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Abstract

Cycles in graphs play an important role in many applications e.g., analysis of electrical
networks, analysis of chemical and biological pathways, péodic scheduling, and graph
drawing. From a mathematical point of view, cycles in graphshave a rich structure. Cycle
bases are a compact description of the set of all cycles of aawh. In this paper, we survey
the state of knowledge on cycle bases and also derive some neesults. We introduce
di erent kinds of cycle bases, characterize them in terms otheir cycle matrix, and prove
structural results and apriori length bounds. We provide pdynomial algorithms for the
minimum cycle basis problem for some of the classes and prov X -hardness for others.
We also discuss three applications and show that they requé di erent kinds of cycle
bases.
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Figure 1: The inclusion diagram of cycle bases and the comptéty status of their minimum
weight cycle basis problems.

1 Introduction

Cycles in graphs play an important role in many applications, e.g., analysis of electrical net-
works, analysis of chemical and biological pathways, peridic scheduling, and graph drawing.
From a mathematical point of view, cycles in graphs have a rib structure. Cycle bases are a
compact description of the set of all cycles of a graph and cye bases consisting of short cycles
or, in weighted graphs, of small weight cycles are interestig both mathematically and from
an application viewpoint. In the applications above, spar®e descriptions are to be preferred.

The study of cycle bases dates back to the early days of graptheory; MacLane (1937)
gave a characterization of planar graphs in terms of cycle bses. Within the last ten years,
many new results on cycle bases have been published, most ably a classi cation of di erent
kinds of cycle bases, structural results, apriori bounds orthe length and weight of minimum
cycle bases, polynomial time algorithms for constructing &act or approximate minimum cycle
bases of some kinds, and hardness results for other kinds ofimmum cycle bases.

In this paper, we survey these results and als provide some meones. Figure 1 shows
the landscape of cycle bases. We will review the di erent kinls of cycle bases in Sections 2
and 3: directed, undirected, integral, weakly fundamental totally unimodular, and strictly
fundamental bases, and 2-bases. In Section 3, we characteei the di erent kinds in terms
of properties of their cycle matrices. For example, undireted cycle bases are characterized
by the fact that the determinant of their cycle matrix is odd a nd integral cycle bases are
characterized by the fact that their determinant is 1. We will establish the inclusion map
and show that the di erent classes lead to di erent minimum cycle basis problems. We will
also establish many structural results.



Section 4 deals with apriori length and weight bounds on minmum cycle bases. We
will prove results of the following kind: every graph of n nodes andm edges has a weakly
fundamental cycle basis of lengthO(m logm=Ilog(m=n)). We will also show that there are
graphs for which every basis has length (m log m=log(m=n)).

In Section 5, we will give polynomial time algorithms for constructing minimum weight
directed, undirected and planar cycle bases. We will also dicuss approximation algorithms.

Section 6 treats hardness results; in particular AP X -hardness of the minimum cycle basis
problem for weakly fundamental and strictly fundamental bases. Figure 1 summarizes the
complexity results. For two classes the complexity is open:

Open Problem 1. Resolve the complexity status of computing minimum weighntegral and
minimum weight totally unimodular bases.

Finally, Section 7 discusses three applications of cycle ls&s; we will see that they require
di erent kinds of cycle bases. The analysis of electrical gcuits does not require any partic-
ular kind of cycle basis, whereas periodic scheduling reqgrés integral cycle bases, and graph
drawing needs strictly fundamental bases.

The paper mostly surveys known results, but it also containsseveral new ones. In partic-
ular, we give additional structural and characterization results, we obtain tight length bounds
for weakly fundamental cycle bases for the full spectrum of tgaph densities, we give a sim-
pli ed algorithmic treatment of directed cycle bases, and we present the rst algorithms for
minimum cycle bases in the presence of negative edges. In &asection, we also state open
problems.

This survey is targeted at mathematicians and computer sciatists. We give complete
proofs for most results to make the survey self-contained. W& wrote the survey because this
area has developed quickly in the past decade and is still ach source of open problems.



2 De nitions

An (undirected) graph is a pair G = (V;E), where V is a nite set, and E is a family of
unordered pairs of elements ofV. The elements ofV are called vertices or nodes and the
elements ofE are callededges An edgee = fv;wg is incident to the verticesv and w; v and
w are the endpoints ofe. The same pairfv;wg may occur several times inE; we refer to a
pair occurring more than once as amultiple edge Graphs without multiple edges are called
simple. An edge of the formfv;vg is called aloop. The degree de@v) of a vertex v is the
number of times v occurs as an endpoint of an edge. Observe that a loopv; vg contributes
two to the degree ofv. We use (v) to denote the set of edges incident tov; a loop fv;vg
appears twice in (v).

A (directed) graph is a pair D = G = (V;A), whereV is a nite set, and A is a family of
ordered pairs of elements oV. The elements ofV are called the vertices or nodes o6, and
the elements ofA are called the (directed) edgesor arcs of G. We useG = (V;E) to denote
directed and undirected graphs andD = (V;A) to denote directed graphs. The verticesv
and w are called thetail and head of the arc e = (v;w), respectively; e is said to leavev and
to enter w; it is incident to v and w. The notions multiple edge simple graph and loop are
de ned analogously as for undirected graphs. Theoutdegree outdeg@v) and indegree indedv)
of a vertex v are the number of timesv occurs as the tail and head, respectively, of an edge.
Observe that a loop (v; v) contributes one to both the indegree and the outdegree ofr. We
use *(v)and (v) for the edges leaving and enteringv, respectively.

We use n and m to denote the number of nodes and edges or arcs, respectivelye.,
n = jVjand m = jEj or m = jAj. We use the notation e = vw to denote both directed and
undirected edges, i.e., the notation stands for the directd edge {; w) and the undirected edge
fv;wg. Every directed graph D can be turned into an undirected graphG(D) by ignoring the
orientation of the edges and every undirected graphG can be turned into a directed graph
by orienting the edges arbitrarily; we call D an orientation of G. In this way, we can view
every graph as directed.

A subgraphG®= (V% E9 of G is a graph with V® V and E® E. If VOis a subset of
V, G VOdenotes the graph obtained by removing all vertices inv° and their incident edges
from G. A path P from v to w in G is a subgraph ofG with VO= fvg = v;vi; ;v = wg

that P is a path from v to w. The length of a pathis the number of its edges. An undirected
graph is connectedif there exists a path from any vertex to every other vertex. A vertex v in
a connected graphG is called anarticulation point, or cut vertex, if G v is disconnected. An
undirected graph is biconnectedif it has no articulation point. A directed graph is connected
if the underlying undirected graph is connected. Any maximd connected subgraph ofG is
called a connected component A graph T is atree if it is connected and hasn 1 edges.
A subgraph G° of a connected graphG is called aspanning tree if it constitutes a tree on
all vertices in G. If G is not connected, any union of spanning trees for each connteal
component is called aspanning forest

A cycle in an undirected graphis a subgraph in which every vertex has even degree. A
cycle is acircuit if it is connected and every one of its vertices has degree twdf Cq, ..., Ck
are cycles,Cy1 + ::: + Cy consists of all edges that are contained in an odd number of;'s;
the sum is again a cycle. Anundirected cycle basisis a minimal set of circuits such that any
cycle can be written as a sum of the circuits in the basis.

We next generalize the notion of an undirected cycle basis. ¢ bea eld. A -cycle C



Figure 2: An orientation D of the undirected wheel graphWs, and four circuits C; to C4in D.
The edges ofD are numbered frome; to eg. The circuit C; uses the edge®, e, €3, and es
in forward direction and the edge eg in backward direction. Thus C; = (1;1;1;0;1;0;0; 1).
The cyclesC; to C4 form a directed cycle basis ofD. The cycle C consisting of edges 1 to 4
is represented as:C =(1;1;1;1;0;0;0;0) = (Cy + Co+ C3+ Cy)=3.

Let G be the underlying undirected graph, let (C;) be the undirected cycle corresponding to
Ci,andlet (C) be the undirected cycle correspondingtaC. Then (Cy1)=(1;1;1;0;1;0;0;1)
and (C)= (Cy) (Cy) (C3) (C4). The circuits (Cy) to (C4) form an undirected
cycle basis ofG.

The setfCq; Cy; C3; 2C4g is also a directed cycle basis ob. However, (2C4) = 0 and hence
f (Cq1); (C2); (C3); (2C4)g is not an undirected cycle basis ofG. There are less trivial
reasons for a directed cycle basis not projecting into an unidected cycle basis.

in a directed graph D is a vector in # such that for any vertex v we have
X X
Ce= Ce;
e2 *(v) e2 (v)

here C. denotes the component ofC indexed by e. Instead of Ce, we will also sometimes

write C(e). We prefer the latter notation when C = C; belongs to an indexed family of

Bycles. In othelg contexts, cycles are sometimes referred tas circulations and the constraint
e2 +(vyCe= e (v Celis called ow conservation. The set

C(D)=fCjCisa -cycle ofGg

forms a vector space over , the -cycle spaceof G; if C; and C, are cyclesand 2 isa
constant, we have

(Cit Co)(e) = Cy(e)+ Co(e) and (C)(e)= C (¢

for all edgese. The support of a cycle is the set of edges with C¢ 6 0. A cycle is simple if

Ce2f 1;0;+1g for all e, and a simple cycle is acircuit if its support is connected and for
any v there are at most two edges in the support incident tov. A -cycle basisis a set of
circuits forming a basis of the cycle space. Any cycle basisoosists of :=m n+1 circuits

(see Theorem 2.3). IfD and D are orientations of the same undirected graphG, their cycle

spacesC (D) and C (D9 are isomorphic. Indeed, ifC 2 A is a cycle inD, the corresponding
cycle in DY is obtained by reversing the sign of those component€e, where e is oriented
dierently in D and D® We conclude that the vector spaceC (D) does not depend on the
orientation D; it is uniquely de ned by the underlying undirected graph G. Hence, we may
also write C (G).



Particularly interesting are the cases = Z, = GF(2), the eld of two elements, and
= Q, the eld of rationals. In these cases, the cycle space and cje basis are referred to as
undirected or directed cycle spaceand basis respectively.

In Z,, 1 =+1 and +1 is the only non-zgro element in the eld. Thus a Z»-cycle or
simply, a cycle, is a vectorC 2 Z§ such that e2 (vyCe=0 for any vertex v. A cycle may
alternatively be viewed as a set of edgese belongs toC i C.=1. We use C to denote the
vector in Z5, the corresponding subset o, and also the subgraph ¥ % C), where Vis the
set of vertices having at least one edge irfE incident to it. A cycle is an even or Eulerian
subgraph, i.e., every vertex has even degree i6. Conversely, any even subgraph is a cycle.

A Q-cycle C has components inQ; we call it a directed cycleif all components of C are
integral. Directed cycles may use arcs iforward (Ce > 0) or backward (Ce < 0) direction.
If any arc is replaced by Ce copies of itself and, in addition, the direction of all arcse with
Ce < 0 is reversed, then we end up with a digraph in which the indegee of every vertex is
equal to its outdegree.

Let D be a directed graph and letG = G(D) be the underlying undirected graph. For
any directed cycleC of D, let (C):=(Ce mod 2)e2e. Then (C) is an undirected cycle in
G. We call (C) the projection of C.

Figure 2 illustrates these de nitions. In addition, it prov ides a rst example showing that
directed cycle bases do not necessarily project into undited cycle bases. However, a set of
dependent cycles projects into a s¢J of dependent cycles. dieed, letC;, i 2 |, be a family
of dependent directed cycles. Then ;,, iCi = 0, with ; 2 Q notall zero. Here 0 denotes
the zero-vector in QF. We may assume ; 2 Z not all even. Then ,,,( i mod 2) (Cj) =
0 mod 2 and at least one coe cient ; mod 2 is nonzero. Thusthe (C;i), i 2 |, are dependent.

We use + and to denote addition in Q and in GF (2) (and also in GF (p) for prime p).
The distinction will usually be clear from the context. If both elds occur in the same
argument, as in the paragraph above, we will emphasize the dirence by the additional
operator \mod 2".

We may also lift undirected cycles from an undirected graphG to an orientation D of G.
Let C%be any undirected cycle inG. We call C 2f 1;0;+1g¢” a lifting of CCif C projects to
CC For a circuit COthe lifting is unique up to sign. Clearly, if CPlifts to C then C projects to
CC Algorithmically, we may lift as follows: Assume C°to be connected (components are lifted
independently) and consisting ofk edges. Since an undirected cycle is a Eulerian subgraph of
G, there is a closed traversal €y;:::; e 1) of the edges ofc® ie., e = fvi;Vix1 gforO i<k
and vg = vi. This traversal de nes a simple cycleC in D; we haveCe = 0 if C%does not
contain eand Co =+1 (1) if the traversal usese in forward (backward) direction.

A weighted graphis a graph together with a weight function w: E ! R. If the graph is
unweighted, we setw : E ! 1 and call w the uniform weight function. The weight of a set
of edges is the sum of the weights of its members. Theeight and length of a simple cycl€
are X X
w(C) = jCejw(e) and jCj:= jCej; respectively.

e e
In an unweighted graph, weight and length are identical. Theweight of a cycle basiB is the
sum of the weights of its cycles, i.e.,

X
w(B) = w(C) :
c2B
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Figure 3: An orientation D of the undirected wheel graphWs and four circuits C; to C4in D.
The edges are numbered frong; to eg. The edgesf es; e5; €7; egg form a spanning treeT of D.
Circuit Cq is induced by non-tree edges, and uses edges, and &g in forward direction and
edgeey in backward direction. Thus C; = (0;1;0;0;0;1; 1;0). CyclesC,, C3, and C4 are
obtained in an analogous way. The sef Cy; Cy; C3; C4q is a strictly fundamental cycle basis
of D.

A minimal -cycle basisor MCB, of Gisa -cycle basis with minimal weight. We assume that
there are no simple cycles of negative weight; such weight fictions are calledconservative For
most of our algorithms, we need to assume that weights are nenegative, i.e.,w:E ! R".

We close this section with a rst theorem. Every graph has a -cycle basis and the
dimension of the -cycle space is given by the graph'syclomatic number =m n+ CC,
where CC denotes the number of connected components @. On the way, we get to know a
particularly simple set of cycles, the fundamental cycles \vith respect to a spanning forest. Let
G be an (undirected or directed) graph and letT be a spanning forest ofG. For any non-tree
edgee, let C3 be the circuit consisting of e and the tree path connecting the endpoints ofe.
In the case of a directed graph, we use in forward direction and traverse the tree path from
the head ofe to the tail of e; Figure 3. We call C§ the fundamental circuit de ned by T and
e

Lemma 2.1. Let G be a graph and letT be any spanning forest ofG. Let C be a cycle that
uses only edges iIT, i.e., Ce =0 for e62T. Then C = 0.
If C and C%are cycles withCe = C{ for all € 62T, then C = C°

Proof. The support of C is contained in T. If the support were non-empty, there would have
to be a vertex v having exactly one incident edge withC. 6 0. This is cleary impossible and
hence the support must be empty.

Assume next that C and C%are cycles withCe = Cfor all e62T. Then C CPis a cycle
with (C C%¢=0forall e62T. ThusC C°= 0. O

Lemma 2.2. Let B be a set of cycles inG and let T be any spanning forest ofG. For any
cycle C 2 B, let CObe its restriction to N := E nT. The cycles are linearly independent if
and only if their restrictions to N are linearly independent.

Proof. Clearly, linear dependence of the cycles implies linear degndence of their restrictions.
Conversely, assume glat there is a non-trivial linear combmation of the restrictions that yields
the zggo vector, i.e., ¢, cCO%= Oyn. Here Oy denotes the zero vector over index seN .
Then ,g cC is acycle that uses only tree edges and hence is equal @ O

Thus, we may restrict attention to the restricted incidence vectors when discussing ques-
tions of linear independence.



Theorem 2.3 (Dimension of the Cycle Space of a Graph) The dimension of the -cycle
space of a graphG is given by its cyclomatic number

=m n+ CC;

where CC denotes the number of connected components &f. Moreover, if T is any spanning
forest of G, the set of fundamental circuits with respect toT forms a basis.

Proof. The number of fundamental circuits is equal to , because a connected component
with m° edges andn® vertices contributes m® (n® 1) fundamental cycles. LetN be the
set of non-tree edges. The fundamental cycles are clearly dependent since any edge 2 N

is contained in C§ and in no other circuit. It remains to prove that the set of fun damental
circuits spans all cycles. LetC be an arbitrary cycle. Consider the cycle

X
C:=  CeC¢:
e2N

We claim that C = C. Indeed, for anye 2 N, we haveCg = C. and henceC C is a cycle
using only edges off. ThusC C= 0. O

The following lemma is a rst step towards clarifying the relation between directed and
undirected cycle bases.

undirected cycle basis ofG then B is a directed cycle basis oD.

Proof. We have already shown that a set of dependent cycles projectsito a set of depen-
dent cycles. Hence (B), being an undirected cycle basis, implies that the cyclesn B are
independent. Also, must be equal to the cyclomatic number ofD since (B) is a basis. [



3 Classi cation of Cycle Bases

We present seven classes of cycle bases and provide charaiztions for them. We will show
that each class gives rise to its own minimum cycle basis prdem. The complexity of the
minimum cycle basis problem di ers widely. For three classs the problem is polynomial time,
for two classes the problem is NP-complete, and for two clags the status is unknown. This
section is mainly based on Liebchen and Rizzi (2007); the m#sng proofs can be found there.

De nition 3.1  (Classes of Cycle Bases)A directed cycle basis(D-basis) B = fCy;:::;C ¢
of a graph D is called a(n):

1. undirected or U-basis if the projections (C;) of the basic circuits C; onto the under-
lying undirected graph G(D) constitute a cycle basis ofG(D);

2. integral or I-basis, if each cycle C of D can be written as aninteger linear combination
of circuits in B, i.e.
9,2Z:C= 1C1+ + C;

3. zero-oneor! TUM-basis, if each cycle C° of G(D) has an orientation C that can be
written as a linear combination with coe cients in f 1;0;+1g of circuits in B, i.e.

9 ;2f 1,0,+1g: ¢c= 1Ci+ + C;

4. weakly fundamental or W-basis, if there exists some permutation such that
CoHnC oyl [ Cy )68 =200

5. strictly fundamental or F-basis if there exists some spanning foresfT E such that
B =1Ct(e)je2 E nTg, where Cy(e) denotes the unique circuit inT [f eg; and

6. planar, or 2-basis if each arc is contained in at most two basic circuits and thebasis is
undirected.

Figure 4 depicts the relationship between these classes: Ehinclusions are established in
Theorem 3.4, and examples for the non-emptiness of the regis will be provided in Section 3.4.

3.1 Existence

Except for 2-bases, every graph has a basis of each type. Thisllows from the fact that every
graph has a strictly fundamental cycle basis and that all other classes generalize fundamental
cycle bases. In contrast, MacLane (1937) established that graph has a 2-basis if and only if
it is planar.

11t will become clear in Theorem 3.4 why zero-one bases are cdkd totally unimodular (TUM).

10
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Figure 4: The Venn diagram of directed cycle bases: Ex. 3.X ffiers to examples that are
discussed in detail later in this section, K 3.3 refers to a weighted version of the complete
bipartite graph on 3 3 vertices, P7.» is a weighted version of a generalized Petersen graph,
Vg is Wagner's graph (see Section 6)Fs.» is a fan graph on ve vertices, and G; is a simple
graph on eight vertices; see Liebchen and Rizzi (2007).

3.2 Characterizations

We de ne the cycle matrix corresponding to a basis and show that the di erent classes of
cycle bases can be characterized in terms of simple propees of this matrix. An important
property is the determinant of the cycle basis. Thecycle matrix corresponding to a D-basis
B of Disanm matrix whose columns are the incidence vectors of the basidrcuits. The
cycle matrix is determined up to a permutation of the rows and columns.

The cycle matrix of a fundamental basis has a particularly simple form. Let T be a
spanning forest and letN be the set of non-tree arcs. Then, for a suitable permutatiorof the
columns, the submatrix 9 selected by the rows corresponding to non-tree arcs is the
identity matrix.

Lemma 3.1 (Liebchen, 2003) Let B be a directed cycle basis of a directed grap& and let
be the corresponding cycle matrix. A submatrix °of is nonsingular if and only if
the rows of ©correspond to the non-tree arcs of some spanning forest a.

Proof. To prove su ciency, consider a spanning forestT of D, and let be the cycle matrix of
the fundamental basis with respect toT. Becaus® is a directed cycle basis, any fundamental
cycle is a linear combination of cycles inB. Thus there is a matrix R 2 Q with = R.
The restriction of to the non-tree arcs of T is the identity matrix. Hence, R is the inverse
of ©

11



Conversely, assume that the rows which areot in  °do not form a spanning forest. Then

there is a circuit C consisting only of such arcs. AsB is a D-basis, we haveC = x¢ for
somexc and clearly xc 6 0. Restriction to the rows indexing Cyields 0= %, and hence
Ojs singular. O

Lemma 3.2 (Liebchen, 2003) Let B be aD-basis, let be its cycle matrix, and letA; and
A be two nonsingular submatrices of . Then detA; = detA,.

Proof. By Lemma 3.1, the rows of A; correspond to the non-tree arcs of some spanning
forest T. It su ces to prove the claim for the case where T, = T1 + e f, for some edges
andf. Let be the cycle matrix of the fundamental basis with respectto T;. Then = N
for some matrix N. Let ; be the submatrix of selected by the non-tree arcs of Ti. Then
detA; =det ; detN and therefore it suces to prove det ,= det ;. We have 1= 1
and hence det ; = 1. Also, since e must lie on the path in T, connecting the endpoints of
f (otherwise, T, would not be a spanning tree), the entry of in row e and column C; is
either +1 or 1. Developing det , according to columnC; shows det , = 1. O

The above lemma allows us to de ne the determinant of a direced cycle basis.

De nition 3.2  (Determinant of a Set of Oriented Circuits). Let B denote a set of circuits
in a directed graph D. Consider the matrix  with the incidence vectors ofB as columns.
Let Obe the submatrix of that arises when deleting the arcs of some spanning forest
of D. We de ne

detB := jdet §:

The determinants of directed cycle bases are positive integys. The value of the determi-
nant is invariant under reorienting arcs of D or reorienting circuits of B, because this simply
translates to multiplying a row or column by minus one. Thus, starting with a cycle basis
of an undirected graph G, orienting the edges ofG arbitrarily, and choosing one of the two
orientations for each circuit, always results in the same d&rminant.

How I%rge can the determinant of a cycle basis be? Hadamard'bound gives an upper
bound of " n , since we are dealing with the determinant of a matrix with entries in
f 1;0;+19g in which every column has at mostn non-zero entries.

Lemma 3.3 (Ueckerdt, 2008). Consider the generalized Petersen graphP,.» with n 5 and
n odd. Let C denote the set of circuits, each of which contains exactly @ninner edge,n 2
outer edges and two spokesC, together with the inner circuit C,, forms a cycle basis ofPy.2
and its determinant equalsn 2.

Proof. Pp.2 consists of 21 vertices and 3 edges. Therefore every cycle basis has to consist
of n + 1 cycles, which is indeed the number of considered circuits Additionally, it should be
mentioned that the inner circuit C, is indeed a simple cycle sincea is odd.

Now let T be a spanning tree ofP,., made up of all but one inner edge and all spokes.
Consider the square submatrix °©of the cycle matrix obtained by deleting the rows corre-
sponding to T. The non-tree edges and the circuits inC [f C, g can be oriented and permuted

2The generalized Petersen graph Py consists of X vertices fl;;0; j 0 i k 1g and edges
fOiOi+1;0ili;lili+~jO i k 1g. All indices are modulo k. The edgesO; O;+1 are called outer edges the
edgeslili. - are called inner edges and the edgesO;l; are called spokes
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such that 0 1

1 1 0 0|0
0 1 1 0
0 1
0:
1 0 1
1 1 0 0 10
1

where the last column and the last row correspond to the innercircuit and the inner edge,
respectively. The determinant of ©equals the determinant of itsn  n submatrix obtained
by deleting the last row and column. The resulting matrix is a circulant matrix whose rst
row hasn 2 consecutive ones followed by two zeros. The entries of eyepther row result
from the row above by a circular shift to the right. We have

det °=n 2
see Ueckerdt (2008) for the calculation of the determinant. O

Open Problem 2. Provide better upper and/or lower bounds on the maximal deteninant
of cycle bases.

