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Figure1: Theplanetarynebula Mz-3. Left to right: thenebula's color-compositedoriginal image,thesameview renderedfrom therecon-
structedvolumetricmodel,avisualizationof thenebula's iso-densitysurfaces,andaview of thenebulaasseenfrom avantagepoint in space
thousandsof light yearsfrom Earth.

Abstract

Determiningthe three-dimensionalstructureof distantastronomi-
cal objectsis a challengingtask,giventhat terrestrialobservations
provide only oneviewpoint. For this task,bipolar planetaryneb-
ulaeare interestingobjectsof studybecauseof their pronounced
axial symmetrydue to fundamentalphysical processes.Making
useof this symmetryconstraint,we presenta techniqueto auto-
matically recover the axisymmetricstructureof bipolar planetary
nebulae from two-dimensionalimages. With GPU-basedvolume
renderingdriving a non-linearoptimization,we estimatethe neb-
ula's local emissiondensityasa functionof its radialandaxial co-
ordinates,andwe recover the orientationof the nebula relative to
Earth. The optimizationre�nes the nebula modelandits orienta-
tion by minimizingthedifferencesbetweentherenderedimageand
the original astronomicalimage. The resultingmodelenablesre-
alistic 3D visualizationsof planetarynebulae,e.g. for educational
purposesin planetariumshows. In addition,the recoveredspatial
distribution of the emissive gasallows validatingcomputersimu-
lation resultsof theastrophysical formationprocessesof planetary
nebulae.
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1 Intro duction

Planetarynebulae(PNe)1 areamongthe estheticallymostappeal-
ing objectsin thenight sky, dueto their diversityandcolorful ap-
pearance.While it was soonrealizedthat we are observing2D
projectionsof 3D volumesof glowing gas,theactualspatialstruc-
ture of PNe haslong beenan object of inquiry. It was not until
thesecondhalf of the20thcenturythat,basedon earliermorpho-
logical classi�cations[Curtis 1918], qualitative modelswerepro-
posedto explain thegeneralappearanceof PNe[Khromov andKo-
houtek1968;Balick1987;Masson1989].While thesesimplemod-
els areableto qualitatively describethe greatvariety of observed
PN shapes,they arenot accurateenoughto re�ect theactualthree-
dimensionalstructureof a realplanetarynebulae.

In thispaper, wepresentavolumemodelingtechniquecoinedcon-
strainedinversevolumerendering(CIVR) that recoverstheactual
structureof bipolar planetarynebulaefrom 2D images.Basedon
fastvolumerenderingusingPCgraphicshardware,we synthesize
realistic views from a very generalPN model. An optimization
algorithm variesthe model's emissiondistribution and compares
the renderedmodel to the actualimageuntil the renderedmodel
matchesthe observed image. To make the problemwell-posed,
andat the sametime obtainonly physically plausibleresults,we

1Wewill use“PN” and“PNe” to referto planetarynebulaein thesingu-
lar andplural, respectively.



constrainthereconstructionprocessby exploiting theaxisymmetric
natureof bipolar PNe,which is both physically derivableandob-
servationally validated. The reconstructedaxisymmetricemission
distribution enablescreatingrealisticviews of theseinterestingas-
tronomicalobjectsfrom arbitraryvantagepointsin space,e.g. for
planetariumshows andeducationalpurposes.Furthermore,asan
astrophysicalapplication,therecoveredspatialdistributionof emis-
sive gascanserve in validatingcomputersimulationresultsof PN
formationprocesses.

In the following Section,we review previous work relatedto our
contribution. After an introductoryoverview of the fundamental
physicsof PNein Sect.3,we describeour constrainedinversevol-
umerenderingapproachin Sect.4.Sect.5illuminatesthepractical
stepsin reconstructingplanetarynebulae. Resultsarepresentedin
Sect.6.Wediscussourmethodandits limitationsaswell asvalidate
it in Sect.7,beforewe concludein Sect.8mentioningapplications
andgiving anoutlookon futureimprovements.

2 Related Work

The presentedvolumetricmodelingtechniquerelieson recentad-
vancesin visualizationand graphicsresearch. The term inverse
volumerenderingwas�rst employedby CurlessandLevoy [1996]
to refer to updatingvolume datafrom rangeimages. Mueller et
al. [1998]usethesametermto referto a re-projectiontechniquein
CT reconstruction.Ouruseof thetermis derivedfrom Marschner's
Ph.D.thesis[1998] in whichheintroducestheterminverserender-
ing to denotetheideaof reconstructingscenepropertiesfrom image
datavia computergraphicstechniques.

