
of the Orion nelula thatwas determinecby astronomergrom
decadesof various obsenational data [15]. Our method,in

contrast, simultaneouslyreconstructsthe 3D volume model
from photographsand visualizesit realistically albeit for a
differentclassof astronomicabbjects:planetarynehilae.

In astroplysics, a large body of literature concernsthe mor
phology and shapeof PNe. Curtis [1] classi ed the planetary
nehulae known at his time basedon their visual appearance
into different classesKhromov & Kohoutek[2] qualitatively
describedhediversityin PN appearancasan effect of netula
orientationfrom onegeneric3D shape Kwok [16] and Calvet
& Peimbert[17] introducedthe interacting-windstheory to
explain the physical processedeading to the 3D structure
of PNe. Making use of involved astronomicalobsenation
techniques3D gasvelocitieshave beendirectly measurednd
the three-dimensionagjas distribution inferred for a handful
of PNe by Sabbadinet al. [18], [19] and Saurer[20]. To
investicate the physical processeseadingto the obsered PN
structures,gas-kineticand photo-ionizationsimulationshave
beenconductedby, amongothers,Mellema and Frank [21],
Kimeswengeret al. [22] and Ercolanoet al. [23]. The sim-
ulation results qualitatively con rm obsenrational ndings.
Limited computationalcapacity however, currently prevents
the simulationparameterso be driven by obsenational data,
and visual correspondencdetween simulation results and
individual planetarynelulae hasyet to be established.

I1l. PLANETARY NEBULAE

In the following, we give a brief explanatoryovervien of the
main physical processeghat lead to the visual appearance
of PNe. For a more thoroughintroductionto the physics of

gaseousnehlulae in generaland PNe in speci ¢, we recom-
mendthe classichookson the topic by Osterbrock{24] and
Kwok [25]. A conciseoverview of our current knowledge
about the formation processedeading to planetarynehulae
hasrecentlybeenpublishedby Balick & Frank[26].

Despitetheir name,PNe are of extra-solarorigin: a planetary
netula constitutesthe last episodein the life of ary star
weightinglessthanabouteight sunmassesAt this stage the

star hasburnedup most of its nuclearfuel. On astronomical
scales PNe are extremely short-lived, existing only for a few

tens of thousandsof yearsbeforethey fade away, which is

why only about1,500have beendiscoreredin our Galaxyso

far. Owing to their greatdistancesfrom Earth, they are dim

and small, spanningat most a few arc minutesin the sky.

For the work presentechere, we rely on publicly available
imagesof PNethathave beenrecordedwith the Hubble Space
Telescopd27] andthe Nordic Optical Telescopeat Tenerife,

Canarylslands[28].

A. Photo-ionization

When a star of initially lessthan eight timesthe massof the
Sun nearsits end of enegy production,a strongwind blows
off its surface, carrying substantialamountsof stellar matter
into spaceandexposingdeeperhotterregionsof the star This
wind consistsmainly of hydrogen,but also of otherelements
that were previously synthesizedvithin the star's core. At the
sametime, the central star contractswhich increaseghe ex-
posedsurfaces temperaturdurther Following Wien's law for
blackbodyradiation[24], with rising surfacetemperaturehe
star emits more high-enegy ultra-violet (UV) photons.Once
the star emits enoughUV photonscarrying sufcient enegy
to ionize hydrogen(13.6eV, correspondindgo a wavelengthof
91nm), the ejectedhydrogengas becomescompletelyphoto-
ionized,i.e., essentiallyall hydrogenatomsarebeingseparated
into free electronsand hydrogenions (protons).Within this
plasmapothconstituentérequentlyrecombineo form neutral
hydrogenatomsagain. Theserecombinedatomsare typically
in an excited state,however, from which they returnto the
groundstatevia a cascad@®f enegy transitionsbeforeanother
UV photonionizesthe atomagain. Eachtransitionduring this
cascadeis accompaniedby the emissionof a photon of a
distinct wavelength. Theseemission-linephotonscan escape
from the nehula essentiallyunhinderedandit is thesephotons

Fig. 1. Inputimages:The planetarynetula He2-437in thelight of hydrogen,
nitrogen and oxygen (from left to right). While the original image datais
scalarvalued (grey-scaleimages),correctcolor appearancés determinedby
taking into accountthe completeemissionline spectrumof eachchemical
element(Sect.VI-A).
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Fig. 2. Interactingwindstheory:During its lifetime, a torusof dense slowly
outward moving gasgathersin the equatorialplaneof the centralstar (blue).
At the endof its life, the star suddenlyblows off gasat a muchhigherrate.
Whenthis fastwind hits the inner boundaryof the old gas massesthe fast-
moving gasis re-directedand escapesn opposite,polar directions(red).

that we obsere and that are responsiblefor the nehula's
characteristicolor.

Besideshydrogen,the other chemicalelementsin the nehula
are also in ionized statesand emit photonsat characteristic
wavelengths.Thus, imagesrecordedat different wavelengths
enableastronomergo identify differentelementsin different
regions of a nehula, as shavn in Fig.1. For most (mature)
PNe,the centralstar's UV photon ux is morethansufcient
to photo-ionizeall gasthat had previously blown off the star
Assuming that the amount of light-absorbingdust can be
neglected,we obsere the entire massof ejectedgas as one
glowing volumein space[25].

