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Abstract

A wirelesssensornetwork consistsof many small, battery-poweredcomputing devices
(nodeg that can communicate with ead other using radio links, and are equipped
with sensordor measuringphysical quartities in surrounding ervironmert.

Network infrastructure is the basic computational ervironment required for exe-
cution of application-level algorithms: network graph (pairs of nodesthat can talk
to ead other), geographiclocations of nodes, time syndronization etc. In many
applications, network infrastructure cannot be con gured prior to deployment (e.g.,
becauseof uncertainty in node placemen), but hasto be establishedautonomously
by the network.

We proposenew algorithms for the following infrastructural tasks: (i) computing
a comnunication graph in the presenceof interference,(ii) inferring geometricand
topological featuresof the deploymert from network connectivity, and (iii) informa-
tion brokerageamong mobile data sourcesand sinks. The main goal is to relax the
requiremens on node capabilities, and increaserobustnessto variations in link qual-
ity and uncertainty in node placemen. To this end, we organizecomputation around
very simple, local and statelesselemenary operations, and shov improvemer over
existing approatesby a mix of theoretical and experimertal results.
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Chapter 1
In tro duction

The infrastructure of a wirelesssensornetwork is a set of per-node data structures
that sensornodesneedto build upon deploymen, in order to be able to communi-
catereliably and perform higher-le\el tasksrelatedto user'sapplication. This includes
discovery of other nodeswithin communication range, selectinga set of comnunica-
tion partners, assigningradio frequenciessyndronizing local clocks, setting up basic
routing medanismsetc. Theseproblemsare someof the most fundamertal issuesin
sensornetworks.

In this thesiswe addressse\eral problemsin this class: communication graph es-
tablishment and channelassignmen (Chapter 2), autonomousdiscovery of geographic
and topological features of a given deployment (Chapter 3), point-to-p oint routing
(Chapter 3), and data-certered routing (Chapter 4). In Chapter 5 we summarizeour
results and proposedirections for further researa.

1.1 Preliminaries

1.1.1 Notation

We usestandard terminology and notation related to setsand graphs. In this section
we only point out a few corvertions that might otherwise confusethe reader.
For a set A, we denoteits sizeby jAj. A singletonset A = fag may also be
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denotedby a.

We denote graph edgesusing ordered pairs. For directed graphs (a;b) denoted
an edgefrom a to b. For undirected graphs, the orderingis irrelevart, i.e. (a;b) and
(b;a) denotethe sameedge. It will always be clear from the corntext if the graphin
guestionis directed or undirected.

In a directed graph, incoming (resp. outgoing neighlors of a vertex a, denoted
by N'"(a) (resp. N°(a)) are all nodesb sud that (b;a) is an edge(resp. (a;b) is
an edge). The neighlors of a vertex a, denotedby N (a), are incoming and outgoing
neighbors of a. In an undirected graph, the neightors of a vertex a, denotedby N (a),
are all nodesb sud that (a;b) is an edge. We denote the incoming and outgoing
degreeof node u in an undirected graph by ded"(u) and ded®(u), respectively. The
total degreeof node u in an undirected or directed graph is denoted by deg(u). If
needed,we specify the relevant graph in the subscript; for example,for graph G we
write N&'(u) and ded"(u).

An (incoming, outgoing) neighborhood of a set A of verticesis the union of cor-
responding (incoming, outgoing) neighborhoods of all elemerts of A. Neighborhoods
are alsocalled 1-hop neighborhoods. For an integerh ; 2, an h-hop neighborhood is
a 1-hop neighborhood of a (hj 1)-hop neighborhood.

Graph verticeswill often correspnd to points in someEuclidean space,and we
will denote a vertex and the correspnding point using the samesymbol. If a and b
are two sud vertices/points, then jalj is the Euclidean distance betweenthe points,
whereasd(a;b) is the distance (humber of edgesin the shortest path) in the graph.
For edgee = (a;h), we de ne jg = jal. If A and B are setsof vertices/points, then

JABj = amin, jag;  d(A;B) = ain d(a;b) :

We will use standard conceptsfrom theory of metric spaces,usually applied to
the Euclideanspaceswith j ¢j metric and graphswith d(¢ § metric, asde ned above.
The hall of radius r certered at x is denotedby B(x;r). A setis an r-cover if the
union of balls certered at elemerns of A is the whole space. A setis an r-packing if
no two elemerts of A are closerthan r.
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A graphis planar if it can be drawn in the plane sothat no two edgesintersect
exceptat vertices. Sud a drawing we will referto asplanar emledding

A simple path (cycle) is a path (cycle) that hasno self-intersections. We usethis
term for both graph paths (cycles), where self-inersection meanspassingthrough a
graph vertex more than once, as well as for geometric paths (cycles) in the plane,
where self-intersection meanspassingthrough a point in the plane more than once.

1.1.2 Sensor Nodes

We assumethat ead node u hasa uniqueidenti er (ID), which we assumeto be an
integer. Throughout, we will useu to denoteboth the node and its uniqueintegerID.
In particlar, if u, v are nodes,then u canbe includedin a messagédo be transmitted,
or u and v canbe comparedasin u < v. Immediately upon deploymen, eat node's
ID is known only to that node. We assumethat the sensomodesare very small, and
that they lie in a commonplane (e.g., °at ground). Hencewe model them as point
in two-dimensionalspace.Unlessnoted otherwise,point and node are synoryms, and
the total number of nodesin the network in n. The phrase with high prokability
(w.h.p.) meanswith probability at least1 j nlc where c is a constart that can be
made arbitrarily large.

1.1.3 Ad-Ho c Deployment

Infrastructure establishmen problem is most interesting when sensornodes are de-
ployed in an ad-ha fashion,i.e., when node placemetn is not fully cortrolled by the
network designer.For example,monitoring ervironmental conditionsin an inaccessi-
ble part of a rainforest may call for an ad-hoc deploymert by scattering sensomodes
from an airplane.

It shouldbe noted that not all sensometwork deployments are ad-hoc. For exam-
ple, sensorsthat monitor lighting conditions in \smart buildings" are manually de-
ployed. Their software canalready cortain prior knowledgein the form of a \t ypical”
topology which the network can\t weak" when necessaryto handlelocal °uctuations
in radio connectivity.
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1.1.4 Comm unication Mo del

If v is within radio range of u, we say that v is a (communiction) neighlor of u.
Communiation graph cortains information about pairs of nodesthat can commnuni-
cate. Its verticesare nodes,and there is a directed edgefrom u to v if and only if v
is a communication neighbor of u. An undirected edgerepreseis two directed edges
with the sameendpoints and opposite orientations.

We assumedisk graph communication madel, de ned as follows. Radio range of
node u is a disk certered at u, which we call the transmissiondisk (range)of u. The
transmissionradius of u is the radius of u's transmissiondisk, and it is proportional
to u's transmissionpower.

Under this assumption, the communication graph is a disk graph (DG): v is a
communication neighbor of u if and only if v is contained in u's transmissiondisk.
In general,the graph is directed. If all transmissionpowers (equivalertly, radii) are
equal, it is undirected, and is called a unit-disk graph (UDG). We use UDG(r) to
denotethe commnunication graph corresppnding to commontransmissionradius r.

1.1.5 Interference Mo del

Due to interference,a messagesert by node u may not be receiwed by its intended
recipiert v if another node w, physically closeenoughto v sothat it sharesa part of
v's medium (Figure 1.1), transmits a messaget the sametime asu, usingthe same
carrier frequencyas u. Then, u's messageo v collides with w's message. This is
often called hiddenterminal problem, with v beingthe hiddenterminal. As a special
case,w canin fact bev, i.e., v's reception can be preverted by v's own transmission.

We assumethat collisions can be detected | a receiving node can distinguish
between situations when the number of signalsit receiwesis zero (correspnding to
no receptionat all) and more than one (corresponding to a collision). Of course,the
messageas actually received only if there is no collision, i.e., if exactly one signal is
received.

Collisions can be handled proactively and reactively. Reactive approach resohes
collisions after they happen using a handshale medanism. Typically, con®icting
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Figure 1.1: Transmissionfrom u cannot be received by v becauseit collides with
transmissionfrom w.

nodes wait for a certain, often \random", amourt of time before retransmitting.
Thesebacko®intervals are designedto ensurethat a successfutransmissionevertu-
ally occurs. Clearly, if transmission powers are sud that any two nodesare within
eat other's range, it may take -( n) time for a handshale to succeed. Proactive
approach avoids collisions altogether, and is basedon standard techniques of time-
and frequency-divisionmultiple aacess i.e., assigningtime slotsor carrier frequencies
respectively, to nodes so that any two nodeswhoseare assigneddi®eren values if
their transmissionswould otherwise collide.

In this thesiswe adopt proactive method for handling collisions. Speci cally, the
algorithm in Chapter 2 computesa schelule of transmissions i.e., it assignstime
slots to nodesin sud a way that if ead node transmits in its assignedtiime slot, no
collisionsoccur. The length of the scheduleis the number of time slots usedby all
nodes. The algorithm can be trivially adaptedto work with frequency-basednstead
of time-based multiplexing. This will becomeclear after we presen the details in
Chapter 2.

1.1.6 Pseudocode

We assumethat all variablesare global (visible to all subroutinesexecutingon a given
node) and there is no parameter passing. We use subscriptsto refer to valuesof a
variable at a speci ¢ node. A variable with no subscript is assumedto be stored at
the node executingthe code. For example,in Algorithm 4 (Section 2.4.2), node u
is executingthe code (as speci ed in the caption), so TRIAL and TRIAL , refer to
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the value of variable TRIAL at node u, while TRIAL , refersto the value of variable
TRIAL at nodev received by u. We usethe keyword wait to denotewaiting for the
next tick of the local clock. Other keywords should be self-explanatory

1.2 Thesis Outline

Sensornetworks are enbeddedin physical space,and knowing the geometry of that
spaceought to be usefulin computing good infrastructure. In this thesis we study
how much is achievable without geometric information. To this end, all our algorithms
are designedto work with deploymerts which are fully ad-ha, i.e., where no prior
knowledgeabout deploymernt geometry sud as geographiclocations or distances,is
available (Section 1.1.3).

In ead chapter we preser an algorithm for establishingone kind of sensornet-
work infrastructure. Algorithms are preserted in increasingorder of abstraction, from
very low-level establishmen of individual comnunication links from scratch (Chap-
ter 2), to establishmen of the information brokeragepaths that conformto the global
geometricshape of the network (Chapter 4), with ead algorithm building on the pre-
cedingone.

Chapters 2, 3, and 4 are basedon [23], [24], and [4§], respectively.

1.2.1 Computing Comm unication Graph

In ad-hoc deploymerts, no connectivity information is available at programmingtime,
and the network hasto be formed by nodesthemsehesupon deploymert. As de ned
in Section1.1.4,comnunication graph encalespairs of nodeswithin radio range,for
a given assignmen of commnunication powers to nodes. The topic of Chapter 2 is
the problem of computing a set of transmissionpowers, the induced comnunication
graph, and a collision-avoiding time schelule of transmissions(Section 1.1.5).

Using higher transmission power results in a better connected commnunication
graph, but also createsmore interference, which increasesthe smallest achievable
schedulelength. The goalis to maximize connectivity of the comnunication graph,
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and minimize the length of the schedule. Additional goalto minimize the number of
communication rounds required to compute the graph and the sdhedule.

There are many algorithms that compute comnunication graphsignoring inter-
ferene, and many that prevert or resohe collisionsin knowncommnunication graphs.
Howewer, to the best of our knowledge,no algorithm solves both problems simulta-
neously and this is the core of our cortribution.

The algorithm in Chapter 2 computesa comnunication graph that is well con-
nectedin the sensethat it corntains an energy-optimal path betweenany two nodes,
and a collision-avoiding time sthedulewhoselength is boundedby the spatial gradi-
ent of node density!. The running time is logarithmic in n and linear in the gradiert
of node density. The algorithm is distributed and local, i.e., only requirescommnuni-
cation betweennodesthat are direct neighbors with respect to the current choice of
communication powers. It assumedisk graph comnunication model (Section 1.1.4)
and clock syndironization.

If ead node can localize itself, the algorithm can be adapted to compute com-
munication graphsde ned using node locations [65, 25, 70, 45|, with properties like
short paths, small node degreesplanarity, support for excient routing etc, which are
useful, even crucial, for someapplications [6, 33].

The output of this algorithm can be usedby higher-lewel applications (such asthe
infrastructure establishmen algorithms presened in Chapters3 and 4) can useit as
a \clean" graph abstraction of the underlying sensornetwork whoseedgesrepresen
links that support reliable, atomic communication.

1.2.2 Sketching Location-Una ware Networks

Chapter 2 shaws that freshly deployed nodes, without any initial knowledge about
eat other, can form a well connected,interference-freenetwork. Now assumethat
nodes\cover" (form a densesampling of) someconnectedregionin the plane. Sut
node distributions arecommonin applications, becausat is oftenimportant that eath
point of someareaof interest be monitored by a sensomode. Chapter 3 shovsthat it

1The notion of energy-optimal path and spatial gradient will be made formal in Chapter 2.
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is possibleto infer the topology of the region\covered" by sensorausing only network
connectivity. Roughly speaking,inferring topology meansdrawing the comnunication
graphin the planein suc away that the regioncoveredby the nodesin the drawing is
topologically equivalert to (i.e., canbe cortinuously\morphed" into) the true region.

Although clearly lessvaluable than true geometricinformation, topology is still
useful. For example, supposethat the area covered by the network is not simply
connected,i.e., it hasholes This often happensin real deploymerts becausesensors
cannot be deployed everywherein the region of interest (e.g. walls, obstacles,forest
‘res, lakes, hillsides etc.). Then, topology cortains information like the number of
holes, the identities of nodes along the hole boundaries, etc. The data discovery
algorithm in Chapter 4 bene ts from this information. Also, just like exactgeometric
layout can be usedto facilitate routing [6, 33], a topologically equivalert layout can
sene the samepurpose(more about the routing application below).

Existing algorithms for computing network topology? from its comnunication
graph [63, 22, 36, 68 arelimited to detectingthe boundary of the region, rather than
computing its realization in the plane.

The algorithm presenied in Chapter 3 is motivated by fact that relating an abstract
graph to the topology of its underlying spaceis easierif the graphis a wel connected
planar graph, becauseor sud graphsthere is essetially only oneplanar embedding,
which can alsobe exciently computed.

Assumingdisk graph commnunication model (Section1.1.4) and node density high
enoughrelative to the sizeof geometricfeaturesof the sensor eld (narrow \passages"
and high-curvature boundaries), the algorithm computesa provably planar and well
connectedsubgraphof the input commnunication graph (Figure 1.2left), andits planar
embedding called network sketch(Figure 1.2right). Network sketch capturesnetwork
topology in the sensethat the union of its \small" faces(those adjacen to a number
of nodes below someabsolute constart) has the correct topology. In other words,
\large" facescorresmpnd to areasempty of sensors| nite facesto holesand the
in nite faceto the \outside world".

In general,\virtual” coordinatesof nodesgiven by network sketch di®erfrom real

2If not speci ed otherwise, network top ology meanstop ology of the region coveredby the network.
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Figure 1.2: Planar \skeleton" (left) extracted from the communication graph, and its
planar embedding, the network sketch (right).

ones,i.e., the sketch is not guararteedto be geometrically closeto the original network
layout. Howewer, nothing preverts their usagein protocolsthat are normally designed
to work with real geographidocations. For example,geographicrouting, a simplelocal
routing paradigm originally de ned for localizednetworks [6, 33, 40, 41, 39] provably
works in location-unawvare networks when implemerted using network sketches.

1.2.3 Data Discovery Using Information Potentials

In Chapter 4 we propose a way to use existing connectivity and topology infras-
tructure, discussedin Chapters 2 and 3 respectively, for information discovery and
brokerageamongmobile producersand consumersof data.

A node acts as information producer if it detects an ewvert or a data sourcein
its proximity®. Data is always ass@iated with a type, and it is assumedthat the
type can be easilyinferred from the data by the node itself. If a node detectsa user
interested in certain data type, it becomesan information consumerfor that type.
The goal of data disavery infrastructure is to connectthe information consumersn a
communication-excient way to oneor more producersof their desireddata type. Data
discovery is essetial for sensometworks deployed in \h uman spaces”,i.e. occupying
the same physical spaceas its users(in cortrast to, for instance, a community of
sciertists collecting information from a remote obsenation site).

3The medanism of detecting everts from raw data is not essetial for the algorithm.
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Figure 1.3: Information potertial correspndingto a singledata source(left), and to
a set of two data sources(right). The latter is obtained using composability.

We consideran application scenarioin which the set of producersand consumers
is highly dynamic, for exampledue to mobility of participants, \burstiness" of data
sourcesand/or userinterests. Combined with usualdynamicsof network connectivity,
this createssigni cant robustnesschallenges.

In Chapter 4 we presert a novel data discovery protocol that exploits existing
infrastructure given by the commnunication graph (Chapter 2) and network sketch
(Chapter 3). We proposeto \di®use" information away from sourcenodes holding
desired data, so as to establish information potentials that allow network queries
to navigate towards and reat thesesourceshrough local greedydecisions following
information gradients SeeFigure 1.3(left) for an exampleof aninformation potertial
of a single source.

We compute theseinformation potertials by solving for a discrete version of the
Laplace equation with Dirichlet boundary conditions. We use boundary conditions
to encale knowledge of the physical network boundary. As a result, information
potential \knows" the shape of the network, and \ranks" nodesbasedon the their
distanceto hoth data sourceand the boundary. Roughly speaking, a node has high
potertial if it hasa\corridor" to the data sourcewhich is\short" but alsocomparably
\wide".

The solutionsto the Laplaceequationare classicalharmonic functions, which have
a rich algebraicstructure and many useful properties.

2 Information potentials have no local maxima other than the sourcenodes,guar-
anteeing successf greedy routing using information gradiert. This is what
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enablesthe basicdata discovery function.

2 Information potentials can be computed using a simple iterative algorithm,
called Jacobimethod [4, 3], that can be executedin a distributed manner, with
nodesexdanging information only with their network neighbors.

2 The Jacobimethod can be re-invoked to repair the information "eld whenlinks
fail. Also, becauseof the aforemerioned preferncefor \wide" paths, alternative
paths may be available even without any repair. We presen empirical results
showing that thesetwo properties (robust paths and quick repair of broken
paths) leadto high query successate evenwith realistically modeledunrelaible
links.

2 A (pointwise) linear combination of information potertials is a potential for the
union of sources(Figure 1.3right). If there are many simultaneousqueriesfor
the sameof sources(e.g. sourcesof a given xed data type), ead query can
usea di®eren linear conmbination of \basis" poterntials, yielding an inexpensive
way to spreadthe communication load assaiated with thesequeries.



Chapter 2

Computing the Comm unication
Graph

In this chapter we presen an algorithm for assigningtransmissionpowersto sensor
nodes and computing the induced communiction graph The computation is done
in-network, without any pre-existing infrastructure, and with node deploymert ini-

tially unknown to the algorithm. In particular, medium aacessproblemhas not been
solvel, i.e., nearby nodes cannot transmit at the sametime. In these conditions,
there is a tradeo®betweenconnectivity and running time. Better connectivity of the

communication graph requireshigher transmissionpower. This in turn causesmore
interference which takesmoretime to resohe. Our algorithm producesa graph which

is wel connected (contains a power-optimal path betweenany two nodes), and yet
exhibits low interferene sothat it can be computedin a small number of time steps
(communication rounds).

In addition to assigningtransmissionpowers and computing the assaiated com-
munication graph, the algorithm also producesa e+cient schelule of node trans-
missionsthat can be used(by higher-lewel infrastructure and application-level algo-
rithms) for interference-freecommunication on the resulting comrmunication graph.
The above mertioned fact that the output comnunication graph exhibits low inter-
ferencealsoimplies that the length of its transmissionscedule (the number of time
slots in which every node can transmit oncewithout any collisions)is small.

12
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The mostimportant feature of the algorithm is that it computesboth communica-
tion graph and a transmissionsdedule\from scratch” | other algorithms typically
assumeoneto compute the other. In particular, it explicitly dealswith interference
while computing the graph. The algorithm is fully distributed and localized, i.e., only
nearby nodescommunicate and store information about ead other. We shav that
the algorithm is especially fast when the spatial variations of node density are slow,
which is often the casein ad-hoc deploymerts.

The rest of this chapter is organizedas follows. In Section2.1 we introduce the
problem of computing comnunication graphs, and discussimportance of location
information and variable transmission power in adhieving good connectivity with
low interference. We give a detailed statemert of our results in Section2.2, and a
comparisonwith with existing approatesin Section2.3. Section 2.4 describes our
algorithm in detail and analyzesits performance. In Section2.5 we present a class
of deploymernts for which our algorithm performs particularly well. We concludein
Section2.6 with someremarks.

2.1 Comm unication Graph as Infrastructure

In Section1.1.4we de ned the communiaation graph as an undirected graph which
encalespossibletransmitter{receiver pairs, and intro ducedthe disk graph radio prop-
agation model in which communication graph dependson node locations and trans-
missionpowers. In ad-hoc deploymerts, node locationsare unknown at programming
time, so it is impossibleto precompute and assigntransmission powers that nodes
should usein order to form a \good" comnunication graph. Instead, the graph has
to be computed by the nodesthemseles, oncethey have beendeployed. The main
topic of this chapter is an algorithm for computing a well connectedcommunication
graph for a set of nodesinitially unknown to the algorithm, and with no pre-existing
infrastructure of any kind.