Thevolumemodelingapproachwepresentis basedontheability to
performvolumerendering[Levoy 1988]veryef�ciently onmodern
graphicshardware.Cabraletal. [1994]demonstratehow toperform
ef�cient volumerenderingusingtexturemappinghardware,a fun-
damentaltechniquethatis still applicableto today'sprogrammable
graphicsarchitectures[Rezk-Salamaet al. 2000]. For purelyself-
emittingvolumes,Cabral'sslicing techniquedirectlyyieldscorrect
renderingresults[Max 1995].

While spectacular3D �y-throughs of astronomicalobjectscanbe
experiencedin many planetariums,theseanimationsarealmostal-
wayspurelyartisticpiecesof work. Onenotableexceptionis theef-
fort by Nadeauetal. [2001]whousedmassivecomputationalpower
to createscienti�cally accurateviews of the Orion nebula for the
HaydenPlanetariumin New York [Genetti2002]. For their visual-
izations,they rely ona3D modelof theOrionnebulathatwasdeter-
minedby astronomersfrom decadesof observationaldata[Zheng
andO'Dell 1995]. Our method,in contrast,simultaneouslyrecon-
structsthe3D volumemodelandvisualizesit, albeitfor a different
classof astronomicalobjects:planetarynebulae.

3 Planetary Nebulae

In thefollowing, we give a brief explanatoryoverview of themain
physical processesthat leadto the visual appearanceof PNe. For
a morethoroughintroductionto thephysicsof gaseousnebulaein
generalandPNein speci�c, we recommendthe classicbookson
thetopicby Osterbrock[1989]andKwok [2000].

Despitetheirname,planetarynebulaeareof extra-solarorigin: they
constitutethe lastepisodein the livesof moststars.On astronom-
ical scales,they areextremelyshort-lived,existing only for a few
tensof thousandsof yearsbeforethey fadeaway, whichis why only

Figure2: Interactingwinds theory: During its lifetime, a torusof
dense,slowly outwardmoving gasgathersin theequatorialplaneof
thecentralstar(blue).At theendof its life, thestarsuddenlyblows
off gasat a muchhigherrate. Whenthis fastwind hits the inner
boundaryof theold gasmasses,the fast-moving gasis re-directed
andescapesin opposite,polardirections(red).

about1,500have beendiscoveredin our Galaxyso far. Owing to
their greatdistancesfrom earth,they aresmall,spanningat mosta
few arcminutesin thesky, anddim. For thework presentedhere,
we rely on publicly availableimagesthathave beenrecordedwith
theHubbleSpaceTelescope[Hubble2004]andtheNordicOptical
TelescopeatTeneriffe, CanaryIslands[IAC 2004].

3.1 Photo-ionization

Whena starof initially lessthaneight timesthe massof the Sun
nearsits end of energy production,a strong wind blows off its
surface,carrying substantialamountsof stellar matter into space
andexposingdeeper, hotterregionsof thestar. This wind consists
mainlyof hydrogenbut alsoof otherelementsthatwerepreviously
synthesizedwithin the star's core. At the sametime, the central
star contractswhich increasesthe exposedsurface's temperature
even further. Following Wien's law for blackbodyradiation[Os-
terbrock1989],with risingsurfacetemperaturethestaremitsmore
high-energy ultra-violet(UV) photons.Oncethestaremitsenough
UV photonscarryingsuf�cient energy to ionizehydrogen(13.6eV,
correspondingto a wavelengthof 91nm),theejectedhydrogengas
becomescompletelyphoto-ionized,i.e. essentiallyall hydrogen
atomsare being separatedinto free electronsand hydrogenions
(protons).Within this plasma,bothconstituentsfrequentlyrecom-
bine to form neutralhydrogenatomsagain. Thesenewly formed
atomsaretypically in an excited state,however, from which they
returnto thegroundstatevia acascadeof energy transitions,before
anotherUV photonionizestheatomagain. Eachtransitionduring
this cascadeis accompaniedby theemissionof a photonof a dis-
tinct wavelength.Theseemission-linephotonscanescapefrom the
nebula essentiallyunhindered,andit is thesephotonsthat we ob-
serveandthatareresponsiblefor thenebula's characteristiccolor.