It must be noted that local gas volume emissvity, i.e., the
numberof photonsemittedfrom a unit volume per unit time,
is actuallyproportionalto the squareof local gasdensity This
is becausehe statisticalprobability for electron-ionrecombi-
nationsperunit timeis proportionalto the numberof hydrogen
ions per unit volume times the numberof electronsper unit
volume, both numbersbeing approximatelythe same. We
deliberatelydo not make this distinctionbetweenocal photon
densityand gas densityin ordernot to further complicatethe
following text passages.

B. Axisymmetry

Planetarynelulae glow becausegas previously ejectedfrom
the central star is being ionized by the stars intense UV
radiation.Photo-ionizatioralone,however, cannotexplain the
axial symmetryof most PNe, sincethe central star certainly
radiatesisotropicallyinto all directions.Instead,it is the non-
uniform spatial distribution of the gasthat is responsiblefor
the axisymmetricappearancef mary PNe.

A classi cation schemefor PNe basedon visual morphology
was proposedby Curtis early in the 20th century[1]. In the
1960s,it becameclear that the various different shapesof
PNe may be qualitatively explainedby one common,general
shapeviewed from Earth at different orientations[2]. While
this phenomenologicainodelwas motivatedby obserational
data, it could not explain the physical processedeading to
the shape.Kwok [16] and Balick [3] nally proposeda
mechanisnthat explains the obsened gas distribution within
PNe, illustratedin Fig.2; their interactingstellarwind theory
startswith the premisethat prior to its nal stagethe starhas
alreadybeenblowing off gas,but ata muchslowver speedThis

continuouslyejectedgas accumulatesn the star's equatorial
plane.Towardsthe endof the stars life, however, the velocity
of thedischagedgasincreasedy severalordersof magnitude.
Now, this muchfasterandhotterwind collideswith theold gas
masseswithin the star's equatorialplane. The old, slow gas
massesctlike a nozzle,andthe fastwind is re-directedaway
from the equatorand escapedowards the poles. Two lobes
of gasform, o wing away from the centralstarinto opposite
directions.From the overall symmetryof the systemand the
conseration of momentum,the out owing gas jets must be
axisymmetric,creatingthe axisymmetricshapeof mary PNe.

Besidestheseinteractingwinds [29], recentresearctsuggests
that in caseof tight binary star systemsthe companionstar

plays an important role in the formation of the planetary
nehula [26]. Finally, the central stars magnetic eld can

additionally focus the out ow of the photo-ionized,chaged

gasplasma,asis probablythe casefor our testnelulae He2-

437, depictedin Fig.9.

Analytical calculations [30] as well as extensve gas-
dynamic [21] and photo-ionization simulations [31], [23]

demonstratedhe plausibility of the interacting stellar wind

theory while obserational evidencefor its correctnessvas
rst putforwardby Balick [3]. Onits basis,alow-dimensional
(4 degrees-of-freedom)shape model for PNe, the prolate
ellipsoidal shell (PES) model, was proposedby Masson[4].

The PES model was subsequentlyisedby Kwok et al. [32],

[33] to model the generalappearancef a numberof PNe
by adjustingthe four model parameterdy hand. This low-

dimensionalmodel, however, can only give a very rough,
qualitatve account of the spatial gas density distribution
within PNe. For realistic visualization purposes,as well as
to investicate the gas out ow characteristic®f actualPNe,a
much more detailedmodel descriptionmustbe recovered.

IV. CONSTRAINED INVERSE VOLUME RENDERING

The physicsof PNeenableausto develop a methodto recon-
struct the axisymmetricemissve gas distribution from two-
dimensionalimagesas obsenred from Earth. Our constrained
inversevolumerendering(CIVR) approachrelieson threekey
physical and obsenational properties:

Most PNe exhibit a symmetry axis. This axisymmetry
reducesthe 3D volumetric reconstructionproblemto a
2D emissiondensityfunctionin cylindrical coordinates.
Scatteringand absorptionis assumedto be ngjligible
at visible wavelengthsat which our astronomicalinput
imagesare acquired.

Planetarynehulae spanonly a few arc minutesin the
sky (lessthan a tenth of a degree), so their projected
appearancés essentiallyorthographic.

Our CIVR algorithmiteratively determined?N model param-
eter valuesuntil the renderedmodel image best matchesthe
nehlula's photographFig.3 illustratesthe algorithm:

The PN modelis realistically renderedon the GPU,
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Fig. 3. ConstrainednverseVolume Rendering(CIVR) work ow.

therenderedmageis comparedo the actualphotograph,

The error function is evaluatedon the CPU,

the error function value drives a hon-linearoptimization
algorithmthat

varies PN model parametervalues prior to the next
iteration step.