Theorem 3.4 (Liebchen and Rizzi, 2007) Let B be a directed cycle basis with cycle matrix .
Then:

1. B is undirected, if and only if detB is odd.

2. B is integral, if and only if detB is one.

3. B is zero-one if and only if is totally unimodular.3
4

. B is weakly fundamental, if and only if can be permuted so as to have a regular upper
triangular matrix in its last  rows.

5. B is strictly fundamental, if and only if  can be permuted so as to have the unit
matrix in its last  rows.

6. B is a 2-basis, if and only if B is an undirected cycle basis and has at most two
non-zero entries per row.

Proof. Case 1. The projections (C;) of the basic circuits are linearly independent if ()
has full rank, i.e., if there is a square submatrix ( 9 with non-zero determinant over GF(2).
The value of the determinant is (det 9 mod 2. We conclude thatB is undirected if and only
if det B is odd.

Case 2. LetT be some spanning forest, and let °be the square submatrix of indexed
by the non-tree arcs ofT.

Let be the cycle matrix of the fundamental basis with respect to T. SinceB is integral,
there is an integral matrix R such that = R. Restriction to the non-tree arcs of T

3This item is a new result.
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yields| = R. We have det °2 Z and detR 2 Z, because both matrices are integral. Thus
(det 9 (detR)=1 implies det °= 1.

Let C be an arbitrary circuit. The representation xc of C interms of B satises C = Xc¢.
Restriction to the non-tree arcs of T yields C°= % or xc =( 9 IC. The inverse of %is
integral, by Cramer's rule, and since det 0= detB= 1. Thusxc?2Z.

Case 3. A matrix is totally unimodularly and only if for any su bset| of its columns there
are coecients 2 f 1;+1g such that ;,, Cjis a vector with entries in f 1;0,+1g,
see Schrijver (1986, Theorem 19.3).

Assume rst that B is a zero-one basis. Since zero-one bases are integiljs an integral
cycle basis and hence (B) = f (C;) j Ci 2 Bg is an undirected basis ofG(D). Let | be an
arbitrary subset of the columns of and consider the Z,-sum of the projections of the circuits
in I, and call the resulting cycle C°,

(C)=ct
i21
SinceB is a zero-one basisChas an orientation C that can be written as a linear combination
with coecients ; 2f 1;0;+1g of the circuits in B, i.e.,

X
iCi = C:
i=1

Projecting this equation into Z,, we obtain

X
jij (Ci)=ct
i=1
Since the representation ofC° with respect to (B) is unique, ; is non-zero if and only if
i 2 1. Thus, in the TUM characterization, C is the desired linear combination of the columns
selected byl .

Assume conversely that is totally unimodular. Then det B :Pl and hencef (C;j)jC; 2
Bgis a basis ofG(D). Let C°be any cycle inG(D). Then C°= i>; (Ci) mod 2 for some
index set IP f 1;:::; g. Since is totally unimodular, there are coecients 2f 1;+1g
such that ;,, iCj is a vector C with components inf 1;0;+1g. Clearly, (C) = Cc%and
henceC is the desired orientation of C°

Case 4. Order the columns of such that C ( is in the i-th column for 1 i
Order the rows of such that an arc awith a2 C ;)n(C ) [ [ C ( 1)) corresponds to
row 1+,

Case 5. This is nothing but a reformulation of Syslo's charaterization (Syslo, 1979) of
a strictly fundamental cycle basis B, namely that every circuit in the basis contains an arc
that is contained in no other circuit of the basis.

Case 6. This is nothing but a reformulation of the de nition of 2-bases. O

The determinant of a set of circuits can be computed over any eld . For directed
bases the determinant is non-zero inQ, for undirected bases the determinant is hon-zero in
GF (2). We therefore also call directed base®-bases and undirected base&F (2)-bases. We
call a directed basis aGF (p)-basis, wherep is a prime, if its determinant is non-zero modulo

P.
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Figure 5. A graph and a directed cycle basis. For each of the fo circuits, the arcs belonging
to the circuit are shown in bold. Arcs used in reversed diredbon are shown dotted. Every
arc is used in exactly two circuits. The determinant of this basis is two. Thus the basis is
not totally unimodular. Also, since each arc is used in exady two circuits, the basis is not
weakly fundamental.

Theorem 3.4 establishes most of the inclusions shown in Figa 4: Every fundamental
basis is both weakly fundamental and totally unimodular, every weakly fundamental or totally
unimodular basis is integral, every integral basis is undiected, and every undirected basis is
directed. We shall next relate 2-bases to the other classes.

Lemma 3.5. Every 2-basis is totally unimodular and weakly fundamental.

a 2-basis is planar and that, moreover, the basic circuits coespond to the bounded face
cycles of some planar embedding os. Orient the edges of G arbitrarily and let the Ci's
correspond to counterclockwise traversals of the face cye$. Then every row of has at most
two non-zero entries; if there are two non-zero entries, onés +1 and one is 1. Thus is
totally unimodular (Schrijver, 1986, page 274).

We next show that B is weakly fundamental. Let C = fey;:::;eg be the boundary
of the in nite face of G. For i = 1;2;:::;K, denote by Cg the unique circuit in B that
contains g 2 C. In the rst iteration, we de ne

Cw=Cea; Cw1=Ce 7 C v k) = Ce:

Then, we remove the edges o€ from G and proceed in the same way for the 2-connected
components of the remaining graph. O

We required a 2-basis to use every arc at most twice and to be uhrected. Figure 5
shows a graph and a directed basis that uses every arc exactlyice and is neither totally
unimodular nor weakly fundamental (Tomasz Jurkiewicz, peisonal communication).

Open Problem 3. The de nition of zero-one bases may seem strange. It would bequally
natural to require that every circuit (every simple cycle) is a linear combination of the basic
circuits with coe cients in f 1;0;+19g. How do these de nitions relate?

3.3 Simple Examples

Figure 6 presents three cycle bases for the wheel grapWs: the strictly fundamental cy-
cle basisB; = fCi1;Ci2;C13; C149, Which is also a 2-basis, the weakly fundamental cycle
basisB, = fCy1; Caz; Cos; Co40, and the undirected basisB3z = fCaq; Csp; Ca3; C340; the lat-
termost is not integral. The strictly fundamental cycle basis B; corresponds to the spanning
tree T = feq; e;e3;640. The corresponding cycle matrices are as follows:
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Figure 6: Examples of a strictly fundamental cycle basis tha is also a 2-basis, a weakly
fundamental cycle basis, and a non-integral cycle basis inhie wheel graphWs. The last of

these originates from Hartvigsen and Zemel (1989).
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The rst four rows correspond to the arcs of T and the last four rows correspond to the non-
tree arcs. In 1, every row has at most two non-zero entries and the last four ows constitute
a4 4 unit matrix. Thus B is a 2-basis and is strictly fundamental. In ,, the last four rows
constitute a regular upper triangular matrix and so B, is weakly fundamental. Finally, in 3
the determinant of the submatrix formed by the last four rows has determinant three. Hence,
B3 is undirected but not integral. As a consequence, it can neither be weakly fundanmsal,
and thus its rows and columns cannot be permuted so as to prode a triangular matrix. A
direct demonstration that B3 is not integral is provided by the representation of the cirauit

Co4 as a linear combination of the basisB3, namely

1 1 1 1
= ZCaj+ =Car+ —Caz+ =Cas’
Cos 3C:«u 3C32 3C33 3(334
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3.4 Variants of the MCB Problem

Each of our classes of cycle bases induces its own variant di¢ MCB problem. Let D be a
directed graph and let B be a class of cycle bases @. A minimum (weight) cycle basis of
classB is a basisB®2 B such that

w(BY = min fw(B)jB 2 Bg:

For instance, in the minimum strictly fundamental cycle basis (MFCB) problem we aim at
nding a spanning forest in D such that the sum of the weights of its induced fundamental
circuits is as small as possible.

Our seven classes de ne seven di erent minimum cycle basisrpblems, i.e., for any two
distinct classesB; and B, there is a directed graphD and a weight function w such that

minfw(B)jB 2B1g8minfw(B)jB 2 B»g:

In the sequel, we show some of these di erences; for the othgrwe refer our readers to Liebchen
and Rizzi (2007) and to Fig. 4. In each case, we will exhibit a gaph, a weight function, and a
basisB, argue that the basis belongs to clas8:, and nally show that every basis of classB;
must have larger weight. The graphs that we present next di erentiate between the following
pairs of the MCB problem:

1. strictly fundamental cycle bases vs. 2-bases and weaklyfidamental cycle bases;
2. weakly fundamental cycle bases vs. integral cycle bases;

3. integral cycle bases vs. undirected cycle bases; and

4. undirected vs. directed cycle bases.

A graph that distinguishes between the MCB problems for weaky fundamental and totally
unimodular cycle bases is given in Figure 33 of Section 6. Fgslanar graphs, most variants of
the minimum cycle basis problem are the same. We will see in Téorem 5.34 that every planar
graph has a minimum directed cycle basis that is weakly fundenental, totally unimodular,
and integral.

Example 3.1 (F-bases vs. 2-bases and W-bases)
The sun ower graph SF(3) in Fig. 7 contains precisely
four circuits with three edges. These are independent
and hence constitute its uniqgue minimum cycle ba-
sisB. Obviously, B is a 2-basis. And, by Lemma 3.5,
B is also weakly fundamental.
However, B is not strictly fundamental, since every
edge of the center triangle is contained in two circuits Figure 7:  The sun ower graph SF(3) has
of the basis; cf. case 5 of Theorem 3.4. This exampl%azg?ue minimum cycle basis that is a 2-
was inspired by Hubicka and Syslo (1975).

Example 3.2 (W-bases vs. I-bases)

Champetier (1987) introduced the graph shown in Fig. 8. The gaph is speci ed as a node-
labelled planar graph. The nodes sharing a label are to be ia#i ed. The resulting simple
Gch has 17 vertices and 52 edges. There are precisely 36 trianglie G¢p and they correspond
to the nite faces of the underlying planar graph.
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Figure 8: The minimum integral cycle basis of Champetier's gaph (Champetier, 1987) is
unique and not weakly fundamental. Nodes with the same labebre to be identi ed.

Claim 3.1 (Gleiss, 2001b) The 36 triangles in G¢p, constitute the unique minimum cycle
basisB of G¢h. B is integral but not weakly fundamental.

Proof. Consider some orientationD of G¢p, and orient the circuits '51 B clockwise, with respect
to Fig. 8. Consider the sumCPover Q of all the triangles, C°= = ,5 C. In Gcp, all edges
except for the ones shown bold in Fig. 8, are part of two triandes. The bold edges belong
to three triangles. Thus, CYis the 4-circuit that links the labeled vertices. In Fig. 8, this
corresponds to following the outer bold circuit clockwise,or following its representation as a
path from left to right.

We now construct a new basisB ° by replacing an arbitrarily chosen circuit of B by C°
Let and ©be the corresponding cycle matrices. Consider the transfonation matrix R
suchthat °= R. With R=[rq;:::;r ], we haver; = 1 forsomei 2f1;:::; g, andrj = g
for all j 6 i. Hence,R constitutes a unimodular transformation and thus B and B9 have the
same determinant.

The cycle basisB %is weakly fundamental; as in the proof of Lemma 3.5, one can estruct
a suitable ordering of its circuits. Thus detB®= 1 and hence also deB = 1. We conclude
that B is an integral basis. HoweverB is not weakly fundamental because every arc is part
of two or three triangles. O

We mention that the minimum cycle basis B of Champetier's graph is not totally uni-
modular; cf. Liebchen and Rizzi (2007).

Example 3.3 (U-bases vs I-bases)
Consider the generalized Petersen grapP11.4 (Fig. 9) with the following weight function

8
< 4; ifiandj are outer vertices,

wj = 5 ifiandj are inner vertices, and
12; otherwise.
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Figure 9: A weighted version of the generalized Petersen gph P11.4 has a unique minimum
cycle basis that is not integral.

Claim 3.2. (P11.4;w) has precisely12 circuits of weight 44 or less. These constitute the
unique minimum cycle basis.

Proof. Any cycle basis consists of =33 22+ 1 = 12 circuits. We call the edgese with
We = 12 spokesand observe that every circuit contains an even number of spkes. There are
only two circuits with no spokes; the outer circuit has weigh 44 whereas the inner circuit has
weight 55. Any circuit with at least four spokes has a weight ¢ at least 48.

We classify the circuits that contain two spokes according b the number of their outer
edges. Since there are always two possible choices for thetpahrough the inner edges, we
only consider the shorter one in Table 1. Similarly, we may retrict attention to circuits that
use at most 5 = % outer edges.

Number of outer edges 1 2 3 4 5
Number of inner edges 3 5 2 1 4
Weight of the shorter circuit | 43 57 46 45 64

Table 1: Weights of the circuits in (P11.4; W) that use two spokes.

Let B consist of the outer circuit plus the 11 circuits that use precisely one outer edge. We
claim that B is an undirected cycle basis. Assume otherwise. Then, therexists a non-trivial
linear combination yielding the zero vector over GF(2). If such a combination made use of
any of the 11 circuits that use precisely one outer edge, theit would have to use each of
these circuits in order to cancel out the spokes. The sum of tbse 11 circuits is the outer
circuit plus the inner circuit. Thus there is no non-trivial linear combination yielding the zero
vector. O

It remains to show that B is not an integral cycle basis. Indeed, its determinant is three,
as a simple calculation shows. Alternatively, we observe tht the sum of all circuits in B is
three times the inner circuit.

The basisB has cost 11 43 + 44 = 517. The minimum integral cycle basis has cost
518. It consists of the 11 circuits that use exactly one outeredge plus one circuit that uses
four consecutive outer edges, two spokes and one inner edgéve leave it to the reader to
verify that this basis is integral. It is easy to see that the inner and outer circuits can be
obtained as integer linear combinations. For example, subracting from the circuit that uses
four consecutive outer edges the four circuits that use onefdhese edges each yields a circuit
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with no outer edge, no spoke, 12 clockwise uses of inner edgasd one anti-clockwise use of
an inner edge, i.e., the inner circuit results. Adding the 11circuits using one outer edge each
yields the outer circuit plus three copies of the inner circtit.

Example 3.4 (D-bases vs U-bases)

Consider the generalized Petersen graplPz.2. A circuit C-x using ~ consecutive outer edges
usesk inner edges where 2k = 0 mod 7. Summing over all circuits Cj.x yields * copies of
the outer circuit and k copies of the inner circuit. Thus, over GF (2), the inner circuit C; is
a linear combination of the circuits C.1, however, overQ it is not. In other words, over Q,
the circuits Cz.1 plus C; form a basis, and overGF (2) they do not. The weight function

8
< 3; if i and| are outer vertices,

wj = 2, ifiandj are inner vertices, and
©3; otherwise

ensures that the circuits Cy.1 are cheaper than all circuits C-x with (2;1) 6 ( '; k), than all
circuits with at least four spokes, and than the outer circut Co. Also, C, is cheaper than
Co. We conclude that the circuits C,.1 plus C; form a Q-basis of weight 8 14 = 112 and
that any GF (2)-basis is more costly.

The minimum weight integral (and hence GF (2)-) basis has weight 113. It consists of the
seven circuits of typeCy.1 plus one circuit of type Cj.3.

3.5 Directed and GF(p)-Bases

We show that the computation of minimum directed cycle basescan be reduced to the com-
putation of minimum GF (p)-bases for suitable primesp.

Lemma 3.6. Let B be a minimum weight directed cycle basis and lgp be a prime. The
weight of a minimum weight GF(p)-basis is no smaller than the weight oB. If p does not
divide the determinant of B, B is also a minimum weight GF(p)-basis.

Proof. Linear dependence oveQ implies linear dependence ovefsF (p) for any p. Therefore,
any GF (p)-basis is a directed basis. If the determinant oB is not divided by p, detB mod p 6
0 and B is a GF (p)-basis. O

To apply the preceding lemma, we need a bound on the determind of a directed cycle
basis. Consider any directed cycle basi8. Its determinant is the determinant of a
matrix with entries in f 1;0;+1g. Moreover, each column of this matrix contains at mostn
non-zero entries.

Lemma 3.7. The determinant of a directed cycle basis is an integer bourad byn™=?2.

Proof. The determinant is a sum of ! terms; each term has an absolute value of at most
one. This gives a bound of ! . Hadamard's inequality yields a slightly better bound.
The absolute value of the determinant is bounded by the prodwet of the “5-norms of the
Bolumn vectors. The norm of each column vector is at most n and hence we have the bound
n O

Combining the two preceding lemmas, we obtain a characteriation of minimum directed
bases in terms of minimumGF (p)-bases.
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Theorem 3.8. Let P be a set ofm primes each of a value of at leash. For eachp 2 P, let
Bp be a minimum GF(p)-basis, and letpg be such thatBy, has minimum weight among the
basesBp. Then:

1. Bp, is @ minimum weight directed basis.

2. Let p2 P be chosen uniformly at random. ThenB, is a minimum weight directed basis
with probability at least 1=2.

We can chooseP such thatp 2 O(mlogm) for all p2 P.

Proof. Let B be any minimum directed basis. No more thanm=2 primes in P can divide the
determinant of B.
For an integers, let (s) be the number of primes less than or equal tes. Then s=6logs)
(s) 8s=logs (Apostol, 1997). Then there are at most & 1i=logn primes less thann. If t is
such that t=(6logt) 8n=logn + m, then there are at leastm primes of a value of at leastn
less thant; t = O(mlogm) su ces. O

If p= O(mlogm) and hence logp = O(log m), the arithmetic in GF (p) takes O(1) time.

3.6 Circuits versus Cycles

We de ned cycle bases as sets of circuits. Alternatively, wecould have de ned them as sets
of cycles. Is there always a minimum weight basis that consts only of circuits? Is the
minimum weight basis of a disconnected graph the union of mirmum weight bases of the
components? For some of our classes, the answer is yes. Forsn the answers to these and
related questions are not known.

Theorem 3.9 (Exchange Theorem, Horton, 1987) If B is a D or U-basis of G, C 2 B and
C = C1+ Cy, then eitherB nfCg[f Cigor BnfCg[f C,gis also a cycle basis ofs.

Proof. Let be the cycle matrix for B and let ; be the cycle matrixforB C+ Cj,i=1;2.
Let T be a spanning forest ofG and let A and A; be the respective square submatrices indexed
by the arcs not in T. Then, using the linearity of the determinant function for t he column
which corresponds toC, we nd that 0 6 det A = det A1 +det As. . O

The family of linearly independent cycles forms a matroid.

Theorem 3.10. The set of (directed) cycles of a graphs forms a matroid. The bases of the
matroid clearly coincide with the (directed) cycle bases ofs.

Proof. Let | denote the system of all linear independent sets of cycles 6. It su ces to
show the following:

v 21
A2l andB A impliesB 21 ;

For all sets A;B 2 | with jAj > jBj there exists an elementa 2 A nB such that
B[fag2l.

The listed properties hold since the (directed) cycle spacef G forms a vector space. O
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Figure 10: A graph and a totally unimodular cycle basis. For ech of the four circuits, the
edges belonging to the circuit are shown in bold.

Figure 11. Decomposition of the rst element of the basis shwn in Figure 10. Edges that
are used in reverse direction are shown dotted.

We will show that Theorem 3.10 does not hold for integral cyce bases, i.e., the system of all
subsets of all integral bases inG does not form a matroid. This will cause the computational
approaches suitable for U-bases and D-bases to fail for I-ls@s. In Section 5.8 will we discuss
these issues. Now we will examine the validity of Theorem 3.%or K -bases withK neither D
nor U. We rst show that Theorem 3.9 does not hold for totally u nimodular bases.

Lemma 3.11 (T. Jurkiewicz, personal communication). There is a graph G and a totally
unimodular basisB of G containing a circuit C and a decompositionC = C; + C, of C such
that neither B nfCg[f Cig nor B nfCg[f C,gis a totally unimodular basis.

Proof. Figure 10 shows a graph and a TUM-basis of this graph. We invié the reader to verify
that this basis is TUM. Figure 11 shows a decomposition of therst circuit into two circuits.
Replacing the rst circuit by either one of the two circuits s hown in Figure 11 results in a
basis that is not TUM. In both cases, the cycle matrix of the resulting basis contains a 2 by
2 submatrix of the form

1 1

1 1
This matrix has determinant  2; in a TUM-basis, the determinants of all square submatrices
must be inf 1;0;,+1g. O

For weakly fundamental bases, we can show Theorem 3.9 undeh¢ additional assumption
that C; and C, use only edges that are also used b¢.

Lemma 3.12. Let B be aW-basis of G, let C2 B and C = C1 + Cy, wherejCi(e)j j C(e)j
foralleand Ci 6 C fori =1;2. Then atleastoneofB C+ CyorB C+ C,is aW-basis
of G.

Proof. If B is a weakly fundamental basis, there is an ordering of the cyes in B such
that every cycle introduces a non-tree edge not used in any @ceding cycle. Lete be the
edge introduced by C. Then C(e) 6 0 and hence at least one ofCy(e) or Cy(e) is non-
zero, say the former. We replaceC by C;. Since for any non-zero coe cient of Cq, the
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corresponding coe cient of C is non-zero, the non-tree part of the new cycle matrix is stil
lower triangular. O

Observe that Lemma 3.12 isnot true for strictly fundamental bases. To see this, consider
the sun ower graph SF(3) in Fig. 7, and some minimum strictly fundamental cycle basisB
of SF(3). If we decompose the 4-circuitC 2 B into C = C; + C,, where both C; and C, are
triangles, then neither of the B C + C; is a strictly fundamental cycle basis. In the next
lemma we show that Lemma 3.12 does not hold for integral basesither.

Lemma 3.13. There is a graph G and an integral basisB of G containing a non-circuit C
such that for any decompositionC = C1+ C, of C with jCi(e)] ] C(e)j for all eand C; 6 C
fori=1;2, neitherB C+ Cynor B C+ C,is an integral basis.

Proof. The graph is P7.3 as shown in Figure 12. It consists of two disjoint cycles of legth
7, called the outer and the inner cycle, respectively. We us®; and 1;, 0 i< 7, to denote
the nodes on the outer and inner cycle, respectively. The owr and inner cycles have edges
(Ii;li+1) and (O;; Oi+4), 0 i< 7, respectively. All indices are modulo 7. Furthermore, we
have the edges Q;;l;), 0 i< 7, called spokes. To summarizen = 14, m = 21, and the
cyclomatic number is thus eight.

Figure 12: The generalized Petersen grapli;.3. We provide an integral cycle basis ofP;.3
which features a nonsimple cycle, but cannot be decomposedtd a basis which only consists
of circuits.

The basisB consists of the following cycles. For 0 i< 7, we have the cycleC; consisting
of the edges Oi; Oi+1), (Oi+1;0i+2), (Oixz;li+2), (Iis2:lixe), (li+6;1i+10), (li+10;1i+14), @and
(Ii+14; Oj). Observe that the sum of the Ci's is the nonsimple cycle consisting of two copies
of the outer circuit and three copies of the inner circuit. We also have the cycleD 5, which
consists ofa copies of the outer circuit and b copies of the inner circuit, wherea;b2 Z. We
will x a and b later.

We next determine the determinant of the above set of cycles @ a function of a and b.
We x a spanning tree T consisting of the spokes and all inner edges except for edge (I ).
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We obtain the following square part of the cycle matrix:

Co C1 C; C3 C4 Cs Cg Dap
(0p;01) 1 1 a
(01;02) 1 1
(02;03) 1 1
(03;04) 1 1
(O4; Os) 1 1
(Os; Oe) 1 1
(06;01) 1 1
(I2;1e) 1 1 1

oL 0 99 9 99D

Observe that the edge (j; 1 +4) is used by the cyclesC; », Cj 6, and Cj 10. The determinant
of the matrix above is 2b  3a, as a little calculation, e.g., Gaussian elimination, showg. For
a = b= 1, the determinant is 1 and hence the basis is integral. The cycld.; is not
a circuit and uses the outer O and the inner circuit 1 in the forward direction. The only
decomposition ofD is O + | . The determinant of the basisB D + Ois 3 (usea=1 and
b =0 in the formula for the determinant) and the determinant of the basisB D + | is 2
(usea=0 and b= 1 in the formula for the determinant). Thus neither basis is integral. O

The next two lemmas provide us with properties of minimum cyde bases which are ex-
tremely valuable in practice. These properties are an immeihte consequence of Lemma 3.12
and turn out to be true for strictly fundamental cycle bases, too.