Besideshydrogen,the other chemicalelementsin the nebula are
also in ionized statesand emit photonsat characteristicwave-
lengths.Thus,imagesrecordedat differentwavelengthsenableas-
tronomersto identify different elementsin different regions of a
nebula,Fig.4.For most(mature)PNe,thecentralstar'sUV photon
�ux is more than suf�cient to photo-ionizeall gas that was pre-
viously blown off the star. Assumingthat the amountof light-
absorbingdust can be neglected,we observe the entire massof
ejectedgasasoneglowing volumein space[Kwok 2000].



3.2 Axisymmetry

Planetarynebulae glow becausegas previously ejectedfrom the
central star is being ionized by the star's intenseUV radiation.
Photo-ionizationalone,however, cannotexplain theaxial symme-
try of bipolarPNe,sincethecentralstarcertainlyradiatesisotrop-
ically into all directions.Instead,it is thenon-uniformspatialdis-
tributionof thegasthatis responsiblefor thebipolarappearanceof
many PNe.

A classi�cationschemefor PNebasedon visual morphologywas
proposedby Curtisearly in the20thcentury[1918]. In the1960s,
it becameclear that the variousdifferent shapesof PNe may be
qualitatively explained by one common, generalshapeviewed
from Earthatdifferentorientations[Khromov andKohoutek1968].
While this phenomenologicalmodel was motivated by observa-
tional data,it did not explain thephysicalprocessesleadingto the
shape.Kwok [1978] andBalick [1987] �nally proposeda mech-
anismthat explains the observed gas distribution in PNe, Fig.2;
their interactingwinds theorystartswith the premisethat prior to
its �nal stage,the starhasalreadybeenblowing off gas,but at a
muchslowerspeed.Dueto thestar's rotationandtheresultingcen-
tripetalforce,thiswind wasslightly strongeralongtheequator, and
theejectedgasaccumulatedin theequatorialplane.As therateof
gasdischargeincreasestowardstheendof thestar's life, thefaster
andstrongerwind collideswith theold gasmassesalongthestar's
equator. A shockfront develops,andthefastout�owing gasis re-
directedaway from the equator, towardsthe poles. Two lobesof
gasarise,�o wing away from the centralstar into oppositedirec-
tions. This phenomenonis ampli�ed in thepresenceof a magnetic
�eld from thecentralstarwhich focusestheout�ow of thephoto-
ionizedgasplasma. Additionally, the fastwind might alreadybe
blowing off strongerfrom the polar regions. From the symmetry
of the systemandthe conservation of momentum,the out�owing
gasjetscannotdo anything elsebut beaxisymmetric,creatingthe
bipolarshapeof many PNe[Morrissetetal. 2000].

In extensive gas-dynamic[Mellema and Frank 1989] and photo-
ionizationsimulations[Morrissetet al. 2000;Ercolanoet al. 2003]
the plausibility of the interactive winds theory hasbeendemon-
strated. On its basis,a low-dimensional(4 degreesof freedom)
shapemodelfor PNe,theprolateellipsoidalshell(PES)model,was
proposedby Masson[1989]. The PESmodel was subsequently
usedby Kwok et al. [1996; 1998] to model the generalappear-
ancesof a numberof PNeby adjustingthe four modelparameters
by hand.However, its simplegeometrycanonly givearough,qual-
itative accountof the spatialdensitydistribution of the gaswithin
PNe.

4 Constrained Inverse Volume Rendering

Thenatureof bipolarPNeenablesusto developamethodfor auto-
maticreconstructionof theaxisymmetricemissive gasdistribution
from two-dimensionalimagesasobserved from Earth. Our con-
strainedinversevolumerendering(CIVR) approachtherebyrelies
on threekey physicalandobservationalproperties:

� Bipolar PNeexhibit a symmetryaxis. This axisymmetryre-
ducesthe3D nebulavolumeto a2D emissiondensityfunction
in cylindrical coordinates.

� Scatteringandabsorptionis assumedto be negligible at the
visible wavelengthsat which our astronomicalinput images
areacquired.

Figure3: Axial symmetry:thestructureof bipolarplanetaryneb-
ulaecanbedescribedby a densitymapin cylindrical coordinates.
Thevolumetricdensitydistribution in 3D spaceis generatedby ro-
tatingthedensitymapalongthenebula's axisof symmetry.

� Planetarynebulaespanonly a few arcminutesin thesky (less
thana tenthof a degree),sotheir projectedappearanceis es-
sentiallyorthographic.

