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Abstract

A wirelesssensornetworkconsistsof many small, battery-poweredcomputing devices

(nodes) that can communicate with each other using radio links, and are equipped

with sensorsfor measuringphysical quantities in surrounding environment.

Network infrastructure is the basic computational environment required for exe-

cution of application-level algorithms: network graph (pairs of nodes that can talk

to each other), geographiclocations of nodes, time synchronization etc. In many

applications, network infrastructure cannot be con¯gured prior to deployment (e.g.,

becauseof uncertainty in node placement), but has to be establishedautonomously

by the network.

We proposenew algorithms for the following infrastructural tasks: (i) computing

a communication graph in the presenceof interference,(ii) inferring geometricand

topological featuresof the deployment from network connectivity, and (iii) informa-

tion brokerageamongmobile data sourcesand sinks. The main goal is to relax the

requirements on node capabilities, and increaserobustnessto variations in link qual-

it y and uncertainty in node placement. To this end, we organizecomputation around

very simple, local and statelesselementary operations, and show improvement over

existing approachesby a mix of theoretical and experimental results.
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Chapter 1

In tro duction

The infrastructure of a wirelesssensornetwork is a set of per-node data structures

that sensornodesneedto build upon deployment, in order to be able to communi-

catereliably andperformhigher-level tasksrelatedto user'sapplication. This includes

discovery of other nodeswithin communication range,selectinga set of communica-

tion partners, assigningradio frequencies,synchronizing local clocks, setting up basic

routing mechanismsetc. Theseproblemsare someof the most fundamental issuesin

sensornetworks.

In this thesiswe addressseveral problemsin this class:communication graph es-

tablishment and channelassignment (Chapter 2), autonomousdiscovery of geographic

and topological featuresof a given deployment (Chapter 3), point-to-point routing

(Chapter 3), and data-centered routing (Chapter 4). In Chapter 5 we summarizeour

results and proposedirections for further research.

1.1 Preliminaries

1.1.1 Notation

We usestandard terminology and notation related to setsand graphs. In this section

we only point out a few conventions that might otherwiseconfusethe reader.

For a set A, we denote its size by jAj. A singleton set A = f ag may also be

1



CHAPTER 1. INTR ODUCTION 2

denotedby a.

We denote graph edgesusing ordered pairs. For directed graphs (a;b) denoted

an edgefrom a to b. For undirected graphs, the ordering is irrelevant, i.e. (a;b) and

(b;a) denote the sameedge. It will always be clear from the context if the graph in

question is directed or undirected.

In a directed graph, incoming (resp. outgoing) neighbors of a vertex a, denoted

by N in (a) (resp. N out (a)) are all nodesb such that (b;a) is an edge(resp. (a;b) is

an edge). The neighbors of a vertex a, denotedby N (a), are incoming and outgoing

neighbors of a. In an undirectedgraph, the neighbors of a vertex a, denotedby N (a),

are all nodes b such that (a;b) is an edge. We denote the incoming and outgoing

degreesof node u in an undirectedgraph by degin (u) and degout (u), respectively. The

total degreeof node u in an undirected or directed graph is denoted by deg(u). If

needed,we specify the relevant graph in the subscript; for example,for graph G we

write N out
G (u) and degout

G (u).

An (incoming, outgoing) neighborhood of a set A of vertices is the union of cor-

responding (incoming, outgoing) neighborhoods of all elements of A. Neighborhoods

are alsocalled 1-hop neighborhoods. For an integer h ¸ 2, an h-hop neighborhood is

a 1-hop neighborhood of a (h ¡ 1)-hop neighborhood.

Graph vertices will often correspond to points in someEuclidean space,and we

will denotea vertex and the corresponding point using the samesymbol. If a and b

are two such vertices/points, then jabj is the Euclidean distancebetweenthe points,

whereasd(a;b) is the distance(number of edgesin the shortest path) in the graph.

For edgee = (a;b), we de¯ne jej = jabj. If A and B are setsof vertices/points, then

jAB j = min
(a;b)2 A£ B

jabj ; d(A; B) = min
(a;b)2 A£ B

d(a;b) :

We will use standard conceptsfrom theory of metric spaces,usually applied to

the Euclideanspaceswith j ¢j metric and graphswith d(¢; ¢) metric, asde¯ned above.

The ball of radius r centered at x is denoted by B(x; r ). A set is an r -cover if the

union of balls centered at elements of A is the whole space.A set is an r -packing if

no two elements of A are closerthan r .
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A graph is planar if it can be drawn in the plane so that no two edgesintersect

exceptat vertices. Such a drawing we will refer to as planar embedding.

A simple path (cycle) is a path (cycle) that hasno self-intersections.We usethis

term for both graph paths (cycles), whereself-intersection meanspassingthrough a

graph vertex more than once, as well as for geometric paths (cycles) in the plane,

whereself-intersectionmeanspassingthrough a point in the plane more than once.

1.1.2 Sensor No des

We assumethat each node u hasa unique identi¯er (ID), which we assumeto be an

integer. Throughout, we will useu to denoteboth the nodeand its unique integerID.

In particlar, if u, v are nodes,then u can be included in a messageto be transmitted,

or u and v can be comparedas in u < v. Immediately upon deployment, each node's

ID is known only to that node. We assumethat the sensornodesare very small, and

that they lie in a commonplane (e.g., °at ground). Hencewe model them as point

in two-dimensionalspace.Unlessnoted otherwise,point and nodeare synonyms, and

the total number of nodes in the network in n. The phrase with high probability

(w.h.p.) meanswith probability at least 1 ¡ 1
nc , where c is a constant that can be

madearbitrarily large.

1.1.3 Ad-Ho c Deplo ymen t

Infrastructure establishment problem is most interesting when sensornodesare de-

ployed in an ad-hoc fashion, i.e., when node placement is not fully controlled by the

network designer.For example,monitoring environmental conditions in an inaccessi-

ble part of a rainforest may call for an ad-hoc deployment by scattering sensornodes

from an airplane.

It shouldbe noted that not all sensornetwork deployments aread-hoc. For exam-

ple, sensorsthat monitor lighting conditions in \smart buildings" are manually de-

ployed. Their softwarecanalreadycontain prior knowledgein the form of a \t ypical"

topology which the network can \t weak" whennecessary, to handle local °uctuations

in radio connectivity.
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1.1.4 Comm unication Mo del

If v is within radio range of u, we say that v is a (communication) neighbor of u.

Communication graph contains information about pairs of nodesthat can communi-

cate. Its verticesare nodes,and there is a directed edgefrom u to v if and only if v

is a communication neighbor of u. An undirected edgerepresents two directed edges

with the sameendpoints and opposite orientations.

We assumedisk graph communication model, de¯ned as follows. Radio range of

node u is a disk centered at u, which we call the transmissiondisk (range)of u. The

transmissionradius of u is the radius of u's transmissiondisk, and it is proportional

to u's transmissionpower.

Under this assumption, the communication graph is a disk graph (DG) : v is a

communication neighbor of u if and only if v is contained in u's transmissiondisk.

In general,the graph is directed. If all transmissionpowers (equivalently, radii) are

equal, it is undirected, and is called a unit-disk graph (UDG) . We use UDG(r ) to

denotethe communication graph corresponding to commontransmissionradius r .

1.1.5 In terference Mo del

Due to interference,a messagesent by node u may not be received by its intended

recipient v if another node w, physically closeenoughto v so that it sharesa part of

v's medium (Figure 1.1), transmits a messageat the sametime as u, using the same

carrier frequencyas u. Then, u's messageto v collides with w's message.This is

often calledhiddenterminal problem, with v being the hidden terminal. As a special

case,w can in fact be v, i.e., v's receptioncan be prevented by v's own transmission.

We assumethat collisions can be detected | a receiving node can distinguish

betweensituations when the number of signals it receives is zero (corresponding to

no receptionat all) and more than one(corresponding to a collision). Of course,the

messageis actually received only if there is no collision, i.e., if exactly one signal is

received.

Collisions can be handled proactively and reactively. Reactive approach resolves

collisions after they happen using a handshake mechanism. Typically, con°icting
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u v

w

Figure 1.1: Transmissionfrom u cannot be received by v becauseit collides with
transmissionfrom w.

nodes wait for a certain, often \random", amount of time before retransmitting.

Thesebacko®intervals are designedto ensurethat a successfultransmissioneventu-

ally occurs. Clearly, if transmissionpowers are such that any two nodesare within

each other's range, it may take ­( n) time for a handshake to succeed. Proactive

approach avoids collisions altogether, and is basedon standard techniques of time-

and frequency-divisionmultiple access, i.e., assigningtime slotsor carrier frequencies,

respectively, to nodes so that any two nodes whoseare assigneddi®erent values if

their transmissionswould otherwisecollide.

In this thesiswe adopt proactive method for handling collisions. Speci¯cally, the

algorithm in Chapter 2 computesa schedule of transmissions, i.e., it assignstime

slots to nodesin such a way that if each node transmits in its assignedtime slot, no

collisions occur. The length of the schedule is the number of time slots usedby all

nodes. The algorithm can be trivially adapted to work with frequency-basedinstead

of time-basedmultiplexing. This will becomeclear after we present the details in

Chapter 2.

1.1.6 Pseudo code

Weassumethat all variablesareglobal (visible to all subroutinesexecutingon a given

node) and there is no parameter passing. We usesubscripts to refer to valuesof a

variable at a speci¯c node. A variable with no subscript is assumedto be stored at

the node executing the code. For example, in Algorithm 4 (Section 2.4.2), node u

is executing the code (as speci¯ed in the caption), so TRIAL and TRIAL u refer to
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the value of variable TRIAL at node u, while TRIAL v refersto the value of variable

TRIAL at node v received by u. We usethe keyword wait to denotewaiting for the

next tick of the local clock. Other keywords should be self-explanatory.

1.2 Thesis Outline

Sensornetworks are embeddedin physical space,and knowing the geometryof that

spaceought to be useful in computing good infrastructure. In this thesis we study

how much is achievablewithout geometric information. To this end,all our algorithms

are designedto work with deployments which are fully ad-hoc, i.e., where no prior

knowledgeabout deployment geometry, such as geographiclocations or distances,is

available (Section1.1.3).

In each chapter we present an algorithm for establishingone kind of sensornet-

work infrastructure. Algorithms arepresented in increasingorder of abstraction, from

very low-level establishment of individual communication links from scratch (Chap-

ter 2), to establishment of the information brokeragepaths that conformto the global

geometricshape of the network (Chapter 4), with each algorithm building on the pre-

cedingone.

Chapters2, 3, and 4 are basedon [23], [24], and [48], respectively.

1.2.1 Computing Comm unication Graph

In ad-hoc deployments, no connectivity information is availableat programmingtime,

and the network hasto be formed by nodesthemselvesupon deployment. As de¯ned

in Section1.1.4,communication graph encodespairs of nodeswithin radio range,for

a given assignment of communication powers to nodes. The topic of Chapter 2 is

the problem of computing a set of transmissionpowers, the induced communication

graph, and a collision-avoiding time schedule of transmissions(Section1.1.5).

Using higher transmission power results in a better connectedcommunication

graph, but also createsmore interference,which increasesthe smallest achievable

schedule length. The goal is to maximize connectivity of the communication graph,
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and minimize the length of the schedule. Additional goal to minimize the number of

communication rounds required to compute the graph and the schedule.

There are many algorithms that compute communication graphs ignoring inter-

ference, and many that prevent or resolve collisionsin knowncommunication graphs.

However, to the best of our knowledge,no algorithm solvesboth problemssimulta-

neously, and this is the coreof our contribution.

The algorithm in Chapter 2 computesa communication graph that is well con-

nected in the sensethat it contains an energy-optimalpath betweenany two nodes,

and a collision-avoiding time schedulewhoselength is boundedby the spatial gradi-

ent of node density1. The running time is logarithmic in n and linear in the gradient

of node density. The algorithm is distributed and local, i.e., only requirescommuni-

cation betweennodesthat are direct neighbors with respect to the current choiceof

communication powers. It assumesdisk graph communication model (Section 1.1.4)

and clock synchronization.

If each node can localize itself, the algorithm can be adapted to compute com-

munication graphsde¯ned using node locations [65, 25, 70, 45], with properties like

short paths, small node degrees,planarity, support for e±cient routing etc, which are

useful,even crucial, for someapplications [6, 33].

