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Abstract

Constraint Satisfaction Problems (CSPs) are defined over a set of variables whose state

must satisfy a number of constraints. We study a class of algorithms called Message

Passing Algorithms, which aim at finding the probability distribution of the variables

over the space of satisfying assignments. These algorithms involve passing local messages

(according to some message update rules) over the edges of a factor graph constructed

corresponding to the CSP. We focus on the Belief Propagation (BP) algorithm, which

finds exact solution marginals for tree-like factor graphs. However, convergence and

exactness cannot be guaranteed for a general factor graph. We propose a method for

improving BP to account for cycles in the factor graph. We also study another message

passing algorithm known as Survey Propagation (SP), which is empirically quite effective

in solving random K−SAT instances, even when the density is close to the satisfiability

threshold. We contribute to the theoretical understanding of SP by deriving the SP

equations from the BP message update rules.
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Chapter 1

Introduction

Constraint Satisfaction Problems (CSPs) appear in a large spectrum of scientific dis-

ciplines. In any constraint satisfaction problem, there is a collection of variables all

of which have to be assigned values, subject to specified constraints. Computational

problems like scheduling a collection of tasks, or interpreting a visual image, can all be

seen as CSPs. We are interested in finding a satisfying assignment for the CSP, which

means that we need to assign values to each of the variables from their respective domain

spaces, such that all the constraints are satisfied.

A satisfying assignment to a CSP can be found by setting variables iteratively as follows.

Suppose that we can find a variable that assumes a specific value in most of the solutions.

We refer to such a variable as the most biased variable. We set this variable to its

preferred value and simplify the problem by removing the variable and removing the

satisfied constraints. We repeat the process until all the variables have been assigned or

we reach a contradiction. Such a strategy of assigning variables one by one is known as

decimation. Note that by setting the variable to its most preferred value, we assure that

the reduced problem inherits most of the solutions from the parent problem. Now the

basic task of finding the most biased variable can be reduced to computing the marginal

probability distribution of the involved variables over the probability space of satisfying

assignments.

To understand the notion of the marginal probability, consider some variable X in a

CSP P and a set of satisfying assignments S(P). Now if we draw uniformly at random

a satisfying assignment from S(P), the probability that a variable X will assume some

value x is the marginal probability for the occurrence of the event “X = x” in the

probability space of satisfying assignments. With the above description, the computation

of marginals requires us to enumerate all the satisfying assignments, which is harder than

1



Chapter 1. Introduction 2

finding a single satisfying assignment. Such a naive counting procedure will require

exponential time in the number of variables.

Message Passing Algorithms address the above problem of calculating the marginal

probability distribution in computationally tractable time. The key observation behind

the design of such algorithms is the fact that the underlying joint probability density

over solutions in a CSP can be factorized in terms of local functions (factors), each

dependent on a subset of variables. Such a distribution is represented by a factor graph:

a bipartite graph with nodes for the variables and for the factors. Each factor node

is connected to every variable node over which the factor is defined. Message Passing

Algorithms operate on such factor graphs and allow nodes to communicate by sending

messages over the edges. They can be seen as dynamic programming solutions, where

a node collects results from a sub-part of the graph and communicates it to the next

neighbor via a message. The receiving node further repeats the process. Once a node

receives messages from all of its neighbors and messages are no longer changing, the

global solution (marginal in our case) for that particular node can be computed or

approximated.

The Belief Propagation (BP) Algorithm belongs to this class of algorithms and calculates

exact solution marginals when the factor graph is a tree. The algorithm proceeds in

iterations as follows. In every iteration, messages are sent along both directions of every

edge. The outgoing message from a particular node is computed based on the incoming

messages to this node in the previous iteration from all other neighbors. When the

messages converge to a fixed point or a prescribed number of iterations has passed, the

beliefs for each of the variables are estimated based on the fixed incoming messages into

the variable node. The message update rules are such that if the graph is acyclic, then

the beliefs correspond to exact solution marginals. For general graphs with cycles, BP

may not converge or give inaccurate marginals. In this thesis, we focus on this issue

and propose an exact algorithm based on decomposing the factor graph. However, the

running time of this algorithm may be superpolynomial depending on the underlying

structure of the factor graph. More details can be found in Chapter 3.

Constraint Satisfaction Problems have received considerable attention from the statisti-

cal physics community, where they represent particular examples of spin systems. Belief

Propagation fails to converge for dense CSPs, i.e., when the ratio of number of con-

straints to the number of variables is high. The reason has been attributed to the

solution space of these CSPs. It has been explained that as the constraint density in-

creases, there occurs a phase transition from the satisfiable regime to the unsatisfiable

regime at some critical density αs. Also, there exists another threshold αclust, which
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divides the satisfiable regime into two separate regions, called EASY-SAT and HARD-

SAT. In the EASY-SAT region, the solution space is connected and it is possible to

move from one solution to any other with a number of single bit flips. In this region,

BP and other simple heuristics can easily find a solution. In the HARD-SAT region,

the solution space breaks up into clusters, so that moving from a satisfying assignment

within one cluster to some other assignment in another cluster requires flipping some

constant fraction of the variables simultaneously. Such a phenomena suggests that dif-

ferent parts of the problem may obtain locally optimal configurations corresponding to

different clusters, that cannot be merged to find a global configuration. This serves as

an intuitive explanation for the failure of local search algorithms like BP in the clustered

region. We will elaborate more on this issue in Chapter 5.

To understand a cluster, one can think of the solution graph for a CSP in which nodes

correspond to solutions and are neighbors if they differ on the assignment of exactly

one variable. A cluster is then a connected component of the solution graph. The

variables which take the same state in all the satisfying assignments within a cluster

are termed as frozen variables whereas others are free variables that do change their

values within the cluster. To account for free variables, the domain space is extended to

include an undecided state or a joker state “∗”. For Boolean CSPs, the above description

attributes to each cluster an assignment, which is a single string in {0, 1, ∗}n. Here, the

free variables assume the “∗” state in the respective cluster.

A relatively new and exciting technique known as Survey Propagation (SP) turns out

to be able to deal with the clustering phenomena for hard instances of a random CSP

like K − SAT . SP has its origins in sophisticated arguments in statistical physics, and

can be derived from an approach known as the cavity method. Algorithmically, it is

a message passing algorithm and computes/approximates marginals over clusters of a

CNF formula, i.e., it computes the fraction of clusters in which a variable assumes one

of the values from {0, 1, ∗}. Survey Propagation has now been discovered to be a special

form of Belief Propagation. We contribute to the theoretical understanding of SP by

giving a simpler derivation of SP equations from the BP message update rules. The BP

message rules are interpreted as combinatorial objects counting the number of satisfying

assignments of a sub formula of the original formula in which some variable assumes a

particular value. These rules are modified to count the number of cluster assignments

under the same conditions. The new beliefs corresponding to the modified message

update rules calculate the marginal distribution of variables over clusters in a formula.

Such marginals are provably exact only for tree-factor graphs. The experimental results

suggest that SP computes a good approximation of marginals for general graphs too.

We now summarize the main contributions of this thesis.
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1.1 Summary of Contributions

In this thesis, we contribute to the field by the following.

Exact BP algorithm. We propose an exact BP algorithm for general graphs with

cycles. Our method can be understood as an improvement over the Pearl’s method of

conditioning in which an acyclic structure is derived from the original graph by fixing

some variables to one of their values. BP can then be used to compute exact marginals

over such a structure. We make use of the observation that a factor graph is inherently

a Markov Random field and can be decomposed into smaller parts, which can then

be solved independently. We fix the variables so as to divide the original graph into

conditionally independent parts. We carry on such a decomposition recursively till we

obtain acyclic components. The exact marginals obtained by running standard BP over

these acyclic structures can then be combined to compute the corresponding marginals in

the parent graph. We show by example that for certain graphs over which standard BP

may not converge and the exact solution by Pearl’s conditioning takes exponential time,

our algorithm returns exact marginals in polynomial time. We prove that in general,

the running time for the algorithm is O(2MN2) where M is the maximum number of

variables fixed along any path (of decomposition) from the original graph to some acyclic

component. Moreover, we use this result to prove the following corollary for minor-free

graphs.

Corollary 1.1. Let G be a factor graph with N variable nodes that does not con-

tain Kh as a minor. Then the marginal probabilities for G can be computed in time

O(2h
3/2
√
NN2).

Understanding SP. We establish a link between SP and BP by deriving SP equations

from BP message update rules. We consider the CNF formulas for which the corre-

sponding factor graph is a tree. We show that the BP messages over these factor graphs

count the number of solutions corresponding to a sub-formula in which some variable

assumes a particular value. We modify these messages to enumerate clusters instead

of solutions under the same conditions. We prove that these new messages are indeed

equivalent to the SP update equations.

1.2 Organization

The organization of the thesis is summarized below.

Chapter 2: Preliminaries. This chapter presents a basic introduction to CSPs and

graphical models. We emphasize on the factorization properties of the joint probability
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distribution and explain how such a structure can be exploited by Message Passing

Algorithms.

Chapter 3: Belief Propagation. In this chapter, we describe the Belief Propagation

algorithm in detail. We prove the exactness of BP for tree factor graphs and discuss the

conditioning method for general graphs. We also present our proposed exact algorithm

for general graphs, and prove run time bounds for minor-free factor graphs.

Chapter 4: Properties of Loopy Belief Propagation. In this chapter, we discuss

the convergence and exactness properties of standard BP over graphs with cycles, also

known as loopy BP. We present some known results for the equivalence of BP with a free

energy approximation known as Bethe approximation. We also discuss the correctness

of BP over Gaussian models.

Chapter 5: Survey Propagation. This chapter presents another message passing algo-

rithm known as Survey Propagation. We explain the solution space geometry of random

K − SAT problem as given by the statistical physics community. We present a deriva-

tion of SP equations from the BP message update rules. We conclude by discussing the

known experimental results of SP for random K − SAT problems.



Chapter 2

Preliminaries

2.1 Constraint Satisfaction Problems

A Constraint Satisfaction Problem (CSP) is defined by a set X = {X1, X2, . . . , Xn}
of variables and a set C = {C1, C2, . . . Cm} of constraints. Each variable Xi has a

non-empty domain Xi of possible values. Each constraint Ci is defined on a subset of

variables in X and specifies allowable combinations of the values for that subset. We

denote by V (Ci) the set of variables constrained (participating) in Ci. A solution to

a CSP will be an assignment to all variables, x = (x1, x2, . . . , xn), xi ∈ Xi such that

all constraints in C are satisfied. The problem is satisfiable if there exists at least one

satisfying assignment for the variables in X. As a simple example of a CSP, consider

the following formula over boolean variables.

F = (x ∨ y) ∧ (¬x ∨ z) (2.1)

Here X = {x, y, z} where each variable can take values from {0, 1}. Each clause defines

a constraint, so the constraint set is given by C = {x∨y,¬x∨z}. For F to be satisfiable,

all the clauses have to be satisfied. We define the space of satisfying assignments for the

formula F as

S(F ) = {σ ∈ {0, 1}|X| | σ(c) = 1 ∀c ∈ C}.

Here, σ(c) = 1 if and only if c is satisfied (evaluates to true) when each i ∈ V (c) assumes

the values according to the configuration σ.

Now if we draw uniformly at random a satisfying assignment from S(F ), there are

more chances to find y set to 1 than y set to 0. In other words, we find that the

Pr(y = 1 | all clauses in F are satisfied) is more than that of the event “y = 0”.

Once such a distribution is known, we know which variables are most likely to assume

6
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a particular value, and setting those variables simplifies the problem. We call such a

probability distribution as marginal probability distribution defined over the space of

satisfying assignments. Formally, we have the following definition.

Definition 2.1 (Marginal Probability Distribution). Given a set X = {X1, X2, . . . , Xn}
of random variables whose joint distribution is known, the marginal distribution of Xi

is the probability distribution of Xi averaging over all information about X\Xi. This

is calculated by summing or integrating the joint probability distribution over X\Xi.

Particularly, if i = 1, the marginal probability is given by

Pr(X1 = x1) =
∑

{x2,x3,...,xn}∈X2×X3×···×Xn

Pr(X1 = x1, X2 = x2, . . . Xn = xn).

Note that the above sum contains exponentially many terms. The naive calculation

of the marginal probabilities in the case of CSP described in the previous section will

require to enumerate all the satisfying assignments which counters our idea of finding

a satisfying assignment using marginals. Before we provide algorithms for solving such

problems in the next chapter, we introduce some basic tools.