Our modelconsistsof a two-dimensionaldensitymapwhoseen-
tries representaxisymmetricemissiondensityvalues. The mapis
alignedwith thesymmetryaxisof thenebula suchthat thecentral
staris in themiddle,Fig.3.TheCIVR algorithmdeterminesall map
entryvaluessuchthatthecorrespondingprojectionimage,obtained
by rotatingtheemissiondensitymaparoundthesymmetryaxisand
integrating emissiondensityalong the line of sight, matchesthe
nebula's photograph.

Unfortunately, the relationshipbetweenthe axisymmetricdensity
map and the nebula's observed projection image remainsnon-
linear, sincewedonotknow thenebula's3D orientation.Also,map
entriescanonly have non-negative values. We thereforepursuea
non-linearoptimizationapproachthatrelieson repeatedlyevaluat-
ing anerrorfunctionthatmeasuresthedifferencebetweenthepro-
jectedPN modelandthephotoof its celestialcounterpart.Thanks
to fastvolumerenderingon moderngraphicshardware,this error
functioncanbecalculatedextremelyef�ciently .

4.1 Emissive Volume Rendering

SincePNeconsistof glowing gas,synthesizingfaithful projection
imagesfrom our PN model consistsof renderinga purely emis-
sivevolume.Suchstraight-forwardvolumerenderingcanbeimple-
mentedveryef�ciently onPCgraphicshardwareby renderingmul-
tiple viewport-alignedslicesthroughthenebulavolumeatdifferent
depthsandsummingupall renderedslices[Cabraletal. 1994].For
eachdepthlayer, a quadrilateralperpendicularto the viewing di-
rectionandspanningtheentireviewport is sentthroughthegraph-
ics pipeline.During rasterization,a small fragmentprogramtrans-
forms the currentrasterizationcoordinatesto cylinder coordinates
andperformsthe bilinearly interpolatedlook-up into a 2D texture
mapthatrepresentstheaxisymmetricemissiondensitymap.To add
upall renderedslices,wemakeuseof the�oating pointbufferavail-
ableon moderngraphicshardware. An nVidia GeForceFX 3000
graphicscardeasilyattains10 fpswhenrendering128depthlayers
at128x128imageresolution.



4.2 Mo del Projection Error Evaluation

Theaim of CIVR is to determinetheemissiondensitymapentries
suchthat its 2D projection,the volumerenderingresult,matches
the true PN imageas closely as possible. This is accomplished
by comparingthe renderingresult to the original PN imageand
systematicallyvarying the emissiondensitymap valuesuntil the
projectionerroris minimal.

To quantify the differencebetweenthe model projectionand the
trueimage,the�oating point buffer is readto local memory. Each
renderedpixel is comparedto its correspondingpixel in the PN
image,andthe sum-of-squared-differencesover all pixels is com-
puted.An optimizationroutinethenvariesthedensitymapentries
andrepeatedlycalls the volumerenderingalgorithmto determine
thecorrespondingprojectionerror. Sinceemissiondensitycannot
becomenegative, a very high errorvalueis returnedwhenever the
optimizationroutineattemptsto setamapentryto anegativevalue.
This allows the otherwisegenericoptimizationroutineto be con-
strainedto aphysicallyplausiblePNmodel.

4.3 Optimization

We employ a standardimplementationof Powell's optimization
method[Presset al. 1992] to �nd the bestemissiondensitymap
entries. It numerically�nds the error function's local slopealong
all dimensionsfrom which it determinestheconjugate-gradientdi-
rection. Eacherror functionevaluationentailsmodifying theden-
sity map entriesand orientationanglevalues,uploadingthe new
mapvaluesto thegraphicscard,volume-renderingthemodel,and
calculatingthesum-of-squared-differencesmeasure.Thisanalysis-
by-synthesisloop iteratesuntil the algorithmconvergesto a mini-
mumof theerrorfunction.Theoptimizationbene�tsfrom employ-
ing a multi-resolutionstrategy, in which coarse-resolutionmodel
versionsareoptimized�rst whicharesubsequentlyusedfor initial-
izationof thenext higher-resolutionmodellevel, Sect.5.2.