The output of this algorithm canbe usedby higher-level applications(such asthe

infrastructure establishment algorithms presented in Chapters3 and 4) can useit as

a \clean" graph abstraction of the underlying sensornetwork whoseedgesrepresent

links that support reliable, atomic communication.

1.2.2 Sketching Lo cation-Una ware Net works

Chapter 2 shows that freshly deployed nodes, without any initial knowledgeabout

each other, can form a well connected,interference-freenetwork. Now assumethat

nodes\cover" (form a densesampling of) someconnectedregion in the plane. Such

nodedistributions arecommonin applications,becauseit is often important that each

point of someareaof interest be monitored by a sensornode. Chapter 3 shows that it

1The notion of energy-optimal path and spatial gradient will be made formal in Chapter 2.
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is possibleto infer the topology of the region \covered" by sensorsusing only network

connectivity. Roughlyspeaking,inferring topologymeansdrawing the communication

graph in the planein such a way that the regioncoveredby the nodesin the drawing is

topologically equivalent to (i.e., canbe continuously \morphed" into) the true region.

Although clearly lessvaluable than true geometric information, topology is still

useful. For example, suppose that the area covered by the network is not simply

connected,i.e., it hasholes. This often happensin real deployments becausesensors

cannot be deployed everywherein the region of interest (e.g. walls, obstacles,forest

¯res, lakes, hillsides etc.). Then, topology contains information like the number of

holes, the identities of nodes along the hole boundaries, etc. The data discovery

algorithm in Chapter 4 bene¯ts from this information. Also, just like exact geometric

layout can be usedto facilitate routing [6, 33], a topologically equivalent layout can

serve the samepurpose(more about the routing application below).

Existing algorithms for computing network topology2 from its communication

graph [63, 22, 36, 68] are limited to detecting the boundary of the region, rather than

computing its realization in the plane.

The algorithm presented in Chapter 3 is motivatedby fact that relating an abstract

graph to the topology of its underlying spaceis easierif the graph is a well connected

planar graph, becausefor such graphsthere is essentially only oneplanar embedding,

which can alsobe e±ciently computed.

Assumingdisk graph communication model (Section1.1.4)and node density high

enoughrelative to the sizeof geometricfeaturesof the sensor̄ eld (narrow \passages"

and high-curvature boundaries),the algorithm computesa provably planar and well

connectedsubgraphof the input communication graph(Figure 1.2left), and its planar

embeddingcallednetworksketch(Figure 1.2 right). Network sketch capturesnetwork

topology in the sensethat the union of its \small" faces(those adjacent to a number

of nodes below someabsolute constant) has the correct topology. In other words,

\large" facescorrespond to areasempty of sensors| ¯nite facesto holes and the

in¯nite faceto the \outside world".

In general,\virtual" coordinatesof nodesgiven by network sketch di®erfrom real

2If not speci¯ed otherwise,network topology meanstopology of the regioncoveredby the network.
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Figure 1.2: Planar \skeleton" (left) extracted from the communication graph, and its
planar embedding, the network sketch (right).

ones,i.e., the sketch is not guaranteedto begeometrically closeto the original network

layout. However, nothing prevents their usagein protocolsthat arenormally designed

to work with real geographiclocations. For example,geographic routing, a simplelocal

routing paradigm originally de¯ned for localizednetworks [6, 33, 40, 41, 39] provably

works in location-unaware networks when implemented using network sketches.

1.2.3 Data Disco very Using Information Poten tials

In Chapter 4 we propose a way to use existing connectivity and topology infras-

tructure, discussedin Chapters 2 and 3 respectively, for information discovery and

brokerageamongmobile producersand consumersof data.

A node acts as information producer if it detects an event or a data sourcein

its proximit y3. Data is always associated with a type, and it is assumedthat the

type can be easily inferred from the data by the node itself. If a node detectsa user

interested in certain data type, it becomesan information consumer for that type.

The goalof data discovery infrastructure is to connectthe information consumersin a

communication-e±cient way to oneor moreproducersof their desireddata type. Data

discovery is essential for sensornetworks deployed in \h uman spaces",i.e. occupying

the samephysical spaceas its users(in contrast to, for instance, a community of

scientists collecting information from a remote observation site).

3The mechanism of detecting events from raw data is not essential for the algorithm.
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Figure 1.3: Information potential corresponding to a singledata source(left), and to
a set of two data sources(right). The latter is obtained using composability.

We consideran application scenarioin which the set of producersand consumers

is highly dynamic, for exampledue to mobilit y of participants, \burstiness" of data

sourcesand/or userinterests. Combinedwith usualdynamicsof network connectivity,

this createssigni¯cant robustnesschallenges.

In Chapter 4 we present a novel data discovery protocol that exploits existing

infrastructure given by the communication graph (Chapter 2) and network sketch

(Chapter 3). We proposeto \di®use" information away from sourcenodes holding

desired data, so as to establish information potentials that allow network queries

to navigate towards and reach thesesourcesthrough local greedydecisions,following

information gradients. SeeFigure 1.3(left) for an exampleof an information potential

of a singlesource.

We compute theseinformation potentials by solving for a discreteversionof the

Laplace equation with Dirichlet boundary conditions. We useboundary conditions

to encode knowledge of the physical network boundary. As a result, information

potential \knows" the shape of the network, and \ranks" nodesbasedon the their

distance to both data sourceand the boundary. Roughly speaking, a node has high

potential if it hasa \corridor" to the data sourcewhich is \short" but alsocomparably

\wide".

The solutionsto the Laplaceequationareclassicalharmonic functions, which have

a rich algebraicstructure and many usefulproperties.

² Information potentials have no local maxima other than the sourcenodes,guar-

anteeing successof greedy routing using information gradient. This is what
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enablesthe basicdata discovery function.

² Information potentials can be computed using a simple iterativ e algorithm,

calledJacobimethod [4, 3], that can be executedin a distributed manner,with

nodesexchanging information only with their network neighbors.

² The Jacobimethod can be re-invoked to repair the information ¯eld when links

fail. Also, becauseof the aforementioned preferncefor \wide" paths, alternative

paths may be available even without any repair. We present empirical results

showing that these two properties (robust paths and quick repair of broken

paths) leadto high query successrate evenwith realistically modeledunrelaible

links.

² A (pointwise) linear combination of information potentials is a potential for the

union of sources(Figure 1.3 right). If there are many simultaneousqueriesfor

the sameof sources(e.g. sourcesof a given ¯xed data type), each query can

usea di®erent linear combination of \basis" potentials, yielding an inexpensive

way to spreadthe communication load associated with thesequeries.



Chapter 2

Computing the Comm unication

Graph

In this chapter we present an algorithm for assigningtransmissionpowersto sensor

nodes and computing the induced communication graph. The computation is done

in-network, without any pre-existing infrastructure, and with node deployment ini-

tially unknown to the algorithm. In particular, medium accessproblemhas not been

solved, i.e., nearby nodes cannot transmit at the sametime. In these conditions,

there is a tradeo®betweenconnectivity and running time. Better connectivity of the

communication graph requireshigher transmissionpower. This in turn causesmore

interference,which takesmoretime to resolve. Our algorithm producesa graphwhich

is well connected (contains a power-optimal path between any two nodes), and yet

exhibits low interference so that it can be computed in a small number of time steps

(communication rounds).

In addition to assigningtransmissionpowers and computing the associated com-

munication graph, the algorithm also producesa e±cient schedule of node trans-

missionsthat can be used(by higher-level infrastructure and application-level algo-

rithms) for interference-freecommunication on the resulting communication graph.

The above mentioned fact that the output communication graph exhibits low inter-

ferencealso implies that the length of its transmissionschedule(the number of time

slots in which every node can transmit oncewithout any collisions) is small.

12
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The most important featureof the algorithm is that it computesboth communica-

tion graph and a transmissionschedule\from scratch" | other algorithms typically

assumeone to compute the other. In particular, it explicitly dealswith interference

while computing the graph. The algorithm is fully distributed and localized, i.e., only

nearby nodescommunicate and store information about each other. We show that

the algorithm is especially fast when the spatial variations of node density are slow,

which is often the casein ad-hoc deployments.

The rest of this chapter is organizedas follows. In Section2.1 we introduce the

problem of computing communication graphs, and discussimportance of location

information and variable transmission power in achieving good connectivity with

low interference. We give a detailed statement of our results in Section 2.2, and a

comparisonwith with existing approaches in Section 2.3. Section 2.4 describes our

algorithm in detail and analyzesits performance. In Section 2.5 we present a class

of deployments for which our algorithm performs particularly well. We concludein

Section2.6 with someremarks.

2.1 Comm unication Graph as Infrastructure

In Section1.1.4 we de¯ned the communication graph as an undirected graph which

encodespossibletransmitter{receiver pairs, and introducedthe disk graphradio prop-

agation model in which communication graph dependson node locations and trans-

missionpowers. In ad-hoc deployments, node locationsareunknown at programming

time, so it is impossibleto precomputeand assigntransmissionpowers that nodes

should usein order to form a \good" communication graph. Instead, the graph has

to be computed by the nodesthemselves,oncethey have beendeployed. The main

topic of this chapter is an algorithm for computing a well connectedcommunication

graph for a set of nodesinitially unknown to the algorithm, and with no pre-existing

infrastructure of any kind.

Since the computation takes place in-network, it has to take interference into

account. In other words, we want an algorithm that maintains somekind of colli-

sion handling mechanism(Section 1.1.5) while it computesthe graph. By contrast,
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most existing algorithms for computing communication graphs ignore interference

and assumeatomic, reliable communication. The algorithm presented in this chapter

handlescollisionsusing time-basedmultiplexing. Speci¯cally, it maintains a schedule

of transmissions| assignment of time slots to nodessuch that if each node transmits

in its assignedtime slot using its assignedtransmissionpower, no collisionsoccur. In

addition to maintaining a collision-avoiding transmissionschedule during computa-

tion, our algorithm alsoproducesa schedulewhich is valid for the output graph that

it computes.

Communication graph, equipped with a collision resolution mechanism such as

transmissionschedule,is the most basicform of network infrastructure. It providesa

\clean" graph abstraction of the network, in which communication over a chosenlink

is atomic operation, guaranteed to succeed.High-level applications, including most

existingalgorithms for establishingother typesof infrastructure (network localization,

routing, information brokerage),dependupon the abilit y of nodeswithin each other's

radio range to exchange information reliably. Using this abstraction, they can be

implemented without worrying about low-level radio propagation e®ectsand radio

interference.

2.1.1 Geometric Comm unication Graphs

Even though di®erent application have somewhatdi®erent notions of a \good" com-

munication graph, onecommonrequirement is good connectivity . It is also desirable

that the topologybecomputedquicklyafter deployment, reducingthe overall network

setup time. Finally, the communication graph shouldbe accompaniedby an e±cient

(short) schedule of transmissions,an assignment of time slots to nodes, such that

all collisionsare avoided if each node transmits with assignedtransmissionpower in

assignedtime slot.

However, the three goalscon°ict. Better connectivity requireshigher transmission

power, which in turn inducesmore interference.As a result, it takesmore time slots

to schedulea round of transmissions(one from each node) so as to avoid collisions.

Also, computing the schedulemay take more time and communication.
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Figure 2.1: In a well-connected,low-interferencecommunication graph, transmission
power is inverselyproportional to node density. In this example,any node interferes
with O(1) other nodes,and the inducedcommunication graph (not shown, for clarity)
is well-connected,sinceit includesthe Gabriel graph. This cannot be achieved with
any constant value of transmissionpower, assignedto all nodes.

To obtain a communication graph which is \good" in all three aspects,each node

needsto beconnectedto a fewnearby nodes,just enoughto provide good connectivity,

but not interfere too much other nodes' transmissions. Thus, transmission power

shouldbe inverselyproportional to local node density: if nodesare denselydeployed,

only short-rangetransmissionssu±ce, and viceversa(Figure 2.1). This is an example

of the generalprinciple from Section4.1: optimal infrastructure is determinedby (a

priori unknown) geometryof the deployment, in this casenode locations.

The example in Figure 2.1 illustrates the bene¯t from nodes' abilit y to choose

their transmissionpowers. Note that in this example,assigningthe sametransmission

power to all nodesresults in either poor connectivity in somepart of the network (if

the power is too low) or high interferencein somepart of the network (if the power

is too high).