The PN model consistsof a two-dimensionaldensity map
whoseentriesrepresenaxisymmetricemissiondensityvalues.
As depictedin Fig.4, the mapis alignedwith the symmetry
axis of the nehula suchthat the centralstaris in the middle.
The emission map entries and the two orientation angles
of the symmetry axis representthe model parametersthat
needto be optimized. Making use of a modernPC graphics
board,the projectionimageof the PN modelis renderedThe
renderedimageis comparedto the actual photographof the
PN by calculatingperpixel differencesA scalarerrorvalueis
derivedthatdrivesa non-linearoptimizationalgorithmrunning
on the CPU. The optimization routine, in turn, varies the
parameteraluesof the PN modelsuchthatthe errorfunction
value decreaseslo accelerateonvergence a hierarchicalop-
timization approachs pursuedpasedon animageresolution
pyramid. The CIVR algorithmterminatesitherwhentheerror

Fig. 4. Axial symmetry:the structureof most planetarynehilae can be
describedby a densitymapin cylindrical coordinatesThe volumetricdensity
distribution in 3D spaceis generatedy rotating the density map along the
netula’s axis of symmetry

MOV RO, f[TEXO];

MUL R1, RO,RO;

ADD R1.z,R1.x,R1.y;
RSQRO0.x,R1.z;

RCPRO0.x, RO.x;

MAD RO.y, R0.z,0.5,0.5;

MOV RO0.z,R0.w;

MUL RO,RO,p[0];

TEX R1, RO.xyzw TEXO, RECT,
10 TEX RO, f[TEX1].xyzw, TEX1, RECT;
11 ADD o[COLH], R1,RO0;

12 END;

©oo~NOULh, WNPE

Fig. 5. Assemblysourcecode of the CIVR fragmentprogram.As input,
texture unit O is assignedhe emissiondensitytexture map. The unit's texture
coordinatezorrespondilreadyto the models frameof referencehaving been
transformedby the appropriatetexture matrix. Texture unit 1 representshe
“oating point (P) buffer, its texture coordinatescorrespondo the fragments

position in the buffer. The constantp[0] storeswidth and height of the
emissiondensity texture map in the x andy componentrespectrely. The
programcorvertsthe fragments Cartesiarcoordinatesn the modelframeto
cylindrical coordinateswith a radialandan axial componen{R0.x andRO0.y
in lines 5,6). The coordinatesare scaledto matchthe size of the emission
density map (1.8), and the emissionmap is queried(l.9). Additionally, the
fragmentposition's correspondingvalue in the “oating-pointbuffer is read
(.10) beforeboth valuesare summedand passedn asfragmentcolor (1.11).

function value levels out, whenit reachesa presetminimum
thresholdor whena preseinumberof maximumiterationshas
beencomputed.

A. EmissiveVolumeRendering

BecauseCIVR cantake up to 1P iterationsto corverge, and
steprenderinghe PN modelis by farthemosttime-consuming
operation,we mustbe ableto renderthe PN modelasfastas
possiblewithout sacri cing physical accurag. SincePNe are
madeof glowing gas, synthesizingfaithful projectionimages
from our PN modelis equivalentto renderingarbitrary views

of a purely emissve volume. Using ray tracing techniques,
such emissve volume rendering can be straight-forvardly

implementedon the CPU. However, the permanentransfor

mationsfrom viewpoint coordinatesto the oriented model's

frame of reference,and on to the cylindrical coordinatesof

the emissve densitymapis slowing down software rendering
performanceconsiderably

Alternatively, emissve volumerenderingcanbe implemented
on modernPC graphicshardware. Multiple viewport-aligned
slices through the netula volume are renderedat increasing
distancesfrom the viewpoint, while all slices' contritutions
are accumulated[10]. Each quadrilateral sent through the
graphicspipeline spansthe entire viewport and is oriented
perpendicularto the viewing direction. The transformation
from view to modelcoordinateds doneat no costby loading
the appropriatemodelviev matrix to the stack.Programmable
fragment processingthen enablesus to corvert on-the-y
rasterizedCartesiancoordinatesto cylinder coordinates.As
shavnin Fig. 5, duringrasterizationasmallfragmentprogram
transformgasterizatiorcoordinatego cylindrical coordinates,
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Multi-resolution optimization: The upperrow depictsthe actualimage of the hydrogenemissionline of Mz-3 at different resolutionlevels, the

lower row shaws the correspondingenderedmodel after corvergence.The samplingtheoremdictatesthat the model can be reconstructednly at half the
resolutionof the respectie image.CIVR startsout with optimizing a low-resolutionversionof the emissiondensitymap(a).After corvergence the resultis
thenup-sampledand usedasinitial map for optimizing at the next-higher resolutionlevel (b,c,d). The full-resolution version (d) closely matchesthe actual
photographof the planetarynetula (e). In the photo, the centralstar and backgroundstarsare masled (green)prior to runningthe CIVR algorithm.

performsa (bilinearly interpolated)ook-up into the 2D emis-
sion density texture map, and accumulateshe emission.To
addup all renderedsliceswithout introducingroundingerrors
dueto limited precisionwe alsomake useof the oating point
buffer available on moderngraphicshardware.