5 Reconstruction

For PN reconstruction,theCIVR algorithmis appliedto imagesof
planetarynebulaerecordedatopticalwavelengths.Mathematically,
therecoveryof theaxisymmetricemissiondensitydistributionfrom
a2D imageis equivalentto de-projectingtheimage,i.e. adeconvo-
lution with a point spreadfunctionthatdependson the(unknown)
3D orientationof thenebula. In orderto makeuseof theaxialsym-
metry to be able to perform the de-projection,the nebula's sym-
metryaxismustbeorientedroughlyperpendicularto our viewing
direction.

5.1 Pre-processing

Theconstrainedinversevolumerenderingmethodtakesopticalim-
agesof planetarynebulaeasinput. Research-gradeimagesof many
PNearepublicly availableon the Internet. The datausedfor our
work, andtheastronomicalimagesshown here,arefrom theHub-
ble SpaceTelescopeArchive [Hubble 2004] and the IAC Mor-
phologicalCatalogof NorthernGalacticPlanetaryNebulae [IAC
2004]. The imageshave beenacquiredwith narrow-bandpass�l-
tersat distinctwavelengthsthatcorrespondto speci�c chemicalel-
ements,Tab.2. The scalar-valuedimagesexhibit a reliable linear
dynamicrangeof about16bits.

Prior to applyingour CIVR volumemodelingmethod,the images
mustbe pre-processedto correctfor a numberof imaging-related
effectsin orderto obtainscienti�cally accuratedata.For ourCIVR
techniqueto producecorrectresults,we needimagesthatarecali-
bratedto exhibit a linear responsecurve, i.e. twice thenumberof
photonsfalling on a pixel mustdoublethe pixel's value. We cal-
ibrate the raw imagedatausing the standardastronomicalimage
processingsoftware IRAF [IRAF 2004] and STSDAS [STSDAS
2004].Starsnearbyandbehindthenebula interferewith therecon-
structionprocessbecausetheir light originatesoutsidethe nebula
model. We manuallymaskout suchregions. To avoid biasin the
reconstructionresult,theCIVR algorithmdisregardstheseregions
when computingthe error function; the masked pixels are effec-
tively missingfrom the image. Due to imaging noise,the back-
groundpixels in the imagesadditionally exhibit small, non-zero
values. This is a secondpotentialsourceof inaccuracy sincethe
CIVR algorithmwouldattemptto modelthepixelsoutsidetheneb-
ula aspartof thenebula itself. Thus,we thresholdthe imagesand
setthebackgrounduniformly to zero.Finally, thePN's centralstar
is identi�ed in eachimage,andthenebula's projectedaxisof sym-
metryis approximatelydetermined.Thiscanbedoneautomatically
by �nding themaximumpixel valuein theimage(correspondingto
thecentralstar'sposition)andcalculatingtheprincipaleigenvectors
of theimage'scovariancematrix.

PNearesmall objectsin the sky, andatmosphericturbulencetyp-
ically limits useful imaging resolution from ground-basedtele-
scopesto a coupleof hundredpixelsalongthelongestdimensions.
To determineat which resolutionour axisymmetricdensitymap
may be optimally reconstructed,we rely on the Nyquist theorem,
statingthatthehighestmeasurablefrequency correspondsto 2 sam-
plesperperiod. Then,for a nebula covering256pixels in the im-
agealongits longestdirection,we cansensiblyexpect to recover
128pixelsin ourdensitymap.Finally, thePNimageis centeredon
thecentralstarandclippedto 256x256pixels,which is suf�ciently
largeto completelyaccommodatethenebulaein all ourtestimages.

5.2 Volumetric Mo deling

We now apply our CIVR algorithm to eachcalibratedgrey-scale
imageindividually. Initially, all densitymapentriesaresetto zero.
Becausethenebula's symmetryaxisgoesthroughthecentralstar,
we initialize oneorientationanglebasedon the slopeof the PN's
line of symmetryin theimage.Thesecond,unknown angle,repre-
sentingtheinclinationof thenebula'ssymmetryaxistowardsEarth,
is initialized to beperpendicularto our viewing direction. During
CIVR, both anglesarealsooptimizedin additionto the emission
densitymapentriesin orderto determinethetrue3D orientationof
thenebula.

To accelerateconvergence,our CIVR implementationfollows a
multi-resolution approach. Reconstructionstarts from a low-
resolutionversionof thedensitymapandthe image.At this level,
only a fraction of densitymapentriesmustbe reconstructed,and
the modelis volume-renderedvery quickly at low resolution.Af-
ter convergence,the reconstructedlow-resolutiondensitymap is
scaledup to serve as initialization for the next-higher resolution
densitymap.Whendoublingthemap's resolution,renderingreso-
lution mustbeincreasedlikewise,whichin turnincreasesrendering
timesduring error function evaluation. Employing four hierarchy
levels, the reconstructionof a 128x32-pixel densitymaptakesap-
proximatelyonedayona2.4GHzPCin conjunctionwith annVidia
GeForceFX 3000graphicscard.