An example of a communication graph that usesthis principle is the Gabriel

graph[25], de¯ned by the following geometricrule: nodesu and v areconnectedif and

only if the disk with diameteruv is hasempty interior. Gabriel graph is well connected

in the sensethat it contains all energy-optimal paths in the network. In other words,

when routing a messagefrom sourceto destination via multiple relay nodes,smallest
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possibleenergyexpenditure can be achieved by using only transmissionsrepresented

by Gabriel edges1. In particular, the Gabriel graph is connected, i.e., there is a path

betweenany two nodes.

Apart from good connectivity, Gabriel graph is alsoplanar (Section1.1.1), which

can be exploited in location-basedrouting [6, 33]. Planarity also implies sparsity |

the averagedegree of the Gabriel graph, like any planar graph, is lessthan 6, which

boundsthe amount of local storagethat a nodeneeds(on average)to storeinformation

associated with its neighbors (such as input/output bu®ers).

2.2 Con tribution

In this chapter we present an algorithm for computing

² an assignment of transmissionpowers to nodes,

² a communication graph induced by that power assignment

² a time scheduleof transmissions(one transmissionper node) which guarantees

absenceof collisions,i.e., interference-freetransmissions.

The main advantageof our algorithm is the fact that it computesall threecomponents

\from scratch", i.e., without assumingpre-existing infrastructure.

The output communication graph is well-connected,in the sensethat it contains

the Gabriel graph, w.h.p. (the algorithm is randomized). The length of the transmis-

sion scheduleis O(¢), and the running time is O(¢ log r max
r min

log2 n), wherermin (resp.

rmax ) are minimum (resp. maximum) distancebetweenany two nodes,and ¢ is the

maximum number of nodes\near" any Gabriel edge| moreprecisely, within c times

the length of the edge,for a constant c that will be determined later. Intuitiv ely, ¢

capturesthe worst-casenumber of nodesthat can interfere with computation of any

edgethat we insist on including in the ¯nal communication graph, i.e., any Gabriel

edge.Therefore,it is natural that performancedegradesas ¢ increases.

1This holds under the assumption that the transmission power (in the unit disk radio model,
Section 1.1.4) grows at least quadratically with transmission radius, which is often true in practice.



CHAPTER 2. COMPUTING THE COMMUNICA TION GRAPH 17

How big is ¢ for various deployments? Even though it can be as large as n for

arbitrary deployments, we show that for deployments in which node density is locally

near-uniform (i.e., does not changeabruptly, as a function of spatial coordinates),

then ¢ is small. We argue that such deployments are often found in applications.

In particular, if node density2 is an ®-Lipschitz function with ® small enough,then

¢ = O(1). The main reasonwhy only local uniformit y is requiredlies in the de¯nition

of ¢: the relevant distance scale (the length of a nearby Gabriel edge) is locally

de¯ned, and \adapts" to the local node density.

To executethe algorithm, nodes need to know the values of ¢, r min and rmax .

In the absenceof any information about node locations, true valuescan be replaced

by estimates (overestimatesfor ¢ and r max , underestimate for r min ), with perfor-

mance guarantees changing accordingly. For example, r min can be lower-bounded

using physical sizeof a node, and r max can be upper-boundedusing diameter of the

sensor¯eld. In Section2.6 we discussother ways to selectr min and rmax . Note that

the estimate neednot be very accurate,sincethe dependenceon r max
r min

is logarithmic.

To upper bound ¢, one needsto estimate the worst-casespatial variation of node

density. Also, n always works as an upper bound on ¢. Whatever the estimated

valuesare, they needto be equal at all nodes. Finally, the algoritrhm requiresthat

nodes' local clocks be synchronized.

Someof the previous results hold more generally. One can make sure that the

output communication graph contains any ¯xed graph(instead of the Gabriel graph),

provided that ¢ is de¯ned with respect to the edgesof that graph. The running

time and scheduling bounds in terms of ¢, r min and rmax do not change. The fact

that ¢ is small for locally near-uniform deployments doesnot hold in general,but it

holds for graphs that connect only \nearby" pairs of nodes, like the relative neigh-

borhood graph [65], Yao graph [70], localizedDelaunay graphs [45] etc. For clarity,

all proofs in this chapter deal with the Gabriel graph; adapting them to other cases

is straightforward.

2Later in the chapter we will de¯ne a scalar function, de¯ned on the plane, which serves as a
measureof node density.
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We assumedin the beginning that node locations are not known, and that is the

reasonthat our ¯nal communication graph is not equal to the Gabriel graph, but

only a supergraph thereof. If, however, each node knows its own location (e.g., by

having a built-in positioning devicelikeGPS), but not locationsof any other node,we

argue(referring to [23] for full proofs) that our algorithm canbe extendedto compute

exactGabriel graph, with only a slight increasein running time. We alsoconjecture

that the algorithm be modi¯ed to computesomeother geometricallyde¯ned \lo cal"

graphs(relative neighborhood graph, localizedDelaunay graph and Yao graph).

2.3 Related Work

E±cient distributed computation of communication graphs(often calledtopology con-

trol) and interference-avoiding transmissionscheduleshaveattracted a lot of attention

in the past. In this sectionwe review existing algorithms for similar problems.

In [9] and [2], the authors introducea quantit y that can be computedfor a given

communication graph in the plane, and serves as a measureof interference. Then

they proposecentralized algorithms for computing communication graphs with low

interference. In [10], a connecteddominating set of small size, constructed in a

centralized fashion, is usedto obtain a communication graph.

A number of distributed algorithms [46, 47, 67] compute communication graphs

with desirableproperties (like sparsity, boundeddegree,planarity etc.) using an ex-

isting communication graph that doesnot have thoseproperties, but whoselinks are

interference-free.Sothe goalis not to establishnetwork \from scratch", but rather as-

sumingthat the interferenceproblemhasalreadybeensolved. The only way to apply

thesealgorithms to our problem is to computethis \supporting" network beforehand

and make it interference-freeby appropriate transmissionscheduling. However, this

is very similar to the problem that we are trying to solve.

A number of algorithms compute a schedule of transmissions,but for a known

communication graph given as input [57, 60, 61]. Typically, the problem becomes

a variant of graph coloring which is then solved in a centralized fashion, exactly or

approximately, depending on the classof allowed input graphs.
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In a morerealistic model [55, 37, 52] (which is alsoclosestto the onewe consider),

only power assignment and radio propagation model are known, while the induced

communication graph hasto becomputedin the presenceof interferencebeforetrans-

missionson it can be scheduled. Our work further relaxesthis model by introducing

°exibilit y in choosingtransmissionpowers. However, unlike [37, 52], we assumethat

collisionscan be detected. A variant of the distributed algorithms in [55] will be used

in our approach as a subroutine.

Recent work of Moscibroda et al. [54, 53, 50] considerarbitrary, known communi-

cation graphsand algorithms for computing good power assignments and schedules.

Their algorithms are centralized, but guarantee good schedulesfor arbitrary networks

and use a more realistic model of interference,where signal and noise powers are

modeled explicitly, including their polynomial decay with distance,and a reception

is successfulif signal-to-noiseratio at the receiver exceedsa given threshold.

2.4 The Algorithm

In this sectionwe present the main result of this chapter. We start with the high-level

description of the main idea.

For the rest of this chapter, we will use lu to denote the longest Gabriel edge

adjacent to node u. Let (u; v) be the longestGabriel edgeadjacent to u. Obviously,

oneway for u to learn all its Gabriel neighbors is to learn about all nodesin B(u; lu).

This can be accomplishedby having each node senda messagewith radius lu, an-

nouncing their presence. Then, ideally, u receives messagesexactly from nodes in

B(u; lu). In reality, however, there are two problems. First, someof the messages

from u's neighbors to u may collide, so u may not learn about someof its Gabriel

neighbors. Second,singleGabriel edgesare not known in advance,neither is lu.

We solve the ¯rst problem by scheduling messages,so that collisionsare avoided.

Recall that the algorithm takesasinput parameter¢, the maximum number of nodes

that are \near" any Gabriel edge,where by \near" we mean at a distance at most

a constant times the length of the edge. The key observation is that the number of

nodesthat can causecollisions is at most ¢, becauseall of them have to be \near"
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Gabriel edge(u; v). This implies, asit turns out, that transmissionscanbe scheduled

in about ¢ time slots, even in the distributed way. We solve the secondproblem

by \sweeping" the entire rangeof possiblevaluesof transmissionradius r , trying to

\guess" the value of lu.

More formally, provided with parametersr min and rmax , each node locally executes

Algorithm 1, which consistsof dlog r max
r min

e rounds(iterations of the main loop, lines2 {

7). Each round correspondsto a value of transmissionradius r , which increasesby a

Algorithm 1 Main
1: r Ã rmin

2: while r < rmax do
3: Exploration
4: TempSchedule
5: Edges
6: r Ã 2r
7: end while
8: FinalSc hedule

factor of 2 betweenrounds.

The communication graph is initially empty. According to the above description,

the goal of the round with radius r is to discover all nodes within distance r from

somesubsetof nodesfor which r is a \good" communication radius. This motivates

the following de¯nition.

De¯nition 1 A node is said to be active in a round with radius r if it is adjacent to

a Gabriel edgeof length at least r
2. A node which is not active is called inactive.

Intuitiv ely, r is a \good" communication radius for all nodesthat are active in round

with radius r . Obviously, all nodes are active before the ¯rst round, and inactive

after the last round.

In each round, u ¯rst announcesits presenceto all other nodes within distance

r and listens to announcements from other nodes (line 3). Clearly, all received an-

nouncements are from nodesin B(u; r ), but announcements of somenodesin B(u; r )

may not get through to u due to interference. To test if all neighbors have been

discovered,nodescomputea temporary transmissionschedule(line 4) to be usedonly
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during the current round. The idea is to have all nodesannouncethemselvesagain,

but this time following an interference-avoiding schedule. Line 5 performs this test

and, if successful,createsedgesfrom u to all discovered neighbors of u. If the test

fails, u createsno edgesin the current round. Note that we expect the test to succeed

whenever r if u is an active node, and to fail when r is too large comparedto the

length of any Gabriel edgesadjacent to u.

After the end of the last round, u acceptsthe result of the last round in which its

test succeeded,i.e., setsthe communication radius and the set of neighbors from that

round. It remainsto scheduletransmissionsover the resulting communication graph,

which is done in line 8 using a proceduresimilar to that for computing temporary

schedules.

It is tempting to think that the test is unnecessary, becauseit cannot hurt to

createnewedgesto all discoveredneighbors. However, this would actually createvery

long edges(signi¯cantly longer than any adjacent Gabriel edge). High interference

causedby thoseedgeswould make it more di±cult to computethe ¯nal transmission

schedule.

In the next four sectionswe explain each of the four subroutinesin more detail.

Sincethe Exploration , TempSchedule and Edges subroutinesoperatewith a ¯xed

communication radius r during a single round, in the next three sections (2.4.1,

2.4.2and 2.4.3),we assumefor brevity that all graph-relatedterms (hops, neighbors,

neighborhoods etc.) refer to UDG(r ) unlessnoted otherwise. Also, we will sometimes

use r i to denote the radius corresponding to round i . Rounds are counted starting

from 1, so clearly r i = rmin 2i ¡ 1.

2.4.1 Neigh borho od Exploration

The goal of the Exploration subroutine is to ensurethat active nodes (and some

near neighbors of active nodes, which will be neededlater) successfullylearn their

1-hop neighbors in UDG(r ).

The pseudocode is shown as Algorithm 2. Each node storesits neighbors discov-

eredsofar in variable M , which is the main output of Exploration . The subroutine



CHAPTER 2. COMPUTING THE COMMUNICA TION GRAPH 22

consistsof I = O(log n) rounds (line 2), each of which is 2¢ time stepslong (line 4).

In each round a node choosesa random integer t between 1 and 2¢ (line 3) and

transmits its ID at time step t of current round within radius r (line 6). In remain-

ing rounds, it listens to other nodes' announcements (line 9) and adds them to M

(line 10).