The accurag of the renderedimage is determinedby the

inter-dependencebetweenrendering resolution, the number
of renderedslices,and emissve density map resolution.For

corvenient comparison,rendering resolution is matchedto

the resolution of the reference photograph.To minimize

aliasing, the number of slices should be equvalent to the

linear dimensionof the renderedmage.The emissve density
map, in contrast, should exhibit half the resolution of the

referencemage,asdescribedn Sect.V. An nVidia GeForce
FX 3000 graphicscard easily attains 10 fps when rendering
128depthlayersat 128x128-pixl imageresolution Assuming
10° iterationsour CIVR algorithmconvergesin approximately
oneday.

B. ProjectionError Evaluation

The aim of CIVR is to determinethe emissiondensity map
entriessuchthatits 2D projection thevolumerenderingesult,
matchesthe true PN image as closely as possible. This is
accomplishedby comparingtherenderingresultto the original
PN imageandsystematicallyaryingthe emissiondensitymap
valuesuntil the differenceis minimal.

To quantify the differencebetweenrenderednodelandactual
photographthe oating point buffer is readto main memory

Eachrenderedpixel is comparedto its correspondingpixel

in the PN image, and the sum-of-squared-dérencesover

all pixels is computed.We have experimentedwith different
errormeasuredeforereturningto sum-of-squared-dérences
which yielded the fastestcornvergenceresults.Sinceemission
density cannotbecomenegative, a very high error value is

returnedwheneer the optimization routine attemptsto seta

map elementto a negative value. This allows the otherwise
genericoptimizationroutineto be constrainedo a physically

plausiblePN model.

C. Non-linear Optimization

From an optimization-theoreticapoint of view, a particular
emissiondensitymapin conjunctionwith the netula's 3D ori-

entationanglesconstitutesone point in the high-dimensional
model parameterspace. For initialization, all density map
elementsare set to zero, the orientation angle is assigned
the value that is determinedfrom the images, Sect.V, and
the inclination angle is setto 90, i.e., the symmetry axis

is assumedo be orthogonalto the viewing direction. From

this starting point, the optimization routine then traverses
the model parametesspaceand corvergestowardsthe (local)

minimum of the SSD error function.

Since we do not know the nelula’'s true 3D orientationin
spacethe relationshipbetweenthe axisymmetricdensitymap
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Fig. 7. Priorto applying CIVR, the centralstarandbackgroundstarsin the original photograph(a) are masled out (green).The reconstructedxisymmetric
netula model (b) closely resembleghe original image. The differenceimage (c) depictslocal contrastbetween(a) and (b). Purplerepresentdittle contrast

(difference)between(a) and (b), red denotesmaximumcontrast.

andthe nehula's obsened projectionimageis non-linear Also,

map entriescan only have non-ngative values.We therefore
employ a non-linearoptimizationapproachthat relies on re-

peatedlyevaluatingan error function measuringhe difference
betweenthe renderedPN model and the photographof its

celestial counterpartWe employ a standardimplementation
of Powell's optimizationmethod[34]. It numericallyevaluates
the error function's local slope along all dimensionsfrom

which it determinesthe conjugate-gradientdirection. Each
optimizationiteration step entails modifying the densitymap
elementsandorientationanglesuploadingthe nev mapvalues
to the graphicscard, volume-renderingthe model, and re-

calculatingthe error measureThis analysis-by-synthesi®op

iteratesuntil the algorithm corvergesto a minimum of the

error function. It mustbe notedthat, sincewe aredealingwith

a non-linearoptimizationproblem,corvergenceto the global

minimum cannotbe assured Due to the model constraints,
however, in our experimentswith real as well as simulated
data, Sect.VII, we obsenre that the modelis always robustly

driven towardsa well-matchingminimum.

D. CorvemenceAcceleation

Naively, the emission density map may be optimized by
consideringthe full-resolution density map directly, suchthat
per iteration step, one density map elementis optimized
individually. This approachhowever, doesnot take into ac-
countthe in uence of otherdensitymapelementsOscillating
elementvaluesarethe result,and convergenceis prohibitively
slow. Instead a multi-resolutionrepresentationf the emission
densitymapis employed, which alsohasa regularizing effect
on the optimizationresult.

In a rst attempt, we representedthe density map using
Haarwavelet basisfunctions. The wavelet coefcients were
optimized in order of ascendingspatial frequeng. While
corvergenceperformancevas muchimproved in comparison
to the naive full-resolution approachthe wavelet coefcients
had to be transformedback to the 2D map domain prior to

eachSSDerrorevaluationto enforcenon-neative valuesof all

densitymap elementslin orderto avoid this additionalcom-
putationaloverheadin the innermostloop of the opimization
routine, instead,we found that a simple resolution pyramid
performsjust as well. Fig.6 depictsthe hierarchicalrecon-
structionapproachReconstructiostartsfrom alow-resolution
versionof the densitymap andthe image.At this level, only
a fraction of density map entriesmust be reconstructedand
the modelis volume-renderedery quickly at low resolution.
After corvergence,the reconstructedow-resolution density
mapis scaledup to sene asinitialization for the next-higher
resolutiondensitymap. When doubling the map's resolution,
renderingresolutionmustbe increasedik ewise, which in turn
increasesmodel renderingtime. Employing four hierarcly

levels, the reconstructiorof a 128x32-pixl densitymaptakes
approximatelyone day on a 2.4 GHz PCin conjunctionwith

an nVidia GeForce FX 3000 graphicscard.