2.2 Graphical Models

A graph G = (V,E) is formed by a set of vertices V = {1, 2, . . . , n} and a set of edges

E ⊆ (V2). To define a graphical model, we associate with each vertex s ∈ V a random

variable Xs taking values in some space Xs. We will deal with discrete and finite space Xs
(e.g Xs = {1, 2, . . . , r}). We use lower-case letters (e.g. xs ∈ Xs ) to represent particular

elements of Xs and the notation {Xs = xs} corresponds to the event that the random

variable Xs takes the value xs ∈ Xs. For any S ⊆ V , we have an associated subset of

random variables XS = {Xs, s ∈ S} with the notation XS = {xs, s ∈ S} corresponding

to the event that the random vector XS takes the configuration {xs}. Graphical Models

provide an intuitive interface for representing interacting sets of variables. It is helpful

y

x

z

Figure 2.1: Constraint graph corresponding to the formula F = (x ∨ y) ∧ (¬x ∨ z).

to visualize the formula in Equation (2.1) as a constraint graph in Figure 2.1 where

the nodes correspond to the variables and the edges represent the constraints. Here,

constraints are the clauses that allow combinations of the member variables such that
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the corresponding clause evaluates to 1. We write the set of constraint functions as

C = {fxy(x, y), fxz(x, z)} where

fxy(xi, yi) =


1, if clause corresponding to edge (x, y)

evaluates to 1 with x = xi and y = yi

0, otherwise

.

We now define a global function G on a configuration of variables in F which evaluates

to 1 if and only if all constraints in the problem are satisfied.

G(xi, yi, zi) =

 1, if fxy(xi, yi) · fxz(xi, zi) = 1

0, otherwise
.

The joint probability distribution over the space of satisfying assignments, S(F ) can

then be written as

Pr(x = xi, y = yi, z = zi) =


1
Z , if G(xi, yi, zi) = 1

0, otherwise
,

where Z = |S(F )|, i.e. the total number of satisfying assignments of F . So,

Pr(x = xi, y = yi, z = zi) =
1
Z
G(xi, yi, zi)

=
1
Z
fxy(xi, yi) · fxz(xi, zi)

. (2.2)

By summing both sides of (2.2) over all possible configurations of the variables, we can

count the total number of satisfying assignments as

Z =
∑

{xi,yi,zi}

fxy(xi, yi) · fxz(xi, zi). (2.3)

Particularly, for the formula F

Z =
∑

{xi,yi,zi}

fxy(xi, yi) · fxz(xi, zi)

=fxy(0, 0) · fxz(0, 0) + fxy(0, 0) · fxz(0, 1) + fxy(0, 1) · fxz(0, 0)

+ fxy(0, 1) · fxz(0, 1) + fxy(1, 0) · fxz(1, 0) + fxy(1, 0) · fxz(1, 1)

+ fxy(1, 1) · fxz(1, 0) + fxy(1, 1) · fxz(1, 1)

= 4.

(2.4)
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The marginal distribution for the variable y is given by

Pr(y = 1) =
1
Z

∑
{xi,zi}

Pr(x = xi, y = 1, z = zi)

=
1
4

∑
{xi,zi}

fxy(xi, 1) · fxz(xi, zi)

=
1
4

{
fxy(0, 1) · fxz(1, 0) + fxy(0, 1) · fxz(1, 1)

+ fxy(1, 1) · fxz(1, 0) + fxy(1, 1) · fxz(1, 1)
}

=
3
4
.

(2.5)

Intuitively, marginals represent the fraction of satisfying assignments in which the vari-

able is assigned a particular value. We also note that that the joint distribution over

satisfying assignments in a CSP can be factorized and the marginals in turn can be

expressed in a sum-product form. Such factorizable distributions are known to obey

certain properties called Markovian properties and the corresponding graphical model

form a Markov Random field.

In the next section we will explain what a Markov Random field is. We will then

introduce a more general graphical model to represent such factorizable distributions or

Markov Random fields.

2.2.1 Conditional Independence and Markovian Properties

Consider again the formula F in Equation (2.1). If we fix the value of x in a configuration,

y and z can take values independent of each other in a satisfying assignment (if one exists)

i.e. they are no longer correlated. In other words, knowing the value of y does not affect

the value z takes in the satisfying assignment and vice versa as long as x is fixed. Such

a type of independence between y and z given x is known as conditional independence.

Informally, two random variables are independent if observing one does not give any

information about the other. They are conditionally independent, if they become inde-

pendent once a set of another random variables has been observed. We now formally

define conditional independence.

Definition 2.2 (Conditional Independence). Two random vectors X and Y are condi-

tionally independent given random vector Z iff

∀x ∈ Dom(X), y ∈ Dom(Y ), z ∈ Dom(Z)

P (X = x, Y = y | Z = z) = P (X = x | Z = z) · P (Y = y | Z = z).
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Intuitively, learning Y does not influence distribution of X if you already know Z. As in

literature, we use the following short notation for conditional independence between X

and Y given Z.

X ⊥⊥ Y | Z. (2.6)

Again, the graph in Figure 2.1 aids in visualizing the conditional independence between y

and z by means of a missing edge. Also, note that the nodes y and z become disconnected

in absence of node x. In terms of graphical models, conditional independence can be

defined as follows.

Definition 2.3. Two (sets of) nodes A and B are said to be conditionally independent

given a third set, S, if all paths between the nodes in A and B are separated by a node

in S.

Such an undirected graphical model where the edge structure is used to represent the

conditional independence among the nodes is termed as a Markov Random Field. In-

terestingly, the concept of a Markov Random Field (MRF) originally came from the

attempts to put into a general probabilistic setting a very specific model in statistical

physics known as Ising Model [1]. Without going into the foundations of the theory of

MRFs, we define Markov Random Field with respect to undirected graphical models.

Definition 2.4 (Markov Random Field). Given an undirected graph G = (V,E), a set

of random variables X = (Xv)v∈V form a Markov random field with respect to G if they

satisfy the following equivalent Markov properties [2].

1. The pairwise Markov property, relative to G, if for any pair (u, v) of non-adjacent

vertices

Xu ⊥⊥ Xv | XV \{u,v}.

2. The local Markov property, relative to G, if for any vertex v ∈ V

Xv ⊥⊥ XV \N(v) | XN+(v),

where N(v) is the set of neighbors of v, and N+(v) = v ∪ N(v) is the closed

neighborhood of v.

3. The global Markov property, relative to G, if for any triple (A,B, S) of disjoint

subsets of V , such that S separates A from B in G

XA ⊥⊥ XB | XS .
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In other words, if an undirected graphical model represents a Markov Random field, we

can safely assume the presence of a cut set (a set of variable nodes) which if removed,

decomposes the graph into conditionally independent parts. We will use such properties

of Markov Random fields to develop a recursive algorithm which can work independently

on smaller parts of the whole graph.

Also Conditional Independence or the Markovian properties establish themselves in the

probability model via the factorization structure. For example if Xa is conditionally

independent of Xc given Xb then by chain rule and conditional independence we have

Pr(xa, xb, xc) =Pr(xa) · Pr(xb|xa) · Pr(xc|xa, xb)
=Pr(xa) · Pr(xb|xa) · Pr(xc|xb),

(2.7)

i.e., the joint distribution can be expressed as a product of factors which are local in

the sense that they depend only on a subset of variables. Such factorizable distribution,

if positive, can be expressed as an undirected graphical model known as Gibbs Random

field which we define below.

Definition 2.5 (Gibbs Random field). A probability measure Pr(xV ) on an undirected

graphical model G = (V,E) is called a Gibbs distribution if it can be factorized into

positive functions defined on all maximal cliques in the graph, i.e.,

Pr(xV ) =
1
Z

∏
c∈CG

ψ(xc),

where CG is the set of all maximal cliques in the graph G and Z =
∑
xV

∏
c∈CG

ψ(xc) is

the normalization constant. A random field with Gibbs distribution is known as Gibbs

Random field.

We now state the Hammersley Clifford theorem [3] which establishes the relation between

Markov and Gibbs random fields.

Theorem 2.6 (Hammersley and Clifford). A probability distribution P with positive and

continuous density f with respect to a product measure µ satisfies the pairwise Markov

property with respect to an undirected graph G if and only if it factorizes according to G

(i.e. it is a Gibbs Random field).

The importance of the theorem lies in the fact that it provides a simple way of expressing

the joint distribution. However, the positivity condition on the density function restricts

us to apply the above theorem to CSPs. But we have already seen in the previous section

that the joint distribution over satisfying assignments in a CSP can be factorized. It
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is easy to show that the factorizable joint distributions follow the Markovian properties

(we refer [2] for the detailed proof). The Factor Graphs described in the next section

are then used to represent such factorizable distributions graphically. In general, any

Markov Random Field can be alternatively represented by a factor graph.

2.2.2 Factor Graphs

It is quite convenient to visualize a CSP as a graphical model such as a constraint graph.

But, in case the constraints are not binary, such a graph turns out to be a hyper-graph

and the factorization properties of the corresponding distribution may not be as evident.

To overcome such problems, we describe a yet another graphical model known as Factor

Graph.

Consider again the formula F in Equation (2.1). We have shown that the probability

that a given configuration is one of the satisfying assignments is proportional to the

global function defined on all variables of the formula. Also, this global function can be

expressed as a product of the local functions defined for each constraint. A factor graph

is useful to express such a splitting of a global function on a large number of variables

into local functions involving fewer variables.

Formally, a factor graph, G = (V,E) is a bipartite graph with two types of nodes.

1. Variable nodes. These correspond to the vertices in the original graphical model

and are represented by circle nodes in the factor graph. Let I = {1, 2, . . . , n} be

the set of n variable nodes. Associated with each node i is a random variable Xi.

Let xi represent one of the possible realizations of the random variable Xi.

2. Factor Nodes. These correspond to the set of factors defining the joint proba-

bility distribution and are represented by square nodes in the factor graph. Let

A = {a, b . . .m} be the set of m factor nodes.

We denote by A(i) the set of factors in which i appears and equivalently by I(a) the

set of variables participation in factor a. There is an edge (i, a) ∈ E if and only if the

xi participates in the factor represented by a ∈ A. Formally, we define V = I ∪ A and

E = {(i, a) | i ∈ I, a ∈ A(i)}. We will denote by N(i), the neighbors of node i in factor

graph G. The joint probability mass function is given by

Pr(X1 = x1, . . . , Xn = xn) =
1
Z

∏
a

fa(Xa). (2.8)
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Here a is an index labelling m functions fa, fb, . . . , fm and Xa = {xi | i ∈ N(a)}
represents the configuration of variables participating in a. Z is a normalization constant.

Throughout this thesis, we will use the above described notations with respect to factor

graphs.

In general, a CSP can be represented by a factor graph as follows. We define a function

fA(XA) for each constraint A which evaluates to 1 if the constraint A is satisfied and 0

otherwise. We then represent these constraints by the factor nodes in the corresponding

factor graph. An edge is drawn between each factor and the variables over which it is

defined. Note that the constraints themselves can be arbitrary functions restricting the

values taken by the participating variables. In Figure 2.2, we show a factor graph for a

general CSP with four variables and four constraints defined on these variables. Variable

nodes are represented by circles and factor nodes by squares.

1 2 3 4

A B C D

Figure 2.2: A factor graph for a general CSP.

Recall that we aim to find a satisfying assignment to a CSP by setting variables to

their most preferred values in steps. Also, we obtain these preferred values by finding

marginals for the involved variables. We have already discussed that the naive com-

putation of marginals becomes computationally intractable as the number of variables

increases. However, the joint distribution of our interest has a special form. It can be

expressed as a product of local functions (factors) over smaller subset of variables. In

the next section, we will show how we can exploit such a structure of the underlying

model (joint distribution) to have tractable computations.

2.3 Exploiting Structure for Efficient Computations

In this section, we will elaborate on how the factorization structure of the distribution

allows for the efficient computation of the marginals.

Consider the joint distribution corresponding to factor graph in Figure 2.2.

Pr(X1 = x1, . . . , X4 = x4) =
1
Z
fA(x1, x2)fB(x3)fC(x2, x3)fD(x3, x4). (2.9)
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To compute the marginal density for X3 we can compute

Pr(X3 = x3) =
1
Z

∑
{x1,x2,x4}

fA(x1, x2)fB(x3)fC(x2, x3)fD(x3, x4). (2.10)

If each of the variables can take k values, then the total computation time is clearly

O(k3) time, as the sum must be performed over k3 admissible configurations. On the

other hand, by applying the distributive law, we can move the summations over the

factors that do not involve the variables being summed over.