Algorithm 2 Exploration
1: M Ã ?
2: for i = 1; 2; : : : ; I do
3: t Ã uniformly at random from f 1; 2; : : : ; 2¢ g
4: for j = 1; 2; : : : ; 2¢ do
5: if j = t then
6: transmit u within radius r
7: else
8: if no collision then
9: receiv e v

10: M Ã M [ f vg
11: end if
12: end if
13: wait
14: end for
15: end for

We pointed out in the introduction that the parameter¢ passedto the algorithm

should be an upper bound on the number of nodes\near" any Gabriel edge,where

\near" is understood relative to the length of the edge. This is formalized in the

following de¯nition.

De¯nition 2 k-local neighborhood size of u, denoted by ¢ k(u), is the number of

nodes contained in a disk B(u; klu). k-local neighborhood size of the network is

¢ k = maxu2 V ¢ k(u).

SeeFigure 2.2 for an illustration. Observe that ¢ k is a monotonically non-decreasing

function of k.

The following lemma shows that, as we argued informally, local neighborhood

sizesbound the number of nodesthat can interfere with communication to and from



CHAPTER 2. COMPUTING THE COMMUNICA TION GRAPH 23

u

Figure 2.2: Local neighborhood sizes¢ 1(u) = 5; ¢ 2(u) = 12; ¢ 3(u) = 20. Only
Gabriel edgesadjacent to u and its neighbors are shown.

active nodes,when all nodesusethe sametransmissionpower. More precisely, they

bound the neighborhood of any active node in UDG(r ).

Lemma 1 An active node hasat most ¢ 2h h-hop neighbors in UDG(r ).

Pro of. Let u be active in round with radius r , so lu ¸ r
2. h-hop neighbors of u in

UDG(r ) are contained in B(u; hr ) µ B(u; 2hlu), so there are at most ¢ 2h of them,

by De¯nition 1.

The main result of this section is that parameter ¢ should be no smaller than

2(h+ 1)-local neighborhood sizeof the network in order to guaranteesuccessfulneigh-

borhood discovery in the h-hop neighborhood of active nodes.

Lemma 2 If ¢ ¸ ¢ 2(h+1) , then upon termination of Exploration at all nodes,

all h-hop neighbors of all active nodes contain their (1-hop) neighborhoods in their

respective M variablesw.h.p.

Pro of. Let v be an arbitrary h-hop neighbor of u, and let w be an arbitrary 1-hop

neighbor of v. An announcement from w cancollide only with an announcement from

another 1-hop neighbor x of v. All such x are clearly (h + 1)-hop neighbors of u, so

by Lemma 1, there are at most ¢ 2(h+1) of them, which is at most ¢, by assumption.
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On the other hand, w choosesits time slot from a pool of size2¢. It follows that v

learnsabout w with probability at least 1
2 each time w transmits, and thereforew.h.p.

in I = O(log n) transmissions,for large enoughconstant in I . The claim follows by

union bound over all choicesfor u and v.

Note that nodesthemselvesdo not know at this point if their neighborhood dis-

covery succeededor not. In order to test this, a temporary scheduleof transmissions

needsto be computed,which is the subject of the next section.

2.4.2 Temp orary Schedule

The goal of the TempSchedule subroutine (line 4 in Algorithm 1) in the round

with radius r , is to computea temporary schedulewhich allows for collision-freecom-

munication, during the current round, betweenactive nodesand their neighbors in

UDG(r ). Recall that we are only concernedwith neighborhoods of active nodes,be-

causeall Gabriel edgesadjacent to inactive nodesare short, and have beencomputed

in previousrounds.

The following lemmaintroducessu±cient conditions for interference-freecommu-

nication that our algorithm will aim to satisfy.

Lemma 3 Communication between active nodesand their neighbors is interference-

free if the following pairs of nodesnever transmit simultaneously:

(i) an active node and another node within 2 hopsfrom it,

(ii) two nodesin the 1-hop neighborhood of someactive node.

Pro of. Let u be an active node and let v be its neighbor. Sincecondition (i) holds,

v can receive transmissionsfrom u without interference.Sincecondition (ii) holds, u

can receive transmissionfrom v without interference.

Our algorithm is a slight variation of the one proposedin [55]. Next, we sketch

the latter and brie°y discussthe required changes.
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The Distance-Tw o-Coloring Algorithm of Parthasarath y and Gandhi

Parathasarathy and Gandhi [55] presented an algorithm for distance-two-coloring,

i.e., assigningcolors(integers)to nodessothat no two nodeswithin two hopsof each

other are assignedthe samecolor. Their algorithm assumesthat each node knows its

1-hop neighbors and a bound on the number of 2-hop neighbors.

Refer to Algorithm 3. Each node maintains a list L of potential colors it can

choosefrom. Initially the list has 2C colors (line 1), and the number decreasesover

time. In the end,variable t will contain the chosencolor for each node. The algorithm

proceedsin rounds. In a typical round, someyet-uncolorednodeschoosea color from

their list, and if this color has not beenchosenby any 2-hop neighbors, thesecolor

assignments becomepermanent, and all 2-hopneighbors remove the respective colors

from their lists. The algorithm terminates after I rounds. One round consistsof 4

phases:Trial , TrialRep ort , Success, and SuccessReport .

Algorithm 3 DistanceTw oColoring
1: L Ã f 1; 2; : : : ; 2Cg
2: for i = 1; 2; : : : ; I do
3: Trial
4: TrialRep ort
5: Success
6: SuccessReport
7: end for

The Trial phase(Algorithm 4) consistsof 2C time slots. An uncolorednode u

choosesa randomcolor t from its list, and transmit a TRIAL message(u; t) in the time

slot corresponding to the chosencolor. In other time slots it listens for other nodes'

TRIAL messages(line 9), which it concatenatesinto a TRIAL-REPOR T message

(line 10).

The TrialRep ort phase(Algorithm 5) consistsof B blocks of 2C time slotseach.

In every block, a node choosesa random time slot among the 2C slots available in

a block, and sendsits TRIAL-REPOR T message. In all other slots, it listens to

other nodes' TRIAL-REPOR T messages,which it usesto determine if the color it

had chosenin the Trial phaseis safe.The color is safeif TRIAL-REPOR T messages
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Algorithm 4 Trial
1: if t = 0 then
2: t Ã uniformly random from L
3: for j = 1; 2; : : : ; 2C do
4: if j = t then
5: TRIAL Ã (u; t)
6: transmit TRIAL within radius r
7: else
8: if no collision then
9: receiv e TRIAL v

10: TRIAL-REPOR T Ã (TRIAL-REPOR T; TRIAL v)
11: end if
12: end if
13: wait
14: end for
15: end if

have been received from all neighbors (line 20), each contains u (line 9), and none

contains the samecolor chosenby anothernode(line 12). Otherwise,the color is reset

(lines 10, 13 and 21). Note that knowledgeof 1-hop neighborhood M is required to

perform this test.

The Success phase(Algorithm 6) consistsof 2C time slots. Any colored node

u sendsa SUCCESSmessage(u; t) in the time slot corresponding to its color tu,

and in other time slots listens for other nodes' SUCCESSmessages(line 7), which it

concatenatesinto a SUCCESS-REPORT message(line 8). Note that newly colored

nodeswill not participate in future Trial phases.

The SuccessReport phase(Algorithm 7) is similar to the TrialRep ort phase.

Nodessendtheir SUCCESS-REPORT messagesin random time slots over B rounds,

and in other time slots they listen for other nodes' SUCCESS-REPORT messages

(line 8), removing from their lists all colorscontained in received messages(line 10).

Parthasarathy and Gandhi prove that if I = O(log n), B = O(log n), the following

three facts hold for any node u w.h.p. (we refer to [55] for details).

(a) A 2-hop neighbor of u (which is possiblyu itself) can remain uncoloredonly if

it hasmore than C 2-hop neighbors.
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Algorithm 5 TrialRep ort
1: for i = 1; 2; : : : ; B do
2: c Ã uniformly at random from f 1; 2; : : : ; 2Cg
3: for j = 1; 2; : : : ; 2C do
4: if j = c then
5: transmit TRIAL-REPOR T within radius r
6: else
7: if no collision then
8: receiv e TRIAL-REPOR T v

9: if TRIAL-REPOR T v doesnot contain TRIAL u then
10: t Ã 0
11: end if
12: if TRIAL-REPOR T v contains TRIAL w s.t. w 6= u and tw = tu then
13: t Ã 0
14: end if
15: end if
16: end if
17: wait
18: end for
19: end for
20: if TRIAL-REPOR T v not received for somev 2 M then
21: t Ã 0
22: end if

Algorithm 6 Success
1: for j = 1; 2; : : : ; 2C do
2: if j = t then
3: SUCCESSÃ (u; t)
4: transmit SUCCESSwithin radius r
5: else
6: if no collision then
7: receiv e SUCCESSv
8: SUCCESS-REPORT Ã (SUCCESS-REPORT; SUCCESSv)
9: end if

10: end if
11: wait
12: end for
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Algorithm 7 SuccessReport
1: for i = 1; 2; : : : ; B do
2: c Ã uniformly at random fromf 1; 2; : : : ; 2Cg
3: for j = 1; 2; : : : ; 2C do
4: if j = c then
5: transmit SUCCESS-REPORT within radius r
6: else
7: if no collision then
8: receiv e SUCCESS-REPORT v

9: if SUCCESS-REPORT v contains SUCCESSw = (w; tw) then
10: L Ã L n f twg
11: end if
12: end if
13: end if
14: wait
15: end for
16: end for

(b) Let v be a 2-hop neighbor of u. Assuming both u and v are colored, their

colorscan be the sameonly if all their commonneighbors x (including u and v

themselves,if u and v are adjacent) have more than C 2-hop neighbors.

(c) Let v and w be 1-hopneighbors of u (notice that v or w may be the sameasu).

Assuming that, v and w are both colored, their colorscan be the sameonly if

all their commonneighbors x (including v and w, if v and w are adjacent) have

more than C 2-hop neighbors; in particular, only if u has more than C 2-hop

neighbors.

Note that in all three cases,the \bad event" occurs if somenode has more than C

2-hop neighbors. So, Parthasarathy and Gandhi concludethat if C is set to be the

maximum sizeof any 2-hop neighborhood3, then the result is a valid distance-two-

coloring with probability at least 1 ¡ n¡ Â for arbitrary Â > 0 (the constant factors

for C, I , B depend on Â). Clearly, the overall running time is O(C log2 n).

3In fact they set C to be the maximum sizeof any 1-hop neighborhood. Since for UDGs this is
within a constant factor from the maximum sizeof any 2-hop neighborhood, only the constants for
I , C, B change.
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What are the implications of this result in our case?Obviously, we would like to

use the distance-two-coloring algorithm to schedule transmissionsin UDG(r ), with

colorsnaturally corresponding to time slots in the schedule. Applying the algorithm

of [55] directly yields a scheduleof length C computable in time O(C log2 n). There

are two problemswith this approach.

² Somenodesmay not know their neighbors, and therefore may not be able to

perform the check in the Success phase.

² Maximum number of 2-hopneighborscanbeaslargeasn, sosetting C asin [55]

leadsto a poor schedulelength and computation time.

Fortunately, wedo not really needa distance-two-coloringon UDG(r ), but merelyone

that satis¯es the conditions of Lemma 3. It is not hard to seethat the conditions of

Lemma 3 are satis¯ed if the properties (a), (b), (c) above hold for all active nodesu,

asopposedto all nodesu | (a) and (b) imply (i), while (a) and (c) imply (ii). After

this relaxation, the obstaclesto applying the algorithm of [55] becomelesssevere

² Only 2-hopneighbors of u needto executethe Success phasecorrectly, soonly

they needto know their 1-hop neighborhoods.

² Also, when we look more carefully into (a), (b), (c), we seethat \bad events"

occur only if some2-hopneighbor of u hasmore than C 2-hopneighbors, which

happensonly if u hasmore than C 4-hop neighbors.

By Lemma2 with h = 2, 2-hopneighbors of active nodesknow their 1-hopneighbors

if ¢ ¸ ¢ 6. By Lemma 1, any active node can have at most ¢ 8 4-hop neighbors, so

\bad events" do not happen if C ¸ ¢ 8.

Our subroutine TempSchedule is actually the DistanceTw oColoring algo-

rithm of [55] with C = ¢. Precedingdiscussionthen proves the main result of this

section.