Since the computation takes place in-network, it has to take interferene into
accournt. In other words, we want an algorithm that maintains somekind of colli-
sion handing mechanism (Section 1.1.5) while it computesthe graph. By cortrast,
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most existing algorithms for computing communication graphs ignore interference
and assumeatomic, reliable communication. The algorithm presented in this chapter
handlescollisionsusing time-basedmultiplexing. Speci cally, it maintains a schelule
of transmissiong assignmen of time slotsto nodessud that if ead node transmits
in its assignedime slot using its assignedransmissionpower, no collisionsoccur. In
addition to maintaining a collision-avoiding transmission shedule during computa-
tion, our algorithm also producesa schedulewhich is valid for the output graph that
it computes.

Communication graph, equipped with a collision resolution medanism suc as
transmissionsdedule,is the most basicform of network infrastructure. It providesa
\clean" graph abstraction of the network, in which comnunication over a chosenlink
is atomic operation, guararteed to succeed.High-level applications, including most
existing algorithms for establishingother typesof infrastructure (network localization,
routing, information brokerage),depend upon the ability of nodeswithin ead other's
radio range to exchange information reliably. Using this abstraction, they can be
implemerted without worrying about low-level radio propagation e®ectsand radio
interference.

2.1.1 Geometric Comm unication Graphs

Eventhough di®eren application have somewhatdi®erern notions of a \good" com-
munication graph, one commonrequiremert is gaod connectivity . It is alsodesirable
that the topology be computedquickly after deployment, reducingthe overall network
setuptime. Finally, the communication graph should be accompaniedoy an excient
(short) schelule of transmissions,an assignmeh of time slots to nodes, sud that
all collisionsare avoided if ead node transmits with assignedtiransmissionpower in
assignedime slot.

Howewer, the three goalscon®ict. Better connectivity requireshighertransmission
power, which in turn inducesmore interference.As a result, it takesmore time slots
to schedule a round of transmissions(one from eat node) so asto avoid collisions.
Also, computing the sdhedule may take more time and comnunication.
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Figure 2.1: In a well-connected low-interferencecommnunication graph, transmission
power is inverselyproportional to node density. In this example,any node interferes
with O(1) other nodes,and the inducedcommunication graph (not shown, for clarity)
is well-connected,sinceit includesthe Gabriel graph. This cannot be achieved with
any constart value of transmissionpower, assignecdto all nodes.

To obtain a commnunication graph which is\good" in all three aspects, ead node
needso be connectedo afewnearhy nodes,just enoughto provide good connectivity,
but not interfere too much other nodes' transmissions. Thus, transmission power
shouldbe inverselyproportional to local node density: if nodesare denselydeployed,
only short-rangetransmissionssu+ce, and vice versa(Figure 2.1). This is an example
of the generalprinciple from Section4.1: optimal infrastructure is determinedby (a
priori unknown) geometry of the deploymert, in this casenode locations.

The examplein Figure 2.1 illustrates the bene t from nodes' ability to choose
their transmissionpowers. Note that in this example,assigningthe sametransmission
power to all nodesresultsin either poor connectivity in somepart of the network (if
the power is too low) or high interferencein somepart of the network (if the power
is too high).

An example of a comnmunication graph that usesthis principle is the Gabriel
graph[25), de ned by the following geometricrule: nodesu and v are connectedf and
only if the disk with diameteruv is hasempty interior. Gabriel graphis well connected
in the sensethat it cortains all enelgy-optimal pathsin the network. In other words,
whenrouting a messagdrom sourceto destination via multiple relay nodes,smallest
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possibleenergyexpenditure can be achieved by using only transmissionsrepreseted
by Gabriel edges. In particular, the Gabriel graph is connected, i.e., there is a path
betweenany two nodes.

Apart from good connectivity, Gabriel graph is also planar (Section1.1.1), which
can be exploited in location-basedrouting [6, 33]. Planarity alsoimplies sparsity |
the average degree of the Gabriel graph, like any planar graph, is lessthan 6, which
boundsthe amourt of local storagethat a node needqon average)to storeinformation
assaiated with its neighbors (sudch asinput/output bu®ers).

2.2 Contribution

In this chapter we presen an algorithm for computing
2 an assignmehn of transmissionpowersto nodes,
2 a comnunication graph induced by that power assignmen

2 atime stheduleof transmissions(one transmissionper node) which guarartees
absenceof collisions, i.e., interference-fregransmissions.

The main advantage of our algorithm is the fact that it computesall three componerts
\from scratch”, i.e., without assumingpre-existinginfrastructure.

The output comnunication graph is well-connected,in the sensethat it contains
the Gabriel graph w.h.p. (the algorithm is randomized). The length of the transmis-
sion scheduleis O(¢), and the running time is O(¢ log m_?: log® n), wherer min (resp.
I'max) @re minimum (resp. maximum) distance betweenany two nodes,and ¢ is the
maximum number of nodes\near" any Gabriel edge| more precisely within ctimes
the length of the edge,for a constart c that will be determined later. Intuitiv ely, ¢
capturesthe worst-casenumber of nodesthat can interfere with computation of any
edgethat we insist on including in the nal communication graph, i.e., any Gabriel
edge. Therefore,it is natural that performancedegradesas¢ increases.

IThis holds under the assumption that the transmission power (in the unit disk radio model,
Section 1.1.4) grows at least quadratically with transmission radius, which is often true in practice.
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How big is ¢ for various deployments? Even though it can be aslarge asn for
arbitrary deploymerns, we shaw that for deploymerts in which node density is locally
near-uniform (i.e., does not change abruptly, as a function of spatial coordinates),
then ¢ is small. We arguethat suc deploymerts are often found in applications.
In particular, if node density? is an ®-Lipschitz function with ® small enough,then
¢ = O(1). The main reasonwhy only local uniformity is requiredliesin the de nition
of ¢: the relevant distance scale (the length of a nearby Gabriel edge)is locally
de ned, and \adapts" to the local node density.

To executethe algorithm, nodes needto know the valuesof ¢, rui, and rpax.
In the absenceof any information about node locations, true valuescan be replaced
by estimates (overestimatesfor ¢ and rpna, underestimate for rp,), with perfor-
mance guarartees changing accordingly For example, rni, can be lower-bounded
using physical size of a node, and r,,x can be upper-boundedusing diameter of the
sensor eld. In Section?2.6 we discussother ways to selectr,, and ry.x. Note that
the estimate neednot be very accurate,sincethe dependenceon frf:% is logarithmic.
To upper bound ¢, one needsto estimate the worst-casespatial variation of node
density. Also, n always works as an upper bound on ¢. Whatever the estimated
valuesare, they needto be equal at all nodes. Finally, the algoritrhm requiresthat
nodes' local clocks be syndironized.

Someof the previous results hold more generally One can make sure that the
output communication graph cortains any xed graph (instead of the Gabriel graph),
provided that ¢ is de ned with respect to the edgesof that graph. The running
time and sdeduling boundsin terms of ¢, rn, and ryn. do not change. The fact
that ¢ is small for locally near-uniform deploymerts doesnot hold in general,but it
holds for graphsthat connectonly \nearby" pairs of nodes, like the relative neigh-
borhood graph [65], Yao graph [70], localized Delaunay graphs[45] etc. For clarity,
all proofsin this chapter deal with the Gabriel graph; adapting them to other cases
is straightforward.

2Later in the chapter we will de ne a scalar function, de ned on the plane, which senes as a
measureof node density.
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We assumedn the beginningthat node locations are not known, and that is the
reasonthat our nal communication graph is not equal to the Gabriel graph, but
only a supergraph thereof. If, howewer, eat node knows its own location (e.g., by
having a built-in positioning devicelike GPS), but not locationsof any other node, we
argue(referring to [23] for full proofs)that our algorithm canbe extendedto compute
exactGabriel graph, with only a slight increasein running time. We also conjecture
that the algorithm be modi ed to compute someother geometricallyde ned \lo cal"
graphs (relative neighborhood graph, localized Delaunay graph and Yao graph).

2.3 Related Work

Excient distributed computation of communication graphs(often calledtopology con-
trol) and interference-aoiding transmissionsdheduleshave attracted a lot of attention
in the past. In this sectionwe review existing algorithms for similar problems.

In [9] and [2], the authors introducea quartity that can be computedfor a given
communication graph in the plane, and senes as a measureof interference. Then
they propose centralized algorithms for computing communication graphs with low
interference. In [10], a connecteddominating set of small size, constructed in a
certralized fashion,is usedto obtain a communication graph.

A number of distributed algorithms [46, 47, 67] compute communication graphs
with desirableproperties (lik e sparsity, boundeddegree,planarity etc.) using an ex-
isting communication graph that doesnot have those properties, but whoselinks are
interference-free.Sothe goalis not to establishnetwork \from scratch”, but rather as-
sumingthat the interferenceproblem hasalready beensolved. The only way to apply
thesealgorithms to our problemis to computethis \supporting" network beforehand
and make it interference-freeby appropriate transmissionsdeduling. Howeer, this
is very similar to the problem that we are trying to solve.

A number of algorithms compute a sthedule of transmissions,but for a known
communication graph given as input [57, 60, 61]. Typically, the problem becomes
a variant of graph coloring which is then solved in a certralized fashion, exactly or
approximately, depending on the classof allowed input graphs.
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In a morerealistic model [55, 37, 52] (which is alsoclosestto the onewe consider),
only power assignmeh and radio propagation model are known, while the induced
communication graph hasto be computedin the presenceof interferencebeforetrans-
missionson it can be scheduled. Our work further relaxesthis model by introducing
°exibilit y in choosingtransmissionpowers. Howewer, unlike [37, 52], we assumethat
collisionscan be detected. A variant of the distributed algorithms in [55 will be used
in our approad asa subroutine.

Recen work of Moscibroda et al. [54, 53, 50] considerarbitrary, known comnuni-
cation graphsand algorithms for computing good power assignmets and sdedules.
Their algorithms are centralized, but guarartee good schedulesfor arbitrary networks
and use a more realistic model of interference, where signal and noise powers are
modeled explicitly, including their polynomial decay with distance, and a reception
is successfulf signal-to-noiseratio at the receiver exceedsa given threshold.

2.4 The Algorithm

In this sectionwe presert the main result of this chapter. We start with the high-level
description of the main idea.

For the rest of this chapter, we will usel, to denote the longest Gabriel edge
adjacent to node u. Let (u;Vv) be the longestGabriel edgeadjacen to u. Obviously,
oneway for u to learn all its Gabriel neighborsis to learn about all nodesin B (u;l,).
This can be accomplishedby having ead node send a messagewith radius |, an-
nouncing their presence. Then, ideally, u receives messagegxactly from nodesin
B(u;ly). In reality, howewer, there are two problems. First, someof the messages
from u's neighbors to u may collide, sou may not learn about someof its Gabriel
neighbors. Second,single Gabriel edgesare not known in advance,neitheris |,.

We solve the rst problem by scheluling messagessothat collisionsare avoided.
Recallthat the algorithm takesasinput parameter¢, the maximum number of nodes
that are \near" any Gabriel edge,where by \near" we meanat a distance at most
a constart times the length of the edge. The key obsenation is that the number of
nodesthat can causecollisionsis at most ¢, becauseall of them have to be \near"
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Gabriel edge(u; v). This implies, asit turns out, that transmissionscan be scheduled
in about ¢ time slots, even in the distributed way. We solwe the secondproblem
by \sweeping" the ertire range of possiblevaluesof transmissionradius r, trying to
\guess" the value of |,.

More formally, provided with parametersr i, andrnax, €ad nodelocally executes
Algorithm 1, which consistsof dlog rr%e rounds(iterations of the main loop, lines 2 {
7). Eadh round correspndsto a value of transmissionradius r, which increaseduy a

Algorithm 1 Main
1 r A IMin

2: while r < rpax do
3:  Exploration

4.  TempSchedule
5. Edges
6
7
8

rA 2r
: end while
: FinalSc hedule

factor of 2 betweenrounds.

The communication graph is initially empty. Accordingto the above description,
the goal of the round with radius r is to discover all nodeswithin distancer from
somesubsetof nodesfor which r is a\good" comnunication radius. This motivates
the following de nition.

De nition 1 A nodeis said to be active in a round with radiusr if it is adjacent to
a Gabriel edgeof length at least 5. A node whichis not active is called inactive.

Intuitiv ely, r isa\good" commnunication radius for all nodesthat are active in round
with radius r. Obviously, all nodes are active beforethe rst round, and inactive
after the last round.

In ead round, u rst announcesits presenceto all other nodeswithin distance
r and listens to announcemets from other nodes(line 3). Clearly, all received an-
nouncemets are from nodesin B (u;r), but announcemets of somenodesin B (u;r)
may not get through to u due to interference. To test if all neighbors have been
discovered,nodescompute a temporary transmissionschelule (line 4) to be usedonly



CHAPTER 2. COMPUTING THE COMMUNICATION GRAPH 21

during the current round. The ideais to have all nodesannouncethemsehesagain,

but this time following an interference-aoiding sdedule. Line 5 performs this test

and, if successfulcreatesedgesfrom u to all discorered neighbors of u. If the test

fails, u createsno edgesn the current round. Note that we expect the test to succeed
wheneer r if u is an active node, and to fail whenr is too large comparedto the

length of any Gabriel edgesadjacen to u.

After the end of the last round, u acceptsthe result of the last round in which its
test succeededi.e., setsthe communication radius and the set of neighbors from that
round. It remainsto scheduletransmissionsover the resulting comrmunication graph,
which is donein line 8 using a proceduresimilar to that for computing temporary
sthedules.

It is tempting to think that the test is unnecessarybecauseit cannot hurt to
createnewedgedo all discoreredneighbors. Howeer, this would actually createvery
long edges(signi cantly longer than any adjacert Gabriel edge). High interference
causedby thoseedgeswould make it more dicult to computethe nal transmission
sthedule.

In the next four sectionswe explain ead of the four subroutinesin more detail.
Sincethe Exploration , TempSchedule and Edges subroutinesoperatewith a xed
communication radius r during a single round, in the next three sections(2.4.1,
2.4.2and 2.4.3), we assumefor brevity that all graph-relatedterms (hops, neighbors,
neighborhoods etc.) referto UDG(r) unlessnoted otherwise. Also, we will sometimes
user; to denotethe radius correspnding to round i. Rounds are courted starting
from 1, soclearly r; = ryin2'i L.

2.4.1 Neigh borho od Exploration

The goal of the Exploration subroutine is to ensurethat active nodes (and some
near neighbors of active nodes, which will be neededlater) successfullylearn their
1-hop neighbors in UDG(r).

The pseudaode is shavn as Algorithm 2. Eadh node storesits neighbors discov-
eredsofar in variable M, which is the main output of Exploration . The subroutine
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consistsof I = O(logn) rounds (line 2), eat of which is 2¢ time stepslong (line 4).
In eat round a node choosesa random integer t between 1 and 2¢ (line 3) and
transmits its ID at time stept of current round within radius r (line 6). In remain-
ing rounds, it listens to other nodes' announcemets (line 9) and adds them to M
(line 10).

Algorithm 2 Exploration

1. MA?

2. fori=1,2:::;1 do

3:  t A uniformly at randomfromf1;2;:::;2¢g
4. for j =1,2:::;2¢ do

5: if ] =t then

6: transmit u within radiusr
7: else

8: if no collision then

o: receive v

10: MA MI fvg

11: end if

12: end if

13: wait

14:  end for

15: end for

We pointed out in the introduction that the parameter¢ passedo the algorithm
should be an upper bound on the number of nodes\near" any Gabriel edge,where
\near" is understood relative to the length of the edge. This is formalized in the
following de nition.

De nition 2 k-local neighborhood size of u, denoteal by ¢ (u), is the numker of
nodes contained in a disk B(u;kl,). k-local neighborhood size of the network is

¢« = maxyzy ¢ (U).

SeeFigure 2.2 for anillustration. Obsenethat ¢  is a monotonically non-decreasing
function of k.

The following lemma shaws that, as we argued informally, local neighborhood
sizesbound the number of nodesthat can interfere with commnunication to and from
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Figure 2.2: Local neighborhood sizes¢ ;(u) = 5;¢ ,(u) = 12 ¢ 3(u) = 20. Only
Gabriel edgesadjacert to u and its neighbors are shown.

active nodes,when all nodesusethe sametransmissionpower. More precisely they
bound the neighborhood of any active node in UDG(r).

Lemma 1 An active node hasat most ¢ ,, h-hop neighlors in UDG(r).

Pro of. Let u be active in round with radiusr, sol, , 5. h-hop neighbors of u in
UDG(r) are cortained in B(u;hr) p B(u;2hl,), sothere are at most ¢ 5, of them,
by De nition 1. =

The main result of this sectionis that parameter ¢ should be no smaller than
2(h+ 1)-local neighborhood sizeof the network in order to guarartee successfuheigh-
borhood discovery in the h-hop neighborhood of active nodes.

Lemma 2 If ¢ | ¢ ,ne1y, then upon termination of Exploration at all nodes,
all h-hop neighlors of all active nodes contain their (1-hop) neighlorhoods in their
respective M variablesw.h.p.

Pro of. Let v be an arbitrary h-hop neighoor of u, and let w be an arbitrary 1-hop
neighbor of v. An announcemenfrom w cancollide only with an announcemenfrom
another 1-hop neighbor x of v. All sud x are clearly (h + 1)-hop neighbors of u, so
by Lemmal, there are at most ¢ 5,41y of them, which is at most ¢, by assumption.
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On the other hand, w choosesits time slot from a pool of size2¢. It follows that v
learnsabout w with probability at Ieast% ead time w transmits, and thereforew.h.p.
in I = O(logn) transmissions,for large enoughconstart in |. The claim follows by
union bound over all choicesfor u andv. =

Note that nodesthemsehesdo not know at this point if their neighborhood dis-
covery succeededr not. In order to test this, a temporary sdedule of transmissions
needsto be computed, which is the subject of the next section.

2.4.2 Temporary Schedule

The goal of the TempSchedule subroutine (line 4 in Algorithm 1) in the round
with radiusr, is to compute a temporary schelule which allows for collision-freecom-
munication, during the current round, between active nodes and their neighbors in
UDG(r). Recallthat we are only concernedwith neighborhoods of active nodes, be-
causeall Gabriel edgesadjacert to inactive nodesare short, and have beencomputed
in previousrounds.

The following lemmaintroducessuzcient conditions for interference-freecommu-
nication that our algorithm will aim to satisfy.

Lemma 3 Communiation between active nodesand their neighlors is interference-
free if the following pairs of nodesnever transmit simultaneously:

(i) an active node and another node within 2 hopsfrom it,
(i) two nodesin the 1-hop neighlmrhood of someactive node.

Pro of. Let u be an active node and let v be its neighbor. Sincecondition (i) holds,
v canreceiwe transmissionsfrom u without interference. Sincecondition (ii) holds,u
can receiwe transmissionfrom v without interference. m

Our algorithm is a slight variation of the one proposedin [55]. Next, we sketch
the latter and brie°y discussthe required changes.
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The Distance-Tw o0-Coloring Algorithm of Parthasarath y and Gandhi

Parathasarathy and Gandhi [55 presened an algorithm for distanae-two-mloring,
i.e., assigningcolors(integers)to nodessothat no two nodeswithin two hopsof eat
other are assignedhe samecolor. Their algorithm assumeghat ead node knows its
1-hop neighbors and a bound on the number of 2-hop neighbors.

Refer to Algorithm 3. Ead node maintains a list L of potertial colorsit can
choosefrom. Initially the list has2C colors(line 1), and the number decreasesver
time. In the end, variablet will cortain the chosencolor for eat node. The algorithm
proceedsn rounds. In atypical round, someyet-uncolorednodeschoosea color from
their list, and if this color has not beenchosenby any 2-hop neighbors, these color
assignmets becomepermanen, and all 2-hop neighbors remove the respective colors
from their lists. The algorithm terminates after I rounds. One round consistsof 4
phases:Trial , TrialRep ort, Success, and SuccessReport .

Algorithm 3 DistanceTw oColoring
1: LA f1,2::::2Cg

2. fori=1;2:::;1 do
3:  Trial

4: TrialRep ort

5. Success

6: SuccessReport
7: end for

The Trial phase(Algorithm 4) consistsof 2C time slots. An uncolorednode u
choosesarandomcolort from its list, and transmit a TRIAL messag€u;t) in the time
slot correspnding to the chosencolor. In other time slots it listens for other nodes'
TRIAL messagegline 9), which it concatenatesinto a TRIAL-REPORT message
(line 10).

The TrialRep ort phase(Algorithm 5) consistsof B blocks of 2C time slots ead.
In ewery block, a node choosesa random time slot amongthe 2C slots available in
a block, and sendsits TRIAL-REPORT message. In all other slots, it listens to
other nodes' TRIAL-REPOR T messageswhich it usesto determine if the color it
had chosenin the Trial phaseis safe. The color is safeif TRIAL-REPOR T messages
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Algorithm 4 Trial
1: if t= 0then
2:  t A uniformly random from L

3: forj=12:::;2C do

4: if j =t then

5 TRIAL A (u;t)

6: transmit TRIAL within radiusr
7: else

8: if no collision then

9: receive TRIAL ,

10: TRIAL-REPORT A (TRIAL-REPOR T;TRIAL ,)
11: end if

12: end if

13: wait

14: end for

15: end if

have beenreceived from all neighbors (line 20), eat contains u (line 9), and none
corntains the samecolor chosenby anothernode (line 12). Otherwise,the coloris reset
(lines 10, 13 and 21). Note that knowledgeof 1-hop neighborhood M is required to
perform this test.

The Success phase(Algorithm 6) consistsof 2C time slots. Any colored node
u sendsa SUCCESSmessaggu;t) in the time slot correspnding to its color t,
and in other time slots listens for other nodes' SUCCESSmessagegline 7), which it
concatenatesnto a SUCCESS-REPOR messag€line 8). Note that newly colored
nodeswill not participate in future Trial phases.