Figure4: Input images:Theplanetarynebula He2-437in thelight
of hydrogen,nitrogenandoxygen(from left to right). While the
original imagedata is scalar-valued (grey-scaleimages),correct
colorappearanceis determinedby takinginto accountthecomplete
emissionline spectrumof eachchemicalelement(Sect.6.1).

6 Results

We evaluatedour CIVR algorithm using imagesfrom threedif-
ferent PNe. For eachplanetarynebula, we have available sev-
eral imagestaken at different wavelengths,correspondingto dif-
ferent chemicalelements,Fig.4. Separateaxisymmetricdensity
mapshavebeenreconstructed,depictingtheelements'spatialabun-
dancesthroughoutthenebula,Fig.5.By rotatingtheseaxialdensity
mapsalongtheir upperedge,thenebula's three-dimensionalemis-
siondensitydistribution is constructed.Figs.1,6depictcolor com-
positesof theactualPN imagesalongsidewith renderingsfrom the
sameviewpoint obtainedfrom the reconstructedmodelsandvisu-
alizationsof iso-densitysurfaceswithin the nebulae. The volume
renderingsin the third columnusemultiple soft isosurfacesof the
gasdensityto helpconvey the3D structureof thePNe.Thecolor-
ing on theisosurfaceoriginatesfrom a volumeRGB texturegener-
atedsimilarly to the imagesdescribedin thenext Section.Diffuse
shadingaidsin interpreting3D shape.In additionto theemission
densitymaps,theorientationanglesof eachnebulaaredetermined,
Tab.1. Note that the orthographicprojectionpropertyimplies that
the inclination anglecanonly be recoveredup to a two-fold am-
biguity, yielding symmetricalsolutionswith respectto theperpen-
dicularorientation.By assuminganequatorialdustbelt aroundthe
centralstar, this symmetrycanbe broken, however, andthe dim-
merof eitherlobemustbebehindtheabsorbingdust,asvisible for
M1-92 in Fig.6.

6.1 Realistic 3D Visualization

Our reconstructedPN modelsenableus to accuratelyvisualize
theseattractive objectsfrom arbitraryviewpoints,usefule.g. for
planetariumshows andothereducationalpurposes.To achieve the
mostnaturalvisual impression,we wish to renderthe nebulae in
accuratecolors.

For thedepictednebulae,we madeaneffort to reproducetheir ac-
tual colors. For eachPN, we have availableimagescorresponding

PN incl. angle orient.angle

He2-437 84� =96� 77:5�

M1-92 79� =101� 16:5�

Mz-3 55� =125� 175:5�

Table1: Reconstructednebula orientations.The inclinationangle
canonly bedeterminedupto asymmetryambiguitywith respectto
theperpendicular90� orientation.

element wavelength rel. line strength

hydrogen 656nm 1.00
486nm 0.35
434nm 0.16
410nm 0.09

oxygen 501nm 1.00
496nm 0.33
436nm 0.01

nitrogen 658nm 1.00
655nm 0.33
575nm 0.02

sulfur 673nm 1.00
672nm 0.6

Table2: Nebula colors: Planetarynebulaeowe their colorful ap-
pearanceto a handfulof discreteemissionlines. Thetabledepicts
emission-linewavelengthsfor therelevantelementsandtheir rela-
tive intensities(lastcolumn). By imagingthenebula at onewave-
lengthfor eachelement,the intensitiesof theotheremissionlines
canbededuced,andthenebulacanberenderedin correctcolor.

to onecharacteristicemissionline for theelementshydrogen,oxy-
gen,andnitrogenor sulfur, Fig.4. Thesearetheelementsrespon-
sible for thevisible color appearanceof PNe. We assumethat the
imageshave beenobtainedusingnarrow-band�lters which single
out only the respective element's emissionline. Tab.2 depictsall
relevant emissionlines in the visible region of the spectrumand
their relative intensities.While relative emissionline strengthsare
somewhat dependenton the physical conditionsinsidethe nebula
(temperature,electrondensity),we have adoptedheremeanval-
uesfor PNeaspublishedin theliterature[Osterbrock1989;Kwok
2000].Having renderedaview usingall elements'emissiondensity
maps,for eachpixel weconstructits spectrumaccordingto theele-
mentemissions'intensities,Tab.2,whichweconvertto RGBvalues
usingthe CIE 1931XYZ color matchingfunction valuesandthe
appropriatecolorspacetransformation[WyszeckiandStiles1982].