Theorem 3.14. For K 2f D;U;W; Fg, any graph G has a minimum K -basis consisting only
of circuits.

Proof. The cycles in fundamental bases are circuits by de nition. For any of the other K''s,
consider a basisB containing a cycle C that is not a circuit. We may decomposeC into a
sum of circuits C;, 1 i k. By the preceding lemmas, one of the setB8 C+ Cj is a
K -basis of G. Also, w(Cij) w(C). O

Theorem 3.15. For K 2 f D;U; W;Fg, the union of minimum weight K -bases of its maximal
2{connected components are a minimum weighK -basis.

Proof. By the preceding theorem, there is a minimum weight K -basis consisting only of
circuits. A circuit uses edges only from one 2{connected coponent. O

Open Problem 4. Does Theorem 3.14 or Theorem 3.15 hold for integral bases ootally
unimodular bases? Does Lemma 3.12 hold for totally unimodat bases?

3.7 Reductions

We study some simpli cation rules. At rst sight, all might a ppear quite natural. However,
for certain classes of cycle bases, we do not know whether the rules are valid.

For example, is there a simple way to deal with parallel edge? Is there a simple way of
handling edges of weight zero?

Let g = (u;Vv) be a zero weight edge without parallel edges. LeG® be obtained from G
by removing g and identifying u and v, i.e., replacing in all edges incident tou or v, u and v
by a new vertex uv. The edges ofGP correspond to the edges irE  g. Let B®be aK -basis
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of G® whereK 2 fD;U;1;W;TUM ;Fg. Consider the following setB of cycles in G: for
any C°2 B%we add a cycleC to B that is obtained from C°by adding g with appropriate
multiplicity; the appropriate multiplicity guarantees o w conservation atu and v.

Lemma 3.16. Let G°be obtained fromG by contracting an edge of cost zero not having any
parallel edges, letB® be a minimum weightK -basis of G® and let B be obtained fromB° as
described above. Them is a minimum weight K -basis of G for K 2 f D;U;I;W; TUM ; Fg.

Proof. Let T%be a spanning forest ofG%and let °be the cycle matrix corresponding toB°
Let A%be the square submatrix selected by the rows not ifiT®. Then T := T% g is a spanning
tree of G. We obtain the cycle matrix for B by adding a row for g and setting the entries in
this row appropriately. Observe that A° remains the square matrix selected by the non-tree
edges. ThusB is a K -basis of G. The weight of B is the weight of B®

Conversely, letB be anyK -basis ofG and let B°be obtained fromB by identifying u and
v. The matrix °for BYis obtained from the matrix for B by deleting the row corresponding
to g.

Let C%be any cycle inG®% We lift C°to a cycle C in G. The representation of C with
respect to B translates into a representation of C°with respect to B Thus B9is also of type
K. Also, w(B9Y w(B). O

Lemma 3.17 (Horton, 1987). Let K 2 f D;Ug and let e be any edge. For any minimum weight
circuit F containing e, there is a minimum weight K -basis containing F. Any minimum
weight K -basis contains a minimum weight circuit containing e.

Proof. Let B be a minimum weight K -basis. ThenF = i cog cC. Clearly, there must
beaC 2 B suchthate2 C and ¢ 6 0. Then w(F) w(C)and B%=BnC+ F is a
K -basis of weight no larger than the weight ofB. HenceB%is a minimum weight K -basis. If
w(F) <w (C), then B was not a minimum weight K -basis. O

Lemma 3.17 does not hold for strictly fundamental bases. Thesun ower graph SF(3) of
Fig. 7 provides an example. Any F-basis contains a circuit ofength 4. For the edge inducing
this circuit, the shortest circuit through this edge is not contained in B.

Lemma 3.18. Let g and f be parallel edges withw(g) w(f). For K 2 fD;U;Wg a
minimum weight K -basis of G can be obtained from a minimum weighK -basisB°of G%= G
f by adding a cheapest circuit througlf ; call it C.

Proof. C is clearly independent ofB® Also, C introduces an edge that is not used in any
of the other cycles. Thus, ifB%is a K -basis of G B := B[ C is a K -basis of G with
w(B) = w(B9Y + w(C). Assume, for the sake of argument, thatG has aK -basis B with
w(B) < w(B). We will show that this implies that G° has aK -basis of weight less than
w(B9.

Assume rstthat K 2 f D;Ug. A cheapest circuit containing f is either the circuit* g f !
or has the formf P whereP is a cheapest path connecting the endpoints of in Gnff;gg.
In the latter case, g P is a cheapest cycle containingg. By Lemma 3.17 we may assume
that B contains the circuit g f * in the former case or the circuitsg P andf P in the
latter case. Assume now, thatB contains another circuit, sayf Q, containing f . Replacing
this circuit by g Q yields a basis of weight no larger thanB sinceg Q=f Q+g f 1!

“We assume that g and f are oriented in the same way; f ! is the reversal of f and runs anti-parallel to g.
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in the former caseandg Q=f Q+g P f P inthe latter case. We conclude thatG
has a basis of weight no larger thanB in which g f or f P is the only circuit containing
f . Deleting this circuit from the basis gives us a basis ofc f.

For K = W, we have to argue dierently. Let “be the cycle matrix for B. We may
assume that “has an upper triangular matrix in its last rows, with the arcs of some
spanning forestT placed above.

Assume rst that the row for g is above the row forf. Then f must be a non-tree arc,
because otherwisey and f form a circuit in T. Hence, there is a circuitC; 2 B \introducing”
f, i.e., the diagonal entry in the row indexed byf belongs toC;. We deleteC; from the basis
and replace, in the other basic circuits, occurrences df by g. Removing the row off as well,
we obtain the cycle matrix of a W-basis for G° of weight w(B) w(C;) <w(B) w(C) =
w(B9, which is a contradiction.

Assume next that the row for f is above the row forg. Then g must be a non-tree arc
and hence there is a circuitCy introducing g; f may be a tree arc or a non-tree arc. Iff is
a tree arc, we makeg a tree arc, replacef by g in all circuits and delete f and Cq. If f is a
non-tree arc, the circuit C¢ introducing f does not use the arog, becauseg was assumed to
be arranged belowf . We replacef by g in all circuits and delete f and Cq4. The circuit Cf0
obtained from C; by replacing f by g now introduces g. In either case, we obtain the cycle
matrix of a W-basis for G° of weight w(B) w(Cgy) <w(B) w(C)= w(B9, which is again
a contradiction. O

Open Problem 5. Extend statements 3.12 to 3.18 to types of cycle bases not esed by the
statements.

Open Problem 6. Let e = fu;vg be a non-metric edge of a biconnected grapks, i.e.,
distg(u;v) <w(e). Each minimum K -basis B has precisely one circuitC 2 B with e 2 C.
This is true for K 2 f D;Ug. Is this true for any other type?

3.8 Weight Sequences

We consider the sequence of weights of circuits in a minima{ -basis sorted into non-decreasing
order. LetK 2fD;UgandB and BObe distinct K -bases ofG, both of minimal weight. Then
their ordered sequences of weights coincide. This is not treifor integral bases.

Lemma 3.19. For K 2fD;Ug, let and ©be the non-decreasing sequences of weights of
circuits of two minimal K -basesB and BY respectively. Then = ©

Proof. This is true since both the undirected and the directed cyclespace form a vector space
over GF (2) and Q, respectively. Hence the cycles, together with linear indpendence, form a
matroid (cf. Theorem 3.10). Finally, it is a well known fact that the n on-decreasing weight
sequences of minimal bases in matroids coincide. O

Lemma 3.20. There is a graph G and two minimal integral bases,B and B® of G whose
non-decreasing weight sequences dwt coincide.

Proof. Consider the graph G depicted in Figure 13. It arises from the generalized Petern
graph P11.3 by the addition of an extra set of 11 spokes. We give weight fouto all inner and
outer edges and weight 15 to all spokes. LeB and B be the two sets of circuits inG, shown
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Figure 13: A graph G featuring minimal integral cycle bases with di erent weight sequences.
The graph consists of two cycles of length 11 that are conneetl by 22 spokes. The edges on
the outer and inner cycle have weight 4 each, and the spokes fia weight 15.

in Figures 14 and 15, respectively. Either set forms an intel cycle basis ofG as the reader
may verify. To see minimality of B and B note that the rst 22 circuits in B are in fact
the only ones in the graph whose weight does not exceed 42. Bdss those there are only
two more circuits, the inner and outer ones, whose weight is tamost 44. Replacing the last
circuit in B by either the inner or the outer ring yields a non-integral basis (the determinant
is either 2 or 3). Every circuit in G other than the so far considered ones has weight at least
46. Hence there are exactly two sets of 23 circuits whose wéigis less than 926. Both form
a cycle basis ofG, but neither is integral. O
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3.9 Necessary and Su cient Conditions for Optimality

We now derive necessary and su cient conditions for optimality of a given cycle basis. We
also show that if no minimum directed basis is integral, thenno minimum integral basis is
TUM.

Let G be a connected directed graph with spanning tre€l’, let N = E nT be the set of
non-tree arcs, and letB be a directed cycle basis. For any cycleC, let C°be the restriction
of C to the non-tree arcs and let °be the matrix formed by the restrictions of the
circuits in B. Then %is a non-singular matrix and hence has an inverse. We may wré the
inverse as (EdetB)S for an integral matrix S. Then S 9= (det B)I. That is,

rs';C% = (det B) j forall i and j;

where ht; :i is the inner product of vectors, j is Kronecker's symbol, andS' denotes thei-th
row of S. We will next show that the C;'s must satisfy a local optimality condition.

K -basis forK 2 f D;U; g, then there is a integral matrix S such that hS‘;CJ-Oi =0 for
i 6], andforallj,

C; is a minimum weight circuit with hSi ;Cjoi 60,if K=D,
C; is a minimum weight circuit with hSi ;Cjoi 60mod2,if K =U,
C; is a minimum weight circuit with hSi ;Cjoi = 1, ifK=1I.

Proof. Let S be de ned as in the discussion preceding the theorem. Then artainly, hSi: Cjol =
0 fori & j. So assume that there is g such that C; does not have the second property. Let
D; have the property and let ®be the matrix obtained by replacing C° by D{. Then

s %= ;

where J is equal to (detB)I in all columns except for columnj. The j-th column has a
non-zero diagonal element folKk = D, has a non-zero diagonal element modulo 2 foK = D,
and has diagonal element 1 for K = 1. Thus, det J 6 0 for K =D, det J 6 0 mod 2 for
K=U,anddetJ =1for K =I. Thus B Cj + Dj is aK -basis cheaper thanB. For K =1,
this follows from the fact that det S 2 Z, det %92 Z, and detS det %= det J = 1 implies
det %=1, O

For K 2 f D;Ug, local optimality implies global optimality.

Theorem 3.22 (de Pina, 1995) Let 2fQ;GF(p)gand letB = fCy;:::;C g be a set of

circuits. If there is a integral matrix S such that hSi;CjOi =0 fori 6 j, and for all
j, Cj is a minimum weight circuit with hS ;CJ-Oi & 0 (evaluation in ), then B is a minimum
weight -basis.

Proof. Observe rst that S Cis a diagonal matrix whose diagonal elements are non-zero
elements in . Thus, det %is a non-zero element of and B is a -basis.

If B is not a minimum -matrix, there is a maximal j such that fCy;:::;Cjg can be
extended to a minimum -basis. We havej < . Let BO= fCl;:::;Cj;Dj+1;:|:3:;D g be a
Bﬂnimum -basis. Cj+1 is a linear combination of the vectors inBY i.e.,, Cj+1 = | j

> jDj. Sincehs!*t;CP,,i& 0, there must be ani>j suchthat ;hs/*1;DJ & 0. Then
w(Cj+1) w(Dj) and henceB Dj + Cj+1 is also a minimum weight -basis. O
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The argument above does not work for integral basis, since ta determinant of B D; +
Cj+1 may be di erent from one. Theorem 3.21 has an interesting cosequence. A TUM-basis
that is a minimum integral basis is also a minimum directed basis.

Theorem 3.23. If no minimum directed basis of a graph is integral, then no mhimum integral
basis is TUM.

TUM. We show that B is a minimum directed basis. By Theorem 3.21 there is an integal
matrix S such that rSi;CjOi =0 for i 6 j, and such that for all j, CJ-0 is a minimum weight
circuit with hSi ;Cjoi = 1. We claim that C; is a minimum weight circuit with hS! ;Cjoi & 0.
The theorem then follows from Theorem 3.22. =

Fix j and consider any circuitC with hS/ -CY & 0. SinceB is TUM, we have C = i iGCi
with ;2f 1,0;+1g. ThenhS/;Ci = ;hSI;C% = 1 and hencew(C) w(C;). O
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Graph class | minimum W-basis minimum F-basis

Weighted

General O(W logn), Thm 4.4

General O(n W(MST)+ W), Thm 4.2 O(W log® nloglogn), Thm 4.11
Planar (W)

Unweighted

General O(m logn log(m=n)), Thms 4.1 and 4.5 | O(n2), Thm 4.12

Planar Oo(n" n ), Thm 4.7
Outerplanar ( n), (Reich, 2007)

d-dim grids (n ( nlogn), Thm 4.8

Table 2: Bounds for minimum weight W- and F-bases.W denotes the total edge weight and
W (MST) is the weight of a minimum spanning tree. Bounds for unweighted graphs are only
stated if they are better than the bound derived for weighted graphs with W = m. In the
bound for planar graphs, is the maximal size of any face.

4 Length and Weight of Cycle Bases

In this section we discuss apriori bounds on the length and wight of minimum cycle bases.
We state the bounds as functions of the numbemn of vertices, the numberm of arcs, and the
total weight W of the edges. Many applications benet from small length or snall weight
bases as we will see in Section 7; algorithms for computing mimum or nearly minimum
weight bases will be discussed in Section 5. Table 2 summasgg the results. It is interesting
to note that all upper bounds have been shown for either weakl or strongly fundamental
bases. Although we know that general bases are not always faamental (see Example 3.3),
it seems that fundamentality gives su cient structure to th e problem to make an analysis of
their length achievable or at least easier than for general bses.

Open Problem 7. Derive apriori bounds on the weight (length) of directed, udirected,
integral, and totally unimodular bases.

Open Problem 8. For K;K 92 fD;U;l; TUM ;W;Fg and a graphG with weight function
W, let

weight of a minimum K -basis

K o(G) = g — .
M oG) weight of a minimum K %basis

and

rek o(n;m) =maxfrg.x o(G) j G is a graph withn nodes andm edgeg :

Derive upper and lower bounds omk.x o(n; m). For example, ryw.p(n;m) = O(log n), since ev-
ery graph with n nodes has aW-basis of weightO(W logn) (see Theorem 4.4) and since every
D-basis has a weight of at leasV. In the preceeding chapter, we establishetk.x o(n;m) > 1
for certain pairs K and K %and certain values ofn and m.
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The bounds given in Table 2 are obtained by di erent methods. There are essentially four
approaches:

1. Use of special graph properties like planarity.
2. Induction.

3. Use of clusters, partitions, and spanners.

4. Results of extremal graph theory.

We start with some obvious bounds. Throughout this section, we restrict attention to
biconnected graphs. There aren n+1 circuits in a basis and each circuit has a length of at
most n. Thus any kﬁlsis has a length of at mosinn and a weight of at mostmwW . Throughout
this section, W =, w(e) denotes the total weight of the edges. Obvious lower bounds
are (m) and ( W), since in biconnected graphs every edge has to belong to agdst one
circuit of any basis. Extremal graph theory provides a non-tivial lower bound.

Theorem 4.1. For any integer h=2 mod 4 and h 6, there is a graphGy(n) with n nodes
and m = hn=2 edges, such that any cycle basis fdB,(n) has length ( mlogn=Ilog(m=n)).
In particular, there is a graph family where m = ( n) and any basis has length( mlogn),
and for any integer k, there is a graph family wherem = ( n'*17K) and any basis has length
( mk).

Proof. For any integer h with h = 2mod 4 and h 6, there exists an in nite family
of h-regular graphs, i.e., m = hn=2, in which every cycle has length (log n=log(m=n));
see Lubotzky et al. (1988). Since a basis consists ai n + 1 circuits, any basis has length
( nlogn=log(m=n)). For h =6, we obtain graphs with m = (' n), for which every basis has
length ( mlogn). For h = n™*, we obtain graphs withm = ( n1*17K), for which every basis
has length ( mk). O

Open Problem 9. Prove a non-trivial lower bound for weighted graphs.

4.1 Weakly Fundamental Bases

The rst result for general graphs was given by Horton in 1987 Liebchen (2003) observed
that the construction yields not only an undirected basis bu also a weakly fundamental basis.
We generalize Horton's proof to yield an upper bound for wei@ted graphs.

Theorem 4.2 (Horton, 1987; Liebchen, 2003) Every simple graphG has a W-basis of a
length of at most3(n 1)(n 2)=2 and a weight of at mos2nW (MST)+2 W, where W (MST)
is the weight of a minimum spanning tree.

Proof. We prove only the upper bound for weighted graphs. For the cas of uniform weights,
we haveW(MST) = n 1 and W = m. This gives a bound of 22 + 2n?=2 = 3n? for the
uniform case.

Let T be an MST of G. The claim clearly holds forn 3. So assume thatG has more
than three vertices and letv be a leaf of T. Our W-basis for G consists of two parts: rst, a
W-basisB(G v) of G v constructed recursively, and secondd(v) 1 cycles passing through
v. Observe that a basis forG v has cardinalitym d(v) (n 2)=m (n 1) (d(v) 1)
and hence we are adding the right number of cycles. The graphansisting of T plus the
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d(v) 1 non-tree edges incident tov is planar. We form d(v) 1 circuits by taking all but
one face cycle of this planar graph. The resulting set of cingits is weakly fundamental; this
follows from an argument analogous to the one used in the prdaf Theorem 3.5.

It remains to argue the bound on the weight. By the induction hypothesis,B(G V) has
a weight of at most 2(n 1) W(MST Vv)+2W(G v). The circuits added in the induction
step have a combined weight of at most &/ (MST) + 2 W (v), where W (v) denotes the sum
of the weights of the edges incident tov. Thus the weight of the resulting basis is at most
2nW (MST) +2 W. O

The upper bound is tight. Consider the complete graph onn nodes. It hasm = n(n 1)=2
edges. Since any circuit in any basis contains at least threedges, any cycle basis has a length
ofatleast 3(m n+1)=3(n 1)(n 2)=2. For sparse graphs, a much better bound is
possible. Rizzi (2007) proved that every graph has a W-basisf length O(mlogn) and that
every weighted graph has a W-basis of weigh©O(W logn). The proof given here was found
by T. Kavitha and R. Rizzi. The proof makes use of the fact that every graph of minimum
degree three contains a logarithmic length cycle.

Lemma 4.3 (Bollokas, 1978). Any graph with a minimal degree of at least three contains a
cycle of a length of at most2dlog, ne. Moreover, such a cycle can be found in timeD(n).

Proof. Let G be our graph and letv be an arbitrary vertex. Grow a breadth- rst search
tree rooted at v. As long as only tree edges are encountered, every vertex has least two
children. Thus if 20+ 21+ :::2% > n, there must be at least one non-tree edge incident to
a vertex of depth k 1 and hence a cycle of length 2 exists. This proves the bound on the
length of a shortest cycle. With respect to the time bound, weobserve that the rst non-tree
edge encountered yields the desired cycle. O

Theorem 4.4 (Rizzi, 2007). Any weighted graphG with total weight W has a weakly funda-
mental basis of weightO(W logn). Such a basis can be determined in tim&®(nm).

Proof. We build the basis and a spanning tree concurrently. Initialy, the basis and the
spanning tree are empty. LetG be our current graph, which is initially set to the input
graph. If G is empty, we stop. If G has a vertex of degree zero, we delete the vertex, and @
has a vertex of degree one, we delete the vertex and add the ildent edge to the spanning tree.
So assume that every vertex has degree two or more. We call a mianal path whose interior
vertices have degree two a super-edge; an edge whose endpoinoth have degree three or
more is also a super-edge. The weight of a super-edge is thenswf the weights of the edges
forming the super-edge. The endpoints of super-edges haveegree three or more inG; see
Figure 16. The graph consisting of the vertices of degree tlee or more, and the super-edges
joining them, contains a circuit C consisting of O(log n) super-edges. Letp be the heaviest
super-edge inC and let C be the cycle inG represented byC. Then, w(C) = O(w(p) log n).
We add C to our basis. We also delete all edges belonging fofrom G, designate an arbitrary
edge ofp as a non-tree edge, and add all other edges @fto T. If p consists ofk edges,m
decreases by and n decreases byk 1. So decreases by 1 as it should.

The basis constructed in this way is weakly fundamental becase the edge op designated
as a non-tree edge is not used in any cycle constructed laterAlso, its weight is O(W logn)
because the cost of the cycle added in an iteration is at mogD(log n) times the weight of the
edges deleted in this iteration. O
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(@) (b) (©)

Figure 16: In (a), all edge weights are equal to one. In (b), te two indicated super-edges
have weight two. The dashed line indicates a short cycle. It onsists of three super-edges and
has weight four. The heaviest super-edge has weight two. Weadlete its edges from the graph
and make e a non-tree edge and a tree edge or vice-versa, (c).

In the case of uniform weights, Theorem 4.4 establishes thexestence of a weakly fun-
damental basis of lengthO(mlogn). This is tight for graphs with m = O(n) edges, as
Theorem 4.1 asserts the corresponding lower bound. Kaufmanand Michail (2008) have
recently shown that the lower bound can also be matched for leger values ofm. The im-
provement exploits the fact that graphs with at least n1*1= edges contain a cycle of a length
of at most 2k; see Alon et al. (2002). We now proceed as follows. As long as  n1*17k for
a constant k, still to be determined, we nd cycles of a length of at most O(2k). We delete
one of its edges and charge the cost of the cycle to it. As soorsan  n1*17K we switch
to the construction in Theorem 4.4. We construct cycles conisting of O(log n) super-edges,
delete the edges in the heaviest super-edge, and char@{logn) to each edge removed. The
total charge is

k=2(log n)=log(m=n) logn

O(mk + n**1 |ogn) og(m=n]

Theorem 4.5 (Kaufmann and Michail, 2008). Every graph has a weakly fundamental basis of
length O(m logn=log(m=n)). For m = ( n*17K) the bound isO(mk) and for m = nlog®n
and positive constantc, the bound isO(mlogn=loglogn). Finally, for m = cn, the bound is
O(mlogn).

In the non-uniform case, a similar improvement is not possite, as the following example
shows. Consider a graphG = G1 + G, where G; is the complete graph onn=2 vertices and
G, is a graph with m = O(n=2) vertices and girth (log n). The edges ofG; have weight
zero and the edges oG, have weight one. Then, any basis ofc has weight ( W logn) and G
has ( n?) edges. Thus the bound of Theorem 4.4 cannot be improved forehse graphs and
general weight functions.

We close our discussion of weakly fundamental bases with sanremarks on planar graphs.
Every planar graph has a 2-basis and these are weakly fundam&l by Theorem 3.5. Thus
every planar graph has a W-basis of lengthO(n) and weight O(W).
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Figure 17: Stern and Vavasis's construction of an F-basis foplanar graphs.

4.2 Fundamental Bases

Upper bounds for strictly fundamental bases are obtained byconstructing spanning trees of
small diameter or, morg generally, spanning trees of smallteetch. Clearly, a spanning tree T

of diameter D or with e=(uV)2E dr(x;y)=m D gives rise to an F-basis of lengthO(Dm).

Here, d7 (X;y) is the length of the path in T connectingx andy. We review results for planar
graphs and for general graphs. The constructions make use gfraph separators and graph
partitions with suitable properties.

De nition 4.1. AsetS Visan(; )-separator if|Sj P n and any connected compo-
nent of G S contains no more than n vertices.

Lemma 4.6 (Miller, 1986). Any biconnected planar graph withn vsrtiﬁs, m edges, and
maximal face size has an(; )-separator with =2=3 and =2 =2. Moreover, the
separator constitutes a simple cycle and is thus called a siple cycle separator (SCS).