V. RECONSTRUCTION

For PN reconstruction,the CIVR algorithm is applied to
photosof planetarynehulae recordedat optical wavelengths.
Mathematically the recovery of the axisymmetricemission
density distribution from a 2D image is equvalent to de-
projectingtheimage,i.e., a decomwolution with a point spread
function that dependson the (unknovn) 3D orientation of
the nehlula. This de-projectionbecomespossiblebecauseof
the nelula's axial symmetry as long as the symmetry axis
is not pointed towards our viewing position. For axis-on
PNe, the axisymmetricemissiondensity distribution cannot
be unambiguouslyrecovered.

Constrainednversevolume renderingtakes optical imagesof
planetarynehulae as input. Research-gradanagesof mary
PNe are publicly availablein FITS le format on the Inter-
net [35]. The datausedfor our work, and the astronomical
imagesshavn here, are from the Hubble Space Telescope
Archive [27] andthe IAC MorphologicalCatalogof Northern
Galactic PlanetaryNelulae [28]. The imageshave beenac-
quiredwith narrav-bandpasdters atdistinctwavelengthghat
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Fig. 8. Axisymmetricemissiondensitymapsfor the planetarynelulaeHe2-437,M1-92, andMz-3 (left to right). Fromtop to bottom,the mapscorrespondo
the distribution of hydrogen,oxygen,and nitrogen(sulfur for Mz-3). Empty voids are apparenwithin He2-437 ,while luminouswall-like structuresdominate
Mz-3. M1-92 is more homogeneousThesedifferencesmay be relatedto the centralstars massand the processegoverningthe gasout av, aswell asdue
to interactionswith interstellarmatter

correspondto speci ¢ chemicalelements.The scalarvalued
imagesfeaturesixteenbit-accuratdinear dynamicrange.

Prior to applying our CIVR volume modeling method, the

images must be pre-processedo correct for a humber of

imaging-relateceffectsin orderto obtainscienti cally accurate
data.For our CIVR techniqueto producecorrectresults,the

imagesmust be calibratedto exhibit a linear responsecurve,

i.e., twice the number of photonsfalling on a pixel must
double the pixel's value. We calibrate the raw image data
using the standardastronomicalimage processingsoftware
IRAF [36] andSTSDAS [37]. Starsnearbyandbehindtheneb-
ulainterferewith thereconstructiorprocesdecauseheir light

originatesoutsidethe netulamodel.Suchregionsaremanually
masled. Fig.7adepictsthe pre-processeghotographof M1-

92 taken in the light of nitrogen, with the masled regions
highlightedin green.To avoid biasin thereconstructiomesult,
the CIVR algorithmdisregardstheseregionswhencomputing
the error function; the masled pixels are effectively missing
from the image.Due to imaging noise,the backgroundpixels

in theimagesadditionallyexhibit small,non-zerovalues.This

is a secondpotential sourceof inaccurag since the CIVR

algorithmwould attemptto modelthe pixelsoutsidethe nehula

aspartof the nehulaitself. Thus,we thresholdthe imagesand
setthe backgrounduniformly to zero.Finally, the PN's central
staris identi ed in eachimage,andthe nehula's projectedaxis

of symmetryis approximatelydetermined.This can be done
automaticallyby nding themaximumpixel valuein theimage
(correspondingo the central star's position) and calculating
the principal eigervectorsof the images covariancematrix.

The PN image is centeredon the central star and clipped
to 256x256 pixels, which is sufciently large to completely
accommodatehe nekulaein all our testimages.

PNe are small astronomicalobjects in the sky, typically
measuringno more than a coupleof arcminutesin diameter
Sinceatmospheridurbulencelimits usefulimagingresolution
from ground-basetelescopeso aboutonearcsecondsensibly
PN imagesare no larger than a few hundredpixels along
their longestdimension.To determineat which resolutionour

axisymmetriadensitymapmay be optimally reconstructedye
employ the samplingtheoremand make surethat the highest
measurabldrequeng correspondso two samplesper period.
It follows that for a nehula covering 256 pixels in the image
alongits longestdirection, we should not attemptto recover
morethan 128 elementsn our densitymap.