Lemma 4 If ¢ ¸ ¢ 8, then upon termination of TempSchedule at all nodes u,

communication between all active nodesand their 1-hopneighbors is interference-free

w.h.p.
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2.4.3 Finding Edges

The Edges procedure(line 5 in Algorithm 1) adds or removesedgesfrom the ¯nal

communication graph. The problem is to decidewhether the radius r of the current

round is greateror smaller than lu, the length of the longestGabriel edgeadjacent to

u. Ideally, we would like to createedgesif and only if r · lu. The idea is to usethe

number of \nearby" nodesas a proxy | createedgesin round with radius r if and

only if the number of nodesin a larger concentric ball B (u; cr), for someconstant c,

doesnot exceedthe maximum number of nodesthat can ever be found in that ball,

expressedin terms of an appropriate local neighborhood size(De¯nition 2).

Implementation is shown as Algorithm 8. The main output variablesare the set

of neighbors N and the communication radius ½, which are alsooutputs of the main

algorithm, oncethe ¯nal round has completed. The remaining pieceof the output,

the transmissionschedule, is computedby FinalSc hedule , as explainedin the next

section.

Lines 1 { 20 comparethe number of \nearby" nodesof u in the current round to

a threshold ¢. To comparethe number of neighbors to the threshold ¢, each nodes

announcesits presenceonce more by sendinga single message,this time not in a

random time slot (as in Exploration ), but accordingto the temporary schedule. In

other time slots, each node simply collectsother nodes' announcements. The result

of the comparisonis stored in the Boolean variable ok. It is equal to true if and

only if the node hascollectedat most ¢ announcements and hasnot experiencedany

collisions.

The comparisonis \fuzzy" in the sensethat di®erent outcomesusedi®erent de¯-

nitions of \nearby". ok= true implies that the number of neighbors (nodesin B(u; r ))

is at most ¢, while ok= false implies that the number of nodesin B(u; 4r ) is greater

than ¢. This is formalized in Lemma 5 and Lemma 6, respectively.

Lemma 5 If ok= true , then jN j · ¢ and N is exactly the set of u's neighbors.

Pro of. If jN j > ¢, then ok= false by line 19. Hence jN j · ¢. Obviously, all

nodes in N are neighbors of u. If there was a neighbor v of u which is not in N ,
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Algorithm 8 Edges
1: N 0 Ã ?
2: ok Ã true
3: for i = 1; 2; : : : ; 2¢ do
4: if i = tu then
5: transmit u with radius r
6: else
7: if no collision then
8: receiv e v
9: N 0 Ã N 0 [ f vg

10: end if
11: else
12: if collision then
13: ok Ã false
14: end if
15: end if
16: wait
17: end for
18: if ok and jN 0j > ¢ then
19: ok Ã false
20: end if
21: if ok then
22: Label edgesin N 0n N by i
23: N Ã N 0

24: ½Ã r
25: else
26: N Ã N n edgesof N addedfor the ¯rst time in rounds i ¡ 4 and later
27: ½Ã r

32
28: end if
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its transmission(line 5) must have collided, so ok= false (line 13), a contradiction.

HenceN is exactly the set of u's neighbors.

Lemma 6 If r is the radius of the current round, and B(u; 4r ) hasat most ¢ nodes,

then ok= true .

Pro of. Clearly, u has at most ¢ 4-hop neighbors. The sameargument as in the

proof of Lemma 4 proves that communication between u and its neighbors in the

current round is interference-free,so transmissionsin line 5 so not collide. It follows

that N is equal to the set of u's neighbors. SinceB(u; r ) µ B(u; 4r ), u has at most

¢ neighbors, so jN j · ¢.

We needto satisfy two properties

(i) All Gabriel edgesare included.

(ii) All edges(u; v) such that B(u; 9juvj) contains more than ¢ nodesare excluded.

This will beusefulfor computing the ¯nal transmissionschedulein Section2.4.4.

Property (ii) canbe satis¯ed by creatingedgesto all neighborswhenever ok= true

(line 23), and removing all edgescreatedin the preceding3 roundswhenever ok= false

(line 26).

Lemma 7 For any edge(u; v) of the ¯nal communication graphB(u; 16juvj) contains

at most ¢ nodes.

Pro of. Let i be the last round in which (u; v) was added. Assumewithout loss

of generality that round i + 4 exists (otherwise consider the last round j 2 f i +

1; i + 2; i + 3g that exists, and observe that B(u; 16juvj) contains the samenodesas

B(u; 2j ¡ i juvj)). Since juvj · r i = r i +4

16 , we have B(u; 16juvj) µ B(u; r i +4 ). Clearly,

(u; v) is not removedin round i+ 4, sook= true in that round. By Lemma5, B(u; r i +4 )

hasat most ¢ nodes.

So far the value of ¢ was arbitrary, i.e., it only usedthe fact that ¢ is the same

as in Exploration and TempSchedule . However, to make surethat (i) is satis¯ed,

¢ has to be large enough.
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Lemma 8 If ¢ ¸ ¢ 8, then any Gabriel edge(u; v) is added to the ¯nal communica-

tion graph in the (unique) round i in which r i
2 < juvj · r i .

Pro of. Clearly, u is active in round i . By Lemma 1, B(u; 4r ) contains at most ¢ 8

nodes. By Lemma 6, ok= true in this round. By Lemma 5, v 2 N , so (u; v) is added

in line 23.

Lemma 9 If ¢ ¸ ¢ 128, no Gabriel edgeis ever removed from the ¯nal communica-

tion graph.

Pro of. Supposethat node u removes edge(u; v) in round i . Obviously, ok= false

in round i , so by Lemma 6, B(u; 4r i ) has more than ¢ nodes, which is more than

¢ 128 nodes. Let j be the ¯rst round in which (u; v) was added. Obviously, j 2

f i ¡ 4; i ¡ 3; i ¡ 2; i ¡ 1g, so r i · 16r j , and B(u; 4r i ) µ B(u; 64r j ). It follows that

B(u; 64r j ) contains more than ¢ 128 nodes,so we have 64r j ¸ 128lu, i.e., lu · r j

2 . If

juvj > r j

2 , then juvj > lu, so (u; v) is not a Gabriel edge. Otherwise, let k be the

unique round in which r k
2 < juvj · r k . Sincejuvj · r j

2 , we have k < j . By choiceof

j , (u; v) was not addedin round k, so by Lemma 8 it is not a Gabriel edge.

Lemma 10 If ¢ ¸ ¢ 128, then the ¯nal communication graph contains the Gabriel

graph.

Pro of. Follows from Lemma 8 and Lemma 9.

2.4.4 Final Schedule

The goal of the FinalSc hedule subroutine (line 8 in Algorithm 1) is to compute a

¯nal schedule of transmissionswhich allows for collision-freecommunication on the

¯nal communication graph computed by the main loop of Algorithm 1. Of course,

the rest of this section is conditioned on the fact that at the start of the procedure

¯nal communication graph has been correctly computed, i.e., each node knows its

outgoing neighbors. From the previousdiscussionwe know that this happensw.h.p.

with correct parameterchoices.
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The main di®erencewith respect to temporary transmissionschedules,computed

by TempSchedule , is that the latter correspond to UDGs, while in the former case

nodes use di®erent transmission powers. This means,for instance, that the nodes

that can interfere with communication betweena given node u and its neighbors are

no longer contained in B(u; r ), wherer is u's transmissionradius.

The algorithm of [55] cannot be directly applied, becauseit is designedfor UDGs.

Speci¯cally, it may happen that nodes u and v proposethe sametime slot in the

Trial phase,and their messagescollide, but all nodes that experiencethe collision

cannot report it to u and v becauseits communication radii are too small.

Fortunately, there is a simplemodi¯cation that getsaround this problem without

a®ectingthe asymptotic performance.

(i) In the Trial (resp. Success) phasea node transmits within its ¯nal radius. In

addition to its ID and a proposed(resp. assigned)time slot, it also transmits

the value of its ¯nal radius.

(ii) In the TrialRep ort (resp. SuccessReport ) phase,a node transmits within

the radius equal to the maximum radius received in the precedingTrial (resp.

Success) phase. Note that this radius is always at least as large as the ¯nal

communication radius.

(iii) When ¯xing a time slot (after receiving a TRIAL-REPOR T message)and re-

moving time slotsfrom the list (after receivinga SUCCESS-REPORT message),

a given node only takesinto account messagesreceived from its outgoing neigh-

bors.

(i) ensuresthat the collisions generatedare exactly those that would occur in the

output communication graph. (ii) and (iii) ensurethat the scheduling is correct, but

(ii) may hurt the running time | increasingthe radii for the reporting purposemay

create additional collisionsamong the report messages.However, we show that the

samevalue of parameter¢ usedin the previousstagesof the algorithm still su±ces.

In Section2.4.2weobservedthat correctnessof Parthasarathy andGandhi distance-

two-coloring algorithm [55] follows from upper bound of ¢ on the sizeof any 2-hop
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neighborhoods in input UDG. Let G be the DG corresponding to the set of increased

transmissionradii in TrialRep ort and SuccessReport phases.Obviously, G con-

tains the ¯nal communication graph. For the proof of [55] to go through in the case

of FinalSc hedule , it is enoughthat all 2-hop neighbors in the undirected versionof

G be boundedby ¢. Intuitiv ely, this is becauseG captures the worst-caseinterfer-

enceduring the execution of FinalSc hedule , and ignoring edgedirections further

increasesthe interference.

It turns out that this su±cient condition indeedholds for the samevalue of ¢ as

before. This is wherewe ¯nally make useof Lemma 7, proved in Section2.4.3.

Lemma 11 The sizeof any 2-hopneighborhood in G ignoring the edgedirections is

at most ¢ .

Pro of. Referto Figure 2.3. Let N bean arbitrary 2-hopneighborhood in G, ignoring

edgedirections, and let e = (u; v) be the longest edgein the ¯nal communication

graph whoseheadis in N . Let e0 be any edgein G whoseboth verticesare in N . By

de¯nition of G, there existsan edgee00in G, of length at least je0j
2 , whoseheadis the

sameas the tail of e0, and therefore in N . By choice of e, we have je00j · jej, hence
je0j
2 · jej.

Now, any node in N can be reached from u by following ¯rst e, and then at most

4 edgesof G whoseboth verticesare in N (ignoring edgedirections along the way).

Hence,N is contained in B(u; jej + 4je0j) µ B(u; 9jej). By Lemma 7, N contains at

most ¢ nodes.

In other words, increasedtransmissionradii createonly limited additional inter-

ference,so the TrialRep ort and SuccessReport phasesstill succeedw.h.p. We

concludethat the algorithm of TempSchedule can be run with the samevalue of

¢, and the ¯nal valuesof t variableswill contain a valid transmissionschedulew.h.p.

Lemma 12 In time O(¢ log2 n), FinalSc hedule computesa transmissionschedule

(stored in t variables)that preventscollisions in the ¯nal communication graphw.h.p.
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Figure 2.3: For the proof of Lemma 11 { bounding the sizeof a 2-hop neighborhood
in the modi¯ed DG.

2.5 Lipsc hitz Deplo ymen ts

Theorem1 yields better results (faster algorithm and shorter transmissionschedule)

if parameter ¢ is smaller. Of course,the value of ¢ is lower boundedby \in trinsic

interference"measuredby ¢ 128. In this sectionwe introducea classof deployments,

calledLipschitz deployments, for which this \in trinsic interference"is low, in the sense

that ¢ 128 doesnot depend on the number of nodesn.

Lipschitz deployments are those in which a certain measureof node density (de-

¯ned below), cannot changetoo abruptly betweentwo nearby points in the area of

interest. Such slowly varying node density is often found in practice. For instance,

considera sensornetwork whosegoal is to monitor physical quantities (such as tem-

perature, humidit y, exposureto light etc.) in a nature preserve. Supposethat there

is a set of points H that describesinteresting \hot spots" to be monitored moreaccu-

rately. The goal is to deploy more sensorscloseto the \hot spots", and fewer sensors

further away.

For example, \hot spots" can be small animals that should be tracked by the

network. To minimize the work spent in adapting the sensorplacement to animal mi-

grations, it is reasonableto have a gradually increasingsensordensity asthe distance

to an object (in its current position) decreases.