Planetarynebula imagesexhibit a wide dynamicrange.While the
centralstartypically representsthebrightestregion in any PN im-
age,theoutermostregionsof glowing gasfrequentlydrown in de-
tectornoise. To simultaneouslydisplaythebright regionsandthe
faintstructureof thegas,weemploy simplegammacorrectionto all
threecolor channels.More advancedtonemappingoperatorsmay
yield visuallyevenmoreattractiverenderingresults[Reinhardetal.
2002]. Fig.7 depictsour planetarynebulaeasseenunderdifferent
inclination angles,correspondingto viewpointslocatedthousands
of light yearsfrom Earth[Videos]. Noticetheconsiderablechange
in appearancewith orientationangle,but alsothediversityamong
differentplanetarynebulae.By studyingthevarietyin possiblePN
appearance,theCIVR resultsmayhelpastronomersidentify plan-
etarynebulaeseenat low inclinationanglesthathave sofar eluded
identi�cation.

6.2 Interp retation

An astrophysical interpretationof the reconstructedaxisymmetric
mapsmustbedonewith care.Especiallyournegligenceto absorp-
tion in andaroundthenebula canleadto systematicerrors.This is
obviousfor M1-92,Fig.6whosesouthernlobeappearsmuchdarker
thanthenorthernlobe,which is probablydueto anequatorialbelt
of absorbingdustaroundthecentralstar. It is neverthelessnotice-
ablethatemissiondensityvariesconsiderablywithin eachnebula,



indicatingthatthegasis distributedratherinhomogeneously. In ad-
dition,concentrationmaximaof differentchemicalelementsappear
to be locatedin differentregions. Finally, spatialdistribution dif-
ferssubstantiallybetweendifferentPNe.In He2-437,largeregions
of emptyspacearepresentwithin thenebula. M1-92, in contrast,
featurestwo gaslobeswith small,localizeddensityconcentrations
alongtheaxisof symmetry. Thedistribution in Mz-3 is evenmore
complex, with mostemissionbeingconcentratedalongthe shock
front.

7 Discussion

TheCIVR methodreconstructstheaxisymmetricstructureof PNe
such that the re-projectionis a very close match to the actual,
recordedimage. In the following, we validatethe credibility of
CIVR resultsanddiscusstheinherentlimitationsof ourreconstruc-
tion approach.

Sinceour reconstructionproblemis non-linear, a proof for general
convergenceto theglobalminimumof ourerrorfunctioncannotbe
given. To validatethereconstructionresultsderivedfor realnebu-
lae,wewouldhave to know theactual3D distribution. While there
exists a ratherinvolved, indirect observation techniqueknown as
echellogrametry[Sabbadin1984; Sabbadinet al. 2000] to recon-
struct3D gasvelocitiesin sphericalnebulae,no measured3D gas
distributiondatais availablefor bipolarplanetarynebulae.Instead,
we mustrely on syntheticimagesto testour approach.We make
useof Kwok's ellipsoidshellmodel[1996] to generatetestimages
for a numberof differentorientations.We thenlet our CIVR algo-
rithm recover theaxisymmetricdensitydistributionandorientation
anglesandcomparethereconstructedvalueswith theoriginal val-
uesderived from the ellipsoid shell model. For inclination angles
down to 40 degrees,the reconstructedmapvaluesarewithin the
error rangethat can be expectedfrom the optimizationroutine's
presetterminationerror threshold.The accuracy of the recovered
inclination anglevarieswith anglevalue, from about3� error for
90-degreeinclinationdown to lessthanhalf adegreeat45� inclina-
tion. While wecannottestall possiblecases,ourvalidationexperi-
mentsindicatethatCIVR reconstructionresultsdo, indeed,closely
resemblethetrue3D structureof planetarynebulae.