We now apply our CIVR algorithmto eachcalibratedgrey-
scalephotograptindividually. Initially, all densitymapentries
are set to zero. Becausethe nelula's symmetry axis goes
throughthe centralstar we caninitialize the orientationangle
basedon the slopeof the PN's line of symmetryin the image.
The second,unknovn angle, representinghe inclination of
the nehula's symmetryaxis towardsEarth, is initialized to be
perpendicularto our viewing direction. During CIVR, both
anglesare optimizedto determinethe true 3D orientationof
the nelula, in addition to the emissiondensity map entries.
Fig.7b shavs the nal nelula modelrenderedrom the same
viewing direction as the original photograph,Fig.7a. Note
that the masled (green) regions in Fig.7a have not been
taken into accountduring optimization, so theseregions are
not necessarilyexpectedto match. To illustrate the residual
differencesig.7c depictslocal contrastbetweenthe original
image and the model rendering. Local contrastc at pixel
coordinategx;y) is de ned as

kKpi(xy)  prOGY)K,
pI(%Y) + PR(XY)

where p; is the pixel intensity value in the original image,
and py is the correspondingenderedpixel value. Note that
pi and py are always non-ngjative. When ¢ = 0, contrast
vanishessignifying an exact matchbetweerboth pixel values,
whereagnaximumcontrastc= 1 denotegnaximumdeviation.
In Fig.7c, local contrastc is linearly color-encoded,with
purple denoting small contrastvalues, and red representing
maximumcontrastc = 1. As canbe seenthe renderednodel
matchesthe photographwell over most of the nelula's area.
Deviations alongthe edgesof the dim lower gaslobe canbe
attributed to image noise. The small differencesin the upper
lobe shaving up in blue, on the other hand, may hind at

cxy) = 1)
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Fig. 9. CIVR resultsfor the planetarynehulae He2-437(top), M1-92 (middle), and Mz-3 (bottom). Left to right: the color-compositedoriginal image,the
sameview renderedrom the reconstructedixisymmetricmodel, and two “unearthly” sightsof the netulae from inclination angles35 and 10 .

absorptiondueto localizeddustclouds,breakingthe netula's
axisymmetry

VI. RESULTS

We evaluate our CIVR algorithm on photographsof three
different PNe. For eachplanetarynehula, several imagesare
used, taken at different wavelengthsand correspondingto
differentchemicalelementsas shavn in Fig.1. Using CIVR,
for each elementa separateaxisymmetric density map is
reconstructedrig.8 depictseachelements spatialdistribution
within the nelulae. The three-dimensionagjas distribution is
obtainedby revolving eachdensitymap aboutits upperedge.

In additionto the emissiondensitymaps theorientationangles
of eachnehula are determinedas statedin Tahl. Note that
orthographicprojectionimplies that the inclination anglecan
only be recoreredup to a two-fold ambiguity yielding sym-
metricalsolutionswith respecto theperpendiculaorientation.
If we assumean equatorialdust belt aroundthe central star

PN incl. angle orient. angle

He2-437 84 =96 775

M1-92 79 =101 165

Mz-3 55 =125 1755
TABLE |

RECONSTRUCTED NEBULA ORIENTATIONS. THE INCLINATION ANGLE CAN
ONLY BE DETERMINED UP TO A SYMMETRY AMBIGUITY WITH RESPECT
TO THE PERPENDICULAR 90 ORIENTATION.

however, this symmetrycanbe broken,asthe dimmerof either
lobe mustbe behindthe absorbingdust. This effect might be
responsiblefor the differencein brightnessof the lobes of
M1-92 in Fig.9.

A. Realistic3D Visualization

Ourreconstructed®N modelsenableusto accuratelyisualize
theseattractve objectsfrom arbitraryviewpoints, useful,e.g.,
for planetariumshows or interactve educationaltools. Fig.9
depictscolor compositesof the actual PN imagesalongside
with renderingsfrom the sameviewpoint obtainedfrom the
reconstructednodelsaswell asvisualizationsof the nelulae
asthey would appearfrom vantagepoints thousandf light
yearsfrom Earth.

To achieve the most natural visual impression,we madean
effort to reproducethe nelula's actual colors. For eachPN,
we have available imagescorrespondingo one characteristic
emissionline for the elementdydrogen,oxygen,andnitrogen
or sulfur, shavn in Fig.1. Theseare the elementsesponsible
for the visible color appearancef PNe. We assumehat the
imageshave beenobtainedusing narrav-band Iters which
single out only the respectie elements emissionline. While
relative emissionline strengthsaresomavhatdependentn the
physical conditionsinside the nehula (temperatureglectron
density), we have adopted here mean values for PNe as
publishedin the literature[24], [25]. Having rendereda view
usingall elements'emissiondensitymaps,for eachpixel we
constructits spectrumaccordingto the elementemissions'
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Fig. 10.
inhomogeneitiesnd internal structureof the nelulae.

intensitieg[5], which we corvertto RGB valuesusingthe CIE
1931 XYZ color matchingfunctionvaluesandthe appropriate
color spacetransformatior{38].

Planetarynehila imagesexhibit a wide dynamicrange.While
the centralstartypically representshe brightestregion in ary
PN image, the outermostregions of glowing gas frequently
drown in detectornoise.To simultaneoushdisplay the bright
regions and the faint structureof the gas, we emplg/ simple
gammacorrectionto all threecolor channelsMore advanced
tone mappingoperatoramay yield visually even more attrac-
tive renderingresults[39]. The right columnsin Fig.9 depict
our testPNe asthey would appearunderdifferentinclination
anglescorrespondingo viewpointslocatedthousand®f light
years from Earth [40]. Notice the considerablechangein
appearancwith orientationangle but alsothediversityamong
different planetarynehulae. By studyingthe variety in possi-
ble PN appearancethe CIVR resultsmay help astronomers
identify planetarynehilae seenat low inclination anglesthat
have so far eludedidenti cation.