Formally, assumethat there is a scalar\in terest function" f , de¯ned on the plane,

which is small in regionsof high interest and vice versa. An exampleis f (x) = jxH j,
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the distanceto the closest\hot spot", for any metric d de¯ned on the plane. Then,

a well-deployed set of sensorsV should satisfy jxV j · "f (x) for any point x and

some ¯xed " > 0. On the other hand, to minimize the cost of equipment, only

the necessarynumber should be used; in terms of the \in terest function" f , the

appropriate condition is: for any point x, jV \ B(x; "f (x)) j is bounded by some

universalconstant ¯ .

De¯nition 3 A set of nodesV is an (®; ¯ )-Lipschitz deployment, for if there exists

an ®-Lipschitz function ' , de¯ned on the plane, such that for any point x, the disk

B(x; ' (x)) contains between 1 and ¯ nodes.

The deployment in the exampleabove is ("; ¯ )-Lipschitz (distance to a ¯xed set of

points is a 1-Lipschitz function). Observe that De¯nition 3 alsoallows for \oversam-

pling" of the domain of interest, as long as the oversampling happens in a slowly-

varying manner. It also allows coverageholes(large areaswith no sensors),as long

as sensordensity increasesgradually with distancefrom the hole. Now we prove the

main property of Lipschitz deployments.

Lemma 13 For an (®; ¯ )-Lipschitz deployment,¢ k = O((k + 1)2¯ ) for k < 1
4® ¡ 1.

Pro of. Considera ¯xed nodeu, and let (u; v) be the longestGabriel edgeadjacent to

u, sothat juvj = lu. Let x be the midpoint of (u; v). Because(u; v) is a Gabriel edge,

any ball centered at x with radius lessthan lu
2 is empty, which implies lu

2 · ' (x).

Clearly, ¢ k · jV \ B(x; (k + 1)lu)j, so it su±ces to bound the number of nodes in

B(x; R), whereR = (k + 1)lu.

Using the above inequalities, we get R · 2(k + 1)' (x). As ' is ®-Lipschitz, we

have for any y 2 B(x; R) that ' (y) ¸ ' (x) ¡ ®R ¸ ' (x)(1 ¡ 2(k + 1)®), that is, any

disk of radius at most r = ' (x)(1 ¡ 2(k + 1)®) centered within B(x; R) contains less

than ¯ nodes. B(x; R) can be coveredby O(( k+1
1¡ 2(k+1) ®)2) such disks. By assumption,

® < 1
4(k+1) , so O(( k+1

1¡ 2(k+1) ®)2¯ ) = O((k + 1)2¯ )

From this we directly derive a classof node deployments for which our algorithm

performsparticularly well.
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Corollary 1 For an (®; ¯ )-Lipschitz deploymentwith ® < 1
916 and ¯ = O(1), Algo-

rithm 1 takesO(log r max
r min

log2 n) time steps,and produces a schedule of length O(1).

Of course,theoretical analysis in this section is very pessimisticand we expect the

algorithm to perform very well for many practical node distributions.

2.6 Summary and Remarks

We summarizethe statements of Lemmas2, 4, 10, and 12 in our main theorem.

Theorem 1 Let lu be the length of the longestGabriel edgeadjacent to node u, and

let ¢ be the maximum, over all u, number of nodes in B(u; 128lu). Algorithm 1

runs in O(¢ log r max
r min

log2 n) time and w.h.p. computesa communication graph that

contains theGabriel graph,anda scheduleof transmissionsof length2¢ whichensures

interference-free communication in this graph.

rmin can be replacedby any value r 0
min such that the number of nodescontained in

any disk of radius 128r 0
min is boundedby ¢. The lower bound on ¢ can be decreased

from ¢ 128 to ¢ k for k < 128, by discretizing the range of transmission radii more

¯nely, i.e., using a constant smaller than 2 as multiplication factor for the geometric

progression.Finally, onemay have an upper bound on the length of any Gabriel edge

(for instanceif the deployment is known to be very dense). In that caser max can be

set to that value.

If exact locations are available, which we do not assumein this thesis, the al-

gorithm can be modi¯ed to compute exact Gabriel and an associated transmission

schedule. The main di®erenceis in procedure Edges (Section 2.4.3). While in

Edges, edgescanbe safelycreatedto all discoveredneighbors (set N in Algorithm 8)

without any extra communication, in the analogousprocedureGabrielEdges addi-

tional communication is required to check the Gabriel property for each edge.Notice

that the maximum number of Gabriel edgethat can be createdby one node in one

round is ¢. It turns out that, with help of the temporary transmissionschedule of

length 2¢, computed previously by TempSchedule (Section 2.4.2), all checks can

be done in O(¢ 3=2) time stepsper round. As a result, entire algorithm runs in time
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O(¢ 3=2 log r min
r max

log2 n). Also, the lower bound on parameter ¢ is weaker, ¢ ¸ ¢ 8.

We refer to [23] for details.

It can be ensuredthat the output communication graph contains any desiredset

of edges(e.g., Gabriel graph, relative neighborhood graph, Yao graph etc.), provided

that the algorithm is given a value of parameter ¢ which is suitable for that set of

edges,i.e., a valid upper bound on the 128-local neighborhood size¢ 128. We expect

¢ 128 to be small for \lo cal" topologies (in which each node is connectedonly to

nearby nodes)and Lipschitz deployments (in which node density hasboundedspatial

variations). In particular, we have shown that ¢ 128 for the set of Gabriel edges.



Chapter 3

Net work Sketching

In main topic of this chapter is an algorithm that computesa rough geometriclayout

of the network using only connectivity information (the communication graph). The

restriction to connectivity information is motivated by the fact that real-world sensor

nodesmore often than not lack the abilit y to determine their own location. Local-

ization devicesare usually not built-in becausein the interest of minimizing cost and

maximizing network lifetime by saving energy. For example, GPS devicesare too

energy-expensive for most applications. Furthermore, their performancecan be poor

indoors.

The algorithm presented in this chapter ¯rst ¯nds a planar subgraphof the com-

munication graph, a skeletonof the network (Figure 3.1 left), and then computesits

embedding in the plane (Figure 3.1 right). The idea is to exploit the fact that em-

beddingof a planar graph is combinatorially unique, provided su±cient connectivity,

so the embedding preserves the skeleton layout up to \stretching". The embedding

yields virtual coordinates of the nodesin the skeleton, which can be usedinstead of

the real coordinates in several applications outlined below.

The algorithm should be viewed as a generic method for relaxing localization

requirements. It does not provide an accurate localization as is, but it reducesthe

amount of geometricinformation required to obtain one,by decouplingthe problem

of localizing the skeleton from the problem of localizing all other nodeswith respect

to the skeleton.

40
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Figure 3.1: Using no location information, our algorithm computesa provably planar
subgraphof the communication graph (network skeleton) and its plane embedding.
The numbers denote corresponding nodes in the embedding and the original node
layout, which is unknown to our algorithm. Although the two layouts are di®erent in
terms of absolutenode coordinates, the network sketch is topologically correct (large
facesand correspond to holes).

3.1 Net work Sketch as Infrastructure

Network sketch contains information about topology of the area covered by sensor

network (which we will alsocall sensor¯eld). Informally, this meansthat the network

sketch is an image of the original sensor¯eld under a \morphing" transformation

which doesnot changethe connectivity; in particular, it doesnot \tear" the areainto

multiple components, or form new \holes" by creating new adjacenciesof the sensor

¯eld with itself. For example,in Figure 3.1, the network sketch can be obtained from

the true sensor̄ eld by a vertical °ip followed by a 90± clockwise rotation. Topology

information can be exploited in several application scenarios,such as hole detection

and routing.

Holes are connectedareasthat are empty of nodes. For example, if nodes are

deployed from the air, they can roll down a hillside, fall into a lake and short-circuit

etc., resulting in creation of holes. In someapplications hole detection is the goal

in its own right, becauseholes represent events of interest. For example, in forest
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Figure 3.2: Applications of network sketching: environmental monitoring (left), high-
level route planning (center) and geographicrouting (right).

¯re tracking, holescorrespond to areaswhere sensorshave beendestroyed after be-

ing deployment from the air (Figure 3.2 left). In network health monitoring, holes

correspond to areaswhere nodes ran out of energydue to increasedactivit y for an

extended period. Being topologically equivalent to the original sensor,a network

sketch preservesidentit y of nodeson hole boundaries,and can be usedas a building

block in theseapplications.

Topology awarenessis crucial ingredient for guaranteeing messagedelivery in

location-based (geographic) routing algorithms. In the simplegreedy forwardingmethod,

the rule is to always forward the packet to neighbor which is closestto the destina-

tion, in terms of Euclidean distance. The method is scalable,as its routing tables

are simpli¯ed due to geographicside-information | a node only needsto know the

locations of its neighbors and the destination in order to decidehow to forward a

packet. However, greedyforwarding may not be possibleif no neighbor is closerto

the destination than the node currently holding the packet, i.e., if the packet is at a

local minimum of the distancefunction. Due to the properties of Euclideandistance

function, such local minima only appear at hole boundaries.

Oneway to combat this problem, proposedin [19], is to computea sparsesubnet-

work of \high ways" (Figure 3.2 center) on which even non-geographicrouting is not

too expensive, while \lo cal" routing betweenthe \high way network" and individual

nodesalways takesplaceover short distances,and is thereforelesslikely to su®erfrom

the local minimum problem. Network sketch, or somesuitable subgraphthereof, can
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be usedfor this purpose.

Another approach is to circumnavigate holesthat causelocal minima of the dis-

tancefunction (Figure 3.2right). This is typically doneby precomputingan embedded

planar subnetworkwhoseface cyclesroughly follow the hole boundaries,and then,

whenneeded,routing around the facecyclesusingthe \righ t hand rule" [6, 33]. How-

ever, computing the planar subnetwork is not trivial, and most existing approaches

rely on node locations for both planarization and embedding. Network sketching

makes it possibleto apply this strategy evenin location-unaware networks, because

it producesa embeddedplanar subgraphusing only connectivity information.

Topology information can be exploited in other applications, such as data aggre-

gation and information brokerage,to optimize the way in which information is moved

acrossthe network. This will be the topic of Chapter 4. If additional geometric

measurements are available (e.g. locations of a few \anchor" nodes), they can used

to make the sketch more similar to the true network layout. This improved sketch

can then be usedin applications that dependon true node locations, rather than just

topology of the sensor̄ eld.

3.2 Related Work

There have beena number of papersthat aim to extract structural information about

the network by analyzing its communication graph. In this sectionwe classify them

into thosethat detect boundaries(either as setsof nodesthat lie near boundariesor

proper boundary cycles),and those that also provide a geometricembedding. Note

that obtaining an embedding from the set of boundary cyclesis not trivial, because

of the cycle orientation ambiguity (Figure 3.3). Our algorithm can alsobe seenas a

way of resolvingthis ambiguity by examining how boundary cyclesare connectedto

each other through the interior.

First we discussmethods that only detect holes,but do not compute an embed-

ding. Algorithm of Fekete et al. [22] assumesthat node placement is governed by a

Poissonprocessof constant (but unknown) density over the sensor¯eld. It distin-

guishesboundary nodesfrom interior nodesusing the di®erencein their degrees.The



CHAPTER 3. NETWORK SKETCHING 44

a b

c

e d

f

a b

c

d e

f

Figure 3.3: If the relativeorientation of boundarycyclesin the planeis not correct, the
interior cannot be embeddedin the plane. Left: a correct embedding. Right: after
changing the orientation of the face cycle cdf , the cycle acf d surrounds e in any
embedding (even the very \complicated" one shown), and thus cannot be a face
cycle.

algorithm of KroÄoller et al. [36] makes no assumptionsabout node distribution. It

detectsgroupsof interior nodesand the graph cyclesthat provably surround them.

It classi¯esa node as interior only if its neighborhood contains an elaborate \°o wer

graph", which is why it seemsto work only under restrictive theoretical conditions

(denseinterior). The cyclesaresmall at ¯rst, and in the secondstagethey mergeuntil

they becomeboundary cycles.Eventhough the resultsareprovedto becorrect in any

unit-disk embedding of the network, it is not clear how to actually compute an em-

bedding. Merging cyclesrequiresa lot of communication, so the messagecomplexity

of the algorithm is O(n3).