The SuccessReport phase(Algorithm 7) is similar to the TrialRep ort phase.
Nodessendtheir SUCCESS-REPOR messages randomtime slots over B rounds,
and in other time slots they listen for other nodes' SUCCESS-REPOR messages
(line 8), removing from their lists all colorscontained in received messagegline 10).

Parthasarathy and Gandhi provethat if | = O(logn), B = O(log n), the following
three facts hold for any node u w.h.p. (we refer to [55] for details).

(a) A 2-hop neighbor of u (which is possibly u itself) can remain uncoloredonly if
it hasmorethan C 2-hop neighbors.
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Algorithm 5 TrialRep ort

1. fori=1;2:::;B do
2:  cA uniformly at randomfrom f1;2;:::;2Cg

for j = 1;2;:::;2C do
if | = cthen
transmit TRIAL-REPORT within radiusr
else

if no collision then

receive TRIAL-REPORT,

if TRIAL-REPORT, doesnot cortain TRIAL , then
10: tA O

11: end if

12: if TRIAL-REPORT, conains TRIAL ,, s.t. w6 u and t,, = t, then
13: tA O

14: end if

15: end if

16: end if

17: wait

18: end for

19: end for

20: if TRIAL-REPOR T, not receiwed for somev 2 M then
21: tA O

22: end if

Algorithm 6 Success

1. for j = 1,2;:::;2C do
2. if | = tthen
SUCCESSA (u;t)
transmit SUCCESSwithin radiusr
else
if no collision then
receive SUCCESS
SUCCESS-REPOR A (SUCCESS-REPOR; SUCCESS)
end if
10:  end if
11:  wait
12: end for
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Algorithm 7 SuccessReport
1: for i =1;2;:::;B do
2:  cA uniformly at random fromf1;2;::::2Cg

3: forj=12:::;2C do

4: if j = cthen

5: transmit SUCCESS-REPOR within radius r
6: else

7: if no collision then

8: receive SUCCESS-REPOR,

9: if SUCCESS-REPOR, cortains SUCCESS, = (w;t,) then
10: LA Lnft,g

11: end if

12: end if

13: end if

14: wait

15.  end for

16: end for

(b) Let v be a 2-hop neighbor of u. Assuming both u and v are colored, their
colorscan be the sameonly if all their commonneighbors x (including u and v
themseles,if u and v are adjacert) have more than C 2-hop neighbors.

(c) Let vandw be 1-hopneighborsof u (notice that v or w may be the sameasu).
Assumingthat, v and w are both colored, their colorscan be the sameonly if
all their commonneighbors x (including v and w, if v and w are adjacen) have
more than C 2-hop neighbors; in particular, only if u has more than C 2-hop
neighoors.

Note that in all three casesthe \bad event” occursif somenode has more than C
2-hop neighbors. So, Parthasarathy and Gandhi concludethat if C is setto be the
maximum size of any 2-hop neighborhood?®, then the result is a valid distance-wo-
coloring with probability at least1j ni? for arbitrary A > 0 (the constart factors
for C, I, B dependon A). Clearly, the overall running time is O(C log?® n).

3In fact they set C to be the maximum size of any 1-hop neighborhood. Sincefor UDGs this is
within a constart factor from the maximum size of any 2-hop neighborhood, only the constarts for
I, C, B change.



CHAPTER 2. COMPUTING THE COMMUNICATION GRAPH 29

What are the implications of this result in our case?Obviously, we would like to
usethe distance-wo-coloring algorithm to sdedule transmissionsin UDG(r), with
colorsnaturally correspnding to time slots in the schedule. Applying the algorithm
of [55] directly yields a schedule of length C computablein time O(C log®n). There
are two problemswith this approad.

2 Somenodes may not know their neighbors, and therefore may not be able to
perform the ched in the Success phase.

2 Maximum number of 2-hopneighborscanbe aslargeasn, sosetting C asin [55
leadsto a poor schedulelength and computation time.

Fortunately, we do not really needa distance-wo-coloringon UDG(r), but merelyone
that satis esthe conditions of Lemma 3. It is not hard to seethat the conditions of
Lemma 3 are satis ed if the properties (a), (b), (c) above hold for all active nodesu,
asopposedto all nodesu | (a) and (b) imply (i), while (a) and (c) imply (ii). After
this relaxation, the obstaclesto applying the algorithm of [55] becomelessseere

2 Only 2-hop neighbors of u needto executethe Success phasecorrectly, soonly
they needto know their 1-hop neighborhoods.

2 Also, when we look more carefully into (a), (b), (c), we seethat \bad ewvens"
occur only if some2-hopneighlor of u hasmorethan C 2-hop neighbors, which
happensonly if u has more than C 4-hop neighbors.

By Lemma2 with h = 2, 2-hop neighbors of active nodesknow their 1-hop neighbors
if ¢ , ¢ By Lemmal, any active node can have at most ¢ g 4-hop neighbors, so
\bad ewernts" do not happenif C, ¢g.

Our subroutine TempSchedule is actually the DistanceTw oColoring algo-
rithm of [59 with C = ¢. Precedingdiscussionthen provesthe main result of this
section.

Lemma 4 If ¢ | ¢g, then upon termination of TempSchedule at all nodes u,
communiation between all active nodesand their 1-hopneighlors is interference-free
w.h.p.
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2.4.3 Finding Edges

The Edges procedure(line 5 in Algorithm 1) adds or removes edgesfrom the nal
communication graph. The problem s to decidewhether the radius r of the currert
round is greateror smallerthan |, the length of the longestGabriel edgeadjacen to
u. ldeally, we would like to createedgesif and only if r - |,. The ideais to usethe
number of \nearby" nodesasa proxy | createedgesin round with radiusr if and
only if the number of nodesin a larger concerric ball B (u;cr), for someconstart c,
doesnot exceedthe maximum number of nodesthat can ever be found in that ball,
expressedn terms of an appropriate local neighborhood size (De nition 2).

Implemertation is shavn as Algorithm 8. The main output variablesare the set
of neighbors N and the communication radius %2 which are also outputs of the main
algorithm, oncethe nal round has completed. The remaining piece of the output,
the transmissionsdedule,is computed by FinalSc hedule , as explainedin the next
section.

Lines 1 { 20 comparethe number of \nearby" nodesof u in the currert round to
a threshold ¢. To comparethe number of neighbors to the threshold ¢, ead nodes
announcesits presenceonce more by sendinga single messagethis time not in a
random time slot (asin Exploration ), but accordingto the temporary schedule. In
other time slots, ead node simply collects other nodes’' announcemets. The result
of the comparisonis stored in the Boolean variable ok. It is equalto true if and
only if the node hascollectedat most ¢ announcemets and hasnot experiencedany
collisions.

The comparisonis \fuzzy" in the sensethat di®eren outcomesusedi®eren de -
nitions of \nearby". ok=true impliesthat the number of neighlors (nodesin B (u;r))
is at most ¢, while ok=false implies that the number of nodesin B (u; 4r) is greater
than ¢. This is formalizedin Lemma5 and Lemma 6, respectively.

Lemma 5 If ok=true, thenjNj- ¢ and N is exactlythe setof u's neighlors.

Proof. If Nj > ¢, then ok=false by line 19. HencejNj - ¢. Obviously, all
nodesin N are neighbors of u. If there was a neighbor v of u which is not in N,
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Algorithm 8 Edges

1:
2:
3:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

© o N TR

NOA ?
ok A true
fori=1;2;:::;2¢ do
if i =t,then
transmit u with radiusr
else
if no collision then
receive v
NCA NO[ fvg
end if
else
if collision then
ok A false
end if
end if
wait
end for
if okand jN§ > ¢ then
ok A false
end if
if ok then
Label edgesin N°nN by i
NA N°
A r
else

N A Nn edgesof N addedfor the rst time in roundsi j 4 and later

VA L

end if
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its transmission (line 5) must have collided, so ok=false (line 13), a cortradiction.
HenceN is exactly the setof u's neighbors. =

Lemma 6 If r is the radius of the current round, and B (u; 4r) hasat most¢ nodes,
then ok=true .

Pro of. Clearly, u has at most ¢ 4-hop neighbors. The sameargumert asin the
proof of Lemma 4 proves that comnunication betweenu and its neighbors in the
current round is interference-freeso transmissionsin line 5 sonot collide. It follows
that N is equalto the set of u's neighbors. SinceB(u;r) u B(u;4r), u hasat most
¢ neighbors,sojNj - ¢. m

We needto satisfy two properties

(i) All Gabriel edgesare included.

(i) All edgequ;v) sud that B (u; 9juvj) cortains morethan ¢ nodesare excluded.
This will be usefulfor computingthe nal transmissionschedulein Section2.4.4.

Property (ii) canbe satis ed by creating edgego all neighborswheneer ok=true
(line 23), and removing all edgescreatedin the preceding3 roundswheneer ok=false
(line 26).

Lemma 7 For any edge(u; V) of the nal communication graphB (u; 1§uvj) contains
at most ¢ nodes.

Pro of. Let i be the last round in which (u;v) was added. Assumewithout loss
of generality that round i + 4 exists (otherwise considerthe last round j 2 fi +
1;i + 2;i + 3g that exists, and obsene that B (u; 1§uvj) cortains the samenodesas
B(u; 21 'juvj)). Sincejuvj - r; = %=, we have B(u; 16uvj) B B(u;ris4). Clearly,
(u; v) isnot removedin round i+ 4, sook=true in that round. By Lemmab, B(u;ri+4)

hasat most ¢ nodes. m

Sofar the value of ¢ wasarbitrary, i.e., it only usedthe fact that ¢ is the same
asin Exploration and TempSchedule . Howewer, to make surethat (i) is satis ed,
¢ hasto belarge enough.
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Lemma 8 If ¢ | ¢ g, thenany Gabriel edge(u; V) is addel to the nal communica-
tion graphin the (unique) roundi in which & < juvj - ;.

Pro of. Clearly, u is active in round i. By Lemma 1, B(u;4r) contains at most ¢ g
nodes. By Lemma6, ok=true in this round. By Lemma5,v 2 N, so(u;v) is added
in line 23. =

Lemma 9 If ¢ | ¢ 1,5, No Gabriel edgeis everremovel from the nal communica-
tion graph.

Pro of. Supposethat node u removes edge(u;v) in round i. Obviously, ok=false
in round i, soby Lemma 6, B (u; 4r;) has more than ¢ nodes, which is more than
¢ 105 nodes. Let j be the rst round in which (u;v) was added. Obviously, j 2
fii 4ii 3ii 2ij 1g, sor; - 16r;, and B(u;4r;) p B(u;64r;). It follows that
B(u; 64r;) cortains more than ¢ 1,3 nodes,sowe have 64r; , 128, i.e, |, - %’ If
juvj > I, then juvj > I,, so(u;v) is not a Gabriel edge. Otherwise, let k be the
unique round in which % < juvj - ry. Sincejuvj - % we have k < j. By choice of

j,» (u;v) wasnot addedin round k, soby Lemma8 it is not a Gabriel edge. =

Lemma 10 If ¢ | ¢ 1,5, then the nal communication graph contains the Gabriel
graph.

Pro of. Follows from Lemma8 and Lemma9. =

2.4.4 Final Schedule

The goal of the FinalSc hedule subroutine (line 8 in Algorithm 1) is to compute a
‘nal schedule of transmissionswhich allows for collision-freecomnunication on the
“nal comnunication graph computed by the main loop of Algorithm 1. Of course,
the rest of this sectionis conditioned on the fact that at the start of the procedure
‘nal communication graph has been correctly computed, i.e., ead node knows its
outgoing neighbors. From the previousdiscussionwe know that this happensw.h.p.
with correct parameter choices.
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The main di®erencewith respect to temporary transmissionstedules,computed
by TempSchedule, is that the latter corresppnd to UDGs, while in the former case
nodes use di®erer transmission powers. This means,for instance, that the nodes
that caninterfere with communication betweena given node u and its neighbors are
no longer cortained in B(u;r), wherer is u's transmissionradius.

The algorithm of [55] cannot be directly applied, becausat is designedfor UDGs.
Speci cally, it may happen that nodesu and v proposethe sametime slot in the
Trial phase,and their message<ollide, but all nodesthat experiencethe collision
cannotreport it to u and v becausdts comnunication radii are too small.

Fortunately, there is a simple modi cation that getsaround this problem without
a®ectingthe asymptotic performance.

() In the Trial (resp. Success) phasea node transmits within its nal radius. In
addition to its ID and a proposed(resp. assigned)time slot, it alsotransmits
the value of its nal radius.

(i) In the TrialRep ort (resp. SuccessReport) phase,a node transmits within
the radius equalto the maximum radius received in the precedingTrial (resp.
Success) phase. Note that this radius is always at least as large as the nal

communication radius.

(i) When xing a time slot (after receivinga TRIAL-REPOR T messagepnd re-
moving time slotsfrom the list (after receivinga SUCCESS-REPOHR message),
a given node only takesinto accourt messageseceived from its outgoing neigh-
bors.

(i) ensuresthat the collisions generatedare exactly those that would occur in the
output communication graph. (i) and (iii) ensurethat the scedulingis correct, but
(i) may hurt the running time | increasingthe radii for the reporting purposemay
create additional collisionsamongthe report messagesHoweer, we shav that the
samevalue of parameter¢ usedin the previous stagesof the algorithm still suzces.
In Section2.4.2we obsenedthat correctnesf Parthasarathy and Gandhidistance-
two-coloring algorithm [55 follows from upper bound of ¢ on the size of any 2-hop
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neighborhoods in input UDG. Let G be the DG correspnding to the set of increased
transmissionradii in TrialRep ort and SuccessReport phases.Obviously, G con-
tains the nal comnunication graph. For the proof of [55 to go through in the case
of FinalSc hedule, it is enoughthat all 2-hop neighbors in the undirected version of
G be boundedby ¢. Intuitiv ely, this is becauseG capturesthe worst-caseinterfer-
enceduring the execution of FinalSc hedule , and ignoring edgedirections further
increasegshe interference.

It turns out that this suzcient condition indeedholds for the samevalue of ¢ as
before. This is wherewe nally make useof Lemma7, provedin Section2.4.3.

Lemma 11 The sizeof any 2-hop neighlorhood in G ignoring the edgedirections is
at most ¢ .

Pro of. Referto Figure 2.3. Let N bean arbitrary 2-hopneighborhood in G, ignoring
edgedirections, and let e = (u;v) be the longestedgein the nal commnunication
graph whoseheadis in N. Let €°be any edgein G whoseboth verticesarein N. By
de nition of G, there exists an edgee®in G, of length at Ieastj%Oj, whoseheadis the
sameas the tail of €% and thereforein N. By choice of e, we have je’} - jej, hence
]

Now, any node in N can be reached from u by following rst e, and then at most
4 edgesof G whoseboth verticesarein N (ignoring edgedirections along the way).
Hence,N is cortained in B(u;je + 4j€%) n B(u;9¢). By Lemma7, N cortains at
most ¢ nodes. m

In other words, increasedtransmissionradii create only limited additional inter-
ference,so the TrialRep ort and SuccessReport phasesstill succeedw.h.p. We
concludethat the algorithm of TempSchedule can be run with the samevalue of
¢, andthe nal valuesoft variableswill cortain a valid transmissionschedulew.h.p.

Lemma 12 In time O(¢ log?n), FinalSc hedule computesa transmissionschelule
(stored in t variables)that preventscollisions in the nal communiation graphw.h.p.
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Figure 2.3: For the proof of Lemma 11 { bounding the sizeof a 2-hop neighborhood
in the modi ed DG.

2.5 Lipschitz Deployments

Theorem 1 yields better results (faster algorithm and shorter transmissionsdedule)
if parameter ¢ is smaller. Of course,the value of ¢ is lower bounded by \in trinsic
interference" measuredby ¢ ;,g. In this sectionwe introduce a classof deploymerts,
calledLipschitz deploymentsfor which this \in trinsic interference"is low, in the sense
that ¢ ;1,3 doesnot depend on the number of nodesn.

Lipschitz deploymerts are thosein which a certain measureof node density (de-
‘ned below), cannot changetoo abruptly betweentwo nearhy points in the area of
interest. Sud slowly varying node density is often found in practice. For instance,
considera sensornetwork whosegoal is to monitor physical quartities (such astem-
perature, humidity, exposureto light etc.) in a nature presene. Supposethat there
is a setof points H that describesinteresting\hot spots” to be monitored more accu-
rately. The goalis to deploy more sensorscloseto the \hot spots”, and fewer sensors
further away.

For example, \hot spots" can be small animals that should be tracked by the
network. To minimize the work spert in adapting the sensormplacemem to animal mi-
grations, it is reasonablgo have a gradually increasingsensordensity asthe distance
to an object (in its current position) decreases.

Formally, assumethat there is a scalar\in terest function" f , de ned on the plane,
which is small in regionsof high interest and vice versa. An exampleis f (x) = jxH |,
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the distanceto the closest\hot spot”, for any metric d de ned on the plane. Then,
a well-deployed set of sensorsV should satisfy jxVj - "f (x) for any point x and
some xed " > 0. On the other hand, to minimize the cost of equipmer, only
the necessarynumber should be used; in terms of the \in terest function" f, the
appropriate condition is: for any point x, jV \ B(x;"f (x))j is bounded by some
universalconstart

De nition 3 A setof nodesV is an (®; )-Lipschitz deploymert, for if there exists
an ®-Lipschitz function ' , de ned on the plane, suchthat for any point x, the disk
B(x;"' (x)) contains between 1 and  nodes.

The deploymert in the exampleabove is ("; )-Lipschitz (distanceto a xed set of
points is a 1-Lipsditz function). Obsene that De nition 3 alsoallows for \oversam-
pling" of the domain of interest, as long as the oversampling happensin a slowly-
varying manner. It also allows coverageholes(large areaswith no sensors),as long
as sensordensity increasegradually with distancefrom the hole. Now we prove the
main property of Lipschitz deployments.

Lemma 13 For an (®, )-Lipschitz deployment,¢ , = O((k + 1)°7) for k< 5 1.

Pro of. Considera xed nodeu, and let (u;Vv) bethe longestGabriel edgeadjacert to
u, sothat juvj = I,. Let x be the midpoint of (u;v). Becausegu; V) is a Gabriel edge,
any ball certered at x with radius lessthan % is empty, which implies ' - ' (x).
Clearly, ¢ - jV\ B(x;(k+ 1)I,)j, soit sutcesto bound the number of nodesin
B (x; R), whereR = (k + 1)I,.

Using the above inequalities,we getR - 2(k + 1)’ (x). As' is ®Lipschitz, we
haveforanyy 2 B(x;R) that "' (y), '(X)i ®R, ' (x)(1j 2(k+ 1)®), that is, any
disk of radius at mostr = ' (x)(1j 2(k + 1)®) certered within B(x; R) cortains less
than  nodes. B(x; R) canbe coveredby O((l 2k(J|;11) ®)2) suc disks. By assumption,

®< m, SOO((l 2|<(n|:11)®)2 ) = O((k + 1)2_) u

From this we directly derive a classof node deployments for which our algorithm
performs particularly well.
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Corollary 1 For an (®; )-Lipschitz deploymentwith ® < ﬁ and = O(1), Algo-

rithm 1 takesO(log rrr:q—a log? n) time steps,and produces a schelule of length O(1).

Of course,theoretical analysisin this sectionis very pessimisticand we expect the
algorithm to perform very well for many practical node distributions.

2.6 Summary and Remarks

We summarizethe statemeris of Lemmas?2, 4, 10, and 12 in our main theorem.

Theorem 1 Let |, be the length of the longestGabriel edge adjaent to node u, and
let ¢ be the maximum, over all u, numker of nodesin B(u;128,). Algorithm 1
runs in O(¢ IogrrTﬁlog2 n) time and w.h.p. computesa communication graph that
contains the Gabriel graph, and a schelule of transmissionsof length2¢ whichensues
interfereng-free communiction in this graph.

rmn Can be replacedby any value r2.. sud that the number of nodescortained in

any disk of radius 12& 2. is boundedby ¢. The lower bound on ¢ canbe decreased
from ¢ 105 to ¢ for k < 128, by discretizing the range of transmissionradii more

“nely, i.e., using a constart smallerthan 2 as multiplication factor for the geometric
progression.Finally, onemay have an upper bound on the length of any Gabriel edge
(for instanceif the deploymert is known to be very dense).In that caser,x canbe

setto that value.

If exact locations are available, which we do not assumein this thesis, the al-
gorithm can be modi ed to compute exact Gabriel and an assa&iated transmission
schedule. The main di®erenceis in procedure Edges (Section 2.4.3). While in
Edges, edgescanbe safelycreatedto all discoreredneighbors (setN in Algorithm 8)
without any extra communication, in the analogousprocedureGabrielEdges addi-
tional communication is requiredto ched the Gabriel property for eat edge. Notice
that the maximum number of Gabriel edgethat can be createdby one node in one
round is ¢. It turns out that, with help of the temporary transmissionsdedule of
length 2¢, computed previously by TempSchedule (Section 2.4.2), all chedks can
be donein O(¢ 3?) time stepsper round. As a result, ertire algorithm runs in time
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O(¢ 32 Iogr“n% log?n). Also, the lower bound on parameter ¢ is wealer, ¢ | ¢ .
We refer to [23 for details.