Pr(X3 = x3) =
1
Z
fB(x3)

∑
x2

(∑
x1

fA(x1, x2)fC(x2, x3)
(∑

x4

fD(x3, x4)
))

. (2.11)

In order to evaluate this sum, we first consider the inner sum over the variable X4. This

requires time O(k). We then compute the outer sum, the total time being O(k2) time.

In this example, the time savings are modest but as the number of variables grows,

factorization structure can reduce the complexity exponentially.

Message Passing algorithms exploit such a structure of the problem, where a global

function can be expressed as a product of local functions depending on a subset of vari-

ables. Typically, in a CSP only few of the variables are involved in any constraint, which

implies that the corresponding factor functions involve a small number of variables. In

general, Message Passing algorithms take the factor graph representation of the problem

as input and return marginals over the variable nodes. They allow the nodes to com-

municate their local state by sending messages over the edges. The marginal computed

for a node can be seen as a function of the messages received by that node. Just as in

our example above, these algorithms are designed to use the distributive property of the

sum and product operations to minimize the time complexity.

In the next chapter, we will describe in detail one such message passing algorithm known

as Belief Propagation. This algorithm is proven to compute exact solution marginals for

tree factor graphs in linear time.



Chapter 3

Belief Propagation

3.1 Introduction

Belief propagation (BP) [4] is a message passing algorithm proposed by Judea Pearl

in 1982, for performing inference on graphical models, such as Bayesian Networks and

Markov Random fields. It is inherently a Bayesian procedure, which calculates the

marginal distribution for each unobserved node, conditioned on the observed nodes.

BP was supposed to work only for tree-like graphs but it has demonstrated empirical

success in networks with cycles such as error-correcting codes. It has also been shown to

converge to a stationary point of an approximate free energy, known as the Bethe free

energy [5] in statistical physics.

Belief propagation works by sending messages along the edges of the factor graph. Recall

that a variable node i in a factor graph is associated with a random variable Xi, which

can take a value from its state space Xi. A belief of a variable node i, denoted by bi(xi)

represents the likeness of random variable Xi to take value xi ∈ Xi. In BP, the beliefs

are calculated as a function of messages received by the nodes. It turns out that the

beliefs are equal to the marginal probabilities for tree-like graphs.

In the next section we explain the basic intuition behind the beliefs and derive the

message passing rules for the Belief Propagation algorithm.

3.2 Beliefs and Message Equations

The belief bi(xi) of a node i in its value xi can be understood as how likely the node i

thinks it should be in state xi. A node bases its decision on messages from its neighbors.

A message ma→i(xi) from node a to i can be interpreted as how likely node a thinks

15
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that node i will be in the corresponding state. The belief for a variable node, is thus,

proportional to the product of messages from the neighboring factor nodes.

i

Figure 3.1: Diagrammatic representation for the belief of a variable node i.

bi(xi) ∝
∏

a∈N(i)

ma→i(xi) (3.1)

where the symbol “∝”stands for the proportionality between the L.H.S and R.H.S. such

that
∑
xi

bi(xi) = 1.

We can write (3.1) as

bi(xi) =
1
Z

∏
a∈N(i)

ma→i(xi) (3.2)

where Z is the normalization constant.

Now consider the setting as in Figure 3.2. The belief of factor node A can be considered

as the joint belief of its neighboring variable nodes. To compute the same, we consider

a new node which contains the factor node A and all its neighboring variable nodes

(labelled as L). Now bA(XA) = bL(xL). Here, XA = {xj : j ∈ N(A)} is the configuration

of the variables participating in A. If Xl is the domain space associated with node L,

i

j

A
L

Figure 3.2: Diagrammatic representation for belief of factor node A.

then

XL = {(xi, xj) | fA(xi, xj) = 1, xi ∈ Xi, xj ∈ Xj}.
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By the same argument as above, the belief of node L should be proportional to the

product of messages coming into it, i.e.,

bL(xL) =
1
Z

∏
a∈N(L)

ma→L(xL)

=
1
Z
fA(xi, xj)

∏
a∈N(i)

ma→i(xi)
∏

a∈N(j)

ma→i(xj)

=
1
Z
fA(XA)

∏
k∈N(A)

∏
b∈N(k)\A

mb→k(xk).

(3.3)

To extract the belief corresponding to a single node, say i, from the joint belief we

impose the following constraint on the beliefs. We will refer to this as the marginalization

condition.

bi(xi) =
∑
XA\xi

bA(XA). (3.4)

The notation
∑
XA\xi

means that the sum is taken over all configurations XA, in which

variable i is fixed to xi. We will use this notation throughout the thesis.

Using Equations (3.2), (3.3) and (3.4) we obtain

∏
a∈N(i)

ma→i(xi) =
∑
XA\xi

fA(XA)
∏

k∈N(A)

∏
b∈N(k)\A

mb→k(xk). (3.5)

Dividing both sides by
∏

a∈N(i)\A

ma→i(xi) we obtain

mA→i(xi) =
∑
XA\xi

fA(XA)
∏

k∈N(A)\i

∏
b∈N(k)\A

mb→k(xk). (3.6)

Also (3.6) can be written as

mA→i(xi) =
∑
XA\xi

fA(XA)
∏

k∈N(A)\i

mk→A(xk) (3.7)

where

mk→A(xk) =
∏

b∈N(k)\a

mb→k(xk), (3.8)

which is infact a closed form expression for a message from a variable node to the factor

node. Intuitively, a message mi→a(xi) from a variable node i to factor node a tells us
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how likely i will take state xi in a factor graph without factor node a.

In the next section, we will use these message update rules construct the BP algorithm for

tree factor graphs. We will also prove that it computes the exact marginal probabilities.

3.3 Belief Propagation for Trees

We use the message rules in Equations (3.7) and (3.8) to derive the BP algorithm to

compute exact marginals for tree factor graphs. We introduce the notation Mi→j(x),

which corresponds to the message from node i to node j and define it as follows

Mi→j(x) =


mi→j(x), if i is a variable node and x ∈ Xi,
mi→j(x), if i is a factor node and x ∈ Xj ,
φ otherwise

. (3.9)

We now present the BPTree algorithm, which takes as input a tree factor graph T =

(V,E) with V = I ∪ A, where I is the set of N variable nodes and A is the set of M

factor nodes. Also, T is rooted at a node r ∈ I. There are |E| = N +M − 1 edges in T .

The output of the algorithm is the set of beliefs for the variable nodes that, as we will

prove, coincide with the respective marginal probabilities.

We start by interpreting the belief equations for the tree factor graph and derive an

alternative form of the belief as required in the proof. Consider the following message

from a factor node a to a variable node i in BPTree. Recall that N(a) denotes the

neighbors of node a and fa(Xa) is the function corresponding to the factor node a.

ma→i(xi) =
∑
Xa\xi

fa(Xa)
∏

j∈N(a)\i

mj→a(xj) (3.10)

where

mj→a(xj) =
∏

b∈N(j)\a

mb→j(xj). (3.11)

Also

baj (xj) ∝
∏

b∈N(j)\a

mb→j(xj) = mj→a(xj), (3.12)
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Algorithm 1 BPTree(T )
Input: Rooted tree factor graph, T = (V,E)
Output: Set of beliefs for the variable nodes
1: H ← height(T )
2: Let I` denotes the set of nodes at depth `
3: for ` = H to 0 do
4: for all i ∈ I` and j ∈ N(i) ∩ I`−1 do
5: Compute messages Mi→j(x)
6: end for
7: end for
8: for ` = 0 to H do
9: for all i ∈ I` and j ∈ N(i) ∩ I`+1 do

10: Compute messages Mi→j(x)
11: end for
12: end for
13: for each i ∈ I and for all xi ∈ Xi do
14: Si(xi)←

∏
a∈N(i)

Ma→i(xi)

15: end for
16: for each i ∈ I do
17: Zi ←

∑
xi

Si(xi)

18: for each xi ∈ Xi do
19: bi(xi)← Si(xi)

Zi

20: end for
21: end for
22: return Set of beliefs, {bi(xi),∀i ∈ I}

where baj (xj) is the belief of variable j in a factor graph in which the factor a is removed.

Now the belief of node i can be written as

bi(xi) ∝
∏

a∈N(i)

ma→i(xi)

∝
∏

a∈N(i)

∑
Xa\xi

fa(Xa)
∏

j∈N(a)\i

baj (xj).
(3.13)

The following theorem establishes the convergence and exactness of BPTree.

Theorem 3.1. Let T be a tree factor graph rooted at a variable node r. The set of

beliefs returned by BPTree(T ) are the exact marginal probabilities of the variable nodes

of T . Also the computation time is linear in the number of variables.

Proof. We divide the proof in two parts. In Part 1, we show by induction on height of

the tree and considering messages only from leaves to root, that the belief at the root

is exactly the marginal at the root. In Part 2, we prove the correctness of marginals at

all other nodes by induction again on height and considering the messages now in the

downwards direction, i.e. from root to leaves. Let H be the height of the tree.
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Part 1. For H = 1, the marginal of the root is trivially equal to the product of its

neighboring factors. For a variable node i at height h, let Ti,h denote the tree rooted

at node i as shown in Figure 3.3. We denote the set of variable nodes in Ti,h by I(Ti,h)

and the set of factor nodes by A(Ti,h). Let XTi denote a configuration of variables in

I(Ti,h). Assume that for any variable node i at height h < H, the belief of i computed

as a product of messages received from its neighbors in Ti,h is equal to its true marginal

in Ti,h. Now the belief of the root node r by Equation (3.13) is given by

i

r

Ti,h

h

Figure 3.3: A rooted tree factor graph.

br(xr) ∝
∏

a∈N(r)

∑
Xa\xr

fa(Xa)
∏

i∈N(a)\r

bai (xi) (3.14)

where bai (xi) is the belief of node i in Ti,H−2. Let P ai (xi) is the marginal for node i in

Ti,H−2. By applying the inductive hypothesis, we have

br(xr) ∝
∏

a∈N(r)

∑
Xa\xr

fa(Xa)
∏

i∈N(a)\r

P ai (xi)

∝
∏

a∈N(r)

∑
Xa\xr

fa(Xa)
∏

i∈N(a)\r

∑
XTi
\xi

∏
b∈A(Ti,H−2)

fb(Xb)

∝
∏

a∈N(r)

∑
Xa\xr

fa(Xa)
∑

XTi
\xi,

i∈N(a)\r

∏
i

∏
b∈A(Ti,H−2)

fb(Xb)

∝
∏

a∈N(r)

∑
Xa\xr

∑
XTi
\xi,

i∈N(a)\r

fa(Xa)
∏
i

∏
b∈A(Ti,H−2)

fb(Xb)

(3.15)
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∝
∑
X\xr

∏
a∈N(r)

fa(Xa)
∏

i∈N(a)\r

∏
b∈A(Ti,H−2)

fb(Xb)

∝
∑
X\xr

∏
a∈A(T )

fa(Xa)
(3.16)

which is by definition the exact marginal.

Part 2. Now the messages stabilize and do not change for the upward direction. When

the root has received correct messages from all of its neighbors, it can compute the

outgoing messages. Assume that with the given set of upward and downward messages,

the belief of any node j at distance d <= H − 1 from the root is the exact marginal in

original graph T . We now prove that, the belief calculated for any leaf is equal to its

true marginal in G. Indeed, the belief for leaf node l is given by

r

J

l

Figure 3.4: BP messages in a tree.

bl(xl) ∝
∏

a∈N(l)

ma→l(xl)

∝ mJ→l(xl)

∝
∑
XJ\xl

fJ(XJ)
∑
X\XJ

∏
b∈A(T )\J

fb(Xb)

∝
∑
X\xl

∏
b∈A(T )

fb(Xb)

(3.17)

which is the exact marginal by definition. We will now show that the running time of

BPTree is linear in the number of variables.
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Running time. We observe that in Algorithm BPTree(T ), two messages are passed

along each of the edge of T . Note that the number of edges in T is N + M − 1.

By assuming that M = αN , where α is some constant, we have O(N) running time

complexity for the computation of the messages. Also, the calculation of the marginals

from the messages require O(N) time. The rest of the steps take constant time. Thus

the total running time for BPTree is O(N) +O(N) +O(1) = O(N).

We have seen that in a tree, messages can be computed from leaves to root and once the

root has received messages from all of its neighbors, it can send the message to each of

its child nodes. This procedure continues until the leaves. Additionally we showed that,

once a node has received messages from its neighbors, the computed belief is the exact

marginal for that node. But such a sequential procedure does not hold for a general

graph with cycles. We will now describe a more general version of the standard BP

algorithm also called loopy BP which can run on general graphs.