The algorithm of Funke and Klein [63] analyzeshow the level-setsof certain hop-

distancefunctions break into components upon hitting hole boundaries.The method

identi¯es a set of nodesthat forms a provably good sampleof hole boundaries.How-

ever, it doesnot connectthe nodesinto boundarycycles.It alsorequiresgood network

connectivity, even in simulations (averagedegreeof the communication graph around

20).

The algorithm of Wang et al. [68] is based on detecting critical points of the

distance from a ¯xed sourcein the sensor¯eld. The key observation is that such

points have multiple shortestpaths to the source,which can be combined into cycles

that encloseholes. It subsequent stagesthesecyclesare \tigh tened" around holes.
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Our planar skeleton (Section 3.4.1) is similar to witnesscomplexof de Silva and

Carlsson[16]. If X is a metric space,Y is its subset,and point x 2 X has exactly

k + 1 nearestneighbors in Y, then the set of nearestneighbors in called a k-simplex

witnessed by x. The witnesscomplexis the setof all simplicesde¯ned in this way. The

verticesand edgesof our planar graph are similar to 0- and 1-simplices,respectively,

of the witnesscomplexunder the hop-distance.We add extra conditions to guarantee

planarity and make e±cient embedding possible.

Recent work of de Silva and Ghrist [17] addressessimilar problems of topology

discovery in location-free networks using algebraic topology { homology of certain

simplicial complexesderived from the communication graph. Becausethe approach is

not basedon planar graphs,but on more complicatedhigher-dimensionalcomplexes,

it doesnot seemto allow for an e±cient embedding procedure.

Now we turn to methods that compute an embedding. The problem that has

attracted the most attention is that of achieving low distortion, i.e. the worst-case

Euclideandistance(in the embedding)betweentwo adjacent nodesin the network. It

is possibleto embed a network in the plane with distortion polylogarithmic in n [51,

56]. Low distortion directly translates into low path stretch, so it is important for

routing. However, it doesnot imply geometricor topological accuracyof the layout.

Embedding algorithms in [51, 56] solve convex optimization problemsdistributedly,

so they are quite communication-expensive.

Multidimensional scaling (MDS) [14] is a classicembeddingtechniquewhich com-

putes a point set whosedistancematrix is the best least-squaresapproximation to a

given matrix. When applied to sensornetwork localization [62, 13], distancematrices

canbe obtained from time of arrival measurements, received signalstrength measure-

ments, or simply hop-distances.Error components are typically weighted according

to the reliabilit y of the corresponding distance measurement, and various models

are usedto estimate the latter. Unfortunately, MDS doesnot guarantee topological

accuracy.

Rao et al. [58] use barycentric embedding [66] to compute its two-dimensional

embeddingin a distributed way, but the result is not guaranteedto preservegeometry

or topology of the sensor̄ eld. In fact, we usethe sameembedding technique | not
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on the whole network, but only on the skeleton. In our casetopology is preserved,

due to the properties of the skeleton.

3.3 Con tribution

In this chapter we present an algorithm for sketching the layout of a wirelessnetwork

represented only by its communication graph. Under the unit-disk communication

model, and su±ciently high node density in the interior, Our algorithm extracts

a skeletonof the network, a provably planar graph whose long face cycles follow

the boundaries of holes in the (unknown) true layout. The algorithm outputs a

sketchof the network, which is simply a planar embedding of the skeleton. Under

the sameassumptions,we prove that this embedding is topologically correct, in the

sensethat all boundary cyclesare correctly oriented (cf. Figure 3.3). The actual

locations of the nodesin the skeleton neednot be correct, but they can be improved

if additional inter-node distancesor node locations are available. Su±cient node

density is required to guarantee su±cient connectivity of the skeleton, which in turn

relates to its \embeddability". Even though theoretical density requirements are

unrealistic, our experiments show that the skeleton is reasonablywell connectedeven

when they are not satis¯ed.

3.4 The Algorithm

Our network skeleton is actually a subnetwork called combinatorial Delaunay map

(CDM) , a discreteanalogof Delaunaytriangulation in computational geometry([15],

Chapter 9). The motivation comesfrom the fact that Delaunay triangulation is always

planar, and the goal is to preserve this property in discretesetting. In short, we do

this by viewing nodesasdiscretesamplesof the underlying area,replacingEuclidean

by hop-distancein the network, and adding someextra \robustness" conditions on

Delaunay edges,to account for discretization e®ects. Once we have computed the

CDM, we compute its planar embedding using the barycentric algorithm [66].
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For the rest of the chapter we assumeunit-disk communication model (Sec-

tion 1.1.4), whereall nodestransmit with the sameradius, known in advance,which

dependson the sizeof the featuresof the area.

Algorithm 9 shows a high-level overview of our method. For two cyclesC1; C2

of CDM, d(C1; C2) (line 9) denotesthe hop-distancebetween their landmark sets.

\Merging" of facecyclesC1 and C2 (line 10) corresponding to facesF1 and F2 means

adding together the face cyclesof all faceson somepath betweenF1 and F2 in the

dual graph, such that any faceon the path is also within t l hops from both C1 and

C2.

Algorithm 9 Main
1: k Ã 34
2: ts Ã facesizethreshold (seeTheorem4)
3: td Ã facedistancethreshold (seeTheorem4)
4: selectlandmarks as a maximal k-packing (with respect to hop-distance)
5: computeCVD by De¯nition 4
6: computeCDM by De¯nition 8
7: embed CDM using any algorithm
8: C Ã facecyclesof length more than ts

9: while 9C1; C2 2 C such that d(C1; C2) · td do
10: mergeC1 and C2, updating C appropriately
11: end while
12: return C

3.4.1 De¯nition of the CDM

Supposethat wearegivena subsetof nodeswhich wewill call landmarks. CDM canbe

viewedasan abstract graphon the setof landmarks. In geometricanalogy, landmarks

correspond to a set of points in the plane, and CDM corresponds to their Delaunay

triangulation. CDM canalsobeviewedasa subnetwork of the input network, because

its abstract edgescan be realizedas paths connectingpairs of landmarks.

The ¯rst step is to de¯ne a discrete analog of the Voronoi diagram in geometry

([15], Chapter 7).



CHAPTER 3. NETWORK SKETCHING 48

De¯nition 4 Combinatorial Voronoi diagram (CVD) 1 of a set of landmarks is a

collection of subsetsof nodes called combinatorial Voronoi cells or tiles. Each cell

consistsof nodesthat havethe sameclosestlandmark (in hop-distance).

Like geometricVoronoi cells, tiles are in one-to-onecorrespondencewith landmarks.

Notice that tiles are not disjoint, as there is no tie-breaking in De¯nition 4. Their

intersectionsconsistof nodesthat have more than oneclosestlandmark.

Fanget al. [19] de¯ned a natural \dual" of the CVD by direct analogyto geometric

setting (i.e., Delaunay triangulation, the dual of the Voronoi diagram).

De¯nition 5 Combinatorial Delaunay graph (CDG) of a set of landmarksis a undi-

rected graph whosevertices are landmarks, and edgesconnect landmarkswhosetiles

are within 1 hop from each other.

Note that landmarks whosetiles overlap are also consideredadjacent. It is easyto

verify that landmarks a and b are connectedby an edgein CDG if and only if there

is a path that, going from a to b, ¯rst goesthrough a's tile, then through b's tile.

De¯nition 6 Let a and b be landmarks. A witnesspath for edge(a;b) of CDG is a

simple path in the communication graph connecting a and b suchthat in the ordering

of the nodeson the path (starting with a and ending with b) all a-nodesprecede all

b-nodes.

Unfortunately, CDG is not planar, not even in practical instances(seeFigure 3.4).

To de¯ne CDM, we add extra conditions to ¯lter out someedgesof CDG. We intro-

duce labels for the vertices and edgesof the communication graph, de¯ned with

respect to a given set of landmarks. Theselabelswill be usedto de¯ne CDM, and to

prove its planarity later on.

De¯nition 7

(i) Consider a landmark a and a vertex v. We say that v is an a-vertex if a has

the smallest ID amongall landmarkswhosetiles contain v.

1Similar conceptshave beenproposedunder the nameslandmark Voronoi complex[19] and graph
Voronoi diagram [18].
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Figure 3.4: A network and a set of landmarks with corresponding CVD (left) and
CDG (right). Notice that the CDG is not planar (¯nding a Kuratowski subgraphis
left to the reader).

(ii) Consider arbitrary landmarksa, b and an edgee = (u; v). We say that e is an

a-edge if both u and v are a-vertices. We say that e is an ab-edge if u is an

a-vertex and v is a b-vertex or vice versa.

Clearly, this rule assignsuniquelabel to each vertex and edge,becauseIDs areunique.

Also note that any landmark a is an a-vertex. Now we can de¯ne CDM by taking

the edgesof the CDG that have witnesspaths with suitably labeledneighborhoods.

De¯nition 8 (a;b) is an edge in CDM if and only if it is an edge in CDG and

the 1-hop neighborhood of the corresponding witness path (including the path itself)

consistsonly of a and b vertices.

We assumethat all witness paths that we refer to from now on satisfy the extra

assumptionif they witnessedgesof CDM.

3.4.2 CDM is Planar

For the rest of the chapter we assumethat the communication graph is a UDG. In

this section we prove that CDM is planar. Given all the geometricanalogiesnoted
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above, it is not surprising that the proof of planarity proceedsby showing that CDM

is contained in the dual graph of a Voronoi-like partition of the plane.

To de¯ne the partition, we introduce another labeling, this time of the points in

the plane. The labeling dependson the true embeddingof the communication graph.

It is only usedin the proof, and cannot be actually computed, sincethe embedding

of a given communication graph is not unique in general. This is in contrast to the

vertex and edgelabeling introducedearlier (De¯nition 7), which is de¯ned usingonly

the communication graph, and can be computed.

De¯nition 9 Let x be a point in the plane, lying on the geometric realization of an

edgee of the communication graph. We say that e labels x by a if the endpoint of

e closestto x is an a-vertex. By convention, the midpoint is closestto the endpoint

that has smaller ID. A path in the communication graph labels x by a if someedge

on the path does so. An edgeof CDM labels x by a if the witnesspath for that edge

does so.

Notice that in this way the samepoint may be labeleddi®erently by several edges

that crossin that point. Here is an important property of this labeling, a variation

of the well-known crossinglemma (see,for example,[42], Lemma 8.2).

Lemma 14 If two edgese1 and e2 crossin the geometric realization, and label some

shared point x asan a-point and b-point, respectively, then e1 and e2 are both adjacent

to the sameab-edge.

Pro of. Let y and z be the endpoints of e1 and e2, respectively, which are closerto x.

The point-labeling rule (De¯nition 9) implies that y is an a-vertex and z is a b-vertex.

If y and z werenot adjacent, then the two opposite endpoints would not be adjacent

either (becausetheir distance is at least as big). This con¯guration cannot happen

in a UDG, by Lemma 8.2 of [42]. Therefore,(y; z) is an ab-edgeadjacent to both e1

and e2.

Note that the proof is valid even in the degeneratecases:if the edgesintersect

along a line segment, or at a point that represents a vertex of oneor both edges.

Now let us look at the implications of the adjacencycriterion (De¯nition 8) in

this geometriclabeling.
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Lemma 15 If two edgesof CDM have intersecting witness paths, then they share

one endpoint. Furthermore, the two edgeslabel all the intersection points only by the

common landmark.

Pro of. Supposethe witnesspaths of (a;b) and (c;d) intersect at x. Without lossof

generality, let x be a-labeled by (a;b) and c-labeled by (c;d). Supposethat a 6= c.

By Lemma 14, there is an ac-edgein the 1-hop neighborhood of both witnesspaths.

Applying De¯nition 8 to (a;b) and (c;d) yields c = b and d = a, respectively. This

implies that (a;b) and (c;d) are the sameedge,a contradiction. So it must be a = c,

which proves the ¯rst part of the claim. For the secondpart, note that the only

labels, except a, that the two edgescan assignto x are b and d. Assumewithout

lossof generality that x is b-labeled. By Lemma 14, there is an ab-edgein the 1-hop

neighborhood of the witnesspath of (c;d). Applying De¯nition 8 to (c;d), combined

with c = a, yields b = d. Again, this implies that (a;b) and (c;d) are the sameedge,

a contradiction.