It can be ensuredthat the output commnunication graph cortains any desiredset
of edges(e.g., Gabriel graph, relative neighborhood graph, Yao graph etc.), provided
that the algorithm is given a value of parameter ¢ which is suitable for that set of
edges,.e., a valid upper bound on the 128-Iacal neighborhood size ¢ ;,5. We expect
¢ 105 to be small for \lo cal" topologies(in which ead node is connectedonly to
nearby nodes)and Lipschitz deployments (in which node density hasboundedspatial
variations). In particular, we have shovn that ¢ 1,5 for the set of Gabriel edges.



Chapter 3
Net work Sketching

In main topic of this chapter is an algorithm that computesa rough geometriclayout
of the network using only connectivity information (the communication graph). The
restriction to connectivity information is motivated by the fact that real-world sensor
nodes more often than not lack the ability to determine their own location. Local-
ization devicesare usually not built-in becausdn the interest of minimizing costand
maximizing network lifetime by saving energy For example, GPS devicesare too
energy-exgnsive for most applications. Furthermore, their performancecan be poor
indoors.

The algorithm presened in this chapter rst nds a planar subgraphof the com-
munication graph, a skeletonof the network (Figure 3.1 left), and then computesits
embedding in the plane (Figure 3.1 right). The ideais to exploit the fact that em-
beddingof a planar graph is combinatorially unique, provided suxcient connectivity,
so the embedding presenesthe skeleton layout up to \stretching”. The embedding
yields virtual coordinates of the nodesin the skeleton, which can be usedinstead of
the real coordinatesin se\eral applications outlined below.

The algorithm should be viewed as a generic method for relaxing localization
requiremerts. It doesnot provide an accurate localization as is, but it reducesthe
amourt of geometricinformation required to obtain one, by decouplingthe problem
of localizing the skeleton from the problem of localizing all other nodeswith respect
to the skeleton.

40
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Figure 3.1: Using no location information, our algorithm computesa provably planar
subgraph of the communication graph (network skeleton) and its plane enbedding.
The numbers denote correspnding nodesin the embedding and the original node
layout, which is unknown to our algorithm. Although the two layouts are di®eren in
terms of absolutenode coordinates, the network sketch is topologically correct (large
facesand correspnd to holes).

3.1 Network Sketch as Infrastructure

Network sketch cortains information about topology of the area covered by sensor
network (which we will alsocall sensor eld). Informally, this meansthat the network
sketch is an image of the original sensor eld under a \morphing" transformation
which doesnot changethe connectivity; in particular, it doesnot \tear" the areainto
multiple componerts, or form new \holes" by creating new adjacenciesof the sensor
“eld with itself. For example,in Figure 3.1, the network sketch can be obtained from
the true sensor eld by a vertical °ip followed by a 90* clockwise rotation. Topology
information can be exploited in seweral application scenarios,suc as hole detection
and routing.

Holes are connectedareasthat are empty of nodes. For example, if nodes are
deployed from the air, they canroll down a hillside, fall into a lake and short-circuit
etc., resulting in creation of holes. In someapplications hole detection is the goal
in its own right, becauseholesrepresen events of interest. For example,in forest
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Figure 3.2: Applications of network sketching: environmental monitoring (left), high-
level route planning (center) and geographicrouting (right).

“re tracking, holescorrespnd to areaswhere sensorshave beendestroyed after be-
ing deployment from the air (Figure 3.2 left). In network health monitoring, holes
correspnd to areaswhere nodesran out of energydue to increasedactivity for an
extended period. Being topologically equivalert to the original sensor,a network
sketch presenesidentit y of nodeson hole boundaries,and can be usedas a building
block in theseapplications.

Topology awarenessis crucial ingrediert for guararteeing messagedelivery in
location-basel (geographic) routing algorithms In the simplegreedy forwarding method,
the rule is to always forward the padket to neighbor which is closestto the destina-
tion, in terms of Euclidean distance. The method is scalable,as its routing tables
are simpli ed due to geographicside-information| a node only needsto know the
locations of its neighbors and the destination in order to decide how to forward a
padet. Howewer, greedyforwarding may not be possibleif no neighbor is closerto
the destination than the node currerntly holding the padet, i.e., if the padet is at a
local minimum of the distancefunction. Due to the properties of Euclidean distance
function, sud local minima only appear at hole boundaries.

Oneway to conmbat this problem, proposedin [19], is to compute a sparsesubnet-
work of \highways" (Figure 3.2 certer) on which even non-geographicouting is not
too expensiwe, while \lo cal" routing betweenthe \highway network" and individual
nodesalways takesplaceover short distances,and is thereforelesslikely to su®erfrom
the local minimum problem. Network sketch, or somesuitable subgraphthereof, can



CHAPTER 3. NETWORK SKETCHING 43

be usedfor this purpose.

Another approad is to circumnavigate holesthat causelocal minima of the dis-
tancefunction (Figure 3.2right). This is typically doneby precomputingan emtedded
planar subnetworkwhoseface cyclesroughly follow the hole boundaries,and then,
whenneededrouting around the facecyclesusingthe \righ t hand rule” [6, 33. How-
ewver, computing the planar subnework is not trivial, and most existing approates
rely on node locations for both planarization and embedding. Network sketching
makesit possibleto apply this strategy evenin location-unaware networks because
it producesa embeddedplanar subgraphusing only connectivity information.

Topology information can be exploited in other applications, sud as data aggre-
gation and information brokerage,to optimize the way in which information is moved
acrossthe network. This will be the topic of Chapter 4. If additional geometric
measuremets are available (e.g. locations of a few \anchor" nodes), they can used
to make the sketch more similar to the true network layout. This improved sketch
canthen be usedin applicationsthat dependon true node locations, rather than just
topology of the sensor eld.

3.2 Related Work

There have beena number of papersthat aim to extract structural information about

the network by analyzingits communication graph. In this sectionwe classifythem

into thosethat detect boundaries(either as setsof nodesthat lie near boundariesor

proper boundary cycles),and those that also provide a geometricembedding. Note

that obtaining an embedding from the set of boundary cyclesis not trivial, because
of the cycle orientation ambiguity (Figure 3.3). Our algorithm can alsobe seenasa

way of resolvingthis ambiguity by examining how boundary cyclesare connectedto

eadt other through the interior.

First we discussmethods that only detect holes,but do not compute an embed-
ding. Algorithm of Fekete et al. [22] assumeghat node placemen is governedby a
Poissonprocessof constart (but unknown) density over the sensor eld. It distin-
guishesboundary nodesfrom interior nodesusingthe di®erencean their degrees.The
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a b b

Figure 3.3: If the relative orientation of boundary cyclesin the planeis not correct, the
interior cannot be enbeddedin the plane. Left: a correct enbedding. Right: after
changing the orientation of the face cycle cd, the cycle acfd surrounds e in any
embedding (even the very \complicated"” one shown), and thus cannot be a face
cycle.

algorithm of KroAller et al. [36] makes no assumptionsabout node distribution. It
detects groups of interior nodesand the graph cyclesthat provably surround them.
It classi esa node asinterior only if its neighborhood cortains an elaborate \°o wer
graph”, which is why it seemsto work only under restrictive theoretical conditions
(denseinterior). The cyclesaresmallat rst, andin the secondstagethey mergeuntil
they becomeboundary cycles. Eventhough the resultsare provedto be correctin any
unit-disk embedding of the network, it is not clear how to actually compute an em-
bedding. Merging cyclesrequiresa lot of commnunication, sothe messageomplexity
of the algorithm is O(n?3).

The algorithm of Funke and Klein [63] analyzeshow the level-setsof certain hop-
distancefunctions break into componerts upon hitting hole boundaries. The method
identi es a setof nodesthat forms a provably good sampleof hole boundaries. How-
ewer, it doesnot connectthe nodesinto boundary cycles. It alsorequiresgood network
connectivity, evenin simulations (averagedegreeof the communication graph around
20).

The algorithm of Wang et al. [68] is basedon detecting critical points of the
distance from a xed sourcein the sensor eld. The key obsenation is that sut
points have multiple shortestpaths to the source,which can be conbined into cycles
that encloseholes. It subsequehstagesthesecyclesare \tigh tened" around holes.
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Our planar skeleton (Section 3.4.1) is similar to withesscomplexof de Silva and
Carlsson[16]. If X is a metric space,Y is its subset,and point x 2 X has exactly
k + 1 nearestneighborsin Y, then the set of nearestneighborsin called a k-simplex
witnessel by x. The witnesscomplexis the setof all simplicesde ned in this way. The
verticesand edgesof our planar graph are similar to 0- and 1-simplices,respectively,
of the witnesscomplexunder the hop-distance.We add extra conditionsto guarartee
planarity and make excient embedding possible.

Recen work of de Silva and Ghrist [17] addressessimilar problems of topology
discovery in location-free networks using algebraic topology { homology of certain
simplicial complexederived from the comnunication graph. Becausehe approad is
not basedon planar graphs, but on more complicatedhigher-dimensionalcomplexes,
it doesnot seemto allow for an excient embedding procedure.

Now we turn to methods that compute an embedding. The problem that has
attracted the most attention is that of adhieving low distortion, i.e. the worst-case
Euclideandistance(in the enbedding) betweentwo adjacert nodesin the network. It
is possibleto embed a network in the plane with distortion polylogarithmic in n [51,
56]. Low distortion directly translatesinto low path stretch, soit is important for
routing. Howewer, it doesnot imply geometricor topological accuracyof the layout.
Embedding algorithms in [51, 56] solve corvex optimization problemsdistributedly,
sothey are quite communication-expensiwe.

Multidimensional saling (MDS) [14] is a classicembeddingtechnique which com-
putes a point set whosedistance matrix is the best least-squaresappraoximation to a
given matrix. When appliedto sensometwork localization [62, 13], distancematrices
canbe obtained from time of arrival measuremets, receied signal strength measure-
merts, or simply hop-distances.Error componerts are typically weighted according
to the reliability of the correspnding distance measuremety and various models
are usedto estimate the latter. Unfortunately, MDS doesnot guarartee topological
accuracy

Rao et al. [58] use barycertric embedding [66] to compute its two-dimensional
embeddingin a distributed way, but the resultis not guararteedto presene geometry
or topology of the sensor eld. In fact, we usethe sameenbeddingtechnique| not
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on the whole network, but only on the skeleton. In our casetopology is presened,
due to the properties of the skeleton.

3.3 Contribution

In this chapter we presen an algorithm for sketching the layout of a wirelessnetwork
represeted only by its commnunication graph. Under the unit-disk commnunication
model, and suzciently high node density in the interior, Our algorithm extracts
a skeletonof the network, a provably planar graph whoselong face cycles follow
the boundaries of holesin the (unknown) true layout. The algorithm outputs a
sketchof the network, which is simply a planar embedding of the skeleton. Under
the sameassumptions,we prove that this embedding is topologically correct, in the
sensethat all boundary cyclesare correctly oriented (cf. Figure 3.3). The actual
locations of the nodesin the skeleton neednot be correct, but they can be improved
if additional inter-node distancesor node locations are available. Suzxcient node
density is requiredto guarartee suxcient connectivity of the skeleton, which in turn
relates to its \embeddability". Even though theoretical density requiremerts are
unrealistic, our experimerts shav that the skeletonis reasonablywell connectedeven
whenthey are not satis ed.

3.4 The Algorithm

Our network skeleton is actually a subnetvork called combinatorial Delaunay map
(CDM), a discreteanalogof Delaunaytriangulation in computational geometry([15],
Chapter9). The motivation comesrom the fact that Delaunay triangulation is always
planar, and the goalis to presene this property in discrete setting. In short, we do
this by viewing nodesas discrete samplesof the underlying area, replacing Euclidean
by hop-distancein the network, and adding someextra \robustness" conditions on
Delaunay edges,to accourt for discretization e®ects. Once we have computed the
CDM, we computeits planar embedding using the barycertric algorithm [66].
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For the rest of the chapter we assumeunit-disk communication model (Sec-
tion 1.1.4), whereall nodestransmit with the sameradius, known in advance,which
dependson the sizeof the featuresof the area.

Algorithm 9 shows a high-lewvel overview of our method. For two cyclesCy; C,
of CDM, d(Cy;C,) (line 9) denotesthe hop-distancebetween their landmark sets.
\Merging" of facecyclesC; and C, (line 10) correspndingto facesF; and F, means
adding together the face cyclesof all faceson somepath betweenF; and F, in the
dual graph, sud that any faceon the path is alsowithin t; hopsfrom both C; and
C,.

Algorithm 9 Main
1: kA 34

ts A facesizethreshold (seeTheorem4)

tq A facedistancethreshold (seeTheorem4)

selectlandmarks as a maximal k-pading (with respect to hop-distance)

compute CVD by De nition 4

compute CDM by De nition 8

embed CDM using any algorithm

CA facecyclesof length more than t;

while 9C;; C, 2 Csud that d(Cy;C,) - tg do
mergeC,; and C,, updating C appropriately

: end while

creturn  C

[
N B O

3.4.1 De nition of the CDM

Supposethat we aregivena subsetof nodeswhich wewill call landmarks CDM canbe
viewed asan abstract graph on the setof landmarks. In geometricanalogy landmarks
correspnd to a set of points in the plane, and CDM correspndsto their Delaunay
triangulation. CDM canalsobe viewedasa subnetvork of the input network, because
its abstract edgescan be realizedas paths connectingpairs of landmarks.

The rst stepis to de ne a discrete analog of the Voronoi diagram in geometry
([15], Chapter 7).
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De nition 4 Combinatorial Voronoi diagram (CVD)! of a set of landmarksis a
collection of subsetsof nodes called combinatorial Voronoi cells or tiles. Each cell
consistsof nodesthat havethe sameclosestlandmark (in hop-distane).

Like geometricVVoronoi cells, tiles are in one-to-onecorrespndencewith landmarks.
Notice that tiles are not disjoint, asthere is no tie-breaking in De nition 4. Their
intersectionsconsistof nodesthat have more than one closestlandmark.

Fanget al. [19 de ned a natural \dual" ofthe CVD by direct analogyto geometric
setting (i.e., Delaunay triangulation, the dual of the Voronoi diagram).

De nition 5 Combinatorial Delaunay graph (CDG) of a setof landmarksis a undi-
rected graph whosevertices are landmarks, and edgesconnect landmarks whosetiles
are within 1 hop from each other.

Note that landmarks whosetiles overlap are also consideredadjacer. It is easyto
verify that landmarks a and b are connectedby an edgein CDG if and only if there
is a path that, goingfrom ato b, rst goesthrough a's tile, then through bs tile.

De nition 6 Let a and b be landmarks. A witness path for edge(a;b) of CDG is a
simple path in the communiction graph connecting a and b suchthat in the ordering
of the nodeson the path (starting with a and ending with b) all a-nodes precede all
b-nodes.

Unfortunately, CDG is not planar, not evenin practical instances(seeFigure 3.4).
To de ne CDM, we add extra conditionsto Iter out someedgesof CDG. We intro-
duce labels for the vertices and edgesof the communication graph, de ned with
respect to a given set of landmarks. Theselabelswill be usedto de ne CDM, and to
prove its planarity later on.

De nition 7

(i) Considera landmark a and a vertexv. We say that v is an a-vertex if a has
the smalest ID amongall landmarkswhosetiles contain v.

ISimilar conceptshave beenproposedunder the nameslandmark Voronoi complex[19] and graph
Voronoi diagram [18§].
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Figure 3.4: A network and a set of landmarks with correspnding CVD (left) and
CDG (right). Notice that the CDG is not planar ( nding a Kuratowski subgraphis
left to the reader).

(i) Considerarbitrary landmarksa, b and an edgee = (u;v). We saythat e is an
a-edgeif both u and v are a-vertices. We say that e is an ab-edgeif u is an
a-vertexand v is a b-vertex or vice versa.

Clearly, this rule assignaunique label to ead vertex and edge,becausdDs are unique.
Also note that any landmark a is an a-vertex. Now we can de ne CDM by taking
the edgesof the CDG that have witness paths with suitably labeled neighborhoods.

De nition 8 (a;b) is an edgein CDM if and only if it is an edgein CDG and
the 1-hop neighlorhood of the correspnding witness path (including the path itself)
consistsonly of a and b vertices.

We assumethat all witness paths that we refer to from now on satisfy the extra
assumptionif they witnessedgesof CDM.

3.4.2 CDM is Planar

For the rest of the chapter we assumethat the comnunication graph is a UDG. In
this sectionwe prove that CDM is planar. Given all the geometricanalogiesnoted
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above, it is not surprising that the proof of planarity proceedsby showving that CDM
is contained in the dual graph of a Voronoi-like partition of the plane.

To de ne the partition, we introduce another labeling, this time of the points in
the plane. The labeling dependson the true embedding of the communication graph.
It is only usedin the proof, and cannot be actually computed, sincethe enmbedding
of a given comnunication graph is not unique in general. This is in cortrast to the
vertex and edgelabeling introducedearlier (De nition 7), which is de ned usingonly
the communication graph, and can be computed.

De nition 9 Let x be a point in the plane, lying on the geometric realization of an
edge e of the communiation graph. We say that e labels x by a if the endwint of
e closestto x is an a-vertex. By convention, the midpoint is closestto the endmint
that has smaller ID. A path in the communiction graph lakels x by a if someedge
on the path dees so. An edgeof CDM lakels x by a if the withess path for that edge
dces so.

Notice that in this way the samepoint may be labeleddi®erenly by seweral edges
that crossin that point. Hereis an important property of this labeling, a variation
of the well-known crossinglemma (see,for example,[42], Lemma 8.2).

Lemma 14 If two edgese; and e, crossin the geometric realization, and label some
shared point x asan a-point and b-point, resgectively, then e; and e, are both adjaant
to the sameab-edge.

Pro of. Let y and z be the endpoints of e; and e,, respectively, which are closerto x.
The point-labeling rule (De nition 9) impliesthat y is an a-vertex and z is a b-vertex.
If y and z were not adjacen, then the two opposite endpoints would not be adjacert
either (becausetheir distanceis at least as big). This con guration cannot happen
in a UDG, by Lemma8.2 of [42]. Therefore,(y;z) is an abedgeadjacen to both e;
ande,. m

Note that the proof is valid even in the degeneratecases:if the edgesintersect
alonga line segmen, or at a point that represeis a vertex of oneor both edges.

Now let us look at the implications of the adjacencycriterion (De nition 8) in
this geometriclabeling.
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Lemma 15 If two edgesof CDM have intersecting witness paths, then they share
one endmint. Furthermore, the two edgeslakel all the intersection points only by the
common landmark.

Pro of. Supposethe witnesspaths of (a;b) and (c;d) intersectat x. Without lossof
generalily, let x be a-labeled by (a;b) and c-labeled by (c;d). Supposethat a 6 c.
By Lemma 14, there is an ac-edgein the 1-hop neighborhood of both witness paths.
Applying De nition 8 to (a;b) and (c;d) yieldsc = band d = a, respectively. This
impliesthat (a;b) and (c;d) are the sameedge,a cortradiction. Soit must bea = c,
which provesthe rst part of the claim. For the secondpart, note that the only
labels, except a, that the two edgescan assignto x are b and d. Assumewithout
lossof generality that x is b-labeled. By Lemma 14, there is an ab-edgein the 1-hop
neighborhood of the witnesspath of (c;d). Applying De nition 8 to (c;d), conmbined
with ¢ = a, yieldsb= d. Again, this implies that (a;b) and (c;d) are the sameedge,
a cortradiction. =
The following lemma proposesa way to draw edgesof CDM.

Lemma 16 For any edge(a;b), one can nd a simple path P, in the plane which
is a concatenation of a sub@th of points that are lakeled a by (a; b), and a subgth of
points that are lakeled b by (a;b).

Pro of. Referto Figure 3.5 for illustration. Let x be the point in the plane which is
a geometricrealization of the \midp oint" of the witness path for (a;b) (the middle
vertex or the midpoint of the middle edge,depending on whether the path has odd
or ewven length). By De nitions 8 and 9, there is a simple path P, betweenx and
a, consisting of points labeled a by (a;b). Symmetrically, there is a simple path Py
betweenx and b, consisting of points labeledb by (a;b). Note that P, and P, have
at leastonecommonpoint, i.e., X. Let y be the commonpoint of P, and P, which is
closestto a and b (measuredby the intrinsic distancealong the paths). The desired
path P, is the concatenationof the part of P, betweena and y and the part of Py
betweeny andb. =

In the rest of the proof we refer to the subpaths P, and P, as a-subth and b
submth of Py, respectively. Now we can prove the main result of this section| that
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Figure 3.5: For the proof of Lemma 16. Solid and dashedlines represen labelsa/ b
(top), paths P,/ Py, (center), a/ b-subpathsof P,, (bottom). In all casesdotted lines
represemn other edgesof the comnmunication graph.
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Figure 3.6: For the proof of Theorem 2.

a planar embedding of CDM can be obtained essetially by drawing ead edge(a;b)
asits asseiated path Py,

Theorem 2 There exists a planar emhkedding of CDM that usesonly the true geo-
metric realizations of the network edges.

Pro of. Considerthe drawing of CDM where landmarks are in their true locations,
and eat edge(a;b) is drawn asthe path P,,. Supposetwo paths P, and Pgq intersect
at point x in the plane. Then, the witness paths of (a;b) and (c;d) alsointersect at
X. By Lemma 15, they sharean endpoint. Supposewithout lossof generality that
a= c. Also by Lemma 15, the only labelsassignedo x by (a;b) and (c;d) is a, sox
is in the a-subpath of both P,, and P.y4. So,all intersectionsoccur betweenthe edges
that shareone endpoint, and they occur in subpathsthat correspnd to the shared
endpoint. Therefore,a planar embedding can be obtained by repeatedly \swapping"
path sectionsboundedby pairs of intersection points, as shovn in Figure 3.6. =

For the rest of the chapter, we will referto the embeddingconstructedin the proof
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of Theorem 2 asthe canonical emhkedding of a given CDM with a given set of withess
paths.