3.4 Loopy Belief Propagation for General Graphs

In the previous section we have seen that BP gives exact marginals in case the input

factor graph is a tree. The reason behind this exactness is attributed to the fact that

in a tree, messages received by a node from its neighbors are independent. This is in

general not true, because of the presence of cycles, which makes the neighbors of a

node correlated and hence, the messages are no longer independent. Nevertheless, BP

has been applied successfully in many applications such as computer vision and error

correcting codes where the associated factor graphs have many cycles.

We now present BP algorithm for general factor graphs which has been designed as-

suming that the messages into a node are independent or weakly correlated. We first

normalize the variable to factor messages so that all messages represent probability

distributions. Let µi→a(xi) be the normalized message from variable node i to a.

µi→a(xi) =Zi→a
∏

b∈N(i)\a

µb→i(xi), (3.18)

where Zi→a is the normalization constant such that
∑
xi

µi→a(xi) = 1. The clause to

variable message is given by

µa→i(xi) =
∑
Xa\xi

fa(Xa)
∏

j∈N(a)\i

µj→a(xj). (3.19)
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The input to the algorithm, BPGraph is a factor graph G = (V,E); a maximum num-

ber of iterations tmax; a requested precision ε. If BPGraph has converged after tmax
iterations, it returns the set of beliefs for the variable nodes.

Algorithm 2 BPGraph(G)
1: For t=0, initialize messages µa→i ∈ [0, 1] along the edges of the factor graph

2: for t = 1 to t = tmax do

3: Sweep the set of edges in some order and update sequentially the messages on

all edges of the graph, generating new set of messages µta→i(xi), using message

update rules in Equations (3.18) and (3.19)

4: if |µta→i(xi)− µt−1
a→i(xi)| < ε for each edge {a, i} then

5: break;

6: end if

7: end for

8: if t = tmax then

9: return UNCONVERGED

10: else

11: for i ∈ I do

12: Compute bi(xi)←
∏

a∈N(i)

µta→i(xi)

13: end for

14: end if

The correctness and convergence of loopy BP has been established for trees [5] and for

Gaussian graphical models. We will discuss the known results about the same in the next

chapter. For other cases, theoretical guarantees for the quality of the beliefs obtained is

still lacking.

In the next section, we discuss the conditioning method proposed by Pearl to compute

the exact marginals using standard Belief Propagation.

3.4.1 Conditioning/Clamping for Exact Marginals

Pearl [4] suggested a technique called cutset conditioning for exact inference in Bayesian

Networks. The idea behind this method is to instantiate a minimum number of variables

so that the resulting network is a tree and can be accurately solved. Also [6] proposes

algorithms based on conditioning for exact and approximate inference in casual networks.

We first formally define the conditioning/clamping procedure and show how the method

of conditioning can be adopted in Belief Propagation.
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We say that a factor graph G = (V,E) is clamped if there exists at least one variable

node i ∈ I(G) which has been fixed or instantiated to one of its values xi ∈ Xi. In

general, let Vc(G) be the set of instantiated variables in G. For a configuration, σ ∈
{xi : i ∈ Vc(G), xi ∈ Xi} we create a clamped factor graph Ĝ = (V̂ , Ê) as follows

1. Remove all variable nodes Vc(G), such that V̂ = V − Vc(G).

2. Obtain the new edge set Ê by removing all the edges incident on the nodes in

Vc(G).

3. For each factor node a ∈ A(G) such that N(a) ∩ Vc(G) 6= φ, create a node ā such

that fā(Xā) is obtained from fa(Xa) by replacing each variable i ∈ N(a) ∩ Vc(G)

by the constant xi.

We illustrate the above procedure by taking the example of a SAT formula F = (p∨q∨r)∧
(¬p∨ q ∨ s). The corresponding factor graph G involves a cycle, as shown in Figure 3.5.

The functions with respect to the factor nodes A and B are fA(p, q, r) = (p ∨ q ∨ r)
and fB(p, q, s) = (¬p ∨ q ∨ s) respectively. We now fix the variable p to take value 0.

The corresponding clamped factor graph is shown in Figure 3.6. The factor functions

corresponding to new factor nodes Ā and B̄ are now fĀ(0, q, r) = (0 ∨ q ∨ r) = (q ∨ r)
and fB̄(0, q, s) = (1 ∨ q ∨ s) = 1. In the same way, we can obtain the clamped factor

graph corresponding to p = 1. For each of these clamped factor graphs, we can now

p

A B

q

r s

Figure 3.5: Factor graph representing the SAT formula (p ∨ q ∨ r) ∧ (¬p ∨ q ∨ s).

p

A B

q

r s Ā B̄

q

r s
xp = 0

Figure 3.6: Diagrammatic representation of the clamping procedure.

run BPTree as they are now cycle free. But the marginals obtained will be conditioned
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on p assuming a value xp ∈ Xp. The true marginals can then be computed by summing

conditioned marginals corresponding to each of the clamped factor graphs. This is best

illustrated by the identity

Pr(Xi = xi) =
∑
{xp}

Pr(Xi = xi, Xp = xp). (3.20)

We now introduce some notations to formally present the conditioning algorithm. We

denote by Vc(G) the set of variables to be instantiated in factor graph G so that the

corresponding clamped graph is a tree. We assume that this set is computed in prior

using some efficient method. For each configuration σ of the variables in Vc(G), we

denote the corresponding clamped graph by Gσ. We denote by bσi (xi), the belief of node

i in Gσ. Recall that I(G) represents the set of variable nodes in G.

Algorithm 3 CondBP (G,Vc)
Input: A factor graph, G = (V,E), Vc(G)

Output: Marginal for each of the variables

1: if G is a tree then

2: Call BPTree(G)

3: else

4: for each σ ∈ {xi : i ∈ Vc(G), xi ∈ Xi} do

5: Call BPTree(Gσ)

6: end for

7: for each variable i ∈ I(G) do

8: if i ∈ Vc(G) then

9: Si(xi)← {σ : i assumes value xi under σ}
10: bi(xi)←

∑
σ∈Si(xi)

bσi (xi)

11: else

12: bi(xi)←
∑
σ

bσi (xi)

13: end if

14: end for

15: end if

We note that the number of clamped graphs is exponential in the number of clamped

variables. This implies that the number of terms under the summation in steps 10 and

12 in CondBP grows exponentially with the size of Vc(G). But, we can exploit certain

properties of the underlying graph structure to reduce the time complexity. We recall

from Chapter 2 that a factor graph is a Markov Random field and it can be decomposed
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into conditionally independent parts. In the next section we use such properties of the

factor graph to develop an exact algorithm for computing marginals.

3.4.2 Exact BP Algorithm for General Graphs

The conditioning method as given by Pearl requires that the nodes should be instantiated

such that the connectivity of the original graph is preserved. This can be easily satisfied

by clamping exactly one node from each cycle. This, in general will require exponential

time to compute the marginals. For example consider the following factor graph, G =

(V,E) which is 2×N grid with pairwise constraints on 2N variables. The minimum size

Figure 3.7: Factor graph of 2N variables and pairwise constraints.

of instantiated variable set Vc(G) will be N−2. The running time for CondBP (G,Vc(G))

will be Ω(2N ).

We know that a factor graph follows the global Markov property. This guarantees that

for the factor graph G = (V,E), if there exists a triple (A,B, S) of disjoint subsets of

V , such that S separates A from B in G then

XA ⊥⊥ XB|XS

A triple (A,B, S) for the factor graph in Figure 3.7 is shown in Figure 3.8. Now if we

S

i

j

a

A
B

Figure 3.8: The cutset S.

instantiate variables i and j, one can obtain two independent clamped graphs as follows.

We first remove the nodes in S to split the graph into two parts A and B. We will refer
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to such a set S as the cut-set. We call an instantiation {xi, xj} of variables i and j valid

if fa(xi, xj) = 1. For all valid instantiations of variables i and j, we replace the variables

i and j in the factor functions of A and B with the respective constants. We call the

two clamped graphs obtained, as GA and GB. Assume that we can compute beliefs for

variables in GA and GB, which we suppose are exact marginals. Let l be any node in

the clamped graph GA. We denote by bGA
l (xl) the belief of node l in GA. Note that

such a belief will be conditioned on the clamped variables. Let PrGA(xk) denotes the

marginal for the event “Xk = xk” in GA. The joint marginal for the events “Xi = xi”

and “Xj = xj” in GA can then be computed as

PrGA(xi, xj) =
∑
xl

PrGA(xl, xi, xj)

=
∑
xl

bGA
l (xl).

(3.21)

Also

PrG(xl, xi, xj) =PrGA(xl, xi, xj) · PrGB (xi, xj)

=PrGA(xl, xi, xj) · PrGB (xi, xj)

=bGA
l (xl) ·

∑
xk

bGB
k (xk).

(3.22)

where k is some variable node in GB. We can now compute exact marginal for the event

“Xl = xl” by summing (3.22) over all valid configurations of i and j.

PrG(xl) =
∑
{xi,xj}

PrG(xl, xi, xj)

=
∑
{xi,xj}

bGA
l (xl) ·

∑
xk

bGB
k (xk)

 .

(3.23)

The marginals corresponding to clamped variables can be obtained as

PrG(xi) =
∑
xj

PrG(xi, xj)

=
∑
xj

PrGA(xi, xj) · PrGB (xi, xj)

=
∑
xj

∑
xl

bGA
l (xl) ·

∑
xk

bGB
k (xk)

(3.24)

We showed that if exact marginals in two clamped subgraphs are known, we can combine

the results to find marginals corresponding to the parent graph. Note that the two sub-

parts can be solved independently. We can generalize such an approach by decomposing

the graph recursively until we obtain tree structured components. We show the result
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of such a decomposition in case of a 2 × 5 grid in Figure 3.9, in the form of a tree. In

general, if G is decomposed into k components G1, G2, . . . Gk by clamping variables in

C, the exact marginals for each node in G are given by the following equations. We will

denote by αc the configuration of variables in C. For some l ∈ I(Gi)

PrG(xl) =
∑
αc

bGi
l (xl) ·

∏
j∈[K]\i

∑
xm

b
Gj
m (xm) (3.25)

Also, for any p ∈ C we have

PrG(xp) =
∑
αc

∏
j∈[K]

∑
xm

b
Gj
m (xm) (3.26)

Here bGj
m (xm) corresponds to the belief of some variable m ∈ I(Gj).

We observe that corresponding to each node in this tree, we obtain clamped graphs

Figure 3.9: The decomposition of 2× 5 grid.

equal to the number of valid instantiations of variables clamped in the parent node. We

can then run BPTree on each of these clamped subgraphs and obtain the marginals in

the parent node (graph) by (3.23) and (3.24).

For a general 2 × N grid, we note that the maximum height of the corresponding de-

composition tree obtained is at most logN (if we always break the graph in the middle).

As we choose two variables to clamp in each step, the total number of variables to be

clamped till we reach the leaf is at most 2 logN . Now the leaves are tree structured and

can be solved in linear time in the number of variable nodes. The cost for combining the
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marginals at the leaves (L1 and L2) into conditioned marginals at the parent node P

will be O(22(I(L1) + I(L2))) ≤ O(22 ·N). The cost of extracting the true marginals by

summing over all configurations of clamped variables equals O(22 · I(P ) · 2) ≤ O(22 ·N).

The total computations then required to compute marginals at the root by recursively

computing computing marginals at each level will be O(22 logNN). Therefore, the total

cost for computing exact marginals in 2×N grid is O(N3) in contrast to Ω(2N ) required

in case of Pearl’s conditioning method.

We will now formally describe the procedure of obtaining exact marginals in general

graphs. First, we describe the decompose(G) algorithm, which takes the factor graph

G as input and returns the corresponding decomposition tree. We assume that the cut-

sets required for the decomposition have been pre-computed by some efficient procedure.

Algorithm 4 decompose(G)
if G is a tree then

return G

else

let C ⊆ I(G) be some cutset

let G1, G2, . . . , Gk be the components obtained by decomposing G over the cutset

return (C, decompose(G1), . . . , decompose(Gk))

end if

The output of decompose(G) can be seen as a tree of height H with the leaves as tree-

structured factor graphs returned at the termination of the algorithm. Every other node

at height h represents the cutset required in the (H−h+1)th step of the decomposition.

Consider the factor graph G in Figure 3.10. The output of decompose(G) is shown in

a

b

c

d

e

f

Figure 3.10: Factor graph.