CIVR canbeappliednot only to bipolarPNebut alsoto spherical
nebulaeby exploiting their point symmetry. Only for irregularly
shapednebulae,e.g. if the out�owing gascollideswith interstel-
lar gasclouds,our reconstructionapproachis not applicable.Our
methodworksbestfor nebulaeseenat high inclinationangles,i.e.
for PNewhoseaxisof symmetryis orientedapproximatelyperpen-
dicularto ourviewing direction.Thiscanbeunderstoodby approx-
imatingthereconstructionasaninverselinearproblemandlooking
at theconditionnumberof theprojectionmatrix. With decreasing
inclinationangle,i.e. whenthePN'ssymmetryaxisapproachesthe
viewing direction,theconditionnumberincreasesandthe(unregu-
larized)reconstructionresultbecomesunstable.At 0� inclination,
thesymmetryaxispointsdirectlytowardstheobserver, andtheneb-
ula's axial symmetryis of no useto constrainthe reconstruction
problem: the linearsystemof equationsis under-determined.Our
validation experimentsindicatethat CIVR is capableof robustly
reconstructingPNedown to inclinationanglesof 40� .

8 Conclusions

We have presenteda constrainedinversevolumerendering(CIVR)
approachto recoverthethree-dimensionaldistributionof thephoto-

ionizedgasin bipolarplanetarynebulae(PNe)from opticalimages.
Thanksto their inherentaxial symmetry, we areableto useanax-
isymmetric model to describethe nebula's emissiondistribution
in space,therebyconstrainingthe reconstructionproblem. Being
purelyemissive,thePNmodelis volume-renderedef�ciently using
modernPCgraphicshardware. By comparingtherenderingresult
with theactualimage,anoptimizationalgorithmvarieslocalemis-
sion aswell asorientationanglesto matchthe renderedmodel to
therecordedimage.

From the reconstructedspatialemissiondistribution, the nebulae
canbe renderedfrom arbitraryperspective. Applicationsinclude
creatingrealisticvisualizationsof PNeas illustration materialfor
astronomycourses,scienceprograms,andplanetariumshows. Col-
laborationswith a numberof planetariumsareunderway. Further-
more,the recoveredaxisymmetricshapeis usefulfor studyingthe
spatialrelationshipsof elementabundances,aswell asto validate
andre�ne the interactingwinds theory. By comparingCIVR re-
constructionresultsto photo-ionizationand gas-dynamicsimula-
tions [Armsdorferet al. 2000], astrophysical modelsof planetary
nebulae can be validated. This way, a generalevolutionary se-
quenceamongobservedPNemight beestablishedthatcanexplain
thevariationin compositionandappearancebasedon only a hand-
ful of physicalpropertiesof thecentralstar.

Next, weintendto takeinto accountalsothedustcomponentduring
reconstruction.Extinction mapscanbe reconstructedfrom addi-
tional radio-continuumobservationswhicharenotaffectedby dust
absorption.By makingtheplausibleassumptionthat thedustdis-
tribution also exhibits axial symmetry, the spatialdistribution of
the ionizedgasandthe dustcanbe recoveredsimultaneously. As
a bene�cial sideeffect, the reconstructeddustdistribution will re-
solvethetwo-fold ambiguityin therecoveredinclinationangle.For
reconstruction,we have not madeuseof regularizationanddid not
enforcesmoothnessin ourreconstructeddensitymapswhichcanbe
easilyincorporatedinto our energy function. For noisy images,or
if the nebula is only approximatelyaxisymmetric,suchadditional
constraintswill stabilizereconstruction.Anotherintriguing exten-
sionyieldingvisuallyevenmoreattractiveresultsconsistsof recon-
structingthe3D structurein two steps;afterthegeneralaxisymmet-
ric structurehasbeenrecovered,theremainingdifferencesbetween
the renderedmodeland the imagemay be attributed to emission
densityvariationson the nebula's shockfront, i.e. wherethe ex-
pandinggascollideswith theinterstellarmedium.Thisassumption
is plausiblesincesmall-scaledensityvariationsaremostprobably
due to turbulencealong the fast stellar wind's shockfront. This
way, non-axisymmetricdetailspresentin PN imagesareincorpo-
ratedinto themodelandcanbereplicatedduringvisualization.
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Figure6: CIVR modelingresultsfor theplanetarynebulaeHe2-437(top) andM1-92 (bottom).Left to right: thecolor-compositedoriginal
image,thesameview renderedfrom thereconstructedmodel,andavisualizationof thenebula's iso-densitysurfaces.

Figure7: Unfamiliar views: He2-437,M1-92,andMz-3 (top to bottom)at inclinationangles85� , 35� , and10� (left to right).