Note that the results of this sectionhold for any set of landmarks. In order for
CDM to capture topology of the sensor eld, landmarks have to be denseenough
comparedto the sizeof topologicalfeatures. We will introducethis requiremen later
on.

3.4.3 Canonical Embedding is a Good Sketch

In this sectionwe prove that if node and landmark densitiesare high enough,then
long facecyclesof CDM in the canonical emledding run very closeto hole boundaries.
In other words, the canonical embedding could be used as a sketch, if we could
compute it. Starting from this, we shav in Section 3.4.4 that actually, under the
sameassumptions,any other embedding suits the purpose.

We assumethat the nodes are denseenoughin the interior of the sensor eld.
Formally, we requirethat the nodesform an"-cover of the sensor eld, where" is small
enoughcomparedto geometricfeaturesof the sensor eld. To simplify exposiiton, we
assumein the rest of the chapter that " tendsto 0, without deriving explicitly how
small it hasto be.

We choosethe set of landmarksL to be any k-pading (in the network's shortest
path metric), wherek will be determined later. Clearly, this implies that L is also
a k-cover. Also, for a xed k, landmarks can be made as denseas we needif " is
made suitably small. L is computed (line 4 of Algorithm 9) using a standard linear-
time greedy algorithm, which iteratively adds a node to L and removes its k-hop
neighborhood from the graph.

The goal is to show that face cyclesthat surround holes (in the canonical em-
bedding) are signi cantly longer than those that don't. We start with two simple
obsenations about the distribution of landmarks.

Observation 1 Any two landmarksare at least (1| ")k away.

Pro of (sketch). Follows from the fact that L is a k-padking of an "-samplein a
UDG. =
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Figure 3.7: For the proof of Lemmal7.

Observ ation 2 Any Delaunayedgewith a witnesscenter in the interior is of length
at most2(k + ).

Pro of (sketch). Otherwise, the Delaunay disk would cortain the landmark that
k-coversthe node closestto its certer. =

The -skeletonof a point setis an undirected graph whosevertices are points,
and (a;b) is an edgeif and only if any disk of radius @ that cortains a and b on
its boundary circle is empty of other points. For = 1 we obtain the Gabriel graph,
and for > 1 we obtain a subgraphof the Gabriel graph. Intuitiv ely, the —-skeleton
contains Gabriel edgeswhosedual Voronoi edgesare longerthan somethreshold that
dependson . This will be important for our proof.

Let G be the graph on the set of landmarks L that cortains all edgesof the
~ -skeletonon L that are not longerthan R = 2k + 3".

Lemma 17 Let = g—g and " smal enough. If u and v are landmarks such that
juvj - R, thenu and v are connected in G via a path that lies within 16uvj from u
(and v, by symmetry) in the straight-line emkedding of G.

Pro of. Construct a short path betweena and b in G as follows. Start with the
path consistingof a single edge(a;b). In ead iteration, replaceall edges(u;v) on
the path that are not in the -skeleton of L by (u;w) and (w;v), wherew is any
landmark in one of the disks of diameter  juvj touching u and v, seeFigure 3.7. jvwj



CHAPTER 3. NETWORK SKETCHING 55

is maximizedwhenw is on the boundary of the disk, and in addition juwj = (1; ")k,
due to Obsenation 1. Hence

o M 1
— . 1 (A Mk
J.V—W.J . sin arcsin= + arcsm(_'. ) : (3.2)
juvj juvj
We have &0 (K = (21k‘+"3)k, which approades? as" ! 0. The right-hand side
of (3.1) then tendsto 193+1 2. Sofor small enough”, we have jvwj - £juvj. The

samebound holdsfor | jUW], by symmetry. Hencein ead iteration the maximum edge
length decreasedy a constart factor. By Obsenation 1, edgescannot be arbitrarily
short, sothe processterminates.

Notice that any point on the nal path can be readed from u by following a se-
guenceof edgesat most onecomingfrom ead iteration. Henceby triangle inequality,

the whole path is within juvj ¢ (ig "= 16uvj fromu. =

Now we prove that all edgesof G that are far away from the boundary are also
preser in CDM.

Lemma 18 Assumek , 34 If (a;b) is an edge of G such that the line segment
abis at least " away from any boundary, then (a;b) is also an edge of CDM whose
canonical emledding is at most™ away from the line sggmentah

Pro of. Let (a;b) be an edgein G. We claim that the shortest path betweena and
b is a witness path for (a;b). To prove this, we rst show that any point x on the
segmeh ab which is closerto a than to bis alsosigni cantly closerto a than to any
landmark c 6 a;h.

By Obsenation 1, jag , (1 ")k. Also, c is outside the two disks of radius
@ that passthrough a and b. Referto Figure 3.8. By symmetry, it suzces to
consideronly c in the northwest quadrart of the coordinate systemwhoseorigin is
at the midpoint of the segmeh ab Applying the sinelaw to 4 x%c we nd that :ﬁ;‘l
is minimized when x is at the origin, as shaovn in Figure 3.8. Furthermore, jxcj is
maximizedwhenc is at the intersectionof the r-circle certered at aanda jxaj-cycle



CHAPTER 3. NETWORK SKETCHING 56

Figure 3.8: For the proof of Lemma 18: shawing that cx is signi cantly longerthan
ax.

certered at x. Then, applying the law of cosinesto the angleat y of 4 xyc.

jxcj? _ i
—— = 2 °j 1 2 2 1lcos\
jxaj2 i i i COS\ XycC
= 22 1j 2 "2 1cos{ ayx + \ cya)
. P 1 jag
= 2°i 1l 2 2 1cos(arcsin= + 2arccos———): (3.2)
2 jaxj
We have 2’}131 ) % , Wik = QLK which tendsto L as* ! 0. Then, the
right-hand side of (3.2) tends to
220 1j 2_p 1cos(arcsmi+ 2arccosi) o7, pl?73i1> >.
b i "~ 63 64 4’
_ b_
wherewe substituted = 6—4. Hencefor a small enough" we have jxcj , 75jxaj.

Jan +'

Hop distancesfrom x to a and c are at most d*3* e and at least djxcj | "e,
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respectively. The di®erencan hop courts is

))' '+||1/4 H '+||
. xa A )'C:
dxcii ei T kit TAl i1
1j ~ 1
Ap _ '
5. 1 H - n
5 2 I 1. n Jxajl I 1_ III 1
Ap_ | | |
51 (i Mk . -
2 | 1i " 2 | | 1i w | )
which exceedsl aslong as )
"+ o+ 2
k 3 1 ‘
v "5 1
2 2 1 "

|

When" I 0, the right hand sidetends to 8(IO 5+ 2) < 34, sothe claim holds. =
Sincethese\in terior" edgesof G are in CDM, the notion of canonical enbed-

ding extendsto them. Now we prove that this subgraphis \dense" when enbedded

canonically i.e., that its facesare small.

Lemma 19 Consider the canonical emledding restricted to edgesof G that are at
least" awayfrom any holewhendrawn with straight lines. Any face of this emledding
that is contained in the interior hassize boundel by 12672.

Pro of. Fix anarbitrary sud face. Let s bethe length of its boundingcycle. Consider
the Delaungy triangulation of the s verticesin its boundary. This is also a proper
triangulation of the faceitself (viewed asa simple polygon), sinceall edgesn the face
boundary arein the -skeletonof L, and thereforeDelaunay. Thereis a diagonalthat
canbe\cut" to partition the polygonin a balancedway, with no lessthan a third of
triangles in either part [28]. By Obsenation 2, the length of this diagonalis at most
2(k+ ") . By Lemmal7, at leasta third of triangles is included in a disk of radius
32(k + "). Using Obsenation 1 and a standard disk-padking argumern, we conclude
that the number of verticesin this disk is

A o
32(k+ ") + WK E “1+ 6ag+") 2

1 Mk (1 Yk
@K 1 ")k

65 + 1;
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for small enough”. Sowe have 5 - vj 2 6% i 1 which impliess - 12672.This
provesthat the facesare constart-sized in the straight-line embedding.
Now we argueabout canonical embedding. By Lemma 15, withesspaths intersect

only if they sharean endpoint. Supposethat the witness paths of (a;b) and (a;c)

k(i ")
2(2k+3") !

which exceed®28" for small enough". By Lemma 18, witnesspaths are within " from

intersect. We havejal;jag - 2k+ 3", andjbg , k(1i "), so\ bac, 2arcsin

line segmets aband ac, sothey canintersectat most O(") away from a. Therefore,
the courter-clockwise ordering of eat landmark’s neighbors is the samein the two
embeddings,which is equivalent to the claim. m

Assumethat there exists+ > 0 sud that for all +°- +, the set of points exactly
+% away from the holeshasthe sametopology asthe set of hole boundaries.

Lemma 20 For " smal enough,any path (resp. cycle) which is at least 18R away
from any hole can be continuously mapped to a path (resp. cycle) in canonically
emledded CDM so that any point on the path (resp. cycle) is within distane 17R
from its image.

Pro of. We prove the claim for paths, the proof for cyclesis similar. Let P be any
path which is at least 18R from any hole. Assumewithout loss of generality that
the length of P is divisible by ", and let s;;s,;::: be points on P suc that s; is an
endpoint, and the distancebetweentwo consecutie points in the sequences " along
the path. For ead s; there is a landmark |; sud that jsiljj - k+ ". Fix arbitrary
i, 1. Wehavejliliz1] - jlisij+jsiSi+1]*jSi+1li+1] - 2k+ 3" = R. Therefore,(s;; Si+1)
is an edgeof UDG(R). By Lemma 17, there is a path Q; in G betweenl; and l;+;
contained in B(l;; 16R). Furthermore, the distance between Q; and any hole is at
least18Rj (k+ ") 16R %R, which is at most " for small enough”, soQ; is also
a path in CDM, by Lemma 18. Let Q be the concatenationof paths Q; for all i. A
cortinuousmap from P to Q is obtained by mappingthe part of P betweens; and s;.;
to Q;. To prove that this map doesnot move points too much, let x be any points on
the path, and supposeit lies betweens; and s;;; . Then, its imagey lieson Q;. Since
Qi 1 B(lj; 16R), it followsthat jxyj - jxsij + jsilij+ jliyj- "+ (k+ ")+ 16R - 17R.
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Theorem 3 If £, 106k, ts = 12672 tq = 17k+ 1, then Algorithm 9 correctly detects
holesof diameter at least 2534 k.

Pro of. Let Hy;Hy;:::;Hj;::: beholesof diameterat least2534k (this alsoincludes
the in nite area outside the sensor eld). Fix an arbitrary hole H; and consider
the set of points C; which are exactly 18R from H. For small enough”, we have
18R = 18(x + 3") - 37k - 4 soC; is a simple cycle that surrounds H;. By
Lemma 20, there is a cycle C? in canonically enbedded CDM which is a pointwise
perturbation of C; by at most 17R, and therefore also surroundsH;. Furthermore,
any point x of COsatisesR - jxH;j - 35R.

The areaoutside all cyclesC? (for all holesH;) is cortained in the interior, soall
facesof G inside this areaare interior faces.By Lemma 19, they are small. Facesof
CDM inside this areaare obtained by inserting new \edges" (paths in the canonical
embedding) which subdivide facesof G, and henceare also small.

There is exactly one face cycle C*°of CDM surroundingH;. Let x and y be two
points on the boundary of H; that maximize jxyj. Let x°and y° be the intersection
points of the line through x andy with C Finally, let x®and y®®ethe two landmarks
on C closestto x°and y°, respectively. The length of C%is at least

x99%  ix%9i 2¢8  jxyj; R 2534k

R R , R ks 3] 1> 12672 (3.3)

for small enough". So, C%is long, i.e., becomesan elemen of Cin line 8 of Algo-
rithm 9.

Howewer, Cmay alsocortain other long cyclesthat do not surround holes. Dealing
with this issueis the purposeof the while loopin lines9 { 11.

All cyclesin C are long, by construction. By previous discussion,all must be
cortained in someC” Any cycle A 2 C surroundedby C’is closeto C® Let x be
any landmark on A, let y be the point on C®closestto x, and let z be the landmark
on C °closestto y. We have

N O
\l
Py
N
|_\
w

jXzj - jxyj+ jyzj - 35R+ =7k+ — - 7+ 1; (3.4)
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for small enough”, sod(A; C% - d(x;z) - 71k + 1. One the other hand, any two
cyclesA; B 2 C surroundedby C% CJ-O, respectively, wherei 6 j, are far away. We

have
jABj , jCX) (A/B surroundedby C¥ C)
, JHiHjj i JHiCT i jH;C (triangle inequality)
. 2xj jHiCYi jH;C (denition of %) . @35)
., 21Xk 35Rj 35R (assumptionon %)
= 7X; 210 (R= 2k + 3"
. Xk 1 (for small enough™)

which impliesd(A;B) , 7 1.

So,while there existsa cycleA in Cthat doesnot surround a hole, the while loop
cannot terminate, asA canbe merged(in line 10 of Algorithm 9)with someC?2. On
the other hand, onceno sud cyclesexist, no further merging can occur (becauseit
would require merging cyclessurroundedby C°and CjO fori 6 j), sothe while loop
terminates. m

3.4.4 Any Embedding is a Good Sketch

The previoussectionhasshownn that, roughly speaking, large holesare well captured
by large facesof canonicallyembeddedCDM. Howewer, canonicalembeddingdepends
ontrue nodelocations. Therefore,it is unknown and presumablynot easyto compute.
This section shaws that the sameinformation can in fact be recosered any planar
embedding of the CDM. We usethe fact that the node density is high enough, so
CDM is suzxciently well connected.

To simplify explanations,for the rest of this section,all Euclideandistancesinvolv-
ing parts of CDM (cycles,landmarksetc.) are measuredin the canonicalembedding
of CDM. Also, when talking about relationships between CDM and holes, we have
the canonicalembedding of CDM in mind?3.

2Note than in subsequen iterations the result of the merge becomesthe new C%in the proofs,
asit alsosurrounds H; and is surrounded by C?, which is all that the proofs need.
3Careful readersshould not be surprised| the only spacein which Euclidean distancesand holes
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Figure 3.9: For the proof of Lemma 21. The thick polygonal line represes the
canonicalembedding of C.

Lemma 21 If aface cyclein someemledding hasa point whichis farther than 86R
from holes,then its sizeis at most 74530

Pro of. Let C be a facecyclein someembedding, and at least 86R away from holes.
In the rest of the proof referto Figure 3.9. Let x be the point on C which is farthest
away from holes.

First let us prove that C is contained in B(x; 68R + "). Supposethis is not true.
Let y be any point on C sud that jxyj = 68R + ". Considerthe circle of radius
34R + 5 certered at x. y divides C into two paths, ead of which must crossthis
circle at leastonce. Let z and w be the points of rst (closestto x alongC) crossing
on eah path. Clearly, there is a circular arc betweenz and w of angleat most 180
that stays on onesideof C (the smallerof the two arcsthat z and w form). Because
the angleof the arc is upper-bounded,x and y can be connectedusinga curve that is
always morethan 34R away from the arc (happensto be a straight line in Figure 3.9).

are meaningful is the one in which hosts the real network. The canonical embedding livesin the
samespace.



CHAPTER 3. NETWORK SKETCHING 62

Note that thesetwo curves are also more than 86R j (68R + ") > 17R away from
holes.

Applying Lemma 20 to the two curves yields two paths in CDM that do not
intersectead other: path P.4, connectslandmarksc and d on C (\close" to z and w,
respectively), always staying onthe samesideof C, and path P,, betweenlandmarksa
andbon C (\close" to x andy, respectively). Clearly, the courter-clockwise ordering
of points alongC is x; z; y; w. Giventhe upper boundson point-to-landmark distances
ixaj; jyh; jzq; jwdj, and lower boundson distancesalongthe cyclejxzj; jzyj; jywj; jwxj,
it is easyto seethat the the counter-clockwise order of landmarksalong C is a;c;b;d.
Since P,y always stays on the sameside of C, it divides the areaon that side of C
into two parts, with a and b being in di®eren parts. SinceP,, crossedrom one part
to the other without intersecting P4, the two paths cannot both be outside C in any
embedding'. This cortradicts the fact that C is a facecycle.

Therefore, C is cortained in B(x;68R + "). Using the standard ball-padking
argumert, we nd that the sizeof C is at most

|
A68R+ L u1+ 136(k + 3) + 2) 2

(1i ")k .oon
@ Ti K

273 + 1= 74530,

for small enough”. =
The following theoremis the main result of this section. It is analogousto Theo-
rem 3 in Section3.4.3.

Theorem 4 If £, 25%, ts = 74530 ty = 17X + 1, then Algorithm 9 detects all
holesof diameter at least 14906%.

Pro of (sketch). To mimic the proof of Theorem3, we needonly thesetwo essetial
facts.

(i) All long cyclesare cortained in small neighborhood of somehole. This follows
from Lemma 21, with \small" meaning86R.

4In Figure 3.9, the subpath of P,, betweena and b° (the point of rst crossingbetweenthe two
parts), can be usedto seethis more easily.
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(i) Ead hole has someface cycle that surroundsit. To prove the latter, we use
the fact that face cycles (in any enbedding) form a basis of all cycles. In
particular, for any hole H;, the cycle C° which surroundshole H; (in the proof
of Theorem 3) is a linear conmbination of face cycles. This is only possibleif
there exists a facecyclethat surroundsH;.

Now one can proceedthe sameway asin the proof of Theorem 3, substituting 86R
instead of 35R where necessary In particular, the calculations are the sameas in
Equations (3.4), (3.5),and (3.3). =

3.45 Embedding the CDM

We have provedthat any planar enbeddingof the CDM is suitable for identifying hole
boundaries. Now we discusshow to compute one sud embedding. Of course,in the
certralized setting, any standardenmbeddingalgorithm couldbe used[26, 43, 5, 7], and
the description of our algorithm would end here. Howewer, our main motivation are
sensometworks, sowe dewote this sectionto dewelopinga moredistributed embedding
procedure. We proposea practical and robust distributed heuristic for this problem.
It is basedon Tutte's barycentric emlkedding[66] (alsocalled\rubb er-banding"), which
is de ned asfollows.

Supposewe are given somecycle of sizet , 3, call it the sed cycle Placethe

system . X

dequ)
In other words, ead node which is not in the seedcycle is placed at the geometric

certroid of the locationsof its neighborsin CDM. If the CDM is connectedthen (3.6)
has a unique solution.

Xj (3.6)

Vv2Ncpm (U)

Tutte proved that the above algorithm producesa planar embedding with high
probability (over the random placemen of seedcycle nodes), if the following two
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conditions are satis ed.

(i) The input graphis 3-connected,.e., it cannot be disconnectedoy removing up
to two vertices. It is know that for such graphsthe conbinatorial embedding
(the set of facecycles)is unique [69, 66], i.e., the set of face cyclesis the same
in any planar embedding.

(i) The cyclegivento the algorithm asinput is a facecycle (in any planar embed-
ding of the input graph).

Note that, due to the secondcondition, the seedcycle becomesa face cycle in the
embedding produced by algorithm. In fact, the algorithm always embedsthe seed
cycle asthe outer facecycle.

The main reasonfor consideringthis algorithm is its distributed nature. Speci -
cally, (3.6) canbe solved by a simple distributed iterativ e algorithm (also usedin [5§]
for a similar purpose)in which ead inner nodei periodically setsits location estimate

to the current certroid.
.1 X

Xu A Geqw)

X; (3.7)
v2Ncpm (U)
If CDM is connected(3.7) corvergesandits xed point is the unique solution to (3.6).
Unfortunately, the CDM is not guararteed to be 3-connected. In fact, it is not
even \t ypically" 3-connectedin experimerts. For instance, even in networks with
guite high node density, we often seeCDM nodes of degreelessthan 3, especially
in regionsaround hole boundaries. For graphsthat are not 3-connected,there is a
wealer guarartee: if the seedis a facecyclein someembedding’, then the barycertric
embedding is planar, but someof its facesmay be degeneate (i.e., have zero area).
More precisely the resulting embedding is obtained from some planar embedding
by \collapsing” someof its faces{if a face cycle can be separatedfrom the seedby
removing up to 2 nodes, then the faceis enbeddedin a subspacespannedby the
separator nodes (in caseof a single-nale separator{ point, in caseof two-node
separator{ line segmet). SeeFigure 3.10for an illustration. The \collapsed" faces

SRecall that in this casethe set of face cyclesdependson the embedding.
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O

b b

Figure 3.10: If a facecycleof a planar embeddingis not 3-connectedo the seedcycle
(shown in red), it boundsa degeneratgzero area)facein the barycertric embedding.
Left: d has 3 vertex-disjoint paths to the seed. Right: d can be separatedfrom the
seedby removing a and b.

are exactly those that \witness" the lack of 3-connectivity | those that can be
separatedfrom the seedby removing lessthan 3 vertices.

Becausewe are only interestedin facecyclessurrounding holes,the newgoalis to
‘nd aseedthat is well-connectedto them, sothat they do not \collapse". Intuitiv ely,
this is more likely to be satis ed if the seedis also a long cycle. We proposethe
following heuristic, which maintains the invariant that the current seedis a facecycle
in someenmbedding, while trying to increaseits length (and therefore, hopefully, its
connectednes$o the cyclesthat we care about).

We initially establishthe invariant using the fact that \small" triangles are face
cyclesin canonicalembedding.

Observation 3 Any triangle in G whichis at least " away from holes, and whose
edgeshavelength at most kIO 3 corresndsto a triangular face in the canonical em-
bedding of CDM.