Figure 3.11.

The second part of the procedure corresponds to the Marginal algorithm where we

formalize the computations over the decomposition tree to find exact marginals in the

original graph. We now introduce some data-structures and notations required for the

algorithm. We use βG, an N ×D matrix where N is the number of variables in G and

D is the largest domain size of all variables. We also assume that the domain space
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a, b

c, d e, f

Figure 3.11: Diagrammatic representation of the output of decompose(G).

of all variables is discrete (the case for continuous domains can be handled too with

some modifications) and finite. The entry βG[i][j] corresponds to the belief of node i

corresponding to the event “Xi = j”. Let C be the cut-set corresponding to G. We

represent by G̃i, the subgraph (ith child node) of G obtained by clamping variables in

C with respect to some configuration αc. Then, βαc,G̃i
corresponds to the belief matrix

for G̃i. We now present the Marginal(T,G) algorithm where G is a factor graph and

T is the corresponding decomposition tree. In Theorem 3.2, we prove that the beliefs

returned by Marginal(T,G) are the exact marginals of variables in G.

Theorem 3.2. The algorithm Marginal(T,G) returns the exact marginal of a variables

in G in time O(2MN2) where M is the maximum number of variables clamped along a

path from root to some leaf and N is the number of variables in G.

Proof. We will prove the above theorem by induction on the height(H) of tree T obtained

by the decomposition of G. For H = 0, G is a tree and exact marginals are obtained by

BPTree(G). The running time is O(N).

Suppose that we can compute the exact marginals corresponding to the nodes at any

height h < H. We further assume that for a node i at height h, the computation cost

is O(2MiN2
i ) where Mi is the maximum number of nodes clamped along any path from

node i to some leaf. This means that for the clamped graph G̃i , in which all variables

from root to that node are clamped (to some configuration), the exact marginals can be

computed in time O(2MiN2
i ).

Now these marginals are combined to form the exact marginals for the root at height H

by (3.25) and (3.26). The computation cost at the root can be divided into two parts.

The first part is incurred in computing exact marginals at each of the child nodes for all
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Algorithm 5 Marginal(T,G)
Input: Factor graph G = (V,E) and T = decompose(G)
Output: Belief matrix, βG
1: Parse T /∗T = (C,D1, D2, · · · , Dk)∗/
2: if k=0 then
3: Call BPTree(C)
4: else
5: /∗Clamp∗/
6: for each possible assignment αc of the variables in C do
7: for each i = 1 · · · k do
8: G̃i = G[Di] /∗clamped graph corresponding to Di and αc∗/
9: βαc,G̃i

←Marginal(Di, G̃i)
10: end for
11: end for
12: for each i = 1 · · · k do
13: /∗Joint marginal for the clamped variables in each G̃i (3.21) ∗/
14: Pαc,G̃i

(C)←∑D
j=1 βαc,G̃i

[m][j] /∗ m is some variable node in G̃i∗/
15: end for
16: for each node l ∈ G do
17: for each i = 1 · · · k do
18: if l ∈ I(G̃i) then

19: βαc,G[l]← βαc,G̃i
[l]

 ∏
j∈[k]\i

Pαc,G̃j
(C)


20: βG[l]←

∑
αc

βαc,G[l]

21: end if
22: end for
23: if l ∈ C then
24: βαc,G[l]←

∏
i

Pαc,G̃i
(C)

25: βG[l]←
∑
αc\xl

βαc,G[l]

26: end if
27: end for
28: return βG
29: end if

clampings (possible configurations of the clamped variables in the root) which is given

by

A1 = 2Cr · (O(2M1N1
1 ) +O(2M2N2

2 ) + . . . O(2MkN2
k )).

Here, Cr is the number of clamped variables at the root and k is the total number of

child nodes of the root. The other part of the cost is due to summing up the conditioned

marginals (for all configurations of clamped variables) to compute the exact marginal
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for each node. It is given by

A2 =2Cr ·N · k. (3.27)

Also k < N . By construction of the clamped graphs, we have N = N1 + . . .+Nk + Cr.

Let M = maxi (Cr +Mi) ,∀i ∈ [k]. The total cost is then given by

A =A1 +A2

=2Cr · (O(2M1N2
1 ) +O(2M2N2

2 ) + . . . O(2MkN2
k )) + 2C ·N · k

=O(2MN2).

(3.28)

We observe that the efficiency of the above method depends on the number of variables

clamped along the height of the decomposition tree of the graph. The other issue is the

efficient computation of the cut-sets required to build the decomposition tree. To apply

this method, we need to look at certain classes of factor graphs which not only allow

efficient decomposition but also assure that the cut-set at any time will not be too large.

Motivated by the results of [7], we now use the above theorem to bound the running

time for minor-free graphs.

Corollary 3.3. Let G be a factor graph with N variable nodes that does not con-

tain Kh as a minor. Then the marginal probabilities for G can be computed in time

O(2h
3/2
√
NN2).

Proof. To compute marginal probabilities for G, we first build the decomposition tree T

by the procedure decompose(G). We will first show that this can be done in polynomial

time.

By definition, a separation of a graph G is a pair (A,B) of subsets of V (G) with

A ∪ B = V (G), such that no edge of G joins a vertex in A − B to a vertex in B − A.

Also, [7] proves that there is a separation (A,B) in G of order ≤ h
3
2N

1
2 such that

A − B,B − A ≤ 2
3N . Moreover this separation can be computed in polynomial time.

Thus, we can decompose G using these separations as the cut-sets, in polynomial time.

Also, the number of variable nodes in any clamped graph at any level in T can be at

most 2
3n, where n is the number of variables in the graph corresponding to the parent

node. So the maximum number of variables clamped from the root to some leaf in T is
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given by

M ≤ h3/2 ·
√N +

√
2
3
N +

√(
2
3

)2

N + . . .


= O(h3/2

√
N).

(3.29)

We can now run procedure Marginal(T,G) to obtain exact marginal probabilities in G.

By Theorem 3.2, the time required to compute exact marginals in G is O(2h
3/2
√
NN2).

In the next chapter, we will again go back to Loopy Belief Propagation and discuss its

convergence and accuracy for some Graphical Models.



Chapter 4

Properties of Loopy Belief

Propagation

4.1 Introduction

In this chapter, we demonstrate the connection between Belief Propagation and Bethe

approximation of statistical physics. We also explain how this knowledge is used in

deriving Generalized Belief Propagation algorithms. Such an approach is the work of [5].

We also discuss the known results for the convergence and correctness of loopy BP for

graphical models with a single loop [8] and Gaussian graphical models of arbitrary

topology [9].

CSPs appear in a large spectrum of scientific disciplines especially in physics .We can

view CSP in a physical system as follows. Suppose we have a system of N particles.

Each of the particle i can take be in one of the possible states xi. The state of the

system is described as x = (x1, x2, · · · , xn). We will denote by S the set of all possible

states of the system. The system in state x has energy E(x) associated with it. So, we

need to find the state of the system in which it is the most stable i.e. it has minimum

energy. In thermal equilibrium, the probability of a state is given by Boltzmann ′s Law

p(x) =
1

Z(T )
e−E(x)/T . (4.1)

Here, T is the temperature (an auxiliary parameter) and Z(T ) is the normalization

constant known as the partition function

Z(T ) =
∑
x∈S

e−E(x)/T . (4.2)

34
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We now try to relate the above with the CSP in a non physical system. For our factor

graph representation, the probability distribution is given by

p(x) =
1
Z

M∏
a=1

fa(Xa). (4.3)

From (4.1) and (4.3) and by setting T = 1 we get the energy of our system

E(x) = −
M∑
a=1

ln(fa(Xa)). (4.4)

Let b(x) be the approximate joint probability distribution (trial distribution) for our

factor graph. We further assume that this trial distribution corresponds to the one

computed by the Belief Propagation Algorithm. We now try to see how accurate is

the distribution b(x) with respect to the required distribution p(x). The differences

between two probability distributions can be measured by means of Kullback-Leibler

distance [10]. By definition, the Kullback-Leibler distance between p(x) and b(x) is

given by

D(b‖p) =
∑
x

b(x) ln
b(x)
p(x)

. (4.5)

Using (4.1) for p(x) (with T = 1) we get

D(b‖p) =
∑
x

b(x)E(x) +
∑
x

b(x) ln b(x) + lnZ. (4.6)

We also know that Kullback-Leibler distance is always non-negative and is zero if and

only if the two probability functions b(x) and p(x) are equal. So our approximate

probability function b(x) will be equal to the exact probability function when D(b‖p)
achieves its minimum value of zero.

In the next section we will derive conditions for the minimization of the distance between

the two probability distributions for a tree-factor graph. It turns out that the results

correspond to the standard BP algorithm.

4.2 Fixed Points of BP

In this section, we show that the BP message equations (in case of a tree factor graph)

satisfy the stationary conditions derived for the minimization of D(b‖p). As in literature,

we denote the quantity

G(b(x)) =
∑
x

b(x)E(x) +
∑
x

b(x) ln b(x) = U(b(x))−H(b(x)) (4.7)
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by Gibbs free energy. Here,

U(b(x)) =
∑
x

b(x)E(x) (4.8)

is the average energy and

H(b(x)) =
∑
x

b(x) ln b(x) (4.9)

is the entropy of the system. Also, D(b‖p) will be zero if G(b(x)) achieves its minimum

value of F = − lnZ which is also known as “Helmholtz free energy”. We take b(x) to

be the joint probability distribution given by the BP algorithm. We can now formulate

our problem as a minimization problem as follows

min
x
G(b(x)) (4.10)

such that

∑
xi

bi(xi) =1 ∀i, (4.11)

∑
Xa

ba(Xa) =1 ∀a, (4.12)

bi(xi) =
∑
Xa\xi

ba(Xa) ∀i,∀a s.t a ∈ N(i). (4.13)

Recall that the Equations (4.11),(4.12) state the normalization conditions while (3.4)

gives the marginalization condition for the beliefs. For a factor graph without cycles we

can show that the exact joint distribution p(x) can be factorized [10] as

p(x) =
∏
a pa(Xa)∏

i(pi(xi))di−1
, (4.14)

where di equals the number of neighbors of node i.

Now if beliefs are equal to the exact marginals, we can simplify G(b(x)) as follows

G(b(x)) =
∑
x

b(x)E(x) +
∑
x

b(x) ln b(x)

=−
∑
x

b(x) ln
∏
a

fa(Xa) +
∑
x

b(x) ln
(∏

a

ba(Xa)
∏
i

(bi(xi))1−di

)
=−

(∑
x

b(x)
∑
a

ln fa(Xa)
)

+
∑
x

b(x)
(∑

a

ln ba(Xa) +
∑
i

ln(bi(xi))1−di

)
=−

(∑
a

∑
x

b(x) ln fa(Xa)
)

+
∑
a

∑
x

b(x) ln ba(Xa) +
∑
i

∑
x

b(x) ln(bi(xi))1−di
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=−
∑
a

∑
Xa

∑
x\Xa

b(x) ln fa(Xa) +
∑
a

∑
Xa

∑
x\Xa

b(x) ln ba(Xa)

+
∑
i

∑
xi

∑
x\xi

b(x)
(

(1− di) ln bi(xi)
)

=−
∑
a

∑
Xa

ba(Xa) ln fa(Xa) +
∑
a

∑
Xa

ba(Xa) ln ba(Xa)

−
∑
i

(di − 1)
∑
xi

bi(xi) ln bi(xi).

(4.15)

We here point out that such a simplification of Gibbs free energy is known as Bethe

approximation in literature.

Now we solve (4.10) by forming a Langragian L as follows

L =G(b(x)) +
∑
i

γi(
∑
xi

bi(xi)− 1) +
∑
a

γa(1−
∑
xa

ba(xa))

+
∑
a

∑
i∈N(a)

∑
xi

λai,xi

{ ∑
Xa\xi

bi(xi)− ba(Xa)
}
.

(4.16)

Here, γi and γa enforce the normalization constraints over the beliefs of variable and

factor nodes respectively and λai,xi enforce the marginalization constraint for factor a

and variable i. Now setting ∂L
∂bi(xi)

= 0 gives

(di − 1)(1 + ln bi(xi)) =γi +
∑

a∈N(i)

λai,xi

⇒ bi(xi) =
1

di − 1
exp

{ ∑
a∈N(i)

λai,xi

}
· exp

{
γi − 1
di − 1

}

⇒ bi(xi) ∝
( ∏
a∈N(i)

exp{λai,xi}
1

di−1

)
.