B. AstrophysicalAnalysis

An astroplysical interpretationof the reconstructedaxisym-
metricmapsmustbe donewith care.Especiallyour negligence

Fig.11. Deviationfrom axisymmetryLeft: He2-437in thelight of hydrogen
(Ha) and the correspondingrenderedaxisymmetric model. Right: Color-
encodedifferenceimage.Negative differencesare depictedin blue, positive
differencein red. The symmetric deviation from axial symmetry may be
hinting at the centralstar's precessingnagnetic®eld.

Volume renderingsto visualize 3D isosurficesin He2-437 (left), M1-92 (middle), and Mz-3 (right). The renderingsmake apparentthe spatial

to absorptionin andaroundthe nelula canleadto systematic
errors. This is obvious for M1-92 in Fig.9, whose lower
lobe appearsmuch dimmer than the upper lobe, which is
probably due to an equatorialbelt of absorbingdust around
the centralstar On the other hand,the accurag of our tted
model,depictedin Fig. 7c, is a strongindicationthatary dust
presenimustbe locatedoutsidethe emissve volumeandobey
the nelula's axisymmetry in which caseour reconstruction
methodremainsapplicable.

Visualizingthe differencebetweenthe original imageandthe

reconstructeanodel of He2-437,deviationsfrom the axisym-

metry assumptiorbecomeapparenin Fig. 11. The aberations
from axial symmetry shav an orderly pattern, resembling
higherorder harmonics.This can be taken as indication that

fundamentaphysical processearethe causeof theanomalies,
for examplea precessingentralstar

Gasemissiondensityvariesconsiderablywithin eachnehula,

indicating that the gasis ratherinhomogeneouslgistributed,

as can be obsered in Fig.8. The internal structure differs

considerablyamongthe netulae: Large empty voids centered
on the symmetryaxis are presentin He2-437.M1-92 is more

homogeneoudeaturinga smoothdensitygradienttowardsthe

luminous region close to the central star in the right lobe.

The distribution in Mz-3 is even more comple, with most
emissionbeing concentratedn thin veils, probablyalongthe

shock front. To help corvey the three-dimensionastructure
of the PNe, Fig.10 depictsvolume renderingsof the nelulae

using multiple soft isosurficesof the emissiondensity The

coloring on the isophotesoriginates from a volume RGB

texture generatedsimilarly to the imagesin Fig.9. Diffuse
shadingaids in interpreting3D shape,making apparentthe

spatialinhomogeneitiesThis can be seenfor M1-92 whose
seeminglyhomogeneouiternal structurein Fig.8 turns out

to be muchmorecomple. Several nestedshellsandemission
concentrationslong the axis of symmetrybecomeapparent
in the volume visualization. For He2-437,the visualization
shaws thatthe emptybubbleswithin the nelula aresurrounded
by strong emission, probably gas concentrationsthat are
causedby magnetic elds which are also responsiblefor the

nehula's constrictedshape Mz-3, nally, shovs opensurfaces
of glowing gas along the shockfront that may be due to an

eruptive outbreakof Mz-3's centralstar
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Fig. 12.
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Spatial correlationof chemicalelements:The ®guresillustrate the relatve amountof oxygen (upperrow) and nitrogen/sulfur(lower row) with

referenceto hydrogenin the axisymmetricdensity mapsof He2-437,M1-92, and Mz-3 (left to right). Deviations from the averagepercentagere depicted
in blue or red, correspondingo smallerthan-aerageor large-than-geragelocal elementatundance.

To investicate the spatial correlation of different chemical
elementswithin the nehulae, Fig.12 illustratesthe deviation
of relative elementatundancefor oxygenandnitrogen(sulfur
for Mz-3) with respecto hydrogen.Thereconstructediensity
mapsfor the threenehulaein Fig.8 are usedto computethe
relative elementabtundance

mon;s(l; ) .
Ty e

where mon:s iS the value of the density map for oxygen,
nitrogen or sulfur at position (I;r), my is the value in the
hydrogenmap,and @;N&H is the averagerelative aklundance
over all mapelementsxceedinga minimumthreshold Fig.12
depictsregions of smallerthan-aeragerelative abundancein
blue andregions of largerthan-aeragerelative concentration
in red. Spatialcorrelationdiffers substantiallypbetweemehilae
aswell asbetweenelementsin He2-437,relatve albundance
of hydrogenandoxygenis almosthomogeneousyhile nitro-
genandhydrogenare distributed distincly differently. In M1-
92, on the oter hand, all three elementshave similar relative
alundanceswithin the entire nehula. In contrast, relative
elementconcentrationin Mz-3 vary very stronglyover space.
Astroptysicalmodelsattemptingto describethe formationand
evolution of planetarynehulae mustbe ableto explain these
differences.

aon;sH(lir) =

VIl. VALIDATION AND DISCUSSION

The CIVR method reconstructsthe axisymmetric structure
of PNe suchthat the re-projectionis a very close matchto
the actual,recordedimage.In the following, we validatethe
credibility of CIVR resultsanddiscusgheinherentlimitations
of our reconstructiorapproach.