Pro of (sketch). Obviously, the triangle is in CDM, by Lemma 18. Due to the
~ -skeleton condition, no other landmark can be in the spaceenclosedby the witness
paths for the three edges. m

Sothe rst stepisto pick a small triangle in CDM, i.e., three landmarks pairwise
connectedby short paths, and computethe barycertric embeddingwith this triangle
asthe seed.In ead stepwe look for a non-degeneratdacecyclewhich is longerthan
the current seed,and repeat the procedure using this cycle as the new seed. The
procedureendswhen the longestfacecycleis the current seed.
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Initial stagesof the procedure,whenthe seedcycleis still small, are critical for its
successAs long asthe current seedoecomedarge enoughin the canonicalembedding
sothat it hasthreelandmarksmorethan 68k+ " from ead other, onecanprovethat it
is 3-connectedo all cyclessurroundingholes. We omit the proof, but it usesthe same
techniguesas Theorems3 and 4, i.e., establishingthe existenceof three suxciently
separatedcurvesoriginating at the three landmarks,and applying LemmaZ20to them.

Also, if the current seedS is small, but it happensto be 3-connectedo onecycleC
that surroundsa hole, the procedureis likely to succeedpecauseC is non-degenerate
in the barycenric embeddingwith respectto S, sothe next seedin the sequenceawill
be at leastaslong asC. In our experimerts (Section 3.5), this scenariooften occurs
after only a fewiterations, after which the algorithm terminates, becauseC is usually
somecyclethat runs very closeto the outer boundary, and suc cyclestend to be the
longest(Figure 3.12).

A few informal remarks about the distributed implemertation. Even though the
basic rubber-banding technique is decertralized, detecting a stable state and deter-
mining the longest face cycle are global operations. Even at the exact xed point
of (3.7), if facesof nearly zero areaare presen, global reasoningseemsnecessaryto
compute consisten facecycles. We leave thesequestionsto future researd.

Heuristically, one can make useof Lemma 19 in Section3.4.3,i.e., the fact that
face cyclesfar away from boundariesare short. Sud face cyclescan therefore be
traced out by propagating \short-liv ed" messagesallowed to travel for at most 20k
hops, say) using the \right hand rule" in the current embedding and detecting their
return to the origin. Theseprobesare quick and can be performed periodically. If
a node is able to discover most of its adjacen facesin this manner, it can take this
as a sign of near-optimal corvergenceand proceedto discover remaining adjacen
faces(someof which are potertially long) using\longer-range" messagesUpon the
“rst successfubud long-rangeprobe, an announcemehtis broadcastto the network,
becauseeat node hasto know the new seed.
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Figure 3.11: Performanceon a large-scaledeploymert of 100,000nodeswith average
degreel?2. Left: Nodedistribution (notice the irregular shape of the outer boundary).
Center: The outer boundary cycle is correctly detectedusing k = 3. Right: The
holesappear aslarge cyclesin the nal embeddedCDM, with their relative sizeswell
presened.

3.5 Empirical Evaluation

The constarts in Theorems3 and 4, and the node density required for correctness
are of theoretical interest, and are not likely to be satis ed in practice. To show that
our algorithm still producesreasonableresults even for smaller constarts and node
densities,as well asto demonstrateadvantagesof our planarity-basedapproad, we
supplemen theory with simulation results.

We rst considera large-scaledeploymert of reasonablydenselyconnectednodes.
Figure 3.11 shaws that irregular (non-rectangular) outer boundary doesnot presert
a problem for our boundary detection method. It might only introduce additional
distortion in the nal embedding.

Figure 3.12 shows three stagesof the processof nding the (approximate) outer
facecycle. In this caset took only three invocationsof the rubber-bandingsubroutine
to arrive at the nal solution. The network sizeis about 30,000and the averagedegree
is 14. In all the examplesthat we tried, the embedding heuristic was successfuin
recovering a cycle which is very closeto the true outer cyclein only a few (up to 5)
iterations.

Our next experimert shovsthat having denserdandmarksis not necessarilybetter.
If the landmarks are too dense(Figure 3.13 bottom-left), very few CDM edgesare
witnessed sincethereis alot of \in terference"amongVoronoicells. As a consequence,
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Figure 3.12: Evolution of the seedcyclein our embedding heuristic. The bottom row
shaws a sequencef rubber-band enbeddings. Each enbedding usesthe red cyclein
the samecolumn asthe seed,producing the red cyclein the following column asthe

new seed.The length of the seedstrictly increases.
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Figure 3.13: The e®ectof varying landmark density. Top-left: comnmunication graph
with about 8,400nodes of averagedegreel0. Bottom-left: too densea set of land-
marks (k = 2) may lead to spuriouslarge faces,onesthat do not correspnd to hole
boundaries. Certer column: an appropriate choice of landmark density (k = 4), both
the larger and the two smaller holesshow up in the embedding. Right column: If the
landmarks are too sparse(k = 7), smaller holesbecomeindistinguishable.

CDM cortains long face cyclesthat do not correspnd to holes. Furthermore, it is
poorly connected,sothe enbedding heuristic is lesslikely to succeed.On the other
hand, if landmarks are too sparse,boundariesof small holesdo not appear as long
cycles(Figure 3.13right).

Finally, we test our algorithm on a very sparsedeployment (Figure 3.14 left),
which presen a problem for earlier statistical methods [22]. One can seethat the
‘nal embedding (Figure 3.14right), the three face cyclescorrespnding to holesare
indeedlongerthan other facecycles.
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Figure 3.14: Performanceon a sparsenetwork. Left: A sparsecomrmunication graph,
9,000nodeswith averagedegree7; one can notice numeroussmall holesas a conse-
guenceof weak connectivity. Cernter: The CDM constructedwith parameterk = 4.
Right: The resulting embedded CDM.

3.6 Summary and Remarks

In this sectionwe have preserted the main cortribution of this chapter. While com-
puting a geometric realization of a complete unit-disk commnunication graph seems
a very challenging problem, particularly in a distributed scenario[8, 38, 58], taking
a macroscopicview and extracting a denseenoughsubgraph of CDG, it turns out
that a relatively simple, distributed algorithm can be usedto extract a provably pla-
nar subgraphwhich we call combinatorial Delaunay map. Using a semi-distributed
heuristic we can also compute a planar geometricembedding of the latter, in which
large coverageholes appears as clusters of faceslarge faces. Apart from recovering
hole boundaries(including the boundary of the in nite hole, i.e., the outer boundary
of the network), this planar embedding allows for application of networking proto-
colsthat rely on node coordinates and a planar subnetvork, sud as[6, 33|, evenin
location-unaware networks. Figure 3.15illustrates the main stepsof our algorithm.

It should be pointed out that the lower boundson + in the statemeris of Theo-
rems4 and 4 are in fact upper boundson the comnunication radius. In other words,
if we de ne the \unit" appropriately, all nodeshave low enough\curvature" and are
far enoughfrom ead other, asrequired by the proofs. Of course,scalingthe radius
requiresscalingnode density by the samefactor.

We descriked the sketching algorithm as operating on a UDG, but have not dis-
cussedsofar how to implemert it in the DG computedin Chapter 2. One possibility
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Figure 3.15: The sketching pipeline: computing CVD (left), computing CDM, by
“nding paths that witness\robust" tile adjacencieqcerter), embedding CDM using
a simple\rubb er-banding" scheme((right).

is to ermulate a UDG transmissionby a localized broadcastin the DG. Each padket
can have a special eld that is initialized to 1 and decreasedy ead forwarding node
by the value of that node's radius. All received messagesvith value O or negative
are ignored. We beliewe that one could prove correctnessof sud enulation under
suzcient node density assumption,but it is not clearhow it would behave in realistic
networks. We leave both tasks for future researd.

Our algorithm only imposesa lower bound on the node density, but does not
requireit to be uniform. Also, we expect our method to perform well even in sparse
networks. One reasonis that density does not a®ectthe combinatorial structure
of CDM (planarity), while its connectivity (lengths of face cycles)is a®ectedonly
indirectly, through hop-distances.



Chapter 4
Information Potentials

Considera scenarioin which a sensormetwork is deployed in the samephysial space
as its users (homes, otces, roads). Its goal is to guide usersto data that they
mark as relevant by specifying appropriate data type as a set of attributes. This is
known under many names,including information disavery, information brokerage
attribute-base routing and data-entric routing [72]. The main challengescomefrom
the highly dynamic environment Userscan be mobile, relevant data can appear and
vanish unpredictably, userinterestscan changeetc. Theseare the distinguishing fea-
tures that require a new approad, comparedto both traditional scierti ¢ monitoring
applications and classicalpoint-to-p oint routing.

It hasbeenproposedto disseminateinformation about data sourceso the rest of
the network in a di®usion-likeprocess.This forms a \information strength” function
on the sensornodesthat decas with distancefrom the source,and can be usedfor
‘nding the source. We propose a new method in this spaceand demonstrate its
advantages.

Speci cally, we \di®use" information in the form of information potentials that
allow network queriesto navigate towards and read these sourcesthrough local
greedy decisions,following information potentials. We compute these information
potertials by solving for a discrete appraximation to a partial di®eretial equation
over appropriate network neighborhoods, through a simple local iteration that can
be executedin a distributed mannerand can be re-invoked to repair the information

72
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“eld locally when links fail, sourcesmove, etc. The solutions to this equation are
classicalharmonic functions, which have a rich algebraicstructure and many useful
properties, including the absenceof local extrema, providing a guarartee that our
local greedynavigation will not get stuck.

Unlike shortest path trees, which can also be usedto guide queriesto sources,
information potentials arerobust to low-level link volatilit y asthey re°ect moreglobal
properties of the underlying connectivity. By exploiting the algebraic structure of
harmonic functions sud potentials can be combined in interesting ways to enable
far greater path diversity and thus provide better load balancing than is possible
with "xed tree structures, or they can be usedto answer range queriesabout the
number of sourcesin a certain regions by simply traversing the boundary of the
region. Potentials for multiple information typescan be aggregatedand compressed
using a variant of the g-digestdata structure. We provide both analytic results and
detailed simulations supporting theseclaims.

4.1 Information Potentials as Infrastructure

Early applicationsof wirelesssensometworksweredistributed data collection systems.
They demonstratedthe advantages of inexpensive networked sensorsover more tra-
ditional certralized sensingsystems. As technologiesbecomemature and as sensor
networks grow large in sizeand becomeinter-connected,we expect that sensornet-
works will move beyond military deployments and the monitoring of animal or other
natural habitats to the placeswhere humanswork and live: homes,cars, buildings,
roads, cities, etc. Note that in these human spacesa sensornetwork seres users
embeddedin the samephysical spaceasthe network, not a comnunity of scienists
remote from the obsenation site. Furthermore, there is often the needto deliver
relevant information with very low latency, in order to allow usersto act in a timely
manner, as for examplewith rst respondersin disasterrecovery scenarios.

In this chapter we considernetwork infrastructure that aidsinformation discovery
and navigation through a dynamic environment. This includes the navigation of
padets (answering userqueriesfrom any node), aswell asthe navigation of physical
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objects (people or vehicles)moving in the samespace| sud as userswith hand-
held devicescommunicating with nearby sensornodesto get real-time navigation
information. For example, road-side sensorscan monitor local tratc congestion;
empty parking lots in downtown areascanbe detectedand tracked by sensorsieployed
at eat parking spot. A real-time navigation systemin sud a dynamic ervironmert
is quite useful| for nding an empty parking spot, for guiding vehiclesto road
exits in an emergencyfor diverting carsto alleviate and avoid tratc jams, etc. The
embedded sensorssene two purposes: discovering/detecting the events of interest
(e.g.,a parking spot is left empty); and forming a supporting infrastructure for users
to navigate towards or around and act on the detectedevens. In this setting, the
ewverts of interest or the destinations to which the userswant to navigate to are
modeled as sources and the users(or the nodesin which the query is generated)are
modeled as sinks

Theseemergingapplication scenarioshave a few characteristicsthat di®ereniate
them from traditional scierti ¢ monitoring applications.

2 The environment canbe dynamic: parking spacesare freedup or occupiedover
time; road conditions are changing at di®eren periods of the day. Thus the
navigation systemneedsto accommalate theseenvironmental changes.

2 An event of interest may emergeanywherein the network and a node typically
doesnot have prior knowledgeof when and wherethe evert may appear.

2 A data sourceis often of the mostinterestto the usersin its immediate neighbor-
hood. For example,carsnear a tratc jam may look for navigation suggestions
to avoid the jammed area; or an empty parking spaceis of the most value to
carswithin a few blocks.

2 Multiple queriesmay be arise at once seekingthe samesource,as in disaster
recovery.

2 Unlike scierti ¢ monitoring applications in which data is gatheredto the base
station for post processingat a later time, in these scenarioslow latency in
answering queriesis a major quality-of-service(QoS) requiremert.
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Theseapplication characteristicsand new QoS requiremerts demanda radically dif-
ferent systemdesignfor information discovery and routing.

4.2 Related Work

Information discovery protocols fall in the spectrum between proactive and reactive
accordingto the extent of precomputation doneto facilitate discovery.

Proactive protocols precompute distributed data structures that support infor-
mation discovery with nearly optimal comnmunication cost (closeto the hop-distance
betweenthe user and the discovered data). The following are someof the typical
operations supported by thesedata structures.

2 Routing to a node with given network addressor geographiclocation.

2 Discovering the addressof the node that seesthe mobile user with given ID
(location service).

2 Mapping data attributes to a network addressor geographidocation that senes
asarendez-wus point for all producersand consumersof that data type.

For example,a geographichashtable [59 usesa cortent-basedhashfunction that
mapsthe ewvert type to a geographiclocation so that sensorsnear the geographical
location store the data and serne as rendez-wus points for later queries. But the
separation of the logical structure from the physical structure introducesawkward
triangular routing | ausermay needto visit a distant rendez-wuspoint rst to learn
the way to the data source,evenif the latter is very close. This further exacerbates
tratc bottleneds at rendez-wus nodesholding popular data.

Thesedata structures are often hierarchical, and often dependin intricate ways on
network connectivity. For example,the status of a singlelink may in°uence on many
levels of the hierarchy, someof which may be maintained by far away nodes. Hence,
proactive methods are more suitable for networks with stable links and powerful
nodes,sud asthe Internet.
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In highly dynamic ad-hoc networks the overheadof proactively maintaining infor-
mation discovery infrastructure is too large, and it is more desirableto implemert a
reactive protocol that discosersdata on demand with very little or no preprocessing.
In this chapter we restrict our attention to reactive protocols.

The following is an exampleof a very simple reactive protocol. A userinterested
in data of a certain type announcesits interest to the rest of the network by °ood-
ing, where each node remenbersthe rst neighbor from which it received the °0od
message. When a data sourcethat learns about a matching user by receiving its
°0ood messageit canezciently discover a path to that userby tracing badk the steps
that the °‘ood messagdook. Depending on the application, roles can be reversed,
i.e., data sourcescan °ood their available data types, and userscan discover paths
by badtracking. The former is often called \pull", and the latter \push" approad.
The choicebetween\push”, \pull* or somecombination thereof dependson whether
user parameters(positions, data typesetc.) or data sourceparameterschangemore
frequertly.

Of course, °ooding-baseddiscovery is expensiwe, and best suited for infrequert
gueriesof long duration (i.e., requestsfor streaming data). Directed di®usion[29] is
a general-purpsereactive information discovery framework that augmers the basic
\push" and \pull" strategieswith a host of practical heuristics aimed at reducing
the cost of °o0oding in real-world applications. For example,upon receivinga °ood
messagea node may forward it only to a subsetof its neighbors, leadingto a more
\directed", cheaper °ood. Neighbors can be selectedusing locally cacded data from
previously forwarded °0 od messagesvolving the samedata type. Variouslink/path
reliability estimatorsfor eat neighbor may alsobe takeninto accoun. Also, a node
may remenber multiple neighbors from which it received the °0od messageso that
multiple paths canbefoundto the samenode,improving robustness.Figure 4.1shows
an exampleof a \push" approad with a simple °0od to announcedata availability
followed by discovering two paths to the data source.

In this chapter we proposea new reactive information discovery method within
the directed di®usionframework. In particular, we replace°ooding by a more elab-
orate processto di®useinformation in the network. The result of this di®usionis
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Figure 4.1: A simple reactive (di®usion-based)method for information discovery.
Left: Data sourceannouncesavailability of its data type by °ooding the network.
Certer: Upon receivinga °0od messageuserinitiates discovery of two paths to the
source. Right: When the sourcereceiwes path discorery messagesthe connectionis
established.In principle, data °ows both ways, and either side can initiate a change
in the set of paths being used,should any of the existing paths fail.

a scalarfunction on the nodescalled information potential whosegradiert direction
points bad to the sourceof the di®usion,and can be usedfor path discovery. Note
that °ooding also producessud a function { negative hop-distance. Howewer, infor-
mation potertial providesstrictly more functionality, as explainedin Section4.3. In
particular, it doesnot precludethe use of existing techniquesproposedin [29].

Information potertials are harmonic functions which canbe interpreted aselectric
potertials in a resistive electrical network. Similar potertial functions have been
used before for other sensornetwork applications. Kalantari and Shayman [30, 31,
32], as well as Toumpis and Tassiulas[64] examinethe electrostatic potential that
results when sourcesand query nodesare replacedby positive and negative charge,
respectively. They relate the potertial to optimal (in terms of throughput) node
density function, its gradiert linesto optimal routing paths etc. None of thesepapers
considerdynamic environments. For example, sourcesand queriesare known and
usedin computing the potertial. Also, it is assumedhat network connectivity at all
times supports the potential computedin the cortinuousdomain.

4.3 Contribution

In this chapter we explorean information di®usionschemethat maintains a potertial
“eld and establishedgnformation potentialsin the network. Hints left on sensomodes
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on the existenceof data sourcegyuide queriesor mobile userstowards desiredsources.
The construction and maintenancecostsof theseinformation potentials are justi ed
by and amortized over the expectedhigh frequencyof queriesabout the data sources.
As long as ervironmental changesoccur at a slower rate than the time it takesto
establishor repair theseinformation potentials in relevant sourceneighborhoods, our
medanismwill successfullyguide queriesto their destination.

Information-guided routing has been explored before as a scalableapproadt for
settings with high query frequency[11, 49, 20, 21, 71]. Most of thesegradiert-based
approades[11, 49 20, 21] usethe natural gradierts of physical phenomena,since
the spatial distribution of many physical quartities, e.g.,temperature measuremets
for heat, follows a natural di®usionlaw. Howewer, gradierts imposedby natural laws
canbe far from perfect guides,aswitnessedby the existenceof local extremaor large
plateau regions,forcing information-guided routing to deteriorate to a random walk.

The novelty of our constructionis to createan arti cial information potertial eld
that is guararteed to be free of local maxima and minima. Speci cally, we mimic
an information di®usionprocessby using harmonic functions [35]. For a Euclidean
domain -, a harmonic function f : - ! R satis esthe Laplace'sequationr *f = 0
in the interior of -. With boundary valuesspeci ed, a harmonic function is uniquely
determined. In a discrete sensornetwork, we can specify the potential of a source
node as the maximum value' and construct the potential “eld for the rest of the
nodesby solving for the harmonic function. This constructionis possibleby a simple
local iteration on the nodes,akin to gossipingwith one'sneighbors. Due to their nice
algebraicproperties, harmonic functions bring us a number of bene ts.

Support for local greedy routing

Most importantly, the potential eld induced by the harmonic function has no local
maxima On ead non-sourcenode u, our discrete harmonic function satis es a con-
dition analogousto the meanvalue property of cortinuousharmonic functions: value

lWe also 'x someother nodes, e.g., a few on the network boundary, as having potential 0, to
enforce an information gradient throughout the network. The nodes with preassignedpotentials
form the Dirichlet boundary conditions for the harmonic function.
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of a node is the averageof its neighbors' values. From this it immediately follows
that we cannot have a node with higher information strength than all of its neigh-
bors, unlessit is a sourcenode. Thus the information potertials support an excient
local routing algorithm by simply ascendingthe potential eld. The query messages,
or the physical objects navigating with the information potentials, will in eat case
eventually read the data source/destination of interest. The set of all links from
eat non-sourcenode to its neighbor with the highestinformation strength implicitly
de nesa routing tree towards the source.

Routing diversity and tratc balancing

Multiple queriesmay simultaneously ask to be guided towards sourcesof the same
type. For example, many carsin a tratc jam may want to nd freeway exits. It

is important to distribute ewenly the traxtc among the multiple destinations and
along the paths to thesedata sources.If multiple queriesfollow the samepotertial

“eld for the samesource,the routing paths are likely to corvergeasthey comenear
the source. This subsequetly introducesload accumnulation for padket routing, and
tratc congestionfor navigation of physical objects. But with harmonic potentials,

the query from ead usercan choosea set of random linear coexcients , ; and ascend
the potertial eld ,if (si), wheref (s;) is the potertial eld for sourcei. The
linear combinations of harmonic functions are still harmonic, thus ead query follows
its “personalized'potertial eld towards one of the sources. We show that this will

uniformly distribute the usersamongdi®eren destinations, and furthermore spread
out the routing pathsthat the userstake to thesedestinations. Sud routing diversity

and traxc balancingcan be appealing featuresfor emergencyevacuation.

Distributed gradient construction

Construction is accomplishedby the classicalJacobi iterativ e algorithm. The data
sources x their values at the global maximum and the rest of the nodes iterate
setting their value to the average of those of their neighbors. The processstops
when certain local corvergencecriteria are met. We emphasizethat this construction
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and maintenancealgorithm is completely distributed and \blind". A node does not
needto know about environmental changesor the emergence/disapparanceof data
sourcesthusenablingthe algorithm to automatically adapt to ervironmertal changes
and link °uctuations. Sud gossip-syle algorithms are favored in dynamic networks.