The equation ∂L
∂ba(Xa) = 0 gives

ln ba(Xa) = ln fa(Xa) +
∑

i∈N(a)

λai,xi + γa − 1

⇒ ba(Xa) =fa(Xa) exp
{ ∑
i∈N(a)

λai,xi + γa − 1
}

⇒ ba(Xa) ∝fa(Xa) · exp
{ ∑
i∈N(a)

λai,xi

}
.

Now if we set

λai,xi = ln
∏

b∈N(i)\a

mb→i(xi),
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we get

ba(Xa) ∝fa(Xa) ·
∏

i∈N(a)

∏
b∈N(i)\a

mb→i(xi) (4.17)

and

bi(xi) ∝
( ∏
a∈N(i)

∏
b∈N(i)\a

mb→i(xi)
) 1

di−1

(4.18)

⇒ bi(xi) ∝
∏

a∈N(i)

ma→i(xi). (4.19)

We note that in case the factor graph has no cycles, minimization of the free energy is

exact and correspondingly the equivalent BP equations give us the correct result. In

case of a general graph, factorization of the joint distribution as in Equation (4.14) does

not hold and is only an approximation. In the next section we discuss how the method

of free energy minimizations has been applied to derive Generalized Belief Propagation

algorithms.

4.3 Generalized Belief Propagation

We can now extend the above method to general graphs. We decompose the given factor

graph into regions in such a way that the free energy of the whole system is equal to the

sum of the free energies of the regions. Such a decomposition of the graph results in a

region graph. For such a graph, Gibbs free energy can be approximated as follows

GR({br}) =
∑
r∈R

crGr(br). (4.20)

Here R denotes the set of valid regions, cr is the counting number for region r such that

for every factor node a and every variable node i, the following holds

∑
r∈R

δ(a ∈ Ar)cr =
∑
r∈R

δ(i ∈ Vr)cr = 1. (4.21)

Here, Ar and Vr denote the set of the factor and variable nodes respectively in region

r. The indicator function δ(z) is equal to 1 if the condition z is satisfied and equal to 0

otherwise.

We note that region based average energy UR({br}) can be evaluated as

UR({br}) =
∑
r∈R

crUr(br). (4.22)
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From Equations (4.8) and (4.4) we have

Ur(br) =
∑
xr

br(xr)
∑
a∈Ar

ln fa(Xa). (4.23)

Therefore,

UR({br}) =
∑
r∈R

cr
∑
xr

br(xr)
∑
a∈Ar

ln fa(Xa). (4.24)

The region-based entropy is given by

HR({br}) =
∑
r∈R

crHr(br) (4.25)

=−
∑
r∈R

cr
∑
xr

br(xr) ln br(xr). (4.26)

Note that the region based entropy will be approximate even if the beliefs are exactly

equal to the corresponding true marginal probabilities unless the region graph is a tree.

The same argument (as for Equation (4.14)) about the factorization of exact marginals

holds here.

The approximate graph free energy can thus be written as

GR({br}) =
∑
r∈R

cr
∑
xr

br(xr)
∑
a∈Ar

ln fa(Xa) +
∑
r∈R

cr
∑
xr

br(xr) ln br(xr). (4.27)

Generalized belief propagation (GBP) algorithms can now be constructed whose message

update equations correspond to the stationary points of the free energy associated with

the region graph. Such a method of deriving GBP algorithms is termed as region graph

method. The junction graph method [11] and cluster variation method [12] can be

considered as special cases of the region graph method. The reported experimental

results for the GBP algorithms suggest that they are more accurate than standard BP

for some problems like error-correcting codes.

In the next section, we discuss BP as an inference tool which computes the posterior

distribution of the variables when some evidence (data) is combined with the known

prior distribution. We give a brief overview of the known results of the correctness of

loppy BP when the variables involved obey Gaussian distributions.
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4.4 Correctness of Loopy BP for some Graphical Models

Loopy BP has been applied to a wide variety of applications such as error correcting

codes, speech recognition and medical diagnosis. In such problems, a prior probabil-

ity distribution is assumed over the set of random variables which is represented by a

graphical model. Values for some variables are provided. These are called the observed

variables or the evidence nodes in the respective graphical model. The task is to infer

the values of the unobserved variables given the observed ones. This task can be further

reduced to finding the correct posteriors for the unobserved variables in presence of new

evidence.

Single loop network.We consider here the pairwise undirected graphical model (Markov

network) with the joint distribution given by the product of potentials over the edges

of the graph. We show an example of such a graphical model, G = (V,E) in Figure 4.1

where the gray nodes correspond to the observed variables while the others are unob-

served ones. The posterior marginal probability for node A1 given the evidence (due to

B1 B2

B3B4

A1 A2

A3A4

Figure 4.1: A Markov network.

the observed nodes) is given by

Pr(A1 = a1|B1 = b1, B2 = b2, B3 = b3, B4 = b4) =
1
Z

∑
a2,a3,a4

∏
e∈E

Ψe(Xe), (4.28)

where Ψe(Xe) is the potential defined over each edge e. Here Xe is the configuration of

variables connected by edge e. We can easily convert the above model into a factor graph

by introducing a factor node corresponding to each edge as shown in Figure 4.4. The

factor function will then correspond to the respective edge potential. Now by message

update rules for Belief Propagation, the message from F4 to A1 is given by

mF4→A1 =
∑
a4

ΨA4,A1(a1, a4)
∏

f∈N(A4)

mf→A4 . (4.29)
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B1 B2

B3

A1 A2

A3A4

B4

F1

F2

F3

F4

Figure 4.2: Factor Graph corresponding to a pairwise Markov network.

We note that message from A4 to A1 in Figure 4.1 will correspond to message from

F4 to A1 in the corresponding factor graph in Figure 4.4. Let VA4→A1 be the message

vector from A4 to A1. The component VA4→A1(i) will correspond to message sent from

A4 to A1 for ith value of A1. Let MA1A4 correspond to transition matrix corresponding

to edge (A1, A4) defined as

MA1A4(i, j) = Ψ(A1 = i, A4 = j).

Then,

VA4→A1 =αMA1A4

 ⊙
A∈N(A4)\A1

VA→A4

 , (4.30)

where
⊙

corresponds to component-wise multiplication of vectors i.e for vectors x,y

and z, we have

z = x� y↔ z(i) = x(i)y(i).

Also, αx denotes normalizing the components of x so that they sum to 1.

Let bA1 corresponds to the belief vector for A1 such that the component bA1(k) corre-

sponds to belief of node A for its kth value. Then

bA1 = α

 ⊙
A∈N(A1)

VA→A1

 .

Note that the message from an observed node to an unobserved node will be a vector

of constant messages for each value of the unobserved node. For the ith observed node,

we define a diagonal matrix Di such that the elements of Di are the constant messages

sent from the observed node Bi to the unobserved node Ai. Also for any vector x, we

have Dix = VBi→Ai � x.
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Assuming that the messages are updated sequentially, we have

VA4→A1 = αMA1A4

 ⊙
A∈N(A4)\A1

VA→A4


= αMA1A4

(
VB4→A4 �VA3→A4

)
= αMA1A4D4MA3A4

(
VB3→A3 �VA2→A3

)
= αMA1A4D4MA3A4D3MA2A3

(
VB2→A2 �VA1→A2

)
= αMA1A4D4MA3A4D3MA2A3D2MA1A2

(
VB1→A1 �VA4→A1

)
= αMA1A4D4MA3A4D3MA2A3D2MA1A2D1VA4→A1 .

(4.31)

Let CA1 = MA1A4D4MA3A4D3MA2A3D2MA1A2D1, then for any time t, we obtain

Vt+4
A4→A1

= α CA1V
t
A4→A1

. (4.32)

In general, for a cycle of N nodes we obtain

Vt+N
AN→A1

= α CA1V
t
AN→A1

. (4.33)

If all elements of CA1 are non-zero, [8] proves the following statements

1. VAN→A1 converges to the principle eigenvector of CA1 .

2. VA2→A1 converges to the principle eigenvector of D−1
1 CA1D1.

3. The convergence rate of the messages is governed by the ratio of the largest eigen-

value of CA1 to the second largest eigenvalue.

4. The diagonal elements of CA1 give the correct posteriors: PA1(i) = α CA1(i, i).

5. The steady-state belief bA1 is related to the correct posterior marginal PA1 by:

bA1 = β PA1 + (1−β)QA1 where β is the ratio of the largest eigenvalue of CA1 to

the sum of all eigenvalues and QA1 depends on the eigenvectors of CA1 .

In the following, we consider MRFs of arbitrary topology but with Gaussian distribution.

Gaussian Markov Random Fields. A Gaussian MRF (GMRF) is an MRF in which

the joint distribution is Gaussian. In a GMRF, let y = {y1, . . . , yd} be observed variables

such that each yi is connected to the unobserved node xi. The corresponding joint

distribution Pr(x,y) is given by

Pr(x,y) =
1
Z

exp
{
− 1

2
(xT ,yT )

(
Vxx Vxy
Vyx Vyy

)(
x
y

)}
, (4.34)
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where Z is the normalization constant. The problem here is to compute each posterior

mean and variance of a hidden node xi, given evidence (data) y. The conditional mean

vector µx|y and covariance matrix Σx|y are computed by solving

Vxxµx|y =− Vxyy, (4.35)

Σx|y =V −1
xx . (4.36)

For large-scale Gaussian graphical models, direct computations as in the above equations

become computationally intractable. Loopy Belief Propagation (LBP) can be employed

over such GMRFs. In such a case, the messages and beliefs are all Gaussian and the

updates can be written directly in terms of the means and covariance matrices. Each

node sends and receives a mean vector and covariance matrix to and from each neighbor.

The beliefs at a node are computed by combining the means and covariances of all the

incoming messages. It has been shown that for Gaussian LBP, if LBP converges, then

it computes the exact posterior means but incorrect variances. We refer [9] for proofs

and further discussion.

In the next chapter we will describe a relatively new and exciting technique known as

Survey Propagation which has been designed to solve random satisfiability problems.

Survey Propagation is a message passing algorithm which was originally derived from

cavity method in statistical physics but has been discovered to be a special form of Belief

Propagation.
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Survey Propagation

5.1 Introduction

In this chapter, we present another message passing algorithm known as Survey Prop-

agation (SP). The SP algorithm [13, 14] has been shown to find satisfying assignments

for highly dense and large random K − SAT formulas, i.e. random formulas with high

clause-variable ratio and large number of variables, n. The computational cost has been

estimated to be roughly scaling as n log n [14]. We show that SP can be derived from

BP with an extended variable space and a relaxed notion of satisfiability. Though the

SP and BP equivalence has been shown in [15, 16] in different forms, we contribute by

giving a simplified interpretation of the same.

Throughout this chapter, we focus on K−SAT formulas which we explain below. Given

a formula F in conjunctive normal form (CNF), the satisfiability (SAT) problem asks

whether there exists a truth assignment under which F evaluates to true. K − SAT
refers to the SAT problem in which all clauses contain K literals. K−SAT was the first

known NP-complete problem for K >= 3, as proved by Stephen Cook [17] in 1971. This

means that no known algorithm can solve the worst case instances of the problem in

polynomial time. Since, in real world applications, worst cases may not be relevant, the

typical model studied is the random K−SAT . In this model, we fix the total number of

clauses to be αn where n is the number of variables and α is a positive constant. Each

clause is generated by choosing K variables randomly and negating each one randomly

and independently.

Message passing algorithms like BP can be used to find a satisfying assignment for a

CNF formula F as follows. The uniform distribution over the satisfying assignments in

F is a Markov random field represented by a factor graph. Thus, Belief Propagation

44
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Algorithm can be used to estimate the marginal probabilities of variables in this factor

graph. Suppose the beliefs returned for a variable to be in 1 and 0 state are p1 and

p0 respectively. We now choose the variable with the greatest bias, i.e., with maximum

|p1 − p0| and set it to 1 if p1 > p0 and 0 otherwise. We remove the variable and the

satisfied constraints from the problem, and repeat the process on the reduced problem.

This strategy of assigning variables in steps is known as decimation. It is known that

a decimation procedure using the marginals returned by BP can find satisfying assign-

ments to random 3-SAT when α <= 3.92. The validity of BP relies on the assumption

that messages into a node from its neighbors are independent. To understand this, we

consider factor graph for a random K − SAT formula. Suppose that a factor node a

wants to send a message to a variable node i. Now the minimal distance between two of

the variables xj , j ∈ N(a)\i is typically of the order logN for a random factor graph.