Cycle separators are the basis for the following theorem.

Theorem 4.7 (Stern ar}g:l Vavasis, 1990) Any planar graph G with maximal face size has
an F-basis of lengthO(n" n ).

Proof. We may assume thatG is bicoanected. Figure 17 illustrates the construction. Lé
S be a simple cycle separator of size’ n in G. We contract S into a single vertex v.

the components that would result if v were deleted. We makek copiesv; to vy of v, one for

each component, and connect; with v's neighbors in G;. Each G; has at most n vertices

and the maximal face size is no more than . A spanning tree of G is obtained by taking the

cycle S minus one edge plus spanning trees of the components. The gpang trees of the
components are constructed recursively. We stop when the eoponents have constant size;
any spanning tree can be used for the constant size component
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Figure 18: A spanning tree for d-dimensional grid graphs wih length 2' in all dimensions
(Alon et al., 1995). The construction is shown ford = 2. If i =1, an optimal spanning tree
for the structure is returned. If i > 1, the graph is partitioned into 29 cubes of length 2 1
and trees for the subgraphs are constructed recursively. Té set of 2 vertices in the center
of the graph is connected such that they form the same tree thiais used at the base of the
recursion.

IDLet D(n) be the diﬁmeter of the spanning tree constructed in this way Then D(n)
OC n)+D(n)=0(C n). O

Outerplanar graphs have strictly fundamental bases of linar size (Reich, 2007).

Theorem 4.8. For grid graphs of xed dimension the minimal length of a funcamental basis
is ( nlogn).

The upper bound for two-dimensional grids was rst shown by Sern and Vavasis (1990).
A simpli ed construction that, in addition, applies to any  xed dimension was found by Alon
et al. (1995). Itis illustrated in Fig. 18 and yields a basis d length no more than (4=3)nlogn
as shown by Kehler et al. (2009). The lower bound was also esblished by Alon et al.
(1995); Kehler et al. (2009) paid attention to the constant factor and proved, using a di erent
method, that any strictly fundamental basis for the planar grid has a length of at least
(1=12)nlog,n  O(n).

The rst upper bound on the length of strictly fundamental cycle basesin general graphs
was given by Alon et al. (1995). We follow the very descriptive explanation of their technique
by Peleg (2000). The construction relies on partitioning a gven graph into clusters such that
the diameter of the clusters and the number of edges betweerusters (intercluster edgeg are
controlled at the same time.

Lemma 4.9 (Peleg, 2000, p.153) Given an unweighted graphG = (V;E), jVj = n, and a
parameter x > 1, there is a partition P of G into clusters C; such that:

1. the radius of each cluster is at mostx In m, and
2. the number of intercluster edges is at mosin=x.

Proof. The clusters are grown one by one. As long as there is a vertexoh assigned to any
cluster, choose one such vertex and grow a clustéf around it in discrete steps. Initially, C
consists only of the vertex. LetEq,: (C) be the set of edges with exactly one endpointirC, let
Nout be the endpoints outsideC of the edges inE,: (C), and let Ej, (C) be the edges with both
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endpoints in C. We add Ngy to C if JEqu(C)jFEin (C)]  1=x. If JEoui(C)jFEin (C)j < 1=,
the growth of C is stopped, C is added to the partition and deleted from G, and the next
cluster is grown.

Clearly, any edge ofG is contained in at most one cluster. Thus the number of inter¢uster
edges is at mostm=x. Consider the growth of any particular cluster C. We start with a single
vertex v and no edge. In the rst iteration, all neighbors of v (that are not assigned to any
previous cluster) are added to the cluster. Letm; be the number of edges added in the-th
iteration. Then m; (mqy+ :::+ m; 1)=x. For the analysis of the growth of the m;'s, assume
equality. Thenm; m; 1= m; ;=x and hencem; = (1 + x)m; 1=X. We conclude that

|

1+x
mp+:ii+my m;=
X
Thusi (Inm)=In(1+1=x) xInm and we have also established the rst property. O

We now come to the construction of the spanning tree. Figure 2 illustrates the construc-
tion. Let P be a partition of G; = G as described in the above theorem. For every cluster
Ci, let T; be a spanning tree of diameter 2 Inm. Such a tree exists by construction. The
union of the T; form a forestF in G. Any intracluster edge, and there are at mostm of them,
will give rise to a fundamental circuit of length no greater than 1 + 2xInm. Only the m=x
intercluster edges can give rise to longer fundamental cingts.

We contract every cluster C; to a single vertex v; and obtain the multi-graph G, formed
by the intercluster edges. We apply the theorem toG, and obtain spanning trees of diameter
2xIn(m=x) 2xInm for the clusters of G,. We add these spanning trees to the foresf.
Consider any intracluster edge ofG,. It gives rise to a cycle of length 1+2 In m in G,. With
respect to F, this cycle may have a length up to (1 + 2x In m)? since any vertex representing
a cluster of G; must be expanded to a path of length 1+ 2 In m. We conclude that we might
have m=x fundamental circuits of length (1 +2x In m)2. There are at mostm=x? intercluster
edges inGo.

The construction continues until graphs of constant size ae obtained. The recursion depth
is at most log, m. The total length of the fundamental circuits constructed in this way is

X m .
(1+2xIn m)*1  mx(2In m)'°% ™m:
0 i log, m

With x = exp(c(p InnlInin n)) for an appropriate constant ¢, we obtain:

Theorem 4.10 (Alon et al., 1995, Beleg, 2000, p. 215) Every multi-graph has a strictly
fundamental basis of lengthm exp(O(" lognloglogn)).

A much improved result has been obtained recently.

Theorem 4.11 (Elkin et al., 2008). Every graph has a strictly fundamental cycle basis of
length O(W log? n log logn).

The key ingredient for the improved result is a more re ned partitioning procedure, called
star-decomposition We refer the reader to Elkin et al. (2008) for details. We obgrve in
passing that exp(O(' Innininn) = o(n ) forany > 0 and hence even for planar graphs, the
bounds given in Theorems 4.10 and 4.11 are better than the bawd given in Theorem 4.7.
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Figure 19: Alon et al.'s approach to constructing a spanningtree with average stretch in
exp(O(" Tognloglogn)). Shown is the rst level: (a) A partition in 8 clusters, C; to Cg, with
the properties described in Theorem 4.9; (b) Red edges denatthe spanning tree with radius

xInm for each cluster. All red edges are part of the resulting treerl’; (c) Each cluster is
contracted to one vertex, possibly introducing multiple edges between clusters. The resulting
graph has less thanm=x edges. This graph is the starting point for the next level.

For dense graphs withm = ( n?), optimal bounds can be achieved. As early as 1982,
Deo et al. (1982) had conjectured that every simple graph has fundamental basis of length
O(n?). It took 25 years to prove the conjecture.

Theorem 4.12 (Elkin et al., 2007). Every simple graph onn vertices has a fundamental
cycle basis of lengthO(n?).
Proof. Abraham et al. (2007) showed that any grapl? G with n vertices contains a spanning
tree T with constant average stretch, averaged over all pairs of wdices, i.e.,
X dr(xy) _
de(X;
xy2(%) c(XY)

5The result even holds for weighted graphs; we only need it for unweighted graphs here.

0o(n?):
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Here, dg(x;y) and dy(x;y) are the distance betweenx and y in G and T, respectively.
Restricting the sum to the edges ofG establishes

dr(x;y) = O(n?):
e=(xy)2E

Since the length of a fundamental cycle closed by a non-treedge e = (x;y) is dr(Xx;y) + 1,
the theorem follows. O

Open Problem 10. Improve upon Theorem 4.11 or prove a lower bound that is asynbqti-
cally larger than W logn (mlogn in the uniform case).
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exact algorithms, nonnegative weights

undirected bases directed bases
deterministic | Monte Carlo | deterministic Monte Carlo
O(fon + mn2) o(m') O(m3n) o(m')
Thm 5.11 Thm 5.27 Thm 5.12 Thm 5.28
exact algorithms, conservative weights
undirected bases directed bases
deterministic deterministic Monte Carlo
O(n®logn + % + mn?) O(m2n) O(ndlogn + m2n)
Thm 5.14 Thm 5.15 Thm 5.16

(2k  1)-approximation, integer k > 1, nonnegative weights
undirected and directed bases
Monte Carlo
o(mn™1K + min( m;n*17K)") " Thm 5.39
exact algorithms, planar graphs, nonnegative weights
undirected bases and directed bases
O(n%), Thm 5.33

Table 3: Polynomial time algorithms for undirected and directed minimum cycle bases. !
denotes the exponent of matrix multiplication.

5 Polynomial Time Algorithms for Minimum Cycle Bases

We will now present deterministic and randomized polynomid time algorithms for computing
undirected and directed minimum cycle bases. The determirstic algorithms have running
time ( m2n=logn + mn?), and the randomized algorithms have running time (m') and
hence cannot be used for very large graphs. Therefore, we W#lso present techniques for
computing approximate minimum cycle bases. Table 3 contais a summary of the best running
times. The hard variants of the minimum cycle basis problem wll be discussed in Section 6.

Open Problem 11.  Most algorithms discussed in this chapter have space reqaiment ( m?).
Are there algorithms with reduced space requirement (and mge increased running time) and
algorithms for external memory?

Recall that a directed basis is a set of circuits that are independent over Q and that an
undirected basis is a set of circuits that are independent over GF (2). We use to denote
either Q or GF (p), where p is a prime, and formulate most of the algorithms in terms of the
eld

5.1 The Greedy Algorithm and the Horton Set

A minimum (directed or undirected) cycle basis can be constcted by a simple greedy algo-
rithm. This is almost a direct consequence of Theorem 3.9. Westart with an empty basis

and process the circuits ofG in order of nondecreasing weight; ties are broken arbitraty.

We add a circuit to the partial cycle basis if it is linearly in dependent of the circuits in the
partial basis. We continue until we have obtained linearly independent circuits. Checking
linear independence can be easily done by Gaussian elimirian.
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Theorem 5.1. The greedy algorithm constructs a minimum weight cycle basi

Proof. We could appeal to the fact the the greedy algorithm works formatroids (Korte and
Vygen, 2005) and that the set of circuits of a graph formm a matoid. We prefer to give a
self-contained proof.

Assume that the greedy algorithm does not construct a minimun weight basis and consider
the rst time in the execution of the algorithm that the parti al basis cannot be extended to
a minimum weight basis. Say this happens after the addition éthe circuit C. Before adding
C, we had a partial basisB that could be extended to a minimumFyveight basisBopt. Let
us write C as a linear combination of the circuits inBopt, sayC = pyg,, pD. SinceC
is linearly independent of B, there must be aD 2 Boyy NB with p 6 0. Also, since this
D is linearly independent of B, we must havew(C) w(D). Thus, Bo,ty D + Cis also a
minimum weight basis, which is a contradiction. O

Since a graph may have an exponential number of circuits, theperformance of the greedy
algorithm in its basic form is miserable. Horton (1987) shoved that the search for a basis can
be restricted to a set ofO(nm) circuits. For a vertex v, let T, be a shortest path tree inG
rooted at v. For any two nodes,u and v, we usep,, to denote the shortest path fromu to v
contained in T,. We do not assumep,, = py, Or any other consistency requirement.

De nition 5.1  (Horton, 1987). For a vertex v and an edgee = ( X;y) such that the tree paths
from v to x and vy, respectively, do not share rst edges (this includes the e where one of
them is empty), let Cy.c be the cycle consisting of the tree path fronv to x in T, followed by
e, followed in turn by the reversal of the tree path fromv to y. The Horton set H consists of
all such circuits Cy.e.

The Horton set is really a multi-set, i.e., the mapping (v;€) 7! Cy.e is not necessarily
injective. In fact, we will show in Section 5.7 that if shortest paths are chosen carefully, it is
highly non-injective. This will lead to improved algorithm s. For now, we content ourselves to
show that H contains an MCB. For a circuit C, let z(C) 2 V\ C be a vertex that minimizes
the number of non-tree edges oC w.r.t T,. We call z(C) the base nodeof C.

Lemma 5.2 (Horton, 1987; Mehlhorn and Michail, 2008; Liebchen and Rizi, 2005) H
contains a minimum cycle basis. Moreover, when the greedy @brithm is executed withH, it
extracts a minimum cycle basis.

Proof. Consider the greedy algorithm run on the set of all circuits. Circuits are ordered
lexicographically according to

(weight of C; number of edges outsideTl,(c), number of edges inC) :

Observe that the circuits in H have second coordinates equal to one and hence come rst
among cycles of equal weight.

Let C be the rst circuit outside H that is selected by the greedy algorithm. Letz = z(C)
and let e = (u;v) be a non-tree edge (with respect tol;) on C. Write C = C,,y (u;v) Cyz
and let p and g be the tree paths in T, connectingz to u and v, respectively. The cost ofp is
at most the cost of either cycle path fromz to u and the cost ofq is at most the cost of either
cycle path from z to v. Consider the cyclesC; = C,y, p®,Co=p e d¢,C3=q Cy;
(Fig. 20). The weight of C1, C, and C3 is at most the weight of C and C = C; + C, + Ca.
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2(C)

Figure 20: The three cases in the proof of Lemma 5.2 (not showg symmetrical cases).

We now distinguish cases. Assume rst thate is the only non-tree edge onC. Then C,,
and C,.; are contained inT,. SinceC is a circuit and z lies on C, the tree paths to u and v
in T, cannot have a common rst edge; thusC = C,.. 2 H, which is a contradiction. Assume
next that C contains more than one non-tree edge. Then at least one of theycles,C; or Cs,
is non-trivial. Also, with respect to T, all three cycles have at least one fewer non-tree edge
than C and hence this is also true with respect to their respective bse vertices.

Thus all three cycles are considered by the greedy algorithrbeforeC. Also, at least one of
them is independent of the current basis, so it was independt at the time it was considered
and hence should have been added. This either contradicts oule nition of C (rst cycle
outside H added to the basis) or the operation of the greedy algorithm & cycle not added
even though it is independent). O

For undirected cycle bases, Lemma 5.2 was rst shown by Horto (1987). Mehlhorn and
Michail (2008) observed that it su ces to consider a slightly smaller set of circuits. Let Z
be afeedback vertex sebf G, i.e., any circuit in G must contain at least one vertex inZ. It
su ces to consider the circuits C;.c wherez 2 Z and the paths in T, to the endpoints of e
do not have a common rst edge. Computing a minimum feedback ertex set is known to
be AP X -hard, however, a 2-approximation can be computed e ciently (Bafna et al., 1999).
Moreover, Liebchen and Rizzi (2005) extended Lemma 5.2 to dected bases.

Lemma 5.2 implies polynomial time algorithms for nding a minimum undirected and
directed cycle basis. We rst construct H by solving n single-source shortest-path problems.
In the case of non-negative weights, this amounts tan runs of Dijkstra's algorithm and takes
O(nm + n?logn) time. We treat the case of conservative weights in Section 5. The Horton
set consists ofO(mn) circuits and a partial basis consists of at most circuits. For any
circuit in H, we must decide whether it is independent of the current partal basis. Gaussian
elimination performs this task with O( m ) = O(m?) arithmetic operations per circuit. Let
be the cycle matrix of the current basis. We keep the non-tregart of in upper triangular
form. Then independence of a circuit can be checked withO( m) arithmetic operations
and, in the case of independence, the cycle matrix can be extded by an additional column
with the same number of arithmetic operations. We conclude hat a minimum basis can be
constructed with O(m?®n) arithmetic operations. The number of arithmetic operations can be
reduced to O(m' n) (Golynski and Horton, 2002; Liebchen and Rizzi, 2005), whee ! denotes
the exponent of matrix multiplication, i.e., m m matrices can be multiplied with O(m')
arithmetic operations. It is known that ! < 2:376.

Arithmetic operations over GF (2) take constant time. We conclude that a minimum
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weight undirected cycle basis of a nonnegatively weighted igph can be computed in time
O(m' n). For directed cycle bases we appeal to Theorem 3.8. LeP be a set ofm primes
of value at leastn. The primes p 2 P are in O(mlogm) and hence arithmetic in GF (p)
takes constant time. Computing a minimum GF (p)-basis for all p2 P is guaranteed to nd
a minimum directed basis. This takesO(m1*' n) time. Computing a minimum GF (p)-basis
for a random p 2 P takes O(m' n) time. It nds a minimum directed basis with probability
at least 1=2.

5.2 De Pina's Approach

We will describe an alternative approach for computing minimum cycle bases introduced
by de Pina (1995) and later re ned by Berger et al. (2004); Kautha et al. (2004); Hariharan
et al. (2006); Kavitha et al. (2007); Mehlhorn and Michail (2008); Amaldi et al. (2009).
Operatng in phases, it starts with an empty set of circuits, and adds one circuit per phase. It
doesnot necessarily add the circuits in order of increasing weight. This increagd exibility
results in faster running time.

For two vectors, C and S, we usehC; Si to denote their inner product. Two vectors are
orthogonal to each other if their inner product is zero. The following theorem is the basis of
de Pina's approach; the version given here is due to Mehlhoriand Michail (2008) and re nes
Theorem 3.22.

minimum -basis, where = Q or = GF(p), if there are vectorsS;;:::;S 2 F such that
forall i, 1 i , the following hold:

Pre x Orthogonality: hCi;Sii =0 forall 1 j<i.
Non-Orthogonality: hCi;Sii& 0 .
Shortness: C; is a minimum weight circuit in H with hC;; Sji & 0 .

Proof. We rst show linear independence. LetC:= ; ;C; be a non-trivial linear combina-
tion and assume thatig is the largest index for which ; 6 0. Then IC;S;;i = ,hCi,; Si,i & O.
We next show that the circuits form a minimum cycle basis of G. Assume otherwise.

basis consisting only of circuits in the Horton setH. Let B be a minimum weight basis
consisting of circuits in the Horton set thfg contains C; to C; 1. We may write C; as a linear
combination of the circuits in B, Cj = ~,5 cC. SincehC;;Sji & 0, there exists some
C 2 B with hC; Sji & 0. Since C; is a minimum weight cycle in H with hC;; S;i & 0, we have
w(Ci) w(C). Also C8& Cj forj<i sincehCj;Sji =0 for j<i .

Let BO= B [f CignfCg; BCis a basis according to Theorem 3.9 anav(B% w(B). So
BCis also a minimum cycle basis. It consists only of circuits inH and contains C; to C;j,
which is a contradiction. O

Theorem 5.3 leads to Algorithm 1. The algorithm operates in phases. In each phase,
a non-zero vectorS, orthogonal to all cycles in the partial basis, is determinal and then a
shortest circuit C 2 H with hS; Ci & 0 is computed and added to the basis. We still need to
show that there is always a vectorS of the desired form and a circuit to add.
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Algorithm 1 An algebraic framework for computing a minimum cycle basis.
1: let T be an arbitrary spanning tree.

2: for i 1;:::; do
3 Determine a non-zero vectorS; with Sj(e) = 0 for e 2 T and orthogonal
to Cito G 1.
4 Compute a minimum weight cycle C; 2 H with hC;; Sji & 0.
5. end for
Lemma 5.4. Let T be a spanning tree ofG. For each phasei, 1 i . There is a non-zero

vector S 2 E such thathS;;Cji =0 for j<i and Sij(e) =0 for e2 T and there is at least
one cycleC 2 H with hC; Sji & 0.

Proof. Let C be the restriction of Cj to N := E nT. The space spanned byC? to C? ; has
dimensioni 1andi 1< . Thus there is a vector S°2 kN with hC’S% 6 0 for j<i .
Dene S; by Si(e) = Sqe) for e2 N and Si(e) =0 for e2 T.

Let e be any edge with Sj(e) 6 0 and let C¢ be the fundamental circuit de ned by e.

Then Ce; Siji = Sj(e) 6 0. Since the Horton set contains a basis,Ce can be written as a
linear combination of circuits in H. Thus, there must be at least one circuitC 2 H with
hC;Sii & 0. O

The requirement that Sj(e) = 0 for all e 2 T in line (3) of Algorithm 1 is essential.
AssumeG contains a bridgee. Then the unit vector S; with Sj(e) = 1 is trivially orthogonal
to the circuits C; to C; ;1. However, line (4) will fail because there is no circuit that is non-
orthogonal to this S;. In the next sections we describe how to implement the two mai steps
of Algorithm 1.

5.3 Maintaining the Orthogonal Space

The vector S is a non-trivial solution of the linear system hC;;Sji =0for1 j<i and
Si(e) =0 forall e2 T. The naive way would be to solve this linear system using Gausan
elimination with O(m' ) arithmetic operations. Since we need to solve one linear sgem per
phase, the total number of arithmetic operations required wuld be O(m*").

However, the linear systems to be solved are not independent Each phase adds one
additional equality. De Pina (1995) and later Berger et al. (2004) observed that it pays to
maintain a basis of the solution space of this linear systemThe basis is easily updated from
one phase to the next.

Let T be an arbitrary spanning tree of G and let e; to e be the non-tree edges. We set
Si(e) =1 and Si(g) =0 for j 6 i. This corresponds to the standard basis of the space

N At the beginning of phasei, we have S;i;Sj+1;:::;S that form a basis of the space

follows. Fori+1 | , let
hCi; §ji
hCi; Sii

0_ .
Sj = §j S;:
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Algorithm 2 Maintaining a Basis of the Orthogonal Space

1: Initialize S; by Sj(e)= j forl ] and1l i m.
2: for i 1;:::; do
3 Compute a minimum weight cycle C; 2 H with hC;; S;i & 0
4 for j i+1;:::; do
5 S =S rrf:’.?.:sl
6 end for
7: end for
Proof. We will rst show that SC,;:::;S° are orthogonal to Cy;:::;Ci. Letj i+1and
i. We have
hCi:; Sji
0.~ — e (i Bl s~
hSJ-,Cw =I5, Cii Co S hSi; Ci:
For "<i, I5;;Ci = 1S;;Ci =0. For * = i, the terms on the right-hand side cancel.
Now we will show that S%,;:::;SP are linearly independent. Consider a linear combina-
tion
0= iS= iS o ( ja)Si
o o o hCi; Sii
Joi+l joi+l joi+l
Since theS;, ] i, are independent, we conclude that ; =0 for all j. O

Let us now bound the number of arithmetic operations. In eachiteration, we update no
more than vectors at a cost of O( ) arithmetic operations each. Thus the total number of
arithmetic operations is O( 3) = O(m?3). For undirected bases, this is also the running time.

The vector S; is only needed in thei-th phase. In particular, the second half of the vectors
is only needed in the second half of the computation. We can s& time by not updating these
vectors at all in the rst half of the computation and then com puting the cumulative e ect
of the rst half of the computation. We will be able to use fast matrix multiplication for the
cumulative update. We now give the details. Letk = b =2c. What is the e ect of the rst k
phases on the vectorsSy:+1 to S ?

v-. Let S; to S denote our vectors before phase 1 and 689 to S° be the vectors after phase
k. Then,
[SO,1:::::S% = [Sks1;::::S 1 [S%::::SIA

for somek ( k) matrix A. We want rC‘;Sjoi =0forl ~ kandk+1 | . Let

and hence

SincehC-;S3 =0for1 " <i k and hCi; S3 & 0, the matrix CT[S;;:::;Sk] is lower
triangular with non-zero entries on the diagonal and hence rivertible. We need to compute
three matrix products and one matrix inversion. Each of them can be performed withO(m' )
arithmetic operations. We conclude that the cumulative update of Sy+; to S at the end of
phasek requires only O(m') arithmetic operations instead of the ( m?3) operations for the
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Algorithm 3  Maintaining a Basis of the Orthogonal Space with Bulk Updates

1: Initialize S; by Sj(e)= j forl ] and1l i m.

2: MinimumCycleBasis(1; )

3: where

4. procedure MinimumCycleBasis (7;u) . Adds Circuits C: to Cy
5: if ~ = uthen

6: compute a minimum weight cycle C; 2 H with hCi; Sji & 0;

7 else

8: k b (C+u=2c

9: MinimumCycleBasis('; k);

10; C [Ciiin Cls

11: A (CT[S:::5:Sk]) CT[Sks;:::Sul;

12; [Sk+1i::0:Su] [Sk+ri:iiiSu] [S i Sk]A; . NOWCT[Sm+1;::::Su]=0
13: MinimumCycleBasis(m + 1; u);

14: end if

15: end procedure

continuous update. We can carry this idea further by applying it recursively, for example,
by not updating Sy->c+1 t0 Sk in the rst bk=2c phases, but doing a bulk update of these
vectors after phasebk=2c. We thereby obtain Algorithm 3.