Robustness to low-lev el link variations

Another potential function that can obviously be usedfor guiding queriesto a source
node is the hop-distanceto it. The advantage of information potentials is that they
can be repaired more quickly after a local connectivity change. A changein connec-
tivit y in generalcausesan error in the potential function which shovs asoneor more
local extrema at non-sourcenodes. In the caseof the hop-distancefunction, this
error is pushedaway from the source,which may causea \w ave" of local extremato
travel all the way to the edgeof the network. Beforethe function is repaired, many
gqueriesmay be stuck or lost due to theselocal extrema. On the other hand, with
information potentials, explicit local averagingrule of the Jacobialgorithm explicitly
divides the error componert equally amongall directions. As a result, the error \dies
out" quickly and the local extremaare repairedcloseto wherethey originated. Once
we explain the algorithm in detail, we will give a small examplethat illustrates this
e®ect.

The remainder of this chapter is organizedas follows. In Section 4.4 we intro-
duce information potertials, their main properties, and a simple local method for
computing and updating them after small changesin network connectivity or source
positions. In Section4.5 we shov how information potentials can be usedfor infor-
mation discovery tasks. Section 4.6 cortains experimertal evaluation by extensiwe
simulation, aimed at better understandingthe suitability and performanceof these
techniques.

4.4 De nition and Prop erties

Before the formal description of information potentials, we introduce the following
terminology. The raw sensorreadingsare processednto high-lewvel everts, which are
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categorizedinto a set of data types Thesedata typesmight be chosenfrom a xed
universe, sud as the parking spots or road exits. The nodes holding data with a
particular type are called sources The nodesthat seart for data of this type are
called sinks We explorein this section information di®usion schemesfor pushing
information about data sourcesinto the network, soasto later facilitate information
discovery. We establishan information potential eld, that indicatesthe intensity of
the di®usedstrength at any node, for an existing data type.

4.4.1 Harmonic Functions

The key to our information gradiert schemeis the notion of harmonic functions. On
adomain- p R?, a harmonic function f is a real function whosecortinuous second
partial derivative satis es Lapla®'s equation [35]

@ (xy) , @f(xy) _

az @z 0:

If the value of the function is speci ed on all boundaries, referred to as Dirichlet
boundary conditions, the solution to the Laplace'sequationis unique.

A densesensornetwork can be viewed as a discrete appraximation of the un-
derlying cortinuous geometricdomain. A node is either interior or boundary, which
can be thought of as points sampledfrom the interior and boundary, respectively, of
someunderlying geometricdomain. Boundary nodesare usedfor specifying Dirichlet
boundary conditions by xing their function values. Assuming an undirected net-
work, and approximating derivatives using nite di®erenceslaplace's equation in
the discreteform becomes

1 X
degu)

f(u) = f(v);

V2N (u)

for all interior nodesu. In the generalizedde nition for directed networks, we replace
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Figure 4.2: Examples of the solutions to the discrete Laplace equation on a grid
network discretizationof a rectangulardomain. The boundary conditionsare speci ed
asfollows. Topleft: The certer nodeis maximum and all perimeternodesare minima.
Top right: Maximum and minimum are xed at two internal nodes, respectively.
Bottom left: The certer node is maximum and 4 corner nodes on perimeter are
minima. Bottom right: Two internal nodesare maxima and all perimeter nodesare
minima.

neighbors by incoming neighbors.
X

f (U) = _dedn(u) N W

f(v): (4.1)

Figure 4.2 shaws solutionsto (4.1) for di®erem boundary conditions, where the
rectangulardomain is discretizedusing a grid network. Notice that local extremaare
always at boundary nodes. This is a consequencef the min-max principle, a property
of harmonic functions that carries over to our discrete setting (Section4.5.1). The
connectionto the information discovery problem now becomesobvious: nodesthat
have data of a given type can be made boundary nodesand assignedhigh” values,
sothat they are local maximain a discrete harmonic function.
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De nition 10 Information potential for a given set of soures is a function that
satis es Dirichlet boundary conditions | value 1 at each source, value 0 on some
arbitrary xed (nonempty) setof nodes| and (4.1) at each interior node u.

We will usethe terms 0-boundary and 1-boundary to denotethe parts of the Dirichlet
boundary that aresetto 0 and 1, respectively. Most interesting for applicationsis the
casewhen the 0-boundary is the physical boundary of the network, which includes
outer boundary, and may or may not include hole boundaries. For the rest of this
chapter we assumethat 0-boundary consistsof nodeson the cyclescomputedby the
sketching algorithm in Chapter 3.

4.4.2 Linearit y

Algebraic properties of harmonic functions enablea number of possibilitiesfor aggre-
gation and compressiorof coheren data types,aswell asnavigation in the potential
“eld. For two data typesa and b with potertials, f, and f, respectively, we can use
the summationf = _ ,f, + , ,f, to guide queriesthat seart for either a or b, where
sarsb, O

It is easyto ched, usingthe de nition of harmonicfunction, that f isthe harmonic
function underthe boundary condition f (w) = , 4f 5(w)+, ,f n(W), wherew is a source
for a or b. Hencef cannot have local extrema exceptat the sourcenodesfor data
type a or b. In Section4.5.4we exploit this feature to achieve routing diversity and
gradiert aggregation.

4.4.3 Construction and Main tenance

Equation (4.1) suggestsa method for computing information potentials iterativ ely.
Keeping the boundary conditions intact (1 at sources,0 at physical boundary), all
non-boundary nodes modify their potential valuesby repeatedly performing the fol-
lowing local computation, called Jacobi iteration

1
ded™(u)

f D) A f (v): (4.2)

W)
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where f ®)(u) is the potertial of node u in the k-th iteration. This process,called
Jaoobi methal or the rubker-band methal, convergesto the information potential for
arbitrary initial valuesf © at non-boundary nodes,aslong asthere is a directed path
from the boundary to any other node?. Corvergencerate dependson connectivity
of the network3. \Di®usion" of information from the boundary to the interior that
takesplacein the Jacobi method is adverselya®ectedoy network bottlenedks.

The algorithm can be intuitiv ely understood, at leastin the undirected case,by
imagining that all the edgesin the network are rubber bands. Sourcesor boundary
nodes are pinned at their xed values. The algorithm corvergesto the minimum
energystate whereead node is placedat the certer of massof all its neighbors.

To perform one Jacobi iteration, a node collectsvaluessen by its neighbors and
computethe averagelocally. It transmits the result in the following iteration. These
transmissionsare stheduled accordingto the output of Algorithm 1 in Chapter 2.
Notice that only local neighborhood information is needed,so that the algorithm
can be easily realized in a distributed sensornetwork. This is why only incoming
neighbors are consideredin (4.1).

For corvergenceof the Jacobi method it is not required that the updates be
syndironous,asimplied by the indexk in (4.2) which is commonto all nodes. As long
as eat node hearsfrom all its incoming neighbors periodically, and usesthe latest
value received for computing the average, corvergenceis guararteed. That makes
the algorithm robust to link failures. Another attractiv e feature of the algorithm is
that it seamlesslyhandlesaddition and disappearanceof sourcesof the samedata
type. When a new sourceappears, it simply xes its potertial value at 1. When
an existing source disappears, its node becomesa non-boundary node and starts
preforming Jacobi iterations. In any case,no special action from any other node is
required.

In practice, to save on communication, it is advantageousnot to transmit an

2Laplacian matrix of the directed network is the iteration matrix of (4.2) and the system ma-
trix of (4.1). Under this connectivity assumption, the Laplacian matrix is irreducibly diagonally
dominant, which is a suxcient condition for convergenceand correctnessof the Jacobi method [27].

3Speci cally, the number of Jacobi iterations is inversely proportional to algebaic connectivity,
the secondsmallest eigervalue of the Laplacian matrix.
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updated valueif it is very similar to the previousonesen. The update criterion can
be chosento provide a tradeo®betweenupdate costand gradiert quality. We provide
the following two basic update criteria.

2 Relative di®erena threshold Node u doesnot transmit an update if the relative
di®erenceébetweenthe new and the old potertial value at u is below a threshold
+ In other words, jf u) i f(u)j - +¢maxff (u);f {u)g. Smaller + usually
meanshbetter approximation of the exact solution to (4.1), but it also means
higher comnunication cost.

2 Stablerelative ordering: Node u does not transmit an update if the relative
ordering of the potertial valuesbetweenu and all its neighbors doesnot change.
In other words, for all w 2 N (u), f Qu) < f (w) if and only if f (u) < f (w). It is
easyto prove that this condition implies absenceof local extremaat non-source
nodes.

Update condition cortrols the quality of the information potential, which in turn
a®ectsquery quality. It is a system parameterthat can be tuned in an application
speci ¢ fashionto trade the cost of preprocessing(initial computation of potential)
for query time. For example,one can imposeboth conditions stated above. Updates
can also be triggered by user queries. Before the information potential stabilizesor
when the update condition is too weak (e.g., £ is too large), a query may get stuck
at a non-sourcelocal maximum, and trigger further Jacobi iterations at that node,
possiblywith a tighter convergencecondition.

4.5 Information Discovery Applications

45.1 Greedy Routing

A solution to (continuous) Laplace's equation in a geometric domain satis es the
maximum principle: it is free of local minima or maxima in the interior of the do-
main. Becauseof this prominent property, harmonic functions have been usedin
many elds sud asrobot path-planning [12, 34], virtual coordinate construction in
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sensornetworks [58] etc. It is easyto seefrom (4.1), that information potertials
have analogousproperty in undirected networks: no interior node can be strict local
maximum or minimum of the information potertial.

Theoretically, there may be a node u that hasequal potertial asall its neighbors.
This does not cortradict the min-max principle, but it does presen a problem for
guery forwarding. Howewer, it can only happen at nodesthat are not connectedto
both O0- and 1-boundary by vertex-disjoint paths [66], which happensif and only if
the node can be separatedfrom the Dirichlet boundary by removing a single node®.
Hence,if the network does not have se\ere bottleneds, there are no suc \°at re-
gions".

Barring the degeneratecaseslescrilked above, the maximum principle ensureghat
greedy routing using an information potertial succeedsn undirected networks: a path
obtained by repeatedly forwarding the query to the neighbor with highest potertial
value is guararteed to terminate at somesourceof that potential.

In directed networks, performanceof greedyrouting dependson the level of asym-
metry in links, as quarti ed by the worst-casedi®erencein \onward" and \return"
trip betweentwo nodes.

Observ ation 4 If for any two nodesu and v the shortest path lengthsfrom u to
v and from v to u di®er by at most a factor of % then any non-souice node can
'nd a node with a potential value no higher/no lower than its valuein its bY“e-hop
neighlmrhood.

Pro of. By (4.1), any node u has an incoming neighbor v with a potertial value no
higher/no lower. As u can be reached from v in one hop, v can be readed from u in
at most bg hops. =

In practice, one can expect %:to be small. For example,the comnmunication graph
computedin by Algorithm 1 in Chapter 2 cortains the Gabriel graph, so%zs bounded
by a constart for \uniform" node density (cf. Lemma17in Chapter 3). Another way

4This statemert assumesthat all symmetries in the graph are broken using randomization.
This can be done by choosing a weight w,, for ead edge (u;v), and replacing f ) (v) in (4.2)
by wyy f K)(v). If wy, is not 1, asin (4.2), but a uniformly random real number from [0:9; 1:1],
chosenbeforehandand kept constart throughout network operation, then one can show that w.h.p.
no two nodesthan have disjoint paths to 1- and 0-boundary can have the samepotential value.
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Figure 4.3: Trivial potential function in alarge part of the network asa result of poor
connectivity.

to adiieve small %2is to preprocessthe communication graph by having ead node
\in tersect" its incoming and outgoing neighbors (for example,senda probe padet to
all its outgoing neighbors, and keeponly those that senda responsepadket). After
this we have 2= 1. During network operation, asymmetry can only appear due to
link °uctuations.

As for \°at regions”, in the directed caseit is required that there be a pair of
vertex-disjoint directed paths from 0- and 1-boundary to any node. For example,
in Figure 4.3, a large subnework N cannot be reached from the 0-boundary. As a
consequenceall nodesin N have potential 1, so even though there are many paths
from somenode in N to the source,information potential dosenot help nd any of
them. Notice that this would not happen if the link (u;v) were symmetric. Again,
we concludethat there are no \°at regions"if there are no bottlenedks.

45.2 Random Walk Interpretation

Another way to interpret information potertial at a node is as the probability that
a random walk on the network, starting from that node, reachesa 1-boundary node
beforeit hits a 0-boundary node. Intuitiv ely, information potential takesinto accourt
the set of all random walk paths (in nitely many of them), where longer paths are
given lessweight, and paths that hit the 0-boundary are given zero weight. Thus,
guery paths tend to stay away from the 0-boundary, which can be exploited to make
the query tratc avoid certain nodes. Also, the potential of a node is in°uenced not
only by length of the shortest path to the source,but alsoby its \width" | a node
that hasmany \parallel" long pathsto the sourcemay have higher potential than one
with few short paths. It followsthat query path selectioncombinescriteria of length
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Figure 4.4: Greedy paths on information potentials avoid the 0-boundary, which
balancing length and robustness.Paths in the lower branch shows that the \width"
of the path is taken into account. The large node in the upper-left corner is the
source,and the 0-boundary is only the outer boundary.

and robustness.Figure 4.4 shaovs an exampleof this.

45.3 Robustness to Link Variations

We return to the claim from Section4.3 of robustnessof information potentials with
respect to link variations. Figure 4.5illustrates the qualitativ e di®erencen behavior
of information potentials and hop-distances.After a singlelink disappearsin a simple
one-dimensionalnetwork, the number of iterations to eliminate all local maxima is
-( n) for the hop-distancefunction (or any monotonic function thereof) and only
constart for the information potential. In the hop-distancecase the error getszerced
out from left to right, becausethe update is determined by a single direction (the
direction of the source). In the information potential case,all neighborsin°uencethe
update.

4.5.4 Routing Div ersity

Consideran emergencyevacuation scenarioin which many usersare guided by the
information potentials to building or road exits (ead exit is modeledasa data source).
It is important to spreadout uniformly the usersalong the paths to theseexits, to
avoid tratc congestion. We abstract this scenarioas multiple queriesor navigation
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Figure 4.5: An example of a network (top) where, after a single link disappears,
information potentials (right) re-establishcorrect relative ordering much faster than
the hop-distancefrom the source(left). 1- and 0-boundary are the leftmost and the
rightmost node, respectively. Dashedlines shav previousiteration.

requestsfor the sameset of sources,and we would like to uselocal routing rules to
adhieve global balancing of traxc.

Assuming that an information potertial eld f; has been constructed for eath
source (e.g., exit) s;, we could simply let ead user choose uniformly at random
amongthe set of possiblesources,and usethe potertial for that sourceto guide the
way. Howewer, tratc tendsto accurulate on the paths to the samesource,as they
are directed by the samegradiert function. Oncetwo navigation requestscorverge
at onenode, they are going to follow the samepath from this point on.

.ij to form a\p ersonalized"
potertial eld ,,fi, wheref; is the potential for sourcei. By the linearity of
information gradierts, this linear combination of harmonicfunctionsis still harmonic.

Instead, eadlg gueryj canchooserandomcoezcients

Thusrouting will not get stuck until it reachesa sourcenode. However, ead query is
guidedby a di®etent potential function, thusthe query routesexhibit spatial diversity
andtratc loadis moreevenly spreadout onthe routesto thesesources.In Section4.6,
we presett simulation resultsto demonstratethe e®ectienessof this approad.
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4.6 Empirical Evaluation

We ewaluate construction and maintenancecostsand how it can be traded for query
quality, robustnesgo network dynamics,and ability to balancetratc by randomizing
guery paths.

4.6.1 Simulation Setup

We usetwo typesof networks. Oneis a grid network with radio rangeof 1 and exact
node degreeof 4. In the other, nodesare sampledfrom the uniform distribution over
a rectangle.

We model wirelesstransmissionusingthe sameradio modelsasin TOSSIM [44, 1]:
simple mode and lossymaode. In the simple mode, all nodeswithin the transmission
range can communicate without data corruption. In the lossymode, eat link hasa
bit error rate that re°ects the bit-°ipping probability and dependson the distance
betweenthe commnunicating parties. Receiwer detectsa corrupted messageising CRC
cheksums. Senderusesimplicit adknowledgmen (by overhearingreceiwer's retrans-
mission), soit declaresa messageorrupted if the messageloesnot get adknowledged
within sometime from transmission. We feed node locations in the TOSSIM radio
model and obtain connectivity and link quality for ead pair of nodes. To model link
failure, at any particular time slot we also disable a fraction of randomly selected
links.

The maintenanceof the information potential is on-demand. Our implemertation
usesthe existing neighbor discovery protocol to notify the potential maintenance
componert when neighbors appear or disappear.

4.6.2 Construction

We evaluated corvergencespeed of the Jacobi algorithm, with a simple scheme for
assigninggood initial values. We initialized the potertial of node u by 1 &2,
wheres is the source,and D is the diameter of the network®. Clearly, initialization

SIn practice, the diameter can be upper-bounded, and preloaded onto all nodes. In our experi-
ments we usethe exact diameter.
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Figure 4.6: Number of iterations for construction by the Jacobi method with good

initialization. Parametersof the experimert: grid network with sourceat the cen-
ter, simple communication model with comnunication radius 1, relative di®erence
threshold criterion with thresholds0.2% and 0.5%.

takesa single network °ood, which is the cost of computing the hop-distances.
Figure 4.6 shavs the number of Jacobi iterations until corvergencefor a grid
network of varying size. under the relative di®erencethreshold criterion, for a grid
network of varying size. We obsene that the number of iterations increasesvery
slowvly with network size. This is becausefar away from the sourceinitial values
already satisfy corvergencecriterion for most nodes, so most Jacobi updates are
performedby a relatively constart number of nodescloseto the source.

4.6.3 Robustness to Link Dynamics

When a link appearsor disappears, the gradiert maintenance componerts at both
endpoints arenoti ed. If the corvergencecondition is violated, they perform a Jacobi
iteration and broadcastnew valuesto neighbors.

In a 50 £ 50 grid network with the sourceat the certer, information potential is
constructedwith 0.1% convergencethreshold and maintained with 1% threshold. In
ead trial, a node is sampledat a given distancefrom the sourceand one of its links,
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Figure 4.7: Maintenanceafter a singlelink failure in a50£ 50grid network. Left: the
number of iterations (in the wholenetwork) requiredto re-corvergeasa function of the
distancefrom the sourceto the failed link. Right: empirical cumulative distribution
function of the distancefrom the failed link to a node performing a Jacobi iteration.

chosenat random, is disabled.

Figure 4.7 left shavs that the number of iterations for the network to re-corverge
dependsvery little on the distancebetweenthe sourceand the failed link, suggesting
that most updatesare performedwithin some xed distancefrom the failed link. This
is supported by Figure 4.7 right, which shaws the empirical cumulative distribution
function of the distancefrom the failed link to a node performing a Jacobi update.
We obsene that nearly 90% of the nodesthat perform updates are within 6 hops
from the triggering node.

We also test the algorithm for scalability. We obsene that both the number of
iterations for re-corvergence(Figure 4.8 left) and the distancefrom the failed link to
Jacobiupdates (Figure 4.8 right) with 1% convergencethreshold do not changevery
little asnetwork sizevaries. This meansthat the maintenanceprocessif restricted to
the areaaround the failed link.

4.6.4 Packet Loss and Routing Qualit y

We study the quality of information discovery in TOSSIM's lossy comnmunication
model, described in section4.6.1. If a potential update messagegets corrupted, it
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Figure 4.8: Maintenanceafter a singlelink failure on a grid network of varying size
with simple radio model. Left: number of iterations requiredto re-corverge (for the
whole network and per node). Right: averagehop-distancefrom Jacobi updatesto
the failed link.

is simply dropped, which meansthat some Jacobi iterations that might have been
triggered by this messageare skipped. Howeer, this can be compensatedin later
iterations. If a query messagagets corrupted, the senderretries once. In the second
transmission fails, the senderchoosesthe neighbor with the next highest potential

higher than its own, if sud neighbor exists, and the processrepeats. The query fails
whenthere are no more neighborsto transmit to, i.e., whenthe node with the highest
potertial in the 1-hop neighborhood of the senderis the senderitself.

Figure 4.9 shows the query successate as a function of padet lossrate, which is
proportional to TOSSIM's \lossy model scaling factor". We comparetwo potertial
functions, information potentials with 0.5% relative di®erencethreshold (Figure 4.9
left) and negative hop-distancefrom the source(Figure 4.9 right), under the same
guery algorithm explained above. We place the sourcerandomly in a uniformly
distributed 4,000node network, and collect statistics for all non-sourcenodes. The
results shav that greedyrouting using information potential is much more robust.
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Figure 4.9: Query successgatesin TOSSIM's lossymodel of the samegreedyrouting
algorithm using di®eren potential functions. Parameters: network of 4,000 nodes,
placeduniformly at random in the unit square,with comnunication range 0.03.

4.6.5 Impro ving Routing Div ersity

To demonstrate the use of information potertials to acieve routing diversity, we
considera 25 £ 25 perturbed grid network with two sourcesin the upper-right and
lower-right cornersof the network. We generate300queries,ead of them looking for
any oneof the 2 sources.Eac query originatesfrom oneof the three nodesalongthe
left boundary of the network (indicated by dark bars) chosenat random amongthe
three. To guide the query messageyve follow the ascendingpath of a function which
is guararteed to have all its local maxima at the sources.We comparethree choices
of sud function, namely

2 the potential which is the strongestat the point wherethe query originates,
2 apotential chosenuniformly at random,

2 a linear combination of the potertials, with positive coexcients® | and 1 ,,

5

where, is chosenuniformly at random from [O; 1].