Thus the factor graphs for random K − SAT behave locally as trees and the variables

xj , j ∈ N(a)\i can be considered weakly correlated. This might explain the convergence

of BP for random 3-SAT problems with α < 3.9. But in case α > 3.9 , the failure of

BP approximations indicates the existence of long range correlations inspite of the local

tree-like structure of the factor graph. In other words, we can no longer approximate

N(a)\i to be independent even when they are far apart in the factor graph. Statistical

physicists attribute these long range correlations to the geometry of the solution space

of highly dense formulas. With the introduction of some basic background, we explain

their hypothesis about this solution space geometry in the next section.

5.2 Solution Space of HARD-SAT Problems

We start by introducing the notion of a solution cluster. We denote by S(F ) the set of

satisfying assignments of a CNF formula F . A solution graph for F is an undirected

graph, where nodes correspond to solutions and are neighbors if they differ on the

assignment of exactly one variable. In other words, the assignments σ, τ ∈ S(F ) are

adjacent if they have the Hamming distance equal to 1. A cluster is then a connected

component of S(F ). Figure 5.1 illustrates how the structure of the solution space of

random 3-SAT evolves as the density of a random formula increases. We summarize

the physicists hypothesis of the solution space of random SAT through the following

conjectures.

1. There exists a SAT-UNSAT phase transition in the solution space of these prob-

lems. More specifically, for clause-variable ratio greater than its critical value αs,

solutions cease to exist.
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αclust = 3.921 αs = 4.267 α = M/N
}SAT

EASY-SAT HARD-SAT UNSAT

Figure 5.1: Diagrammatic representation of the solution space of random 3-SAT with
respect to α. Satisfying clusters are represented by gray and the unsatisfying by white.

2. Also there exists another threshold αclust, which divides the SAT region into two

separate regions, called EASY-SAT and HARD-SAT. In the EASY-SAT region,

solutions are thought to be close together such that one can reach from one so-

lution to another with a number of single-bit flips. More specifically, each pair

of satisfying assignments are close together in Hamming distance. In this region,

local search algorithms and other simple heuristics can easily find a solution. In

the HARD-SAT region, the solution space breaks up into many smaller clusters.

Each cluster contains a set of satisfying assignments close together in Hamming

distance. Also, the satisfying assignments in different clusters are far apart i.e.

one cannot reach from a satisfying assignment in one cluster to the one in another

without changing a large number of variables.

3. In the HARD-SAT region, there exists an exponentially large number of metastable

clusters, i.e. clusters containing almost satisfying assignments (the assignments

which violate a few clauses). Also, these almost satisfying solutions violate exactly

the same number of clauses. The number of solution clusters are exponential in

number of variables N , and the number of metastable clusters too are exponential

in N but have a larger growth rate. This suggests that the simpler algorithms like

BP get trapped within these most numerous metastable clusters. Moreover, most

of the variables in a cluster are frozen, i.e., they take the same value in all the

satisfying assignments of the cluster.

To describe the Survey Propagation algorithm, which is known empirically to find so-

lutions in the HARD-SAT region, we explain further in detail in the next section, the

physical picture of the clustering of configurations.
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5.3 Solutions Clusters and Covers

Let γ be a cluster in the solution space of a CNF formula F . We denote by S(γ), the

satisfying assignments in γ. A variable x can be thought of being in 3 possible states,

either (i) it is frozen to 0, i.e. x = 0 in all σ ∈ S(γ) or (ii) it is frozen to 1 in S(γ), or

(iii) it switches between 0 and 1, i.e. it takes both of its values in S(F ). To account

for the latter case, we extend the domain of x to include a third state “∗” which is

also known as the joker state. The above description attributes to each cluster, a single

string in {0, 1, ∗}n. We will call such a string over an extended variable space {0, 1, ∗},
as a generalized assignment. In a generalized assignment, a variable can be termed

as constrained or unconstrained by the following definition.

Definition 5.1. Given a string y ∈ {0, 1, ∗}n, we will say that variable yi is free or

unconstrained in y if in every clause c containing yi or ¬yi, at least one of the other

literals in c is assigned true or ∗. A variable is constrained if it uniquely satisfies some

clause c , i.e. all other literals in c are assigned false.

A generalized assignment σ̂ ∈ {0, 1, ∗}n is called a cover [18] of F if

1. every clause of F has one satisfying literal or at least two ∗, and

2. every unconstrained variable in σ is assigned ∗.

Informally, a generalized assignment σ̂ is a cover if under σ̂, either each clause in F is

satisfied or it leaves enough variables undecided, which can be set later on to generate

a satisfying truth assignment. It is interesting to note that each satisfying assignment

in F can be reduced to a unique cover by the coarsening procedure [16] as follows.

1. Given a satisfying assignment, σ, change one of its unconstrained variable to ∗.

2. Repeat until there are no unconstrained variables.

To understand the above procedure, consider the formula F = (x ∨ ¬y) ∧ (y ∨ ¬z) and

its satisfying assignment (000). Now, x is the only unconstrained variable under this

assignment. Setting x to ∗ gives us the generalized assignment (∗00). Now under this

new assignment, y is not constrained as it is no longer the unique satisfying literal for

any clause. We thus obtain (∗ ∗ 0). The variable z ceases to be the unique satisfying

literal for the second clause because of the previous step. We can now change it to ∗.
The resulting generalized assignment is now (∗ ∗ ∗) which cannot be further reduced.

This corresponds to a cover of the formula F .
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It is now easy to see that all assignments within a cluster will correspond to a unique

cover, also known as core [16] of the cluster.

5.4 The SP Algorithm

SP is a powerful technique for solving satisfiability problems, derived from the rather

complex physics methods, notably the cavity method developed for the study of spin

glasses. We refer to [19] for the original derivation of the SP equations by the replica

symmetric method in statistical physics. Here, we will describe the SP algorithm and

show that for tree-structured formulas, SP computes marginals over covers of the for-

mula.

We start by describing the notations required for the SP algorithm. The basic input to

the SP algorithm is a factor graph for a SAT (random) instance. For each variable node

i in the factor graph, we denote the set of factor nodes in which the variable appears

positively by N+(i), and by N−(i) the set consisting of factor nodes in which i appears

negated. Here N(i) = N+(i) ∪ N−(i). Let N s
a(i) be the set of neighbors of i except a

which tend to satisfy a, i.e., i occurs with the same polarity in any b ∈ N s
a(i) as in a.

Also Nu
a (i) represents the set of neighbors which are unsatisfying with respect to a.

SP like BP works by passing messages along the edges of the factor graph. A message

i }{ N−(i)N+(i)

Figure 5.2: A part of a factor graph showing variable node i and its neighboring
factor nodes.

from a factor node a to variable node i, known as a survey, is a real number ηa→i ∈ [0, 1].

Each variable i can be in either of the three states in {0, 1, ∗}. A variable takes value 0

or 1 if it is constrained by a clause, i.e., if it satisfies uniquely at least one of the clauses

and a joker state otherwise. Each variable node i sends a vector of three real numbers,

Πi→a = {Πu
i→a,Π

s
i→a,Π

∗
i→a} to each of its neighboring factor node a. The survey ηa→i
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over edge {a, i} is given by

ηa→i =
∏

j∈N(a)\i

Πu
j→a

Πu
j→a + Πs

j→a + Π∗j→a
. (5.1)

The survey ηa→i is interpreted as a probability that a warning is sent from a factor node

a to a variable node i [14]. A warning from a factor node a to a variable node i can be

understood as a signal that a requires i to take a value that satisfies a which is due to

the fact that all variables in N(a) \ i have been assigned values that unsatisfy a.

The variable node i sends a message to factor node a corresponding to each of the three

symbols {u, s, ∗}. The symbol “s” corresponds to its state which is satisfying for a,

“u” stands for the state unsatisfying for a. It sends the symbol “∗” when it is in the

undecided or joker state. The corresponding SP equations are

Πu
i→a =

∏
β∈Ns

a(i)

(1− ηβ→i)
[
1−

∏
β∈Nu

a (i)

(1− ηβ→i)
]
, (5.2)

Πs
i→a =

∏
β∈Nu

a (i)

(1− ηβ→i)
[
1−

∏
β∈Ns

a(i)

(1− ηβ→i)
]
, (5.3)

Π∗i→a =
∏

β∈N(i)\a

(1− ηβ→i). (5.4)

We will now derive the SP equations for tree-structured factor graphs. The justification

for general graphs with cycles suffer from the similar problem as in BP, i.e, the incoming

messages to a node can not be considered as independent. The remarkable performance

of SP on hard SAT problems suggests the weak correlation among the input messages

(to a node). The underlying reason for the same is still unknown.

5.4.1 Deriving SP Equations for Trees

Message Passing algorithms on trees can be thought of as dynamic programming solu-

tions, where a node combines the results (messages) from the neighboring sub-parts of

the problem and pass on to the next neighbor which repeats the process. In this section,

we show that the messages in BP (for tree-structured SAT formulas) can be interpreted

as combinatorial objects counting the number of solutions for some sub-part of the prob-

lem. We further show how this counting procedure can be extended to counting covers

for the CNF formula. We then prove that the modified message update rules correspond

to the SP update equations.

In the last paragraph, we claimed that a BP message counts the number of solutions

for some sub-part of the problem i.e for some sub-formula of the original formula. To
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i
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B

C

D

j TA

Tj

Figure 5.3: A part of tree-factor graph for a SAT formula.

understand this, consider a variable j in a formula F and suppose that it wants to send

the message to its neighboring factor node a about its value xj . We construct a sub-

formula f as follows. We pick variable j and all clauses in which j participates except

the clause a. We further include the variables participating in the included clauses and

so on. Now the message sent from j to a is the number of solutions of f in which j

assumes the value xj .

To understand a clause to variable message, we assume that the factor node a has only

two neighbors. Now suppose that the node a wants to send a message to its other

neighbor i about its value xi. We extend the sub-formula f to include the clause a and

the variable i. The message that the factor node a sends to i counts the number of

solutions (with i assuming the value xi) for the extended sub-formula.

For SP, we will derive the corresponding message rules according to which a message

counts the number of covers instead of solutions. The new beliefs will then correspond

to the cover marginals instead of solution marginals.

We will now formally present the derivation of the SP equations from BP message

update rules. We start by introducing some notations. We consider the tree factor
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graph T = (V,E) corresponding to a SAT formula F . Figure 5.3 shows a part of T with

variable node i and its four neighboring factor nodes. We denote by I(T ) and A(T ), the

set of variable and factor nodes (each representing a clause) respectively in T . Recall

that the dashed edge between node i and B signifies that the variable i is negated in

the clause corresponding to factor node B.

Variable to clause messages. Consider the message from variable node j to factor

node A. We denote the part of factor graph rooted at j and separated from rest of graph

by A (shown in Figure 5.3) by Tj . Also XTj = {xi : i ∈ I(Tj)} represents a configuration

of variables in Tj .

mj→A(xj) =
∏

a∈N(j)\A

ma→j(xj) (5.5)

=
∑

XTj
\xj

∏
a∈A(Tj)

fa(Xa), (5.6)

Note that the product term corresponding to each configuration XTj will be 1 if all the

clauses in Tj are satisfied and 0 otherwise. The sum operation will in turn count the

number of the non-zero terms of the product. Let S(Tj) denotes the set of satisfying

assignments in Tj in which j assumes the fixed value xj . Then the variable to clause

message mj→A(xj) determines |S(Tj)|.

We now modify the problem of counting satisfying assignments into that of counting the

covers. Let xsa,j/x
u
a,j denote the satisfying/unsatisfying value of j with respect to a, for

example, xsA,i = 1 (with respect to Figure 5.3). Also a variable is assigned “∗” if it is

not constrained by any of the clauses. We now define our new message, Mj→A(xj) such

that it counts the covers of Tj , in which j assumes the value xj .

Consider the message Mj→A(xsA,j). This message is supposed to count the covers in Tj

such that j assumes the value xsA,j under the corresponding generalized assignment, say

σg. This further implies that there exists at least one clause c ∈ Nu
A(j) such that j is the

unique satisfying variable for c under σg. Additionally, it is unconstrained by all clauses

in Nu
A(j).