Consider a call of procedure MimimumCycleBasis which is notinnermost and let r =
u “+1,s=k “+1landt=u k. Inthe update of the vectors Sy+1 to S, we perform
(s;m;s), (s;m;t), (s;s;1), (m;s;t) matrix multiplications 6 one inversion of ans s matrix,
and one addition of twom t matrices. If we split all matrices into blocks ofs s matrices and
use fast matrix methods for the blocks, the update require((m=s)s' ) arithmetic operations.
The total number U of arithmetic operations for all updates follows the recurson

(
ifr=1
u(r) = , o
O((ms' 1Y+ U(s)+ U(r s) ifr> 1ands= dr=2e.
This recurrence has solutionU(r) = O(mr' 1). In our outermost call, r = = O(m). We

conclude that the total number of arithmetic operations in the update steps isO(m').

Lemma 5.6. The total number of arithmetic operations performed in lines 10 to 12 of Al-
gorithm 3 is O(m'). In a computation over GF (p) with logp = O(log m), the time spent in
lines 10 to 12 isO(m").

5.4 Computing the Circuits

We now come to the second main ingredient of the minimum cyclebasis algorithm. Given
a non-zero vectorS, compute a minimum weight circuit C with hS; Ci & 0. We know from
Theorem 5.3 that the search can be restricted toH. We will exploit this fact in Sections 5.4
and 5.7. Now, we will show how to nd C without this additional knowledge.

We rst consider the undirected case and nonnegative edge vights and reduce the com-
putation to n shortest-path computations. Over GF (2), the vector S is zero-one and therefore

6An (a;b; 9 matrix multiplication multiplies an a bmatrix with a b ¢ matrix.
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Figure 21: An example of the graphGs, where S = f(1;2)g. Since the edge (12) belongs to
S we have the edges (1;2") and (1*;2 ) connecting vertices on di erent sides. The edges
notin S, i.e., (1,4), (2;4), and (3;4) have copies on both sides.

corresponds to a subset oE; hS;Ci & 0 if and only if C uses an odd number of edges in
S. The following construction is well known (Barahona and Mahjoub (1986); Gmtschel et al.
(1988)). The signed graphGs is de ned from G = (V; E) and S in the following manner. Gg
has two copies for each vertexw 2 V. Call them v* andv . Let e = (u;v) be any edge of
G. If e62S, we put the edges ¢*;u*) and (v ;u )into Gs and if e 2 S, we put the edges
(vf;u )and (v ;u™) into Gs. In either case, the edges inherit the weight ofe. Figure 21
illustrates the construction. The vertices of Gg naturally split into a + side and a side.
Edges of Ggs corresponding to edges inE n'S connect vertices on the same side, and edges
corresponding to edges irS connect vertices on opposite sides.

A path in G starting at a node v lifts to two paths in Gg, one starting in vt and one
starting in v . The path ends on the other side if and only if it uses an odd nurher of edges
in S. So a circuit passing throughv and using an odd number of edges irg lifts to a simple
path of the same weight connectingv® and v . The lifted path does not use both copies
in Gs of an edge ofG. Conversely, consider a pathp connectingv* to v in Gs. It may
use both copies of an edge dB. In our example, the path 3" ;4" ;1*;2 ;4 ;3 i uses both
copies of (34). We split

p=h"nxix oy iyYi(yY ox ) v

at the two copies of an edge, sayx;y) such that the \middle part" q= hyY:::yY i does not
use both copies of any edgeg connectsy* andy and w(g) w(p) since edge weights are
nonnegative. We summarize the discussion in:

Lemma 5.7. For eachv 2 V, let p, be a minimum weight minimum cardinality path’ from
vi tov in Gs. Let vo be such thatp,, has minimum weight among the path,. Break ties
in favor of the path containing fewer edges. LeC = C,, be the projection ofp,, into G. C
is a minimum weight cycle in G using an odd number of edges irs.

+

" A minimum weight minimum cardinality path from  v* to v is a minimum weight path from v* to v .
Among the minimum weight paths, it has a minimum number of edg es.
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The computation of the path py, can be performed by computingn shortest (v* ;v ) paths,
one for each vertexv 2 V, each by Dijkstra's algorithm in Gs and taking their minimum,
or by one invocation of an all-pairs shortest-paths algorihm in Gs. This computation takes
O(n(m+ nlogn)) time. Note that depending on the relation betweenm and n, we may choose
which shortest-paths algorithm to use. For example, in the @se when the edge weights are
integers, or the unweighted case, it is better to use faster lapairs shortest-paths algorithms
than run Dijkstra's algorithm n times.

Computation over GF(p): The signed graph technique extends to computations over

Accordingly, we have p levels and p copiesVv® to vP 1 of each edge. An edgee 2 E with
s = S(v) gives rise to edges \(';v'*S) for 0 i < p. Superscripts are to be read modulo
p, buverything else is as before. Because of the larger graplhe cost of the shortest-path
computation is multiplied by p.

Hariharan et al. (2006) were able to remove the factor op in the running time. Consider a
shortest-path computation starting at v°. The algorithm outlined in the previous paragraph

computes for everyw only two paths. Let iy be such that the path from v° to wi° is no longer
than to any w' and let i; be such that the path from v® to w't is no longer than to any
w' with i & ig. The algorithm computes the paths to wi° and w't and this can be done in
Dijkstra-time.

We will not go into more detail since the following section presents a simpler and faster
approach, which is, furthermore, the same for allGF (p).

Labeled Trees:  We know from Theorem 5.3 that the search for a shortest circui C; with
hCi; Sii & 0 in line 6 of Algorithm 3 may be restricted to the circuits in H. A compact
representation of the circuits in H is given by the shortest-path treesT,, v2 V. Forv 2 V,
each edgee = (X;y) connecting vertices in distinct subtrees of T, gives rise to the circuit
Cve2H.

How can we computehC,.e; Sii e ciently? The idea (Mehlhorn and Michail, 2008) is to
precompute most of the inner product. For anyv and w, let py., be the path from v to w
in Ty. We label w in T, with “y.w = hpy.w; Sii. For xed v, the labels ., can be computed
in O(n) arithmetic operations. It takes O(n?) arithmetic operations to label all trees. Once
the labels are available,hCy.e; Sii can be computed with a constant number of arithmetic
operations. Ife=(x;y),

Cyvie; Sil = "vix + Si(€) vy

Lemma 5.8. If the shortest-path treesT,, v 2 V, are available, the minimum weight cycle
C 2H with hC; Sji & 0 can be found withO(nm) arithmetic operations.

5.5 Computing Shortest-Path Trees

For nonnegative edge weights, we use Dijkstra’'s algorithm ad obtain:

Lemma 5.9. If edge weights are nonnegative, the shortest-path trees,, v 2 V, can be
computed in O(n(m + nlogn)) time.
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For conservative edge weights, heavier machinery needs toebused. It is known that
computing all-pairs shortest paths in undirected graphs wth real edge weights but no negative
cycles can be computed by solving a sequence of general weggh matching problems?

Lemma 5.10. If edge weights are conservative, the shortest-path treeg,, v 2 V, can be
computed in O(n?m + n3logn) time.

Proof. The single-sink single-source shortest-path problem in aanservatively weighted undi-
rected graph reduces to a weighted perfect matching problenin a graph with O(n) vertices
and O(m) edges (Korte and Vygen, 2005, page 278) and hence can be smvin O(n(m +
nlogn)) time (Gabow, 1990). The construction of the perfect matching problem consists of
n \searches"; each search take®©(m + nlogn) time. The all-pairs shortest-path problem can
be reduced to a perfect matching problem plusn? searches (Korte and Vygen, 2005, page
279). O

5.6 Putting it Together
We can now put the pieces together.

Theorem 5.11 (Kavitha et al., 2004; Mehlhorn and Michail, 2008). For nonnegative weight
functions, a minimum weight undirected cycle basis can be coputed in O(m?n=logn + mn?)
time.

Proof. It takes O(nm+ n?logn) time to compute the shortest-path trees (Lemma 5.9),0(m')
time (Lemma 5.6) to compute the Sj, 1 | , and O(nm?) time to determine the cycles
Ci,1 i . The total running time is O(m?n).

Mehlhorn and Michail (2008) have shown that word parallelian on words of O(log n) bits
can be used to extract the cycles irO(m?n=Ilogn) time at the cost of increasing preprocessing
time to O(mn?). O

Theorem 5.12 (Hariharan et al., 2006; Mehlhorn and Michail, 2008) For nonnegative weight
functions, a minimum weight directed cycle basis can be conuped in O(m3n) time.

Proof. According to Theorem 3.8, it su ces to compute the minimum GF (p)-basis for m
primes larger than n. The best such basis is a minimum weight directed cycle basis
For each xed p, it takes O(nm + n?logn) time to compute the shortest-path trees

(Lemma 5.9), O(m') time (Lemma 5.6) to compute the Sj, 1 i , and O(nm?) time to
determine the cyclesCi, 1 i . The total running time is O(m?n) for each p and hence
O(m?n), altogether. O

Theorem 5.13 (Hariharan et al., 2006; Mehlhorn and Michail, 2008) For nonnegative weight
functions, a minimum weight directed cycle basis can be conyped in O(m?n) time with a
probability of at least 1=2.

Proof. According to Theorem 3.8, it su ces to compute the minimum GF (p)-basis for a prime
p chosen randomly from a set ofm primes larger than n. For such a prime the minimum
GF (p)-basis can be computed inO(m?n) time . O

8In directed graphs with no negative cycles, one solves one sigle-source problem to obtain a potential
function. The potential function is then used to obtain an eq uivalent problem with non-negative edge weights.
This reduction does not work for undirected graphs. Also, ob serve that making an undirected graph bidirected
will turn a negative edge into a negative cycle.

48



Theorem 5.14. For conservative weight functions, a minimum undirected cgle basis can be
computed in O(n®logn + m?n=logn + mn?) time.

Proof. Follows from Lemmas 5.10, 5.6, 5.8, and the remark made in th@roof of Theo-
rem 5.11. ]

Theorem 5.15. For conservative weight functions, a minimum directed cyat basis can be
computed in O(m3n) time.

Proof. Follows from Theorem 3.8, and Lemmas 5.10, 5.6, and 5.8. O

Theorem 5.16. For conservative weight functions, a minimum directed cyat basis can be
computed in O(n3logn + m?n) time with a probability of at least 1/2.

Proof. Follows from Theorem 3.8, and Lemmas 5.10, 5.6, and 5.8. O

5.7 A Solution in Monte Carlo Running Time Oo(m')

We will show that minimum weight undirected and directed bases can be computed in Monte
Carlo time O(m'). The improvement is based on two observations:

The search for a minimum cycle basis can be restricted to a suget of the Horton multi-
set, namely the set ofisometric circuits, which have total length O(nm).

The extraction of the minimum weight basis from the set of isametric circuits can be
done in Monte Carlo time O(m' ) and with an exponentially small error probability.

We introduce isometric circuits in Section 5.7.2 and show tkat the set of isometric circuits

contains a minimum weight basis and that their total length is O(nm). The proofs require

that shortest paths be chosen in a careful way. We therefore idcuss unique shortest paths
in Section 5.7.1. Finally, the selection of the minimum weidnt basis from the set of isometric
circuits is discussed in Section 5.7.3.

5.7.1 Best Paths

For the improved algorithm, we need to select shortest pathscarefully. We need to select
a collection p,, of shortest paths such that any subpath of anypy, is also in the collection

and such that if py,p,v is a shortest path connectingu and v, then p,y is equal to this path.

The latter condition amounts to uniqueness of shortest patls. We discuss two methods for
making shortest paths unique, a deterministic method by Hatvigsen and Mardon (1994) and
a simple randomized method. We will refer to unique shortestpaths as best paths.

A Deterministic Solution: LetE = fey;e0;iii;em0. WeorderE viae; <epx<:::<enp.
With any set P = fg, <ej, <:::<e; g E, we associate the tuple W(P);k;ej,;:::;€,).

If P and Q are distinct sets of edges, we say thaP is better than Q and write P Q if the
tuple for P precedes the tuple forQ in the lexicographic ordering, i.e., if either the weight
of P is lower than the weight of Q, or the weights are the same and the cardinality ofP is
lower, or weights and cardinalities are the same and mirff nQ) < min(Q nP). The relation
\better" is a linear ordering. Paths and circuits can be viewed as sets of edges and hence we
can order paths and circuits by
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let wYe) = w(e) + , where is a positive in nitesimal. Compute shortest path distances
d(u; v) with respect to w®
for all pairs (u;v) in increasing order ofd(u;v) do
if d(u;v) = wXuv) then
uv is the best path connectingu and v. Continue with the next pair.
end if
for all neighbors u®of u with d(u;v) = wquu9 + d(u®v) do
let vwvObe the rst edge on pyyo.
if uu®is not the rst edge on pyyo then
discard u® and continue with next neighbor of u
end if
pair u®and v°, see Figure 23.
end for
select the pair (U® v9 with minimal value of min(min( pyyo); Min(puy)).
set pu t0 puwov&  (equivalently uu%yo).
end for

Figure 22: Hartvigsen and Mardon's algorithm for constructing best paths.

400 V00
0 0
u u Vv v
{1
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(4000

Figure 23: Selection ofp,y: There are three paths fromu to v realizing d(u;v). We pair u®
and v®and u®and v u®9s not paired with any neighbor of v.

For any two nodesu and v, let p,, be the best path fromu to v in G with respect to
the ordering de ned above. The empty path is the best path from any node to itself and
Puw = Pw- Subpaths of best paths are best, i.e., ik and z lie on pyy then the subpath of pyy
connecting X and z is equal to p;.

Hartvigsen and Mardon (1994) showed that any shortest-pathalgorithm can be extended
to compute best paths (Fig. 22). We rst modify w to w®, wherewYe) = w(e) + and is
a positive in nitesimal. ° The e ect of this change is that the order of paths with di ere nt
weights is not changed and that for paths of the same weight, tie shorter path is preferred. Let
d(u; v) be the shortest path distances according to the modi ed weght function (computed

° Addition and comparison in R augmented by a positive in nitesimal is as follows: we have (a+b )+( c+d ) =
(a+ b+(c+d) and(a+ b)< (c+ d)if either a<c ora=candb<d.
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by any all-pairs shortest-path algorithm).

We now consider the pairs (1;v) in order of increasing d(u;v) values; ties are broken
arbitrarily. We assume inductively that py, is already computed for ;y) with d(x;y) <
d(u;v) and show how to compute p,, in deg(u) + deg(v) time. Hence, the total time is
O(nm). pyy is either the edgeuv or a proper path. The former is the case if and only if
d(u;v) = wquv). So assume thatpy, is a proper path and let x and y be the neighbors of
uandv onpy. Then py = UXpxy = PpuyyV, d(u;y) < d(u;v) and d(x;v) < d(u;v). Thus
puy and py, are already available andx and y will be paired in the inner for-loop. For any
pair (u®v9 that is formed in the inner for-loop, uu%yaov% is a minimum weight path of
minimum length connecting u and v. Moreover, pyo = uu%yoo and pyo, = puaovd. How can
we select the best among these paths? The crucial observatias that the candidate paths
are edge-disjoint; thus if p and g are candidate paths, minfpnqg) < min(gnp) if and only if
min p < min g. Indeed, consider candidate pathg and g and assume that both pass through
Z. Then py; is a pre x of p as well asqg and p,y is a sux of p as well asg. Thus p= q.

We summarize: The time to compute best paths is the time to sole the all-pair shortest-
path problem for the modi ed weight function w° plus O(n?logn) time to sort the d(u;Vv)'s
plus O(nm) time to extract best paths. The sorting step can be avoided,see Lemma 5.17.

Remark: The all-pair shortest-path problem can be solved inrO(nm+ n?logn) time. Pettie
(2004) improved this recently to O(nm + n?loglogn). For planar graphs there is an O(n?)
algorithm (Frederickson, 1987) and for undirected graphs \ith integer edge weights, there is
an O(nm) algorithm (Thorup, 1999). Thus, for sparse graphs with m = O(n), the sorting
step will be the bottleneck. However, the sorting step is notrequired.

Lemma 5.17. Best paths can be computed i©(AP SP + nm) time, where AP SP is the time
to solve the all-pairs shortest-path problem for the modi d weight function.

Proof. We replace sorting by a topological ordering of a suitable diected graph. The vertices
are the pairs (u;v) with u;v 2 V. We have an edge from ¢;v9 to (u;v) if vv 2 E and
d(u; v9+ wYvd) = d(u;v), and we have an edge from¢®v) to (u;v) if uu®2 E and w(uu9+

d(u%) = d(u;v). The number of edges is Bm. We process the nodes in topological order. O

A Randomized Solution: We setwqe) = w(e)+ +re 2, where is a positive in nitesimal

and re is a random integer in [a:M 1] for M = 2n?m2. For nodesx and y and integer ",
let d(x;y; ) be the minimum weight (with respect to weight function w9 of a path of length
* connectingx and y. If shortest paths are not unique, there mustbean’, 1 ~ n, a node
X, and edgesuy and vy with u 6 v such that

dou;s 1)+ wluy) = dix;v;~ 1)+ wYvy) :

There are less thann?m? such choices. For each choice, the probability that the everhappens
is at most 1=M. Thus, the probability that shortest paths are not unique is at most n?m2=M.

We run our favorite all-pairs algorithm for weight function w® Let d be the computed
distance function. We perform the following check: For any @ir (Xx;y) with x 6 y, we
check whether there are two neighborsu and v, of y with d(x;y) = d(x;u) + wXuy) =
d(x;v) + wqvy). If this is the case for some pair &;y), we declare the perturbation a failure,
choose new valuese, and repeat. The check takesO(nm) time. We fail with a probability
of at most 1=2 and hence the expected number of trials is at most 2.
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G=0<=®

Figure 24: All edges have weight zero. If (15;3) is chosen a3, (2;1;5;3;4) as p2.4, and
(4;1;2;3;5) as ps:s, then no circuit is isometric. The deterministic strategy of Section 5.7.1
selects all edges as shortest paths and sefg.3 = (1;2;3), p2.a = (2;1;,4), p2s = (2;1,5),
and ps5 = (4;3;5). The circuits (1;2;3;4;1) and (1;2;3;5;1) are isometric, but the circuit
(1;4;3;5;1) is not.

Lemma 5.18. Best paths can be computed in Las Vegas tim@(AP SP + nm), where AP SP
is the time to solve the all-pairs shortest-path problem.

Circuits are also ordered by the weight functionw®. A circuit C is better than a circuit
COif and only if wYC) <w (C9. Distinct circuits may have the same weight.

5.7.2 Isometric Circuits

For any pair, u and v, of nodes, letp,, be a best path connectingu and v. In the preceding
section, we learned how to compute a collection of best pathsHorton (1987) introduced the
notion of isometric circuits. A circuit C is isometric if for any two vertices, u and v, on C,
puw is contained in C. We usel to denote the set of isometric circuits. Actually, Horton
called a cycle isometric if for any two vertices,u and v, some shortest path connectingu and
v is contained in C. Of course, with this de nition the number of isometric circ uits may be
exponential. With the de nition given here and an unfortuna te choice of designated shortest
paths, the set of isometric paths may be empty, as Figure 24 sbws. With the right choice
of designated shortest paths, isometric circuits exist andcan be used for a minimum weight
basis.

Lemma 5.19 (Amaldi et al., 2009). | contains a minimum weight -basis.

Proof. We run the greedy algorithm for cycle bases on the set of all ctuits ordered by
the relation \better" de ned in the preceeding subsection; ties are broken arbitrarily. The
algorithm starts with the empty basis and considers the ciraiits in order of decreasing quality.
Whenever a circuit is encountered that is independent of thecurrent basis, the circuit is added
to the current basis. We claim that the algorithm chooses ony circuits in | .

Consider a circuit C 62 and let B be the partial basis whenC is considered for inclusion
in B. There are verticesu and v on C such that C does not containp,. Split C at u and v
to obtain a path p; from u to v and a path p, from v to u. Consider the cyclesCi = pipw
and C, = p2pw. We haveC = C;+ C, and C; and C, are better than C. Thus, both circuits
were considered beforeC and hence lie in the span oB. Thus, C lies in the span ofB and
is not added to B. O
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Lemma 5.20 (Horton, 1987). Let C be any isometric circuit and let x be an arbitrary vertex
of C. Then there is an edgee = (u;Vv) on C such thatC = py,epx. Conversely, if for every
X 2 C, there is such an edge, therC is isometric.

Proof. Let C = (X = vg, V1, ..., Vk = X). Since the empty path is the minimum weight path
from x to x and C is not the minimum weight path from x to x, there must be ani such that
Pxv; = (Vo;Vi;1i15Vi) but puy,,, 6 (Vo;Va;:ii;Vi;Visr). Then puv,, = (Vk;Vk 1;::7;Vi+1) and

hencee = (vj;Vi+1) is the desired edge.

For the converse, consider any two nodex and z on C and let e = uv be such that
C = pxuepix; Z lies on one of the paths and subpaths of best paths are best pas. Thus C
contains py; . O

Recall the de nition of the Horton multi-set H. It consists of all circuits Cy.e = Pxu€Pix
where e = uv and the paths py, and py, do not share a rst edge. By Lemma 5.20, each
isometric circuit C is a Cy.e for jCj di erent nodes x.

Lemma 5.21 (Amaldi et al., 2009). The total length of the isometric cycles is at moshm.

P
Proof. An isometric cycle C occursjCj times in the Horton multi-set and hence ., |Cj
can be no larger than the cardinality of the Horton multi-set. O

We will next show that we can extract | from the Horton multi-set in O(nm) time. For
any nodex, let Tx be the best-path tree rooted atx, i.e., Ty is the union of the paths py, over
all v. For every nodev 6 X, let sx(v) be the child of x in Ty containing v in its subtree. In
other words, sx(v) is the rst node on the best path from x to v. The vectors s, for all x 2 V
can be the computed inO(n?) time. The following lemma shows how to identify di erent
representations of the same isometric circuit and how to disover non-isometric circuits. The
Horton multi-set consists of all Cy.e with e = uv and either sy(u) 6 sx(v) or x 2 f u;vg and
€6 Puv-

Lemma 5.22 (Amaldi et al., 2009). Consider C = Cye 2 H.
1. If x is an endpoint of e, say e = xv, then C = epy = Cye.

2. If x is not an endpoint of e, say e = uv, and x°= s,(u) is the rst node on the best
path from x to u then:

(@) if x = sxo(v), then Cyoe = C,
(b) if x & syo(v) and u = s,(x9 then C = Cy.xxo, and
(c) if x 6 sy(v) and u 6 s,(x9 then C is not isometric.

Proof. If e= xv, we haveC = py,vX = Xvpyx = Cy.e. This establishes 1. Now assume thak
is not an endpoint of e. Let e= uv and let x°be the rst vertex on the best path from x to
u. Then py = xxPyay.

If x is the rst vertex on the best path from x%to v, then puxopxoy = PuxPxv. Thus
C = Cyoe. This establishes 2a.

Now assume thatx is not the rst vertex on the best path from x%to v. If C is isometric,
the best path from x%to v must be pyo, followed by e. Therefore u is the rst vertex best
path from v to x® This establishes 2c. Conversely, iu is the rst vertex on the best path
from v to x% pyxo = vupyko and henceC = pyxxxYxa, = Cy:xxo. This establishes 2b. O
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Figure 25: In (a) all edges have weight one; we selea@ e, as the best path connecting 1
and 3. The pairs (1, &) and (3; e1) do not contribute a circuit to the Horton set. The circuits
Cie, and Cs, are bad by condition 2c. For the former cycle letx =1, u =3, and v = 4;
then 2 = s;(3) and 1 6 sy(4) and 36 s4(2). The other circuits are connected as shown below
the graph.

(b) shows an isometric circuit C embedded onto a circle. The edges correspond to the cir-
cular arcs between the vertices and the length of an arc is pqmortional to the weight of the
corresponding edge. For any vertex, we haveC = C,.. wheree contains the mirror image of
v with respect to the center of the circle. We have the followirg connections:Cj.¢, and Cp.,
are connected by condition 2a,Cz.¢, and Cs, are connected by condition 2b, and so on.