Figure 4.10shaws the resultsfor the communication load. We seethat in the third
casethereis asigni cant improvemert in the nodes'communication load distribution,

61f we allowed negative coexcients, there might be local maxima at the network boundary.
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Figure 4.10: Path diversity results. Left: using the strongestpotertial at the query
origin. Certer: using a randomly chosenpotential. Right: using a random linear
combination of potertials. Dark bars represemn loadsat query origins.

aslong asthey are not very closeto the sourcesand query points (in the latter case
high load is unavoidable).

Becausewe diversify our paths, we may expect to pay somepenalty in terms of
path stretch. Clearly, our approad providesa way to trade o®path diversity for path
stretch by restricting the domain from which random coexcients aredrawn. Howeer,
our results show that this penalty is not too large even with the ertire interval [O; 1].
In the above experimert we obtained the stretch value of 1:22 for the third approad,
versusl:14 and 1:15 for the rst two approades.

4.7 Summary and Remarks

In this chapter we have showvn that information potertials, a lightweight structure
that maintains and di®usesinformation availability, can be very helpful in guiding
information °ow and data-certric queriesin sensornetworks. The rich structure of
harmonic functions allows for great °exibilit y and adaptability in routing algorithm
design. We have arguedthat routing using information potentials outperformsrout-
ing along shortestpaths in terms of robustnessto link dynamicsand load balancing.
The former is a consequencef the \blind" and asyndironous computation (the Ja-
cobi method), and the latter is achieved in two ways | by selectionof O-boundary,
which pushestratc away, and by randomizing over the linear spaceformed by all
information potentials for a xed set of sources.
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We emphasizethe fact the information potentials can be combined with existing
methods for data-certric routing, sud as directed di®usion [29]. In that context,
potertial value canbe usedasan additional pieceof information whendecidingwhich
paths to reinforce.



Chapter 5
Conclusion

In this thesiswe preserted a sequencef algorithms for building increasinglycomplex
infrastructure in a wirelesssensornetwork. In Chapter 2, we start with a freshly
deployed network in which nodes know nothing about ead other, and shov how
nodescan exciently discover eat othe, form a network, and schedule transmissions
sothat they can commnunicate without collisions. The sketching algorithm in Chap-
ter 3 computesa geometric layout of nodesin the plane. Being a \continuously
deformed" version of true deploymert, this layout presenes the identity of nodes
near hole boundariesand the outer boundary of the sensor eld. It can be usedto
recover a represemation of the boundary in the form of cyclesin the commnunicaton
graph. In Chapter 4 we exploit this knowledgeof boundary cyclesto designa data-
certric routing sthemethat tries to pushquerytratc away from the boundaries,thus
avoiding narrow passageshat causecongestion.Iln comparisonto routing alongshor-
est paths, this schemeis more robust to link dynamics, and admits a more e®ectie
path randmization scheme,leadingto better tratc balancing properties.

Of course,our work leaves a number of questionsunanswered. In the following
few paragraphswe review se\eral directions for future work.

In the algorithm for computing the comnunication graph, we do not know if it
is possibleto automatically estimate parameter¢ (maximum amourt of interference
to be expectedby the algorithm), for a geometricallyde ned comnunication graph,
sud asthe Gabriel graph. Perhapshis can be doneby observingthe collision pattern
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of a well chosenset of transmissions.

The solution computed by Algorithm 1 may be far from optimal in areaswhere
node density changesabruptly. This limitation is essetially due to the fact that all
nodes use the sametransmission power at all times. Overcomingit would require
introducing dependencebetweentransmissionradii of nearby nodes.

Another interesting direction is adapting our algorithm to more realistic interfer-
encemodels, suc asthe onein [37, 52] where nodescannot detect collisions, or the
signal-to-noiseratio model in [54, 53, 50].

In the network sketching, the main open problem is making the algorithm more
distributed, especially the enbedding stage(Section 3.4.5), aswell as nding a prov-
able method for selectinga cycle which is a face cycle in some embedding of the
combinatorial Delaunay map.

Another issuethat needsfurther work is automatic discovery of the appropriate
comnunication radius to de ne the UDG on which Algorithm 9 operates. In order
to executethe algorithm, all nodeshave to agreeon this radius. This is not a trivial
problem, evenif node density is sutcient (sowe know that a good radius value exists).

We have seenthat computing information potentials is equivalert to solvinga lin-
earsystemwith diagonallydominant systemmatrix. The algorithm in Chapter 4 uses
the one of the simplest methods for the task, the Jacobi method. Becauseof that,
corvergencedepends on network properties (via the mixing time of the asseiated
random walk) and can be quite slow, becausesensornetworks have few long-range
links. It would be interesting to adapt other iterative methods of numerical linear
algebra,sudth as steepestdescey conjugategradiert, and multilevel methods to sen-
sor network setting. Sud methods corvergein lessiterations, but their iterations are
harder to implemert distributedly.

Among other topics that desenre further theoretical study are the worst-case
stretch of query paths and worst-casetratc thorugh a node, with and without path
randomization.



Bibliograph vy

[1]

[2]

[3]

[4]

[5]

[6]

[7]

TOSSIM: A simulator for TinyOS networks. User'smanual in TinyOS documen-
tation.

Friedhelm Meyer auf der Heide, Christian Sdindelhauer, Klaus Volbert, and
Matthias Grénewald. Congestion,dilation, and energyin radio networks. Theor.
Comp. Sys, 37(3):343{370,2004.

Noel Black and Shirley Moore. Gauss-Seidel Method. From Math-
World { A Wolfram Web Resource, created by Eric W. Weisstein.
http://mathworld.wolfram.com/Gauss-SeidelMethod.html

Noel Black, Shirley Moore, and Eric W. Weisstein. Ja-
cobi Method. From MathWorld { A Wolfram Web Resource.
http://mathworld.wolfram.com/JacobiMethod.html

Kellogg S. Booth and GeorgeS. Lueker. Testing for the consecutie onesprop-
erty, interval graphs, and graph planarity using pg-tree algorithms. Journal of
Computersand SystemScienes 12:335{379,1976.

Prosenijit Bose,Pat Morin, lvan Stojmenovif, and Jorge Urrutia. Routing with
GuararnteedDelivery in Ad Hoc WirelessNetworks. Wir elessNetworks 7(6):609{
616,2001.

John M. Boyer and Wendy J. Myrvold. On the Cutting Edge: Simpli ed O(n)
Planarity by Edge Addition. Journal of Graph Algorithms and Applications,
8:241{273,2004.

99



BIBLIOGRAPHY 100

[8] Jehoslua Bruck, Jie Gao, and Anxiao Jiang. Localization and Routing in Sensor
Networks by Local Angle Information. In ACM International Sympmsium on
Mobile Ad Hoc Networkingand Computing(MobiHoc), pagesl81{192,New York,
NY, USA, 2005.ACM Press.

[9] Martin Burkhart, Pascal von Rickerbad, Roger Wattenhofer, and Aaron
Zollinger. Does Topology Control Reducelnterference? In ACM International
Sympmsium on Mobile Ad Hoc Networking and Computing (MobiHoc), pages9{
19, New York, NY, USA, 2004.ACM Press.

[10] Xiuzhen Cheng, Xiao Huang, Deying Li, and Ding zhu Du. A Polynomial-Time
Approximation Scdemefor the Minimum-ConnectedDominating Setin Ad Hoc
WirelessNetworks. Networks 42:2003,2003.

[11] Maurice Chu, Horst Hausseker, and Feng Zhao. Scalablelnformation-Driven
SensorQuerying and Routing for Ad Hoc HeterogeneoussensorNetworks. In-
ternational Journal of High Performance Computing Applications, 16(3):90{110,
2002.

[12] Christopherl. Connolly and Roderic A. Grupen. On the Application of Harmonic
Functionsto Robotics. Journal of Rolotic Systems10(7):931{946,0ctober 1993.

[13] Jose A. Costa, Neal Patwari, and Alfred O. Hero I1l. Distributed Weighted-
Multidimensional Scalingfor Node Localizationin SensofNetworks. ACM Trans-
actions on SensorNetworks 2(1):39{64, 2006.

[14] Trevor F. Cox and Michael A. A. Cox. Multidimensional Saling. Chapmanand
Hall, 2nd edition, 2000.

[15] Mark de Berg, Marc van Kreveld, Mark Overmars, and Otfried Sdwarzkopf.
Computational Geometry. Springer, February 2000.

[16] Vin de Silva and Gunnar Carlsson. Topological Estimation Using Withess Com-
plexes.In Sympsium on Point-Based Graphics June 2004.



BIBLIOGRAPHY 101

[17] Vin de Silva and Robert Ghrist. Coordinate-Free coveragein SensorNetworks
with Controlled Boundariesvia Homology International Journal of Rolotics
Research, Decenber 2006.

[18] Martin Erwig. The Graph Voronoi Diagram with Applications. Networks
36(3):156{163,2000.

[19] Qing Fang, Jie Gao, LeonidasGuibas, Vin de Silva, and Li Zhang. GLIDER:
Gradient Landmark-BasedDistributed Routing for SensorNetworks. In INFO-
COM '05: Proceadings of the IEEE Conference on Computer Communiations,
2005.

[20] Jabed Farugueand Ahmed Helmy. RUGGED: RoUting on nGerprint Gradierts
in seEnsor Networks. In IEEE International Conferen® on Pervasive Servies
(ICPS), pages179{188,July 2004.

[21] Jabed Faruque,Konstantinos Psounis,and Ahmed Helmy. Analysis of Gradient-
BasedRouting Protocolsin SensomMNetworks. In IEEE/A CM International Con-
ference on Distributed Computing in SensorSystems(DCOSS), pages258{275,
June 2005.

[22] Sndor P. Fekete, Alexander KrAller, Dennis P sterer, Stefan Fischer, and
Carsten Buschmann. Neighborhood-BasedTopology Recognitionin SensorNet-
works. In Algorithmic Aspects of WirelessSensorNetworks (ALGOSENSORS),
2004.

[23] Stefan Funke and Nikola Milosavljevif. Infrastructure-Establishmert from
Scratd in WirelessAd-Hoc Networks. In IEEE/A CM International Conference
on Distributed Computingin SensorSystems(DCOSS), pages354{367,2005.

[24] Stefan Funke and Nikola Milosavljevi§. Network Sketching or: "How Much
Geometry Hides in Connectivity? { Part 1I". In ACM/SIAM Sympmsium on
Discrete Algorithms (SODA), 2007.



BIBLIOGRAPHY 102

[25] K. Ruben Gabriel and Robert R. Solal. A New Statistical Approach to Geo-
graphic Variation Analysis. SystematicZoology, 18(3):259{278,1969.

[26] John Hopcroft and Robert Tarjan. Excient Planarity Testing. Journal of the
ACM, 21(4):549{568,1974.

[27] RogerA. Horn and CharlesR. Johnson. Matrix Analysis. Cambridge University
Press,New York, NY, USA, 1986.

[28] Philip M. Lewisll, Richard E. Stearns,and Juris Hartmanis. Memory Boundsfor
Recognition of Context-Free and Context-Sensitive Languages. In Sympsium
on Switching Circuit Theory and Logical Design pages191{202,1965.

[29] Chalermek Intanagorwiwat, RameshGovindan, and Deborah Estrin. Directed
Di®usion: a Scalableand Robust Communication Paradigmfor SensomNetworks.
In ACM International Conferena on Mobile Computing and Networking (Mobi-
Com), pages56{67, 2000.

[30] Mehdi Kalantari and Mark Shayman. Energy Excient Routing in WirelessSen-
sor Networks. In Conferene on Information Scien@sand Systems March 2004.

[31] Mehdi Kalantari and Mark Shayman. Routing in WirelessAd Hoc Networks by
Analogy to Electrostatic Theory. In IEEE International Conferene on Commu-
nications (ICC), pages4028{4033,2004.

[32] Mehdi Kalantari and Mark Shayman. DesignOptimization of Multi-Sink Sensor
Networks by Analogy to Electrostatic Theory. In IEEE WirelessCommuni@a-
tions and Networking Conferenee (WCNC), pages431{438,April 2006.

[33] Brad Karp and H. T. Kung. GPSR: Greedy Perimeter StatelessRouting for
WirelessNetworks. In ACM International Conference on Mobile Computing and
Networking (MobiCom), pages243{254,2000.

[34] Daniel Koditschek. Exact Robot Navigation by Meansof Potertial Functions:
SomeTopologicalConsiderations.In IEEE International Conferene on Rolotics
and Automation, pagesl1{6, March 1987.



BIBLIOGRAPHY 103

[35] Steven G. Krantz. Handlook of ComplexVariables Birkhauser, Boston, MA,
1999.

[36] Alexander KrAller, S§ndor P. Fekete, Dennis P~ sterer, and Stefan Fischer. De-
terministic Boundary Recognition and Topology Extraction for Large Sensor
Networks. In ACM/SIAM Sympsium on Discrete Algorithms (SODA), pages
1000{1009,2006.

[37] Fabian Kuhn, Thomas Moscibrada, and Roger Wattenhofer. Initializing Newly
Deployed Ad Hoc and SensorNetworks. In ACM International Conference on
Mobile Computing and Networking (MobiCom), pages260{274,New York, NY,
USA, 2004.ACM Press.

[38] Fabian Kuhn, Thomas Moscibrada, and Roger Wattenhofer. Unit Disk Graph
Approximation. In International Workshopon Discrete Algorithms and Methads
for Mobile Computing and Communiations (DIALM) , 2004.

[39] Fabian Kuhn, Roger Wattenhofer, Yan Zhang, and Aaron Zollinger. Geomet-
ric Ad-Hoc Routing: of Theory and Practice. In Symmsium on Principles of
Distributed Computing (PODC), pages63{72, New York, NY, USA, 2003.ACM
Press.

[40] Fabian Kuhn, Roger Wattenhofer, and Aaron Zollinger. Asymptotically Opti-
mal Geometric Mobile Ad-Hoc Routing. In International Workshopon Discrete
Algorithms and Methads for Mobile Computing and Communiations (DIALM) ,
pages24{33, New York, NY, USA, 2002.ACM Press.

[41] Fabian Kuhn, Roger Wattenhofer, and Aaron Zollinger. Worst-Case Optimal
and Average-Casd&+cient Geometric Ad-Hoc Routing. In ACM International
Sympmsium on Mobile Ad Hoc Networking and Computing (MobiHoc), pages
267{278,New York, NY, USA, 2003.ACM Press.

[42] Fabian Kuhn, Roger Wattenhofer, and Aaron Zollinger. Ad Hoc Networks Be-
yond Unit Disk Graphs. WirelessNetworks 14(5):715{729,2008.



BIBLIOGRAPHY 104

[43] Abraham Lempel, Shimon Even, and Israel Cederbaum. An Algorithm for Pla-
narity Testing of Graphs. In International Symmsium on Theory of Graphs
pages215{232,1967.

[44] Philip Levis, Nelson Lee, Matt Welsh, and David Culler. TOSSIM: Accurate
and ScalableSimulation of Entire TinyOS Applications. In ACM Conference on
Embeddad Networkal SensorSystems(SenSys) pages126{137,2003.

[45] Xiang-Yang Li, Gruia Calinescu,Peng-JunWan, and Yu Wang. Localized De-
launay Triangulation with Application in Ad Hoc Wireless Networks. |IEEE
Transactionson Parallel and Distributed Systems 14(10):1035{10472003.

[46] Xiang-Yang Li, Wen-ZhanSong,and Yu Wang. Localized Topology Control for
HeterogeneoudWVireless SensorNetworks. ACM Transactionson Sensor Net-
works 2(1):129{153,2006.

[47] Xiang-Yang Li, Peng-Jun Wan, Yu Wang, and Ophir Frieder. SparsePower
Excient Topology for Wireless Networks. In Hawaii International Conferene
on SystemScien@s (HICSS), volume 9, page 296b, Los Alamitos, CA, USA,
2002.IEEE Computer Scciety.

[48] Huijia Lin, Maohua Lu, Nikola Milosavljevi§, Jie Gao, and LeonidasJ. Guibas.
Composablelnformation Gradients in WirelessSensomMNetworks. In International
Conferene on Information Processingin SensorNetworks (IPSN), pages121{
132, April 2008.

[49] Juan Liu, Feng Zhao, and Dragan Petrovic. Information-Directed Routing in
Ad Hoc SensorNetworks. IEEE Journal on Seleted Areasin Communiations,
23(4):851{861,April 2005.

[50] ThomasMoscibrada. The Worst-CaseCapacity of WirelessSensorNetworks. In
International Conference on Information Processingin SensorNetworks(IPSN),
pagesl1{10, New York, NY, USA, 2007.ACM Press.



BIBLIOGRAPHY 105

[51] Thomas Moscibroda, Regina O'Dell, Mirjam Wattenhofer, and Roger Watten-
hofer. Virtual Coordinatesfor Ad Hoc and SensorNetworks. In Joint Workshop
on Foundations of Mobile Computing (DIALM-POMC) , 2004.

[52] ThomasMoscibrada and RogerWattenhofer. Excient Computation of Maximal
Independen Setsin Unstructured Multi-Hop Radio Networks. IEEE Interna-
tional Conferene on Mobile Ad-hac and SensorSystems(MASS), pages51{59,
October 2004.

[53] Thomas Moscibrada and Roger Wattenhofer. The Complexity of Connectivity
in WirelessNetworks. IEEE International Conferene on Computer Communi-
cations (INFOCOM), pages1{13, April 2006.

[54] ThomasMoscibroda, RogerWattenhofer,and Aaron Zollinger. Topology Cortrol
MeetsSINR: the Scheduling Complexity of Arbitrary Topologies.In ACM Inter-
national Symmsium on Mobile Ad Hoc Networking and Computing (MobiHoc),
pages310{321,New York, NY, USA, 2006.ACM Press.

[55] SrinivasanParthasarathy and Rajiv Gandhi. Fast Distributed Well Connected
Dominating Setsfor Ad Hoc Networks. Tednical report, Digital Repository at
the University of Maryland [http://drum.umd.edu/oai] (United States), 2004.

[56] Sriram V. Pemmargu and Imran A. Pirwani. Good Quality Virtual Realization
of Unit Ball Graphs. In European Symmsimum on Algorithms (ESA), pages
311{322.Springer, 2007.

[57] S. Ramanathan. A Uni ed Framework and Algorithm for Channel Assignmer
in WirelessNetworks. Wir elessNetworks 5(2):81{94, 1999.

[58] Ananth Rao, Christos Papadimitriou, Scott Shenler, and lon Stoica. Geographic
Routing Without Location Information. In ACM International Conferenae on
Mobile Computing and Networking (MobiCom), pages96{108, 2003.

[59] Sylvia Ratnasany, Li Yin, Fang Yu, Deborah Estrin, RameshGovindan, Brad
Karp, and Scott Shenler. GHT: A GeographicHash Table for Data-Ceriric



BIBLIOGRAPHY 106

Storage. In ACM International Workshop on Wireless Sensor Networks and
Applications (WSNA), pages78{87, Septenber 2002.

[60] Arunabha Senand Mark L. Huson. A New Model for Scheduling Packet Radio
Networks. Wir elessNetworks 3(1):71{82, 1997.

[61] Arunabha Senand Ewa Melesinslka. On Approximation Algorithms for Radio
Network Sdheduling. In Allerton Conferenee on Communiation, Control and
Computing pages573{582,1997.

[62] Yi Shang,WheelerRuml, Ying Zhang,and Markus Fromherz.Localization From
Connectivity in SensorNetworks. IEEE Transactionson Parallel Distributed
Systems 15(11):961{974,2004.

[63] Stefan Funke and Christian Klein. Hole Detection or: "How Much Geome-
try Hidesin Connectivity?". In ACM Sympmsium on Computational Geometry
(SCG), pages377{385,New York, NY, USA, 2006.ACM Press.

[64] Stavros Toumpis and Leandros Tassiulas. Packetostatics: Deployment of Mas-
sively DenseSensometworks asan Electrostatics Problem. In IEEE Conference
on Computer Communiations (INF OCOM), volume 4, pages2290{2301,2005.

[65] Godfried T. Toussai. The Relative Neighbourhood Graph of a Finite Planar
Set. Pattern Recognition, 12(4):261{268,1980.

[66] William T. Tutte. How to Draw a Graph. Proceadings of the London Mathemat-
ical Scciety, 13:743{768,1963.

[67] Peng-JunWan, Khaled M. Alzoubi, and Ophir Frieder. Distributed Construction
of ConnectedDominating Setin WirelessAd Hoc Networks. Mobile Networks
and Applications, 9(2):141{149,2004.

[68] Yue Wang, Jie Gao, and JosephS. B. Mitc hell. Boundary Recognitionin Sensor
Networks by Topological Methods. In ACM International Conference on Mobile
Computing and Networking (MobiCom), Septenber 2006.



BIBLIOGRAPHY 107

[69] HasslerWhitney. Non-Separableand Planar Graphs. Transactionsof the Amer-
ican Mathematial Sciety, 34:339{362,1932.

[70] Andrew C. Yao. On Constructing Minimum Spanning Trees in k-dimensional
Spacesand Related Problems. Tednical report, Stanford University, Stanford,

CA, USA, 1977.

[71] Fan Ye, Gary Zhong, SongwuLu, and Lixia Zhang. GRAdient Broadcast: A Ro-
bust Data Delivery Protocol for Large ScaleSensomMetworks. Wir elessNetworks

11(3):285{298,2005.

[72] Feng Zhao and Leonidas Guibas. WirelessSensorNetworks: An Information
ProcessingApproach Morgan Kaufmann, July 2004.