Mj→A(xsj,A) =
∏

a∈N(j)\A

(
Ma→j(xsj,A) +Ma→j(∗)

)
−

∏
a∈N(j)\A

Ma→j(∗)

=
∏

a∈Ns
A(j)

(
Ma→j(xsj,a) +Ma→j(∗)

) ∏
a∈Nu

A(j)

(
Ma→j(xuj,a) +Ma→j(∗)

)
−

∏
a∈Ns

A(j)

Ma→j(∗)
∏

a∈Nu
A(j)

Ma→j(∗)

(5.7)
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Similarly,

Mj→A(xuj,A) =
∏

a∈Ns
A(j)

(
Ma→j(xuj,a) +Ma→j(∗)

) ∏
a∈Nu

A(j)

(
Ma→j(xsj,a) +Ma→j(∗)

)
−

∏
a∈Ns

A(j)

Ma→j(∗)
∏

a∈Nu
A(j)

Ma→j(∗).

(5.8)

A node j will assume “∗”, if it is unconstrained in all clauses . Therefore,

Mj→A(∗) =
∏

a∈Ns
A(j)

Ma→j(∗)
∏

a∈Nu
A(j)

Ma→j(∗). (5.9)

Clause to variable messages. Now consider the following clause to variable message

as in BP

mA→i(xi) =
∑
XA

fA(XA)
∏

j∈N(A)\i

mj→A(xj). (5.10)

We have seen that the variable to clause message mj→A(xj) counts the number of

satisfying configurations for Tj , with j assuming value xj . Therefore, the product∏
j∈N(A)\imj→A(xj) counts the number of satisfying assignments in TA for a partic-

ular configuration of variables in N(A) \ i. Now, let S(TA) denote the set of satisfying

assignments in TA for all possible values of variables in N(A) \ i . Let variable node i

assume value xi. We extend S(TA) to S̄(TA) by including xi such that the clause A is

satisfied in S̄(TA) . The size of S̄(TA) is precisely the message mA→i(xi).

We now give a parallel argument when the product of variable messages
∏
j∈N(A)\iMj→A(xj)

counts the number of covers of TA. Let C(TA) denote the set of covers of TA. We ex-

tend C(TA) to C̄(TA) by including xi such that clause A is satisfied in C̄(TA). Let γ be

any generalized assignment in C̄(TA). We now replace xi in γ by “∗” if clause A has

been satisfied by variables other than i or there exists at least one more variable in A

which has been assigned “∗”. We obtain C̄g(TA) by repeating the above process for each

γ ∈ C̄(TA). The message MA→i(xi) counts the number of generalized assignments in

C̄g(TA) with i taking value xi.

By construction of C̄g(TA), xi equals xsA,i in some γ ∈ C̄g(TA) only when each of the

variables j ∈ N(A) \ i assumes the value xuA,j , i.e., all variables are unsatisfying except

i. Mathematically, this can be stated as

MA→i(xsi,A) =
∏

j∈N(A)\i

Mj→A(xuj,A). (5.11)
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Also, there exists no γ ∈ C̄g(TA) such that xi = xuA,i under γ. Therefore,

MA→i(xui,A) =0. (5.12)

The message MA→i(∗) will count all the generalized assignments in C̄g(TA) such that A

is either satisfied without i or there exists atleast one other variable which is assigned

∗, i.e.,

MA→i(∗) =
∑
XA\xi

FA(XA)
∏

j∈N(A)\i

Mj→A(xj), (5.13)

where

Fa(Xa) =


1, if there exists some variable i ∈ N(a) such that xi = xsi,A

or there exists at least two variables k, l ∈ N(a) with xk = ∗ and xl = ∗
0, otherwise

.

(5.14)

In other words, MA→i(∗) counts all generalized assignments in C̄g(TA) except the ones

in which each j ∈ N(A) \ i assumes the value xuj,A. We can then write (5.13) as

MA→i(∗) =
∏

j∈N(A)\i

(
Mj→A(xsj,A) +Mj→A(xuj,A) +Mj→A(∗)

)
−

∏
j∈N(A)\i

Mj→A(xuj,A).

(5.15)

The message update rules obtained by the extended cover counting procedure are sum-

marized in Figure 5.4. We now derive the beliefs corresponding to the modified message

update rules.

Beliefs. We consider again the example in Figure 5.3. The belief Bi(xi) now corresponds

to the number of covers of F in which i assumes value xi. We obtain such covers for

i by combining appropriate covers from each of TNi . For example, consider Bi(0). We

need to count covers of F such that i is constrained to value 0. This means that atleast

one clause from N(i) constrains i to 0. Obviously, clauses A and C cannot constrain i

to be in the 0 state and, either B or D or both should constrain i to 0. Therefore,

Bi(0) =MA→i(∗)MC→i(∗)MB→i(0)MD→i(0) +MA→i(∗)MC→i(∗)MB→i(∗)MD→i(0)

+MA→i(∗)MC→i(∗)MB→i(0)MD→i(∗)

=
∏

a∈N+(i)

Ma→i(∗)
 ∏
a∈N−(i)

(
Ma→i(xsa,i) +Ma→i(∗)

)
−

∏
a∈N−(i)

Ma→i(∗)
 .

(5.16)
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Mi→a(xs
a,i) =

∏
b∈Ns

a(i)

(
Mb→i(xs

b,i) +Mb→i(∗)
) ∏

b∈Nu
a (i)

(
Mb→i(xu

b,i) +Mb→i(∗)
)Variable to Clause Messages

−
∏

b∈Ns
a(i)

Mb→i(∗)
∏

b∈Nu
a (i)

Mb→i(∗)

Mi→a(xu
i,a) =

∏
b∈Ns

a(j)

(
Mb→i(xu

b,i) +Mb→i(∗)
) ∏

b∈Nu
a (i)

(
Mb→i(xs

a,i) +Mb→j(∗)
)

−
∏

b∈Ns
a(i)

Mb→i(∗)
∏

b∈Nu
a (i)

Mb→j(∗)

Mi→a(∗) =
∏

b∈Ns
a(i)

Mb→i(∗)
∏

b∈Nu
a (i)

Mb→i(∗)

Clause to Variable Messages

Ma→i(xs
a,i) =

∏
j∈N(a)\i

Mj→a(xu
a,j)

Ma→i(xu
a,i) = 0

Ma→i(∗) =
∏

j∈N(a)\i

(
Mj→a(xs

a,j) +Mj→a(xu
a,j) +Mj→a(∗))− ∏

j∈N(a)\i
Mj→a(xu

a,j)

Figure 5.4: Message update equations for enumerating covers of a formula.

Similarly, we obtain

Bi(1) =
∏

a∈N−(i)

Ma→i(∗)
 ∏
a∈N+(i)

(
Ma→i(xsa,i) +Ma→i(∗)

)
−

∏
a∈N+(i)

Ma→i(∗)
 .

(5.17)

Now, i will assume the joker state ∗ in a cover of F , if it is unconstrained in each of the

clauses A,B,C,D. Thus, we obtain

Bi(∗) =MA→i(∗)MC→i(∗)MB→i(∗)MD→i(∗)
=
∏

a∈N(i)

Ma→i(∗). (5.18)

We now establish the equivalence of the above described cover counting procedure with

the SP update equations for a tree structured SAT formula.

Theorem 5.2. Let F be a CNF formula whose factor graph corresponds to a tree. The

message update equations (5.4) derived for enumerating covers of F are equivalent to

SP update equations for F .
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Proof. Enforcing the normalization such that Ma→i(xsi,a) +Ma→i(∗) = 1 we get

Ma→i(xsi,a) =
∏

j∈N(a)\i

Mj→a(xuj,a)
Mj→a(xsj,a) +Mj→a(xuj,a) +Mj→a(∗) . (5.19)

Also, the variable to clause message now becomes

Mj→a(xsj,a) =
∏

b∈Ns
a(j)

(1)
∏

b∈Nu
a (j)

(
0 +Mb→j(∗)

)
−

∏
b∈Ns

a(j)

Mb→j(∗)
∏

b∈Nu
a (j)

Mb→j(∗)

=

1−
∏

b∈Ns
a(j)

Mb→j(∗)
 ∏
b∈Nu

a (j)

Mb→j(∗)

=

1−
∏

b∈Ns
a(j)

(
1−Mb→j(xsj,b)

) ∏
b∈Nu

a (j)

(
1−Mb→j(xsj,b)

)
.

(5.20)

Similarly,

Mj→a(xuj,a) =

1−
∏

b∈Nu
a (j)

(
1−Mb→j(xsj,b)

) ∏
b∈Ns

a(j)

(
1−Mb→j(xsj,b)

)
(5.21)

and

Mj→a(∗) =
∏

b∈N(j)

(
1−Mb→j(xsj,b)

)
. (5.22)

Now setting ηa→i = Ma→i(xsi,a), Πs
i→a = Mi→a(xsi,a), Πu

i→a = Mi→a(xui,a) and Π∗i→a =

Mi→a(∗) we obtain the following SP equations

ηa→i =
∏

j∈N(a)\i

Πu
j→a

Πu
j→a + Πs

j→a + Π∗j→a
, (5.23)

Πu
i→a =

∏
b∈Ns

a(i)

(1− ηb→i)
[
1−

∏
b∈Nu

a (i)

(1− ηb→i)
]
, (5.24)

Πs
i→a =

∏
b∈Nu

a (i)

(1− ηb→i)
[
1−

∏
b∈Ns

a(i)

(1− ηb→i)
]
, (5.25)

Π∗i→a =
∏

b∈N(i)\a

(1− ηb→i). (5.26)

We have seen that SP update equations can be used to find the marginals over covers
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of a formula F if the associated factor graph is a tree. But, these equations can still

be applied to general graphs, hoping that they converge and the fixed point beliefs can

be used to approximate cover marginals. We now present the SP algorithm for general

graphs and then briefly discuss its success in the HARD-SAT region.

Algorithm 6 SP

Input: A factor graph of a Boolean formula in conjunctive normal form; a maximum
number of iterations tmax; a requested precision ε

Output: Satisfying assignment of the formula (if one exists)
1: For t=0, randomly initialize the surveys, η0

a→i .
2: Sweep the set of edges in some order and update sequentially the messages on all

edges of the graph, generating a new set of surveys ηta→i, using message update
Equations (5.1) (5.2) (5.3) (5.4).

3: for t = 1 to t = tmax do
4: if |ηta→i − ηt−1

a→i| < ε for each edge {a, i} then
5: break;
6: end if
7: end for
8: if t = tmax then
9: return UNCONVERGED

10: else
11: if the fixed point surveys η∗a→i are nontrivial i.e.{η 6= 0} then
12: Compute for each variable node i, the biases {B+

i , B
−
i } defined as

B+
i =

π+
i

π+
i + π−i + π∗i

(5.27)

B−i =
π−i

π+
i + π−i + π∗i

(5.28)

where

π+
i =

[
1−

∏
b∈N+(i)

(1− ηb→i)
] ∏
b∈N−(i)

(1− ηb→i), (5.29)

π−i =
[
1−

∏
b∈N−(i)

(1− ηb→i)
] ∏
b∈N+(i)

(1− ηb→i), (5.30)

π∗i =
∏

b∈N(i)

(1− ηb→i). (5.31)

13: DECIMATION - Fix the variable with the largest bias, |B+
i − B−i | to the

value 1 if B+
i > B−i , to 0 if B+

i < B−i . Reduce the factor graph, by removing
the variable and the factor nodes corresponding to the satisfied clauses. If no
contradiction is found Go to Step 1, otherwise STOP.

14: else if all the surveys are trivial then
15: Solve the simplified formula by a local search process.
16: end if
17: end if
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5.5 Discussion

We now discuss the behavior of the SP algorithm with respect to the known empirical

results in random SAT problems. The surveys in the SP algorithm may converge at

some stage to give a trivial solution, i.e., a {∗}n solution. Such problems may be under-

constrained and can be easily solved by other simpler algorithms. The SP can be run

again with a different set of initializations, to find a non-trivial fixed point. Numerical

experiments show that on large random instances of 3-SAT, in the hard SAT region, but

not too close to the satisfiability threshold, the algorithm converges to a non-trivial fixed

point. In the other case, the SP algorithm may not converge at some stage, even if the

initial problem was satisfiable. This happens in general very close to the satisfiability

threshold. It is not yet clear why such a problem arises.

The validity of the SP algorithm relies on the conjectures about the phase structure

of the solution space of SAT problems. When the solutions organize themselves in well

separated clusters, it is believed that the simpler algorithms like BP fail because they get

trapped in various local optimal configurations of the sub-parts of the problem. These

local optimal solutions can no longer be combined into a global solution. SP is supposed

to take into account the clustering phenomena by finding the core of a cluster. Also, it

is conjectured that most of the variables inside such cores are frozen, i.e., we have fewer

undecided variables. It is then easy to assign the undecided variables by some other

simpler method.
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