Lemma 5.22 allows us to identify di erent representations d the same isometric circuit. It
also allows us to exclude some circuits as non-isometric. Weext show that all representations
of an isometric circuit will be identi ed and all non-isomet ric circuits will be discovered. We
set up a graph whose vertices are the pairsx(e), x 2 V, e2 E. Let u be either endpoint of
e and let v the other endpoint. We label (v;e) as bad if either (x;€e) does not contribute a
circuit to H or condition 2c holds. We connect two pairs if they satisfy cadition 1 or 2a or
2b; see Figure 25.

Lemma 5.23 (Amaldi et al., 2009). All representations of an isometric circuit belong to the
same connected component.

0 i<k, letj(i)besuchthatC = Cy g ;- Figure 25 shows how the di erent representations
of C are linked together. In this gure, a representation Cy, ¢ ;, is indicated as a dashed arrow
from vj to g ). In cases 1 and 2ay; and vj+; point to the same edge, i.e., the tail of the
arrow advances by one position. In case 2b, we replace the aw from v; t0 € iy = Vj i)V (i)+1

by the arrow from V)1 1O ViVis1, i.e., we reverse the direction of the arrow and it now
points from the tail of g to the cycle edge out ofv;. In this way, the arrow sweeps around
the circuit once and links all representations of the same ccuit. O
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Lemma 5.24 (Amaldi et al., 2009). If Cy.e is non-isometric then the component of(v;e)
contains a bad pair.

some, but not all, i, 0 i<k, there will be a j(i) such that C = C,, € (i) - Observe that
if C = Cvi;ej(i), the best paths from v; to the vertices of C are initial segments of either
Pvivi gy OF Pyivi i)y - Also, if the best path from vi+1 to vj(j).1 is contained in C, then either
C=Cy, &) OF C= C\,j(i)+1 o -

Thus, if C is non-isometric, there must bei such that the best path from vj.; to Vj (iy+1
is not contained in C. For any suchi, (vi;€)) will be declared bad. Thus, if Cy.e is non-
isometric, its component will contain a bad pair. O

Theorem 5.25 (Amaldi et al.,, 2009). In O(nm) time, we can extract for each isometric
cycle one pair (v;€) with C = Cy.

5.7.3 The Algorithm

We assume = GF(p). We re ne de Pina's approach by selecting in phasei a minimum
weight isometric circuit instead of a minimum weight circuit from the Horton set, i.e., line
(4) of Algorithm 1 is changed into:

nd a minimum weight isometric circuit C; with hC;; Sji & 0.
A probabilistic search technique nds this circuit quickly .

Lemma 5.26 (Amaldi et al., 2009). Let Che a cq_l,lection of circuits. For each circuit C 2 C,
let ¢ 2 GF(p) be chosen randomly and leD = ,. cC. Let S be a non-zero vector in
GF (p)E. If all circuits in C are orthogonal to S, D is orthogonal to S. If C contains a circuit
that is non-orthogonal to S, D is orthogonal to S with a probability of at most 1=p.

Proof. Clearly, if every circuit in Cis orthogonal to S, then so isD.

Assume next that C°2 C is non-orthogonal to S and consider a xed choice of coe cients
¢ for the circuits C 2 £, C 6 C% Also assume that there are tv\fg distinct choices
and for cosuchthat ,c cC are orthogonal to S. Then C °+  (,c.cs00 cC and
C %  cyc.csc0 cC are orthogonal to S. Thus ( )Clis orthogonal to S, which is a
contradiction. Thus the probability that hD;Si =0 is at most 1=p. O

Consider the jlj nm isometric circuits. We sort them by nondecreasing weight ad
put a binary tree (of depth of at most log nm, that is, O(logn)) on top of the sorted list.
For each node of the tree, we prepar&k random linear combinations of the circuits below
the node. We nd the cheapest circuit that has non-zero innerproduct with S; as follows.
Assume the search has reached some node of the tree. We com@uhe inner product of S;
with the k linear combinations associated with the left child. If one nner product is non-zero,
we proceed to the left child. If all k inner products are zero, we proceed to the right child.
The move to the left child is always correct. However, the moe to the right child may be
incorrect. The probability that any speci ¢ decision is incorrect is at mostp X. In any search,
we make logjlj decisions, and we need to nd circuits. Thus the total number of decisions
is logjlj and hence the total probability of error is bounded by logjlj p K.

Each step of the binary search is a scalar product and hence lgeting one circuit takes
O(km logn) time. Selecting all circuits takes O(km? logn) time.
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How much time does it take to prepare the random linear combimtions? We maintain
them as sparse vectors, i.e., as the ordered list of their nemero entries. In order to prepare one
linear combination for each node of the search tree, we choesa random multiplier ¢ 2 for
each isometric circuit C. We then sum the sparse vectors as indicated by the tree. Eachon-
zero entry of a circuit contributes cost O(1) for each level of the tree and hence the total time
to prepare one random linear combination for each node of theearch tree isO(nm logn), by
Property 5.21. We want k linear combinations for each node and hence requir®(knm logn)
time to prepare all of them.

Theorem 5.27 (Amaldi et al., 2009). There is a Monte Carlo algorithm for nding a min-
imum GF (p)-basis that works inO(nm + nlogn + m' + km?logn) time and errs with a
probability of at most log(nm)p ¥. For k = m%1, this is exponentially small, and the running
time is O(m').

Undirected bases areGF (2)-bases and hence we are done. For directed cycle bases veau
Theorem 3.8, namely that a minimum GF (p)-basis for a randomp with p= ( mlogm) is a
minimum directed basis with a probability of at least 1=2.

Theorem 5.28 (Amaldi et al., 2009). There is a Monte Carlo algorithm for nding a min-
imum directed cycle basis that works inO(m') time and errs with a probability of at most
1=2.

5.8 A Greedy Algorithm for Integral Cycle Bases?

Both the greedy algorithm (Section 5.1) and de Pina's approah (Section 5.2) fundamentally
rely on Theorem 3.10, namely the fact that all subsets oK -bases inG constitute a matroid
for K 2 f D;Ug. This is not true for integral bases.

Theorem 5.29. (Liebchen and Rizzi, 2005) The system of all subsets of integ cycle bases
in G is not a matroid.

Figure 26: The envelope graph.

Proof. We exhibit a graph with two integral cycle basesB; and B, and a circuit C; 2 B1nB>
such that for no circuit C, 2 B, nB1,is By nfCig[f C,g again an integral basis.

Consider the directed envelope graph shown in Figure 26 anche spanning treeT indicated
by the bold edges. The based€; and B, are given by the cycle matrices (only the parts
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corresponding to non-tree edges are shown)

0 1 0 1
1111 1011
_%0100 _%1100%_
1=@0 0 1 0K a4 27@; 1 1 oA’
0001 1101

The bases are integral sincgdet 1j = jdet »j = 1. Now choose the circuit in the rst column
of ;{callit C;{to exit the basis. Of course, neither the third nor the fourth circuit in B>
can replaceC; since both already appear inB1 n fC;g. But adding the rst or the second
circuit of B, results in a cycle basis of determinant 2 or 3, respectively. O

Theorem 5.29 does not yet imply the failure of the greedy algathm nor of de Pina's
approach, since the weights of cycles it cannot be chosen independently for each cycle. A
greedy algorithm for minimum integral bases would considercircuits in order of increasing
weight. It would maintain a partial basis that can be extended to an integral basis and add a
circuit to the current basis if this property is maintained. It is not known how to implement
this strategy e ciently. In any case, it would not work.

Theorem 5.30. The greedy algorithm may end up with a non-optimal integral gcle basis of
G.

Proof. We again consider the graph introduced in Lemma 3.20 togethewith the same two
integral basesB; and B, depicted in Figures 27 and 28. In contrast to Lemma 3.20, we
assign other weights to the edges. Let every inner and outerdge have a weight of 5 whereas
every spoke has a weight of 19. Then the rst 22 cycles iB; are the only ones inG whose
weights do not exceed 53. Moreover, there are exactly two cyes, the inner cycleC, and the
outer cycle Co, with weight 55 and the weight of every other cycle is at least58. Under this
assignment of weights,B; has a total weight of 1169 whereas the weight oB, is 1168.

w =48

Figure 27: An integral cycle basisB; of G with a total weight of 1169.
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w=4

Figure 28: The (unigue) minimum integral cycle basisB, of G with a total weight of 1168.

As a consequenceB is the unigue minimum integral cycle basis. On the other hand the
greedy algorithm rst picks the 22 cycles of weight of at most53. These cannot be extended
to an integral basis by addingC, nor Co and hence the greedy algorithm will end up with a
basis similar to B; and thus with a non-optimal basis. O

Finally, we observe that the basisB; in the preceding proof, although non-optimal, con-
stitutes a locally optimal integral cycle basis ofG, i.e. B1 cannot be improved by an exchange
of a single cycle inG. This is true since the only two exchanges which would decrese the
weight of B are the replacement of the 58-circuit by eitherC, or Cp, but both result in a
non-integral basis. Hence a local-search procedure faila general; de Pina's approach can be
interpreted as such a local search.

5.9 Planar Graphs

For planar graphs, a minimum undirected cycle basis can be aoputed in O(n?) time, a
minimum 2-basis can be computed in linear time, and the notims of minimum directed,
undirected, integral, and weakly fundamental and totally unimodular bases coincide. The
algorithm was found by Hartvigsen and Mardon (1994); Amaldi et al. (2009) improved the
running time from O(n%logn) to O(n?).

Let G be a plane graph, i.e., a planar graph that is embedded into tk plane. A plane
graph divides the plane into maximal open connected sets of gints that we call faces Any
circuit C divides the plane into two maximal open connected sets of paois, one bounded and
one unbounded. We usdnterior (C) to denote the bounded set. Ifinterior (C) agrees with
one of the faces ofG, we call C a face circuit. A collection of circuits is called nested if, for
any two circuits C and D in the collection, the interiors are either disjoint or the interior of
one is contained in the interior of the other.

For a collection B of circuits, let Fg be the face circuits that do not belong toB. We
de ne the directed inclusion graph Dg with vertex set B [ Fg as follows. LetC and C°be
circuits in B [ Fg. We have an edge fromC to CUif interior (C) interior (C9 and there is
no circuit C°2 B [ Fg such that interior (C) interior (C% interior (C9. The inclusion
graph is acyclic; the sources of the inclusion graph are présely the face circuits of G. The
inclusion graph is a forest if and only if B is nested.

Theorem 5.31 (Hartvigsen and Mardon, 1994) Let G be a plane graph.G has a minimum
(directed or undirected) cycle basis that is nested. The nutmer of isometric cycles is at most
twice the number of faces ofG.
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Proof. The circuits in a basis are isometric (Lemma 5.19). In a plangraph, any two isometric
circuits have either disjoint interiors or the interior of o ne is contained in the interior of the
other.

Let B be the set of all isometric circuits. The inclusion graphDg is a forest with f leaves,
wheref is the number of faces ofG. Each non-leaf has an indegree of at least two. Thus, the
number of nonleaves is at mostf 1. O

Theorem 5.32 (Hartvigsen and Mardon, 1994) Let G be a plane graph. A nested collection
B of circuits is a minimum (directed or undirected) cycle bass i B is a minimum weight
collection of circuits satisfying the following three progrties:

1. the inclusion graphDg is a forest,
2. every non-leaf inDg has exactly one child inFg, and
3. the circuits in Fg have parents inDg.

Proof. Assume rst that B is a basis. We rst observe that the number of circuits in B that
are not face circuits is equal to the number of face circuits lhat do not belong to B since the
face circuits form a basis and all bases have the same cardilitg

If B is nested, the inclusion graph is a forest. Consider any noteaf C of Dg. If no child
of C belongs toFg, C is the sum of its children and B is not a basis. Thus any non-leafC
has at least one child inFg. The nonleaves of the inclusion graph are precisely the citgts in
B that are not face circuits. Thus, any non-leaf has exactly o® child in Fg and every circuit
in Fg must have a parent.

Conversely, assume thatB is a minimum cost collection of circuits satisfying (1) to (3).
SinceDg is a forest, B is nested. Since the circuits inFg have parents in Dg and these
parents are distinct, the number of nonleaves inDg is exactly the number of circuits in Fg.
SoB has the right number of circuits for a basis. Finally, any face circuit is representable as
a sum of circuits in B. This is obvious for the face circuits that belong to B. For the face
circuits in Fg, it follows from (2) and (3). O

We now come to the algorithm for nding a minimum weight basis. We start by computing
the best-path trees T, for all vertices v; by Lemma 5.17 this takesO(n?) time plus the time
to solve the all-pair shortest-path problem. Frederickson(1987) showed how to compute all-
pair shortest paths in planar graphs in O(n?) time. The Horton multi-set consists of O(n?)
cycles. InO(n?) time, we extract one copy of each isometric circuit from it (Lemma 5.25).
The number of isometric circuits is O(n) (Theorem 5.31). We sort the isometric circuits by
weight; it takes O(n?) time to determine the weights and O(n logn) time to sort.

We construct the incidence matrix A between isometric circuits and the faces ofs. The
entry corresponding to a circuit C and a faceF is one if F interior (C). This matrix can
clearly be computed inO(n?) time.

We initialize the basis B to the empty set and set up the corresponding inclusion graph
Dg. The vertices of Dg are the face circuits and there are no edges. As long & does
not have the right number of circuits, meaning Dg does not satisfy (2) and (3), we do the
following. If there is a non-leaf nodeC that has two children in Fg (case 1), letR; and R, be
two face circuits in Fg having C as their common parent. If there is no such non-leaf node,
there must be a face circuit in Fg without a parent (case 2). Let R; be this face and letR»
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be the unbounded face. In either case, we nd the least weightircuit D containing exactly
one ofR1 or Ry in its interior. We can nd D in time O(n) by scanning the columns ofA.

We add D to B and update Dg. If D is a face circuit, we only have to removeD from
Fg. The inclusion graph stays the same. IfD is not a face circuit, we determine, starting
from the face circuits in interior (D) (we can nd them in matrix A), the maximal subtrees
of Dg that are contained in interior (D). They become children ofD. D either becomes a
root (in case 2) or a child of C (in case 1). Updating Dg takes O(n) time.

We conclude that we time O(n) time per base circuit for a total of O(n?).

Theorem 5.33 (Hartvigsen and Mardon, 1994; Amaldi et al., 2009) A minimum (directed
or undirected) circuit basis of a planar graph can be found inO(n?) time.

Hartvigsen and Mardon (1994) observed that the minimum cyck basis problem is dual
to the all-pairs minimum cut problem. Hence the all-pairs minimum cut problem in planar
graphs can also be solved ifD(n?) time.

Theorem 5.34. Every planar graph has a minimum directed cycle basis that isveakly fun-
damental, totally unimodular, and integral.

Proof. By the above, every planar graph has a minimum directed cyclebasis that is nested.
Let B be such a basis. We rst show thatB is totally unimodular. We need to show that
any circuit is a linear combination of the circuits in B with coe cientsin f 1;0;+1g. Let C

be any circuit. Then,
X
C= F :

F is a face circuit contained in interior (C)

A face circuit either belongs to B or is the di erence between the parent ofF in Dg and the

sum of the siblings ofF in Dg. Tglus, 1

X X X
C= F+ @p(F) DA

F2B F2Fg D 2 B and D is a sibling of F in Dg

If a circuit D occurs twice in the representation ofD, it occurs once as a parent and once as a
child. As a parent, its coe cient is +1, and as a child, itis 1, and hence the two occurrences
cancel. Thus, every circuit is a linear combination of the cicuits in B with coe cients in

f 1,0;+1¢.

We next show that B is weakly fundamental. We need to show an ordering4, ..., C of
the circuits in B suchthat Cin(Cj+1 [ :::[ C )6 ; forall i. Let Dg be the inclusion graph
corresponding toB. If Fg is empty, every bounded face circuit belongs td8. There must be
an edge on the unbounded face that belongs to at most one cirduin B. Take this circuit
as C; and continue in this fashion. Assume next that Fg is non-empty. Since every circuit
in Fg has a parent, we have a non-leaf nod€ in Dg, all of whose children are face circuits.
One of these face circuits, say, belongs toFg and the others belong toB. There must be
at least one edge on the boundary of that does not belong to C because, otherwiseC = F.
Let F%be the other face circuit incident to e and let p be the maximal path containing e and
having all interior vertices of degree two. We remove the edgs ofp from the graph, assignF©
to e, delete F°from B, and add the edges opne to the spanning tree. Removal ofp merges
F and F%and B nF%is a basis for the modi ed graph. Continuing in this way constructs an
elimination order for the edges.

The proof is completed by the fact that any weakly fundamentd basis is integral. O
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5.10 Approximation

Minimum directed and undirected cycle bases can be computeih polynomial time. However,
the running times are fairly high degree polynomials, too hgh for applications, e.g., circuit
analysis, that need to nd cycle bases of graphs with severamillion vertices and edges.
However, in these applications, anearly optimal basis is almost as good as an optimal basis. It
is therefore natural to explore approximation algorithms. The results presented in this section
are based on Kavitha et al. (2004, 2007). We present two appsomation techniques, the rst
of which uses de Pina's approach and replaces shortest-pattomputations by approximate
shortest-path computations. The second technique uses Htwn's approach and replaces the
Horton set H by a smaller set of circuits that is guaranteed to contain a 2approximate cycle
basis. We will start with lower bounds that we will use in our quality estimates.

Lemma 5.35 (de Pina, 1995) Let Ry;:::;R be Iinearlpg independent vectors in  and let
A; be a shortest cycle inG such thathA;;R;ji & 0. Then ,_; w(A)) is a lower bound on the
weight of any -basis.

Ai's and C;'s are sorted by weight, that is, w(A1) w(A2) :::  w(A ) and w(Cy)
w(Cy) ::: w(C ). The former may require a renumbering of theR;'s. We will show that
w(A;) w(C;) for all i.

Consider a xed i and observe that hCy;R-i & 0 for some k and ~ with 1 k i

. Otherwise, the i +1 linearly independent vectors Rj;Rj+1;:::;R belong to the
subspace orthogonal toCy;:::;Ci; however, this subspace has dimension i, which is a
contradiction. Thus, w(A-) w(Cy) since A- is a shortest cycle withbA-; R-i & 0 and hence
W(A;))  w(A)  w(C) w(C). [

Corollary 5.36. L%; G be a graph. For any edgee, let SC. be the minimum weight cycle
containing e. Then  ,c W(SCe) is a lower bound on the weight of any cycle basis.

Proof. Let Re be the unit vector whose entry corresponding toe is one. The vectorsRe,
e 2 E, are clearly independent (overQ and over GF (p)) and hR¢; SCei =1 6 0. Clearly SC¢
is a shortest cycleC with hRg; Ci & 0. O

5.10.1 Approximate Shortest Paths

De Pina's approach works in phases. In each phase, we compugesupport vector S and a
shortest circuit C with hS; Ci & 0. If instead of searching for a shortest circuit, we searchfor
a t-approximation of it, we should obtain a t-approximate cycle basis. We next show how to
realize this idea for any integerk > 1 andt =2k 1.

A t-spanner of an undirected graphG is a subgraphGP®of G such that for any two vertices
u and v, the distance fromu to v in G®is at most t times their distance in G. Althefer et al.
(1993) showed that every weighted undirected graph om vertices has a (X 1)-spanner with
O(n'*17k) edges. Such a spanner is easily constructed incrementallyVe start with an empty
graph G° and consider the edges o6 in non-decreasing order of weight. When an edge is
considered, we add it toGUif its endpoints are not already connected by a path using at nost
2k 1 edges ofc% otherwise, we discard it. At any stage,G%is a (2k 1)-spanner of the edges
already considered, and its unweighted girtH° is at least & + 1, so it has only O(n1*17k)

The girth of a graph is the minimum number of edges in any circu it.
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Algorithm 4 Approximation algorithm. Best performance for sparse grams.
1: procedure SPANNER-APPROX-SPARSE (Graph G)

_ Construct a (2k  1)-spanner G°with O(n1*1k) edges. Lete;;:::;e be the edges
2: o
of GnG~.
3 Forl i let C; = e + p; whereg = (u;;Vv;) and p; is a shortest path in G°from
' uj to v;.
4 Flind Iilnearly independent S 4+1;:::;S in the subspace orthogonal to cycles
' CiyiiC .
Call the recursive algorithm in Section 5.3 with input: the graph G, sets
5: fCy;::;C g, fS41;:::;S gand to compute (2k  1)-approximate cycles
C +1 , T C

6: Return'f"Cl;:.::;C g[fC s1:::5Caqg.
7. end procedure

edges. The above procedure can be implemented to run i®@(mn1*17K) time. From now on,
G%= (V;EY denotes at-spanner ofG. Let = jEnEYandm®= jE§=m . Observe that
= m® n+1=m n+1 = .
For each edgee = (v;w) 2 E nEY let Ce be the circuit consisting of e and the shortest
path, say p, in G®connectingv and w. Then

w(Ce) = w(e) + w(p) w(e)+ tdistg(u;v) tw(SCy):

The circuits Ce, € 2 E nEC are clearly independent and form the rst circuits in our
t-approximate basis. The cost of constructing these circuits is the cost of shortest-path
computations in G° and hence bounded byO(  (n'*1= + nlogn)). Since m we can
compute both the spanner and the circuits in O(mn1*17K) time.

We need an additional circuits for a basis. We outline one approach and then discusa
second approach in more detail. The rst approach now switcles to the recursive algorithm in

and then proceeds as in Section 5.3; see Algorithm 4. Insteaaf computing a shortest cycle in

each phase, it computes a-approximate shortest path using the approximate distance oracle
of Thorup and Zwick (2001a). This data structure answers (X 1)-approximate shortest

path queries in O(k) time. The structure requires O(kn1*1=k) space and can be constructed
in O(kmn1¥%) expected time.

Theorem 5.37 (Kavitha et al.,, 2007; Mehlhorn and Michail, 2008). For any integer k
2, Algorithm 4 computes a (2k  1)-approximate undirected cycle basis inO(kmn1*2=k +
mn+1 =K 1)) expected time.

The second approach is even simpler. We complete the basis momputing a minimum

cycle basis of thet-spanner G® see Algorithm 5. The dimension of the cycle space oB°is
0:

and we are also going to prove that they form at-approximation of an MCB of G.

For 1 i , we have C; = g + p;, where p; is a shortest path in G° between the
endpoints of . In order to show that cycles Cq;:::;C constitute a t-approximation of
the MCB, we again de ne appropriate linearly independent vectors S;;:::;S 2 ™ and

use Lemma 5.35. Consider the exact algorithm in Section 5.3&Xxecuting with the t-spanner
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Algorithm 5 Approximation algorithm. Best performance for dense grapls.
1. procedure SPANNER-APPROX-DENSE (Graph G)

_ Construct a (2k  1)-spanner G°with O(n1*1k) edges. Lete;;:::;e be the edges

2 o
of GnG~.

3 For1l i let C; = ¢ + p; whereg = (u;;v;) and p; is the shortest path in G°

' from u; to v;.
4: Call the best exact algorithm to nd an MCB of GO Letthese cyclesbeC 11;:::;C .
5: Return fCq;:::;C g[f C 41;:::5C g
6: end procedure

GO as its input. Other than the cycles C 41 ;:::;C , the algorithm also returns the vectors
R+ ;iR 2 m® such that Ci;Rji =0 for +1 i <] and C; is a shortest
cycle in Gsuch that hC;;R;i & 0 for +1 i . Moreover, the ( ) m° matrix

whosej -th row is R; is lower triangular with 1 in its diagonal. This implies that the R;'s are
linearly independent. Given any vectorS2 ™, let S be the projection of S onto its last m°
coordinates. In other words, S is the restriction of S to the edge set ofG®. We de ne S; for
1 as follows. LetS;;:::;S bethe rst unitvectors of ™. For +1 |
dene § as:

1 , de ned above, are linearly independent. This is because ta matrix whose
j-throw is S; is lower triangular with non-zeros in its diagonal. The abowe de nition of Sj's is
motivated by the property that foreach 1 i , we havelCi; §ji = h C;R;i+hCj;R;i =0,
since the cycleC; has 0 in the rst coordinates except thei-th coordinate, which is non-
zero. Lemma 5.38, shown below, together with Lemma 5.35, im@s the correctness of our
approach.