Since our reconstructionproblem is non-linear a proof for
general corvergence to the global minimum of our error
functioncannotbe given. To validatethe reconstructiomesults
derived for real nehulae, we would have to know the actual
3D distribution. While thereexists a ratherinvolved, indirect

obsenration techniqgueknown as echellogrametry{18], [19]
to reconstruct3D gas velocities in spherical nelulae, no
measured3D gas distribution datais available for planetary
nehulae with a pronouncedaxisymmetry

Insteadwe mustrely on syntheticimagesto testour approach.
We malke useof AaquistandKwok's ellipsoid shellmodel[32]
to generatdestimagesfor a numberof differentorientations.
We then let our CIVR algorithm recover the axisymmetric
density distribution and orientationanglesand comparethe
reconstructedralueswith the original valuesderived from the
ellipsoid shell model.

Fig.13ashaws a syntheticdensity map with a corresponding
projectionimage. The CIVR-reconstructeddensity map and
renderedmodel image are depictedin Fig.13b While the
original density map is not recovered exactly, Fig.13c (top),

- - T |
@ (b) (©)

Fig. 13. CIVR validation on synthetic data. Using the ellipsoidal shell
model[32], we generate¢he axisymmetriadensitymapof a syntheticplanetary
netula (a, top) and renderits appearancdor O inclination, 45 orientation
(a, bottom). From the projection image (a, bottom), the density map is
reconstructedising CIVR (b, top) suchthat the renderedmodel (b, bottom)
closely resembleghe input image (a, bottom). The differencebetweenthe
ground-truthdata(a) and the reconstruction(b) is depictedin (c). Shawvn is
the color-codedcontrast(1). Purple denotesminimal differencebetween(a)
and (b), while red representsnaximumcontrast.
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the close resemblanceshavs that the found values are in

the vicinity of the exact solution. The largesterrorsoccuring
alongthe upperandlower mapboundariesare dueto residual
aliasing.

For inclinationanglesfrom 90 down to 40 , thereconstructed
map valuesare within the error rangethat can be expected
from the optimizationroutine's preseterminationerrorthresh-
old. The accurag of the recovered inclination angle varies
with anglevalue,from about3 errorfor 90 inclinationdown
to lessthan one degree at 45 inclination. While we cannot
testall possiblecasespur validationexperimentsindicatethat
CIVR reconstructiorresultsdo, indeed,closely resemblethe
true 3D structureof planetarynetulae.

CIVR canbe appliednot only to axisymmetricPNe but also
to sphericalnehulae by exploiting their point symmetry Only
for irregularly shapednehulae, for exampleif the out owing
gas collides with interstellar gas clouds, our reconstruction
approachis not applicable Our methodworks bestfor nelulae
seenat high inclination angles,i.e., for PNe whose axis
of symmetryis orientedapproximatelyperpendicularto our
viewing direction. This can be understoodby approximating
the reconstructionas an inverselinear problem and looking
at the condition numberof the projection matrix. With de-
creasinginclination angle,i.e., whenthe PN's symmetryaxis
approacheghe viewing direction, the condition humberin-
creasesandthe (unregularized)reconstructiorresultbecomes
unstable At 0 inclination, the symmetryaxis points directly
towardsthe obsenrer, andthe nehula's axial symmetryis of no
useto constrainthe reconstructiorproblem:the linear system
of equationds underdeterminedOur validation experiments
indicatethat CIVR is capableof robustly reconstructing®Ne
down to inclination anglesof 40 .

VIII. CONCLUSIONS

We have presenteda constrainedinverse volume rendering
(CIVR) approacho recover the three-dimensionalistribution

of the photo-ionizedgas in planetary nehulae (PNe) from

optical images.Their inherentaxial symmetry enableus to

usean axisymmetricmodelto describethe nelula's emission
distribution in space therebyconstrainingthe reconstruction
problem. Being purely emissve, the PN model is volume-
renderedef ciently using modernPC graphicshardware. By

comparingthe renderingresultwith the actualimage,an opti-

mizationalgorithmvarieslocal emissionaswell asorientation
anglesto matchthe renderedmodelto the recordedimage.

From the reconstructedpatialemissiondistribution, the neb-
ulae canbe renderedrom arbitrary perspectie. Applications
include creatingrealistic visualizationsof PNe as illustration

materialfor astronomycoursesscienceprogramsplanetarium
shaws, or TV documentariesCollaborationswith a number
of planetariumsare undervay. Furthermore,the recovered
axisymmetricshapeis useful for studying the spatial rela-

tionshipsof elementatundancesas well asto validate and
re ne theinteractingstellarwindstheory By comparingCIVR

reconstructionresults to photo-ionizationand gas-dynamic

11

simulations[22], astroplysical modelsof planetarynehilae
canbe validated.This might be of help to establisha general
evolutionary sequenceamongobsered PNe that can explain
the variationsin PN compositionand appearancéasedon
only a handful of physical propertiesof the centralstar
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