Lemma 5.38. Consider the above de nedS; for 1 j and let D; be a shortest cycle in
G such thathDj; S;i & 0. Cycle C; returned by the algorithm in Figure 5 has a weight of at
most t times the weight ofD; .

Proof. This is obvious for 1 | since D; is a shortest cycle inG which uses edgeg
and C; = g + pj, where p; is a t-approximate shortest path between the endpoints ofe; .
Consider nowD; for +1 ] . If D; uses any edges; for 1 i , we replace it with
the corresponding shortest path in the spanner. This is the ame as saying consider the cycle
D; G instead of Dj. Let D? = D 1 (e 2Dj)Ci where (& 2 Dj)is 1if g 2 D;j
and O if & 2 Dj. Then,

i
X
DY sji = Dj; Sji + (e 2 Dj)ICi; Sji:

1

But recall that our de nition of S; ensures thathCi;S;i =0 for 1 i . This implies that
D2 Sji = Dj;S;i & 0. But DP, by de nition, has 0 in the rst  coordinates andS; = R,
which in turn implies that

o2 Rji = D Si = DY Si60 :
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C; is a shortest cycle inG® such that hCj; R;ji & 0. Thus, Cj weighs no more thanDJ-0
(which is the same cycle asDjO), and by construction, Dj0 weighs at mostt times the weight
of Dj . |

Thus, we have shown that the cost of our approximate basis istamost t times the cost
of an optimal basis. As at-spanner, we will again use a (R 1)-spanner. The spanner has
O(min(m; n1*17k)) edges and hence its minimum undirected cycle basis can bemputed in
O(min(m; n*17") time.

Theorem 5.39 (Kavitha et al. (2007); Mehlhorn and Michail (2008)). For any integer k 2,
Algorithm 5 computes a (2k  1)-approximate undirected cycle basis in Monte Carlo time
o(mn 1+1=k 4 min( m; ni+l =k)! ).

Directed graphs: Algorithm 5 readily extends to the directed case. For the spaner com-
putation we view our directed graph G as undirected and we compute a (R 1)-spannerG°
We then give to the edges ofG°the orientation that they have in G.

As in the undirected case, we return two sets of cycles. The st set is constructed as
follows. For each edgee 2 E nEC%for 1 i we compute the cycleeg + p; where p
is the shortest path in G° between the endpoints ofe, when GPis viewed as an undirected
graph. Then, we traverse each such cycle in an arbitrary orietation and form our directed
cycles based on the direction of the edges if6. The second set is simply the set of cycles of
a directed MCB of G°% The time bound is the same as in Theorem 5.39.

5.10.2 2-Approximation

A direct consequence of the technique in Section 5.4 is thatry reduction in size of the
candidate collection H would immediately imply betteF; algorithmic bounds than tho se in
Section 5.6. In this section we show that a set oO(m  nlogn) cycles, which is a subset of
H, contains a 2-approximate minimum cycle basis.

De nition 5.2. For v;x 2V andS V, bunch(v;S) consists of all vertices closer tov than
to any vertex in S and cluster(x; S) consists of all verticesv with x 2 bunch(v; S).

Lemma 5.40 (Thorup and Zwick, 2001b). Given a weighted graptG = (V;E) and0<q < 1,
one can compute a setS V of size O(hglogn) in O(m=glogn) expected time such that
jcluster(x;S)j 4=qforall x2 V.

We take g = 1:p nlogp and rst compute, as given in Lemma 5.40, a setS of O(p nlogn)

Eertices. This takes O(m' nlog®? n) expected time and ensures thatcluster(v; S) has size

nlogn for all v2 V. Also, bunch(v; S) faor all v can be computed inO(m=q) expected time
(Thorup and Zwick, 2001a), which isO(m" nlogn). We use two types of cycles:

the O(mp nlogn) cyclesCs.e forall s2 Sande?2 E,

the cycles C,.e for eachu 2 VPand = (v;w) 2 E and either v or w in bunch(u;S).
The number of such cycles is 5y y2punch(u:s) d€dV). Rewriting th|'5s sum, we ob-
taw v2v degv) jcluster(v;S)j, which in turn is at most = nlogn ,, degv) =
m" nlogn.
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Thus, our collection has O(mp nlogn) cycles. We need to show that it contains a 2-

approximate cycle basis. LetB1;:::;B be the minimum cycle basis of G determined by
Horton's algorithm in order of non-decreasing weight, i.e, w(B1) w(B>) w(B ).

P
Lemma5.41. Forall 1 i we haveBj = -, C whereG is a subset of our collection

and each cycle inG weighs at most2 w(B;).

Proof. Consider any B;. If B; belongs to our collection, we setG = fBjg. Otherwise,
Bi = Cu.e, Wheree = (v;w) and neither v nor w is in bunch(u; S). Let s 2 S be the nearest
vertex in S to u. Then, w(SP(s;u)) w(SP(u;v)) and w(SP(s; u)) W(gP(u;W)).

For any edgef 2 Bi, the cycle C(s;f) is in our collection and Bi = ¢, C(s;f) since
the paths from s to the endpoints of the edges inB; appear twice in this sum and cancel out.
We setG = fC(s;f) jf 2 Bjg. It remains to show that w(C(s;f)) 2w(B;) for all f 2 B;.

We now distinguish two cases. Assume rst thatf 6 e. Then f 2 SP(u;v) or f 2
SP(u; w). We may assume w.l.0.g. that the former is the case. Themw(C(s;f)) w(SP(s;u))+
W(SP(u;Vv))+ w(SP(v;s)) since C(s;f) consists off and the shortest paths froms to the end-
points of f and w(SP(v;s))  w(SP(s;u)) + w(SP(u;Vv)) by the triangle inequality. Thus,
w(C(s;f)) 2(w(SP(s;u)) + w(SP(u;v))) 2w(B;) sincew(SP(s;u)) w(SP(u;w)).

Assume next thatf = e. Then,

w(C(s;f)) = w(SP(s;Vv)) + c(e) + w(SP(w;s))
W(SP(s; u)) + w(SP(u;Vv)) + c(e) + w(SP(s;u)) + w(SP(u;w))
2W(SP(u;Vv)) + c(e) + 2w(SP(u;w))
2W(Bi)Z

Proof. The lemma follows from Lemma 5.41. Assuming otherwise, lej be minimal such
that [; ;G contains less thanj linearly independent vectors with w(A;) 2 w(Bj) for
i=1;:::;). Thenj land[; j 1G contains at leastj 1 linearly independent vectors
with w(A;) 2 w(Bj)fori=1;:::;j 1. Also,[; ;G spansfBg;:::;Bjgand hence contains
at least j linearly independent vectors. Thus, it contains a vectorA; linearly independent of
fA1;::0 A) 10. Furthermore, A; 2 G for somei | and hencew(A;) 2w(Bj) 2w(Bj),
which is a contradiction. O

It is now straightforward to extract the 2-approximate MCB u sing the techniques that we
have discussed so far. The resulting running time is better han those in Section 5.6 but not
better than those in Theorems 5.27 and 5.28.

5.11 Algorithm Engineering

Both exact and approximate algorithms for minimum cycle bases have a fairly large worst-case
running time. In this section, we discuss heuristic improvenents and algorithm engineering
issues. The hope is that in many cases heuristics and algohin engineering techniques will
improve upon the worst-case running time. We restrict attertion to computing minimum

undirected bases. Implementations of cycle basis algoritins are described in Gleiss (2001a);
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Huber (2003); Berger (2004); Bauer (2004); Mehlhorn and Mibail (2006). There is no im-
plementation of the Monte Carlo algorithm of Section 5.7 yet

The rst decision to be made is to choose between the two main pproaches. Horton's
approach rst computes O(nm) cycles and then uses Gaussian elimination to nd an optimum
basis. No heuristics are known that improve upon the worst-ase. The situation is di erent
for the algebraic approach of Algorithm 1 where in each phasest a support vector and then
a cycle is computed.

How should we represent cycles and support vectors, as spaer as dense vectors? There
are two arguments in favor of a sparse representation. The thoretical argument is that we
know of the existence of bases of weighD(W logn); in such a basis, we expect most circuits
to have o(n) edges. The engineering argument is that a dense represetian immediately
introduces an ( m?) lower bound; we are constructingm vectors of length m. Thus, the
sparse representation is preferred.

The next major question is how to compute each cycle. In Algoithm 1, each cycle is
computed after a support vector is found. However, there arewo possible ways for doing
this: (a) use the candidate setH or some other collection that contains a minimum cycle
basis and the labeled trees representation, or (b) use the gined graph approach.

Although the labeled trees approach is faster for sparse gghs by a logarithmic factor and
is faster for dense graphs when the extra technique of bit-peking from Mehlhorn and Michail
(2008) is used, it has a major practical drawback which need$o be addressed. It introduces
a lower bound on the best case of the algorithm. The labeled wes approach maintainsn
shortest-path trees. In each of the phases of the algorithm, each of these shortest-path
trees is traversed, in order to update the labels based on theurrent support vector. Thus,
the technique introduces an (mn?) lower bound. For this reason we believe that the signed
graph approach is better.

The signed graph approach constructs a graphG;(S;), where S; is the support vector
during phasei of the algorithm. In this graph, it executes n single source shortest path
computations. There are, however, some heuristics that came used to reduce the number of
such computations. During phasei we might perform up to n shortest-path computations in
order to compute a shortest cycleC; with an odd intersection with the vector S;. We can use
the shortest path found so far as an upper bound on the shortégath. This is implemented as
follows: a node is only added in the priority queue of Dijkstra's implementation if its correct
upper distance is not more than our current upper bound.

We come to the most important heuristic. In each of the phases, we are perform-
ing n shortest-path computations. This results in ( mn) shortest path computations. Let

pute a shortest cycleC such that hC;Si = 1. We can reduce the number of shortest path
computations based on the following observation.

corresponding edges from the signed grapks;. Let e = (v;u) 2 G. Then we compute a
shortest path in G; from v* to u*. The path computed will have an even number of edges
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Using the above observation we can compute each cycle i®(k SP(n;m)) time when
i1Sj = k< n and in O(n SP(n;m)) time when jSj n. Here SP(n;m) is the time of a
single-source shortest-path computation in a graph withn nodes andm edges. In this way,
the total cost of computing the basic circuits becomes

X
SP(n; m) min(n; jSij):
i=1;:;

Another issue that needs to be discussed is the use of fast ntat multiplication when
computing the support vectors. Experiments in Mehlhorn and Michail (2006) with random
graphs suggest that the use of fast matrix multiplication is not necessary, even for medium to
large instances. The reason is that the cycles computationgrt of the algorithm dominates the
running time, even though in theory it is the other way around. The reason is that support
vectors are typically sparse. Thus, the technique of Algotihm 2, which has a worst-case
bound of O(m?3), is su cient. Moreover, due to its simplicity, it is very ea sy to implement
e ciently.

Moving to the approximation algorithms of Section 5.10, we rote that they signi cantly
improve the running times. This is not only a theoretical observation but is true in practice
as well. Algorithm 5 reduces the computation of an approximae MCB to the computation of:
(a) a spanner of the input graph, and (b) the MCB of a sparse grgh (the previously computed
spanner). This approximation algorithm is much faster than any exact algorithm. Moreover,
the approximation algorithms do not really require fast matrix multiplication. Algorithm 5
requires O(n32 =logn + n3*17K) time in order to compute a (2k  1)-approximate MCB.
If we do not use fast matrix multiplication, the running time increases toO(n3*3). We
conclude that Algorithm 5, where the support vectors are mantained as in Algorithm 2 and
the cycles are computed using the signed graph approach of &en 5.4, will be an e ective
way of computing approximate minimum cycle bases.

5.12 Relevant Circuits

In general, minimum cycle bases are not unique. In some apmations, e.g. in chemistry
(Gleiss, 2001b), it is useful to knowall minimum cycle bases. A circuit that belongs to
some minimum cycle basis is calledelevant As their number could be exponential, the
goal is to compute a set of prototype circuits from which all relevant circuits can then be
derived easily. Vismara (1997) presented an algorithm that in a fashion similar to Horton's
algorithm, extracts these prototypes from a polynomially szed set of candidate circuits using
Gaussian elimination. Vismara's algorithm runs in O(m#) time. From these prototypes,
relevant circuits can be computed in O(njCgj) time, where Gz denotes the set of relevant
circuits.
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6 Hardness Results

We will show that the minimization problems for strictly and weakly fundamental cycle bases
are APX -hard. A minimization problem belongs to classAPX if it has a constant-factor
approximation algorithm and is APX -hard if any problem in APX can be reduced to it by
an L-reduction; APX -hard problems do not have polynomial time approximation sdéiemes
unlessP = NP (Papadimitriou (1994); Trevisan (2004)).

An L-reduction from an optimization problem P, to an optimization problem P, consists
of two polynomially computable functions t; and t, with the following properties:

1. t; maps instances ofP; to instances of P, such that

optp, (t1(1)) 1 optp, (1)

for any instance | of P;. Here optp, (X) denotes the optimum value for instanceX of
problem P;, and i is some constant.

2. t, associates with any instancd of P, and any feasible solutionS° of the corresponding
instance | %:= t1(1) of P, a feasible solutionS:= t5(1;S9 of | such that

jopte, (1) valp,(1;S)j 2 jvalp,(1%S%  opte, (19

Here, valp, (X;Y ) denotes the objective function value of the feasible soluon Y for
instance X of problem P;j, and » is some constant.

L-reductions preserve approximability. If S%is an -approximation of the optimum solution of

1% i.e.,joptp, (19 valp,(1%S9j optp, (19, then joptp, (1) valp,(1;S)j 2 optp,(19
1 2 optp, (1), i.e.,, Sisa 1 2 -approximation to the optimum solution of |I.

6.1 Strictly Fundamental Cycle Bases

Recall that a strictly fundamental cycle basis consists of he fundamental circuits with respect
to some spanning tree. We saw in Theorem 4.11 that any graph tsa strictly fundamental
basis of weightO(W log? n log logn) and of length O(n?). Deo et al. (1982) showed theN P -
hardness of the minimum strictly fundamental cycle basis poblem. We will now sketch a
proof of its APX -hardness (Galbiati et al., 2007). The proof consists of an treduction from
the following special case of the maximum satis ability problem.

Max-3-SAT-NAE-UN-9: Given a setX = fxz;:::;Xng of Boolean variables and a collection
C= fCy;:::; Chpg of disjunctive clauses with exactly 3 variables per clausewhere all variables
appear unnegated and each occurs in at most 9 clauses, nd auth assignment to the variables
maximizing the number of clauses containing both atrue and a false variable.

Max-3-SAT-NAE-UN-9 s a not-all-equal version ofMax-3-SAT restricted to instances
with unnegated variables, each variable having at most 9 oaarrences. In Galbiati et al. (2007),
Max-3-SAT-NAE-UN-9  was shown to beAP X -hard by means of a sequence of standard L-
reductions starting from Max CUT-3 , the problem of nding a cut containing the maximum
number of edges in an undirected graph where all vertices haa degree of at most 3. In
turn, Max CUT-3 has been shown to beAP X -hard in Alimonti and Kann (2000).
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The Main Reduction. We now describe the L-reduction fromMax-3-SAT-NAE-UN-9

to the minimum strictly fundamental cycle basis problem (MSFCB). Let gand M be integer
constants, which we will x later. Let | be an instance of Max-3-SAT-NAE-UN-9 with
variable setX = fxq;:::;xngand clause collectionC= fCy;::;; Chg. We construct an instance
|1 9of MSFCB |, i.e., a weighted graphG,, as follows. The set of vertices is

V(G)) = frich ;o a8 e B ixy i xsixhixB x5 xBy;
and the edges inE (G, ) together with the corresponding weights are:
for eachi = 1;2;:::;n, we have two edgedr;xg and fr;x B g, each of weight 1;

for eachi = 1;2;:::;n, we have 21+ 1 parallel edges connecting verticeS(iA and xiB,
and all of them have weight 1;

for eachj = 1;2;:::;m and for each variablex; occurring in C;j, we have the edges
fq“;xiAg and fch ;xB g, each of weightM .

We remark that edges of weightM may be replaced by a path of lengthM and parallel
edges may be split by an additional intermediate vertex. In dher words, the graph G, could
also be constructed as an unweighted simple graph. The folling easy-direction lemma
indicates the intention behind the reduction.

Lemma 6.1. Let : fxi;Xo;:::;Xng 7! ftrue;falseg" be a truth assignment such that there
are t clauses inC containing both a variable with value true and a variable wit value false.
Then G, has a fundamental cycle basis of weight(4g+3)+ m(8M +12) t.

Proof. By relabeling the clauses, we can assume w.l.o.g. that, fgr = 1;2;:::;t, clauseC;

contains a variable with value true as well as a variable with valuefalse. So, fort < m,
all variables in C; have the same truth value under . Construct a spanning tree T as follows
(Fig. 29):

for eachi = 1;2;:::;n, include a single edge connecting* and xB;

for eachi =1;2;:::;n, includefr;xiAg if ( xj)= true and includefr;xiBg if (xj)=
false;

for each clauseCj, with 1 | t, select one variablex with ( X) = true and one
variable x with (~x) = false, and include the edgesf ¢*;x*g and fc? ; x° g;
in Cj and include both edgesfc*; x*g and fc? ; xP g.

We next compute the costs of the fundamental cycles inducedypthe non-tree edges. We
distinguish the following cases:

For eachi =1;2;:::;n, T contains exactly one of the two edgesr; xiAg orfr; xiBg. The
other edge induces a fundamental cycle of cost 3, for a totalfdn.

For eachi =1;2;:::;n, 2q edges connecting vertices<iA and xiB are not in T. Each of
them induces a fundamental cycle of cost 2, for a total cost ofign.

69



Figure 29: The graph G, associated with the Max-3-SAT-NAE-UN-9 instance | with
variable set X = fXx1;X2;X3;X4; X509 and clause collectionC= fx;_Xo X3;X3_ Xs4_ Xs5g9. The
spanning tree T of G, derived from the truth assignment = ( true;false;true;true;true) is
shown in bold.

For eachj =1;2;:::;t, the four non-tree edges incident tocjA or qB induce four cycles.
Exactly one of these cycles has costM + 2, while the others have cost 21 + 3. The
corresponding costs sum ta(8M + 11).

For eachj = t+1;:::;m, each one of the two non-tree edges incident t«xA induces a
cycle of cost M +2 |f aII variables in C; aretrue and of cost M +4 if all these variables
are false. Analogously, each one of the two non-tree edges incident th induces a cycle
of cost M + 4 if all variables in C; are true and of cost M + 2 if all these variables
are false. These costs sumtoh t)(8M +12).

Therefore the fundamental cycle basis induced byl has a cost of

3n+4qgn+ t(8M +11)+(m t)(8M +12)= n(4q+3)+ m(8M +12) t:
O

A key property of the reduction is that the type of spanning tr ee considered in the lemma
above gives rise to a minimum strictly fundamental basis.

De nition 6.1. A spanning tree T of G, is well-behavedif it satis es the following properties:

1.

2.

for eachj =1;2;:::;m, the verticesqA and CJ-B have degreel in T,
for eachi =1;2;:::;n, exactly one edge of theq+ 1 edgesf x*; xE g belongs toT,

for eachj = 1;2;:::;m, either for some i both edgesfcﬁ,x,Ag and ch xBg belong to
T or for somei; andip, with 1 i1 n,1 i nandii6 iy, both edgesqu, g

and fx{};rg as well as both edgesc®; x{ g and fx{;rg belong toT.
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Lemma 6.2 (Galbiati et al., 2007). Assumeq 9andM 4. For any spanning tree T of
graph G,, we can, in polynomial time, derive from T a well-behaved spanning tred © such
that the weight of the basis induced by °is no larger than the weight of the basis induced by
T.

We can now state the main result of the section.

Theorem 6.3 (Galbiati et al., 2007). The minimum strictly fundamental cycle basis problem
is APX -hard.

Proof. It su ces to verify that the reduction presented is an L-redu ction. For any instancel =
(X; ©) of Max-3-SAT-NAE-UN-9 , the corresponding instancel ° of MSFCB can obviously
be constructed in polynomial time.

The simple randomized argument implying that any Max-SAT instance with m clauses
admits a truth assignment satisfying at leastm=2 clauses, is also valid foMax-3-SAT-NAE-
UN-9. Thus opt(l) m=2.

According to Lemma 6.1, whereq = 9, we have opt(l 9 n(4qg+3)+ m(B8M +12).
Since we may assume thatn 3m (otherwise some variable would occur in no clause),
opt(l% 3m@4g+3)+ m(BM +12) = m(12q+8 M +21) m(24q+16 M +42)opt(l). We
set 1 =24q+16M +42.

By Lemma 6.2, from any spanning treeT of G, we can derive a well-behaved spanning
TOwithout increasing the weight of the associated fundamentacycle basis. Now, the three
properties characterizing well-behaved spanning trees ni@ sure that it is possible to reverse
the construction described in the proof of Lemma 6.1. Thereajre, to derive a truth assignment

from any spanning tree T of G, it su ces rst to derive a well-behaved spanning tree T°
from T and then to set ( x;) = true whenfx®;rg2 T% and ( x;) = falsewhenfxB;rg2 T°
Condition (ii) of an L-reduction is then satis ed with , = 1. O

We close this section with some open problems.

Open Problem 12. Is there an O(log n) approximation algorithm for minimum F-bases? Is
there one for planar graphs? We remark that the approximalitly of the bottleneck version, in
which one looks for a strictly fundamental cycle basis wherhe weight of the maximum cycle
is minimum, has been addressed in Galbiati (2003).

Open Problem 13. Is the minimum F-basis problem inAPX , i.e., does it have constant
factor approximation.?

Open Problem 14. What is the complexity of the minimum F-basis problem for planar
graphs? We remark that the related problem of computing a spaing tree with shortest
fundamental circuit is NP-complete for planar graphs (Fekée and Kremer, 2001).

6.2 Weakly Fundamental Cycle Bases

We know from Theorem 4.4 that any graph has a weakly fundameral cycle basis (W-basis)
of weight O(W logn). Thus the weight of a minimum W-basis can be approximated wthin a
factor of O(log n); no better approximation factor is known. Rizzi (2007) has shown that the
minimum W -basis problem isAP X -hard and we will sketch his proof in this section.

Open Problem 15. Is the minimum W-basis problem inAPX ?
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We rst introduce a compact way of representing W-bases. ForT a spanning tree ofG,

basis of a connected graplG. If C$ ;, thatis, if G is not a tree, then there exists an edge of
G that is contained in precisely one circuit of C. Let C¢ be the only circuit in Cthat contains
e. Notice that G neis connected andC nC; is a W-basis of G ne. If this process is iterated
over G ne, we end up with a spanning treeT of G. Furthermore, if we label the i-th edge

from which we started, arecompatible Notice that at any iteration of the edge removal process
it may be possible that more than one edge of the current graphs contained in precisely one
circuit of C. Actually, there is always some freedom of choice when remawy the last edge.
Thus, in general, a W-basis ofG may be compatible with more than one spanning tree of
G. Furthermore, even w.r.t. any particular tree T of G, a W-basis may be compatible with

minimum cost by resorting to any shortest-path algorithm as a subroutine. And we can also
enforce the uniqueness of this W-basis by adopting a lexicogphic scheme to resolve ties

among circuits of the same weight. Indeed, given any removasequencee;;e;:::;e of G,
the unique W-basis of G associated with the sequence;;ey;:::;e is obtained as described
in Algorithm W-Decoder
Algorithm W-Decoder (e;;er;:::;e)
start with G°%:= G, C= ;, and,
fori=1;2;:::; ,do,

add to Cthe unique!! cheapest circuit of G° containing edgee;;
remove edges; from G°
return C.

Notice that not every W-basis of G admits a removal sequence encoding it such that the
above algorithm can reproduce it. We say that a W-basisC of G is locally-optimal if there ex-
ists a removal sequencs of G such that the execution of Algorithm W-Decoder (s) produces
C. Indeed, the above remarks inspire a natural local search ggoach for the minimum W-basis
problem, where, given any WFCB C of G, we rst obtain a removal sequences compatible
with C and then substitute C with the W-basis C° produced by Algorithm W-Decoder (s).
Notice that C¥is locally-optimal and its cost never exceeds the cost of.

A Fundamental Gadget: Our APX -hardness proof is based on a single gadget. The
gadget is derived from a graph rst described by Liebchen andRizzi (2007); every W-basis
of this graph is strictly more expensive than the cheapest udirected cycle basis. Indeed, since
the minimum U-basis problem is in P, the graphs produced by a reduction from a generic
AP X -hard optimization problem to the minimum W-basis problem are bound to involve such
graphs.

Although, the inapproximability result also holds in the un weighted case, we nd it conve-
nient to allow the use of small natural weights (actually, all in f1;2;3g) in the constructions
and in the gadgets to follow. Clearly, an edge of weightw may be replaced by a path of

"uniqueness is enforced by the adoption of a lexicographic sbeme.
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w edges andw 1 new intermediate nodes without changing the essence of theycle basis
problem. The transformation is polynomial as long as the weghts are polynomially bounded.
So there is no harm in using small integer weights.

We start by describing a graph for which 2

no minimum U-basis is weakly fundamental.
Consider rst the graph Vg in Fig. 30. Here, 1 3
m = 12, n = 8§, = 5 and the circuits
Ci=2 3 7 6,C,=3 4 0 7, 0 4
C3=4 5 1 0,Cs=5 6 2 1, and
Cs=6 5 4 3 2forma W-basis ofVs. 7 5
Indeed, the edgef 6; 7g is only contained in
Cq, f0O;7g only in Cy, f0;1g only in C3, and 6

f1;2g only in C4. For later convenience, we

also certify the independence ofC; to Cs by Figure 30: Wagner's graph Vs.

giving ve sets ;to 5 suchthat ; and C; have an odd-sized intersection if and only if
i=7].

1 = ff 2;60;f5;69g with odd-sized intersection only with C; (see Fig. 31 on the left);

2 = ff 2;60;f5;60;f3; 7gg with odd-sized intersection only with C, (see Fig. 31 on the right);
3 = ff 1;50;f2; 3g;f2;6gg with odd-sized intersection only with C3 (mirror image of »5);

4 = ff 2;3g;f2;6gg with odd-sized intersection only with C4 (mirror image of 1);

5 = ff 2;30;f2;60;f5;6gg with odd-sized intersection only with Cs (see Fig. 31 in the mid-

dle).
2 2
1 3 1 3
0 4 0 4
7 5 2 7 5
6 1 3 6
0 4
7 5
6

Figure 31: Certi cates of independence forC; (left), C, (right), and Cs (middle).

We will use the namepetal for the weighted graph obtained from Vg by assigning cost 2 to
the edgesf 6; 79, f7;0qg, f0; 1g, f1; 29, also calledglue edgesand assigning cost 1 to all other
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Figure 32: A removal sequence of a W-basis of weight 25.

edges, callednternal edges Notice that all circuits of the petal have a cost of at least § and
C1, Cy, C3, C4, Cs are actually its only 5 circuits of a cost of precisely 5, hene they form the
unique minimum basis of the petal. A removal sequence compiile with this locally-optimal
W-basis of the petal is illustrated in Fig. 32.

Consider now the weighted graphF obtained by gluing together 6 distinct petals as shown

in Fig. 33: Let petal i, 0 i 5, be on nodesfvh;vi;:::;vhg; we glue the petals through
the following node identi cations: v§$ vi$ v3$ vi$ vi$ v§, andvi"'™4¢ § Vi and
vitmod6 ¢ yifor0 i 5. Edges that become parallel through this identi cation process

are replaced by a single edge of weight 2.

Clearly, np =31, mg =60, and ¢ = 30. The six copies of the circuits C1, C,, C3, Cy,
and Cs form a collection of 30 circuits in F whose independence can be established by taking
the 6 corresponding copies of each of the odd sets;; »; 3; 4; 5. Hence, these 30 circuits
form a U-basis of F. Each of these 30 circuits has weight 5. Every other circuit bF has cost
at least 6; hence these 30 circuits form the unique minimuntJ-basis of F. This cycle basis is
not weakly fundamental since each edge of is contained in at least 2 of these circuits.

It is also relevant to our discussion to exhibit a cheap W-bas of F. In fact, F has a
W-basis whose weight is only one larger than the weight of theuniqgue minimum W-basis
introduced above. Indeed, consider rst one single petal oF and its W-basis as encoded by
the removal sequence displayed in Fig. 34. This W-basis haseight 26 and leaves all glue
edges as tree edges. It is easy to extend this removal sequerfor one petal, say petal 0, to a
removal sequence fof that encodes a W-basis of weight 151: simply append to it, foreach
one of the other 5 petals taken in clockwise order, a removalegjuence like the one in Fig. 32
(see the proof of Fact 6.1 for the details).

Fact 6.1. There are precisely 30 circuits of cost 5 in F. These 30 circuits constitute the
unique minimum U-basis of F. This basis has weight150 and is not weakly fundamental.
Furthermore, F admits a W-basis of weight151

Proof. Algorithm WFCB-Decoder constructs a W-basis of weight 151 from the following
removal sequence: rst, within petal 0, removev2vd, vIvg, vave, vivy, and vive in this order;
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Figure 33: A weighted graphF whose unigue minimum U-basis is not weakly fundamental.

Figure 34: The removal sequence of a W-basis of weight 26. Nog that all glue edges are
tree edges.

next, for i = 1;2;3;4;5 and in sequence within petali, remove ViV, vivi, vivh, vivl, and
v5V4 in this order. O

We are now ready to produce a weighted graphs (the gadget) with the following prop-
erties: (1) G contains 4 nodesx, y, z and w, and the edgeswx, wy and wz, all of weight 1;
(2) The minimum U-basis of G has weightB and G has a W-basis of weightB. (3) Let T be
any spanning tree of G, compatible with some W-basis of weightB. Then, the distance in
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T between any two of the 4 nodes, y, z and w is at least 3; (4) G has a W-basis of weight
B + 1, for which wx;wy;wz 2 T.

The intended functioning of the gadget is as follows. Sevetecopies of the gadget will be
part of the graph Gy representing the minimum W-basis problem instance constrated by
the L-reduction proposed in Section 6.2. Each such gadget ¢py) is attached to the rest of
Gy by means of the 4 nodex, y, z and w, and, actually, occurs as an induced subgraph of
G . Each removal sequence foGy contains, in a natural way, a removal sequence for each
one of these gadgets. Indeed, a set of edges whose removal ee acyclic also intersects
all circuits of any given subgraph of Gy. Notice that after the removal of the sole edges
prescribed by a removal sequence for a gadget, the nodes ofathgadget are still connected
within the gadget. In order to intersect all circuits of Gy, a removal sequence folGy will
need to include further edges. When obtaining a short W-bas of Gy, the following Boolean
choice has to be made for each one of these gadgets:

either locally pay B +1: pay the extra price of +1 by locally applying a removal sequerte
avoiding the \cheap" edgeswx, wy, and wz, hence making it possible to disconnect
cheaply the 4 nodesw, X, y, and z with later removals;

or locally pay B: pay just the minimum B, but then these 4 nodes will remain connected
within the gadget since disconnecting them later would costsigni cantly more than the
+1. Indeed, by points (3) and (1) above, the cost of disconneting any two nodes among
the 4 nodesw, X, y will be at least 3 1=2.

The above informal description will make full sense only laer, after all the pieces of the
proposed reduction are in place. We now present our gadget;ee Fig. 35. The weighted
subgraph of G induced by the nodesa, b, ¢, y and w is called the chamber The gadget graph
G is similar to the ower F from Fig. 33 but it has 14 petals and 1 chamber, plus two edges
wx and wz, dubbed the jump edges In Fig. 35, the 14 petals are only hinted at for reasons
of legibility. The numbers that label some of the nodes repreent the distances from node
w within the weighted graph G n fwx;wzg and, as such, certify the truth of the last two
properties listed in the following lemma.

Lemma 6.4. The graph G in Fig. 35 has 14 petals, one chamber,n = 73, m = 147, and

= 75. It has has a unique minimum U-basis Gy, ; this basis is weakly fundamental and
has weightB :=377. The edgeswx, wy, and wz are all non-tree edges w.r.t. any removal
sequence encodin@min . There exists aW-basis of G of weightB +1, and a removal sequence
encoding this basis, w.r.t. which the edgesvx, wy, and wz are all tree edges. The distance
betweenw and y in Gnyw is 4. The distance betweenw and x in G nxw is 5. The distance
betweenw and z is 5in Gnzw and 6 in G nfzw;xwg. The distance between any two nodes
in fx;y;zg is at least4 in G nfxw;yw;zwg.

Proof. All claims in the rst sentence are readily veri ed. As for th e last four sentences, their
truth can be readily veri ed through shortest-path computa tions, and the distance values
reported in Fig. 35 may partially support the reader in this t ask.

The remaining properties follow from the properties of the petals and from the structure
of G. We refer to Rizzi (2007) for detailed arguments. O

The source problem of the L-reduction: Hypergraphs generalize graphs. A hypergraph
is a pairH = (V;E), where V is a nite set of nodes andE is a nite set of hyperedges A
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Figure 35: A gadget graphG with 11 petals, one chamber, and two jump edgesvx and wz.

hyperedge is a set of nodes. When all hyperedges have sizeH is called t-uniform. Graphs
are 2-uniform hypergraphs. A circuit in a hypergraph is an aternating sequence of nodes

Vi+imod k 2 €. The length of the circuit is k, the number of edges comprising it. Thegirth

n of a hypergraph H is the minimum length of a circuit in H. A hypergraph is acyclic if
it contains no circuit. A feedback hyperedge set (FHS)f a hypergraphH = (V;E) is a set
F E such that (V;E nF) is acyclic. Given a hypergraphH, the Minimum Feedback
Hyperedge Set (MFHS)  problem seeks a minimum cardinality FHS inH .

Lemma 6.5 (Rizzi, 2007). There exists a constant > 0 such that the MFHS problem is
APX -hard even when restricted to4-uniform hypergraphs with 6 in which a minimum
cardinality FHS has a size of at least |Ej.
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The main reduction: The main L-reduction is from the MFHS problem to the minimum
W-basis problem. LetH = (V;E) be a 4-uniform hypergraph with 6. Consider the
weighted graph Gy obtained as follows:

1. Start from node setV;
2. Add a further node r adjacent to all nodes inV through edges of weight 3;

3. For each hyperedges = fvq;Vz;Vv3;vag 2 E, add a new and private copyC of the gadget
graph and perform the following 4 node identi cations: vi $ x,v> $ y,v3$ z, and
Va3 w.

The following lemma establishes that the above poly-time castruction is an L-reduction
from the MFHS problem restricted to instances conforming tothe properties in Lemma 6.5
to the minimum W-basis problem. As a consequence, thtMWFCB problem is APX -hard.

Lemma 6.6. The hypergraphH = (V;E) admits an FHS of sizet i Gy admits a W-basis
of weight(21+ B)m + t, wheren = jVj, m = jE].

Proof. Assume rst that the hypergraph H = (V;E) admits an FHSF  E with jFj = t. We
construct a W-basis G- of Gy and a removal sequences encodingG:=. We start with G =
and s:=; and setG%= Gy.

For eache 2 F, we proceed as follows. First, at costB + 1), we putin G- all circuits of
the W-basis of C. of weight (B + 1). By Lemma 6.4, this basis can be encoded by a removal
sequence with respect to which the edgesw, yw, and zw of C¢ are all tree edges. Append
this removal sequence tas meanwhile removing fromGPthe 75 edges it prescribes. After the
removal of these edge€. is acyclic. Furthermore, the only edges ofC. which are not bridges
of GPare the edgesxw, yw, and zw. Next, at cost 7+7+7 = 21, remove from GOthese three
edges of componenC,, meanwhile appending them tos and adding to G- the three triangles
they form together with node r. Each of these triangles costs 7 = 3+3+ 1. Clearly, after the
removal of these three edges, no circuit o6G° can go through an edge ofC.. After this has
been performed for eachre 2 F, we have paid 8 +1+21) t =(21+ B)t+ t in total.

At this point, the number of connected components of ¥;EnF)isn 3(m t); for each
connected componentC of (V; E nF), remove from G%all edges of the formrc, c2 C, except
one. Each removal has cost 7 = 3+3+1 (explained in more detailbelow) and adds a triangle
through node r to G=. Once these edges have been removed, no circuit 6° contains r.
We now explain in more detail how the removal of these edges cabe performed within the
claimed costs. First, select a nodea of C and a spanning treeA of G9C]. Then, let A%:= A.
Consider A%as a tree rooted ata. While A6 fag, consider any leafq of Aand let p be the
father of g in A% remove from G°the edgeqr and append it to s, meanwhile inserting into
G- the triangle g r p(at a cost of 7 = 3+ 3+ 1); remove node g from the rooted tree
AC In this way, we remove a total ofn  (n 3(m t))=3(m t) edges, for a total cost of
21(m t). Up to this point, we have paid (B +1) t + 21 m in total.

Finally, for each e 2 E nF, put in G all circuits of the W-basis of C. of weight B. Also,
append tos and remove fromGPall non-tree edges ofC. w.r.t. any removal sequence encoding
this W-basis of Ce. After this, G%is a spanning tree ofGy . In particular, the acyclicity of
GO follows from the acyclicity of E nF. Thus, G- is a W-basis of Gy . In total, this last step
has cost fn t) B and hence the total cost of G- is (21+B)m + t.
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For the reverse direction, letCbe a W-basis ofGy of a cost of at most (21+B) m+ t. We
may assumeC to be locally-optimal and encoded by means of a removal sequees. Let T be
the spanning tree of Gy made of the tree edges w.r.ts. Let E%be the set of those hyperedges
e 2 E such that Co\ T is a spanning tree ofCe. Notice that the hypergraph (V;E9 is acyclic
sinceT is acyclic. Let F := E nEC It follows that F is an FHS of the hypergraphH . Let
f = jFj. We will show that jFj t.

Let denote the cyclomatic number ofGy. By Lemma 6.4, the cyclomatic number of
each gadgetCg is 75. Therefore = 75m +3 m = 78 m since, to make Gy acyclic, we
need to remove 3n further edges after having made eaclC, acyclic. Let G°:= Gy, and, for
i=1;2:::; , let G' be the weighted graph obtained fromG' ! by removing the i-th edge
from the removal sequences. For every e 2 E, we denote byV, the nodes of the gadgetCe,
and we say that edges; is pertinent to Cq if g is an edge ofC and if the induced graphsG' [Ve]
and G' 1[Ve] have the same number of connected components. Clearly, themoval sequence

s comprising these 75 edges encodes a W-basis@f. Since the girth of H is at least 6, every
circuit of Gy which is not a circuit of some Ce costs at least 7. As a consequence, for every
e 2 E, the total cost of the circuits in C associated with the edges irse is at least B. Besides
the = 75m removals considered up to now (which are precisely enough tmake eachCg
gadget acyclic), we have 3n further removals. None of these further removals can cost ks
than 7, since none of the corresponding circuits inC is entirely contained in one singleCeg
gadget. Furthermore, for everye 2 F, the best edge removal for makingGy [Ve] acyclic and
disconnecting the subgraphGy [Ve]\ T has costB + 1. Indeed, for every e 2 F, there exists
an e in s such that G'[Ve] and G' 1[Ve] have the same number of connected components. As
a consequence, the corresponding circui€; in C contains an edge (the edges) in C¢ but is
not entirely contained in Ce. Now, if g is neither the xw, nor the yw, nor the zw edge ofCe,
then the cost of C; is strictly greater than 7 (actually, at least 10); otherwise, the total cost
of the circuits in C associated with the edges irsg is at least B + 1. In total, the cost is at
least(m f)B+f(B+1)+21 m= mB +21 m+ f. Since we know that this cost is at most
(21+ B) m + t, we concludef t. O
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7 Applications

Cycle bases arise in a wide range of engineering situationdlere, we discuss three of them,
which require di erent kinds of cycle bases: The analysis oklectrical circuits can be carried
out with any kind of cycle basis, whereas solving periodic dteduling problems in trac
planning require integral bases, and a graph drawing methodequires strictly fundamental
bases.

7.1 Kirchho 's Voltage Law

Kirchho 's circuits laws govern the behavior of electrical circuits. The zero-sum property
states that the directed sum of the electrical potential di erences around any closed circuit
must be zero (Kirchho, 1847). Cycle bases are relevant for iccuit analysis, since the zero-
sum property holds for all circuits if it holds for the circui ts in a basis. Thus, circuit analysis
can restrict attention to the circuits in a basis. Indeed, consider the cycle matrix of some

directed cycle basis and some arbitrary cycleC. Then C = for some coe cient vector
. Now, if some vectorx of potential di erences satis es Kircho 's law for every ci rcuit in
the basis, i.e.,xT =0, then x'C = x"( )=(x") = 0T =0. For a more detailed

exposition of this application of cycle bases, we refer thegader to Bollokas (2002). An in-
depth presentation of how cycle bases can be used for indexdection of di erential algebraic
systems is given in Bachle (2007).

7.2 Periodic Scheduling in Tra ¢ Planning

Periodic scheduling problems arise frequently in tra ¢ planning. Two examples are scheduling
tra c lights and timetabling public transport. They share a common mathematical model
that can be traced back to early work by Gartner et al. (1975) and Rager (1986) and that
was put into its nal form by Sera ni and Ukovich (1989).

In the Periodic Event Scheduling Problem (PESP)we are given a directed graphD =
(V;A), vectors * and u on the arcs, and a scalarT called cycle time or period. For an arc a,
“(a) and u(a) are lower and upper bounds, respectively, for the travel tme acrossa. In the
feasibility version of the problem, the question is whetheror not a node potential  exists,
such that

a ) i+t Tpa ua 8a=(ijj)2A;

where p constitutes an integral vector on the arcs. Then ; is the event time at nodei modulo
the period T and p, translates between periods. For example, iff =60, a=(i;j ), "(a) = 20,

u(a) =30, =45, =10, then p,=1. One may further add an objective function, which

will depend on the application. We will next discuss two appications in somewhat more
detail and then make the connection to cycle bases.

Tra ¢ Light Coordination. The task is to plan the red/green timings of tra c lights.
We assume that a desired cycle time has already been determed, e.g., 60 seconds, and
that minimum durations for the green phases of the individud signal groups (left turn lane,
straight tra c, etc.) have been derived from the tra c loads of the origin-destination pairs.
It is then necessary to schedule the events for each signal @up, i.e., when signals turn from
green to red and from red to green. Typical objectives are thaninimization of the number of
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Figure 36: Thre representations of the the New York City subway network near JFK airport:

the line plan, the track map, and the PESP graph. In the lattermost, light gray dotted arcs
model passenger transfers or turnarounds of trains, and d&rgray solid arcs model minimum
headways and/or coordinated departures. A circuit in the PESP graph is highlighted.
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red lights for drivers and the total travel time within the ne twork. Wlansch (2008) discusses
the tra c light coordination problem and related problems i n greater detail.

Periodic Timetabling in Public Transport. The German train system runs essentially
on either a one- or a two-hour period. Main lines run on a one-bur period, and secondary
lines operate on a two-hour period. Of course, the period is@t maintained during night hours.
The Sunday schedule of the Berlin subway runs on a 10-minute griod. Shorter periods are
used on weekdays, particularly during rush hours. The compehensive process of timetabling
is highly complex, in particular, when di erent train opera tion companies intend to use the
same track for the same time slot. We concentrate here on putg periodic schedules.

A periodic timetable assigns arrival and departure times toall pairs of lines and stations;
for example, Berlin metro line U9 leaves Zoo station southband at minute 02 and arrives
at the next station, Kurfarstendamm, at minute 03. Many con straints have to be respected.
These include minimum spacing intervals between two trainsusing the same track, collision-
free service on a single track, and maximum durations for stps in intermediate stations.
Among the most important objectives are short transfer times for the passengers as well as
short turnaround times for the trains in their terminus stat ions, where both also have to
respect certain minimum durations, too. In Figure 36, thesetypes of arcs are shown for a
small part of New York City.

Cycle Bases for PESP. The practical performance of mixed integer programming solers
on PESP instances based on Equation (7.2) is rather poor. We aw describe a more e cient
problem formulation that makes use of integral cycle bases.

Given an (in-) feasible solution (; p ) for the PESP, consider the functionx(a) on the arcs,

Xa= | i+ Tpa;  wherea=(ij):

The vector x is sometimes referred to as geriodic tension for ( ;p ), and models the duration
between its two eventsi and j. Summation of this equality for the arcs of any circuit C yields
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the cycle periodicity property
0 1

1
= @ Xa XA 2 Z;
a2C+* a2C

the important observation is that the sum on the left must have an integral value for all
circuits C. Nachtigall (1996) observed that if the cycle periodicity property holds for the
circuits in some strictly fundamental basis it holds for all circuits. Liebchen and Peeters
(2009) generalized this result to integral cycle bases.

Theorem 7.1 (Liebchen and Peeters, 2009; Nachtigall, 1996)Let x be some vector on the
arcs of a directed graph. There exists a pair( ;p ) such thatx is a periodic tension of (;p),
if and only if x satis es the cycle periodicity property for all circuits of some integral cycle
basis.

Indeed, assume that the cycle periodigty holds for all the @cuits in an integral basis and
let C be an arbitrary circuit. Then C = iCi, where the Ci's are the basic circuits and
the  are integral. Then

X X X X
C(a)xa = iCi(a) Xa= i Ci(a)xa = ioc; T
a a i i a i
and hence the net travel time alongC is an integral multiple of the period. For this argument
to hold, it is essential that C be anintegral linear combination of the basic circuits.

Practical Use. For both applications, the mathematical model sketched ab@e has made
its way into practice { including the computation of short in tegral cycle bases as a prepro-
cessing subroutine. For the tra c light scheduling problem, Wiansch (2008) reports, that
since 2008, the method has been commercially available as aodule in one of the major
software suites for tra c planning. In periodic timetablin g, Liebchen (2008) reports that
the rst mathematically optimized railway timetable went i nto service in 2005, for the Berlin
subway network. About two years later, even a national railway company reported that their
new timetable was designed with the help of combinatorial ajorithms (Kroon et al., 2008).

7.3 Graph Drawing

Graph drawing is concerned with embedding graphs into the phne in an aesthetically pleasing
way. A position is assigned to each vertex and each edge is dva as a (poly-)line. The goal
is to obtain a clear, easily interpretable drawing of the graoh. Lehmann and Kottler (2007)
have shown that minimum or near minimum strictly fundamental cycle bases are very useful
in this context.

They start with the observation that many real-world graphs, such as social networks, are
sparse and simultaneously clustered in the sense that the neighbors of a vertex are frequently
also connected directly to each other. These edges will theform triangles. More generally,
most edges of real-world graphs belong to triangles or at lest short cycles. This is in contrast
to sparse random graphs. However, there are usually also s@redges that connect seemingly
random vertices with each other (Watts and Strogatz, 1998). Edges of the rst category are
often called local edges and edges of the second category are callgtbbal edges Although
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Figure 37: Two drawings of the same graph: The drawing on thedft is generated by a re ned
version of a classic force-directed layout approach and thdrawing on the right is generated by
rst computing an F -basis that is then used to draw the whole graph as describedhiLehmann
and Kottler (2007). The edges of the spanning tree are markedh red.

there is no clear de nition of either of these categories, itis frequently desirable to show either
the local structure or the global structure of the graph. The spanning tree underlying a (near)
minimal cycle basis will provide the right sca old. Moreover, it can easily be drawn in linear
time with a tree drawing method (Kaufmann and Wagner, 2001).

With this spanning tree as a sca old, global edges can now be elned as those edges that
connect vertices with at least a given threshold distance inthe tree. By adding them to the
spanning tree, the global structure of the graph can be emphsized. Analogously, by adding
the other, non-global edges to the spanning tree, the localglustered structure is prominently
displayed. Thus, this method provides a neat way to show boththe local and global structure
of a given graph next to each other. Figure 37 shows an example
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8 Summary

Cycle bases of graphs are a rich subject with many applicatios. We surveyed structural,
algorithmic, and complexity-theoretic results and compiled a list of open problems. We also
proved several new results. In particular, we gave additioal structural and characterization
results, we obtained tight length bounds for weakly fundametal cycle bases for the full
spectrum of graph densities, we simplie ed the algorithmictreatment of directed cycle bases,
and we presented the rst algorithms for minimum cycle basesin the presence of negative
edges.

Acknowledgement: The third author, KM, based part of a recent course on \Seleced
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