The following lemma proposesa way to draw edgesof CDM.

Lemma 16 For any edge (a;b), one can ¯nd a simple path Pab in the plane which

is a concatenation of a subpath of points that are labeled a by (a;b), and a subpath of

points that are labeled b by (a;b).

Pro of. Refer to Figure 3.5 for illustration. Let x be the point in the plane which is

a geometric realization of the \midp oint" of the witness path for (a;b) (the middle

vertex or the midpoint of the middle edge,depending on whether the path has odd

or even length). By De¯nitions 8 and 9, there is a simple path Pa between x and

a, consistingof points labeled a by (a;b). Symmetrically, there is a simple path Pb

betweenx and b, consistingof points labeled b by (a;b). Note that Pa and Pb have

at least onecommonpoint, i.e., x. Let y be the commonpoint of Pa and Pb which is

closestto a and b (measuredby the intrinsic distancealong the paths). The desired

path Pab is the concatenationof the part of Pa betweena and y and the part of Pb

betweeny and b.

In the rest of the proof we refer to the subpaths Pa and Pb as a-subpath and b-

subpath of Pab, respectively. Now we can prove the main result of this section| that
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Figure 3.5: For the proof of Lemma 16. Solid and dashedlines represent labels a/ b
(top), paths Pa/ Pb (center), a/ b-subpathsof Pab (bottom). In all cases,dotted lines
represent other edgesof the communication graph.
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Figure 3.6: For the proof of Theorem2.

a planar embedding of CDM can be obtained essentially by drawing each edge(a;b)

as its associated path Pab.

Theorem 2 There exists a planar embedding of CDM that usesonly the true geo-

metric realizations of the network edges.

Pro of. Consider the drawing of CDM where landmarks are in their true locations,

and each edge(a;b) is drawn asthe path Pab. Supposetwo paths Pab and Pcd intersect

at point x in the plane. Then, the witnesspaths of (a;b) and (c;d) also intersect at

x. By Lemma 15, they sharean endpoint. Supposewithout lossof generality that

a = c. Also by Lemma 15, the only labelsassignedto x by (a;b) and (c;d) is a, so x

is in the a-subpath of both Pab and Pcd. So,all intersectionsoccur betweenthe edges

that shareone endpoint, and they occur in subpaths that correspond to the shared

endpoint. Therefore,a planar embedding can be obtained by repeatedly \swapping"

path sectionsboundedby pairs of intersectionpoints, as shown in Figure 3.6.

For the rest of the chapter, we will refer to the embeddingconstructedin the proof
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of Theorem2 as the canonical embedding of a given CDM with a given set of witness

paths.

Note that the results of this section hold for any set of landmarks. In order for

CDM to capture topology of the sensor¯eld, landmarks have to be denseenough

comparedto the sizeof topological features. We will introducethis requirement later

on.

3.4.3 Canonical Em bedding is a Go od Sketch

In this section we prove that if node and landmark densitiesare high enough,then

long facecyclesof CDM in the canonical embeddingrun very closeto holeboundaries.

In other words, the canonical embedding could be used as a sketch, if we could

compute it. Starting from this, we show in Section 3.4.4 that actually, under the

sameassumptions,any other embedding suits the purpose.

We assumethat the nodes are denseenough in the interior of the sensor¯eld.

Formally, werequirethat the nodesform an "-cover of the sensor̄ eld, where" is small

enoughcomparedto geometricfeaturesof the sensor̄ eld. To simplify exposiiton, we

assumein the rest of the chapter that " tends to 0, without deriving explicitly how

small it has to be.

We choosethe set of landmarks L to be any k-packing (in the network's shortest

path metric), where k will be determined later. Clearly, this implies that L is also

a k-cover. Also, for a ¯xed k, landmarks can be made as denseas we need if " is

madesuitably small. L is computed (line 4 of Algorithm 9) using a standard linear-

time greedy algorithm, which iterativ ely adds a node to L and removes its k-hop

neighborhood from the graph.

The goal is to show that face cycles that surround holes (in the canonical em-

bedding) are signi¯cantly longer than those that don't. We start with two simple

observations about the distribution of landmarks.

Observ ation 1 Any two landmarksare at least (1 ¡ ")k away.

Pro of (sketch). Follows from the fact that L is a k-packing of an "-sample in a

UDG.
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Figure 3.7: For the proof of Lemma 17.

Observ ation 2 Any Delaunayedgewith a witnesscenter in the interior is of length

at most 2(k + ").

Pro of (sketch). Otherwise, the Delaunay disk would contain the landmark that

k-covers the node closestto its center.

The ¯ -skeletonof a point set is an undirected graph whosevertices are points,

and (a;b) is an edgeif and only if any disk of radius ¯ jabj
2 that contains a and b on

its boundary circle is empty of other points. For ¯ = 1 we obtain the Gabriel graph,

and for ¯ > 1 we obtain a subgraphof the Gabriel graph. Intuitiv ely, the ¯ -skeleton

contains Gabriel edgeswhosedual Voronoi edgesare longer than somethreshold that

dependson ¯ . This will be important for our proof.

Let G be the graph on the set of landmarks L that contains all edgesof the

¯ -skeleton on L that are not longer than R = 2k + 3".

Lemma 17 Let ¯ =
q

64
63 and " small enough. If u and v are landmarkssuch that

juvj · R, then u and v are connected in G via a path that lies within 16juvj from u

(and v, by symmetry) in the straight-line embedding of G.

Pro of. Construct a short path between a and b in G as follows. Start with the

path consistingof a single edge(a;b). In each iteration, replaceall edges(u; v) on

the path that are not in the ¯ -skeleton of L by (u; w) and (w; v), where w is any

landmark in oneof the disksof diameter ¯ juvj touching u and v, seeFigure 3.7. jvwj
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is maximizedwhenw is on the boundary of the disk, and in addition juwj = (1¡ ")k,

due to Observation 1. Hence

jvwj
juvj

· ¯ sin
µ

arcsin
1
¯

+ arcsin
(1 ¡ ")k

¯ juvj

¶
: (3.1)

We have (1¡ " )k
juv j ¸ (1¡ " )k

R = (1¡ " )k
2k+3 " , which approaches 1

2 as " ! 0. The right-hand side

of (3.1) then tendsto
p

193+1
16 < 15

16. Sofor small enough", we have jvwj · 15
16 juvj. The

samebound holds for juwj, by symmetry. Hencein each iteration the maximum edge

length decreasesby a constant factor. By Observation 1, edgescannot be arbitrarily

short, so the processterminates.

Notice that any point on the ¯nal path can be reached from u by following a se-

quenceof edges,at most onecomingfrom each iteration. Henceby triangle inequality,

the whole path is within juvj ¢
1P

i =0
( 15

16) i = 16juvj from u.

Now we prove that all edgesof G that are far away from the boundary are also

present in CDM.

Lemma 18 Assumek ¸ 34. If (a;b) is an edge of G such that the line segment

ab is at least " away from any boundary, then (a;b) is also an edgeof CDM whose

canonical embedding is at most " away from the line segment ab.

Pro of. Let (a;b) be an edgein G. We claim that the shortest path betweena and

b is a witness path for (a;b). To prove this, we ¯rst show that any point x on the

segment ab which is closerto a than to b is alsosigni¯cantly closerto a than to any

landmark c 6= a;b.

By Observation 1, jacj ¸ (1 ¡ ")k. Also, c is outside the two disks of radius
¯ jabj

2 that pass through a and b. Refer to Figure 3.8. By symmetry, it su±ces to

consideronly c in the northwest quadrant of the coordinate systemwhoseorigin is

at the midpoint of the segment ab. Applying the sine law to 4 x0ac we ¯nd that jxcj
jxa j

is minimized when x is at the origin, as shown in Figure 3.8. Furthermore, jxcj is

maximizedwhenc is at the intersectionof the r -circle centered at a and a ¯ jxaj-cycle
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Figure 3.8: For the proof of Lemma 18: showing that cx is signi¯cantly longer than
ax.

centered at x. Then, applying the law of cosinesto the angleat y of 4 xyc.

jxcj2

jxaj2
= 2¯ 2 ¡ 1 ¡ 2¯

p
¯ 2 ¡ 1cos\ xyc

= 2¯ 2 ¡ 1 ¡ 2¯
p

¯ 2 ¡ 1cos(\ ayx + \ cya)

= 2¯ 2 ¡ 1 ¡ 2¯
p

¯ 2 ¡ 1cos(arcsin
1
¯

+ 2arccos
jacj

2¯ jaxj
) : (3.2)

We have jacj
2jax j ¸ jacj

jabj ¸ (1¡ " )k
R = (1¡ " )k

2k+3 " , which tends to 1
2 as " ! 0. Then, the

right-hand sideof (3.2) tends to

2¯ 2 ¡ 1 ¡ 2¯
p

¯ 2 ¡ 1cos(arcsin
1
¯

+ 2arccos
1

2¯
) =

67
63

+

p
193¡ 1

64
>

5
4

;

wherewe substituted ¯ =
q

64
63. Hencefor a small enough" we have jxcj ¸

p
5

2 jxaj.

Hop distancesfrom x to a and c are at most djxa j+ "
1¡ " e, and at least djxcj ¡ "e,



CHAPTER 3. NETWORK SKETCHING 57

respectively. The di®erencein hop counts is

djxcj ¡ "e¡
»

jxaj + "
1 ¡ "

¼
¸ jxcj ¡ " ¡

jxaj + "
1 ¡ "

¡ 1

¸

Ã p
5

2
¡

1
1 ¡ "

!

jxaj ¡ " ¡
"

1 ¡ "
¡ 1

¸

Ã p
5

2
¡

1
1 ¡ "

!
(1 ¡ ")k

2
¡ " ¡

"
1 ¡ "

¡ 1;

which exceeds1 as long as

k ¸
" + "

1¡ " + 2

1¡ "
2

³ p
5

2 ¡ 1
1¡ "

´ :

When " ! 0, the right hand side tends to 8(
p

5 + 2) < 34, so the claim holds.

Since these \in terior" edgesof G are in CDM, the notion of canonical embed-

ding extendsto them. Now we prove that this subgraphis \dense" when embedded

canonically, i.e., that its facesare small.

Lemma 19 Consider the canonical embedding restricted to edgesof G that are at

least " awayfrom any holewhendrawn with straight lines. Any face of this embedding

that is contained in the interior hassizebounded by 12672.

Pro of. Fix an arbitrary such face. Let s bethe length of its boundingcycle. Consider

the Delaunay triangulation of the s vertices in its boundary. This is also a proper

triangulation of the faceitself (viewed asa simplepolygon), sinceall edgesin the face

boundary are in the ¯ -skeletonof L, and thereforeDelaunay. There is a diagonalthat

can be \cut" to partition the polygon in a balancedway, with no lessthan a third of

triangles in either part [28]. By Observation 2, the length of this diagonal is at most

2(k + ") . By Lemma 17, at least a third of triangles is included in a disk of radius

32(k + "). Using Observation 1 and a standard disk-packing argument, we conclude

that the number of verticesin this disk is

v ·

Ã
32(k + ") + (1¡ " )k

2
(1¡ " )k

2

! 2

=
µ

1 +
64(k + ")
(1 ¡ ")k

¶ 2

· 652 + 1;
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for small enough". So we have s
3 · v ¡ 2 · 652 ¡ 1 which implies s · 12672. This

provesthat the facesare constant-sized in the straight-line embedding.

Now we argueabout canonical embedding. By Lemma15, witnesspaths intersect

only if they sharean endpoint. Supposethat the witness paths of (a;b) and (a;c)

intersect. We have jabj; jacj · 2k + 3", and jbcj ¸ k(1¡ "), so\ bac¸ 2arcsin k(1¡ " )
2(2k+3 " ) ,

which exceeds28± for small enough". By Lemma18, witnesspaths are within " from

line segments ab and ac, so they can intersect at most O(") away from a. Therefore,

the counter-clockwise ordering of each landmark's neighbors is the samein the two

embeddings,which is equivalent to the claim.

Assumethat there exists ± > 0 such that for all ±0 · ±, the set of points exactly

±0 away from the holeshas the sametopology as the set of hole boundaries.

Lemma 20 For " small enough,any path (resp. cycle) which is at least 18R away

from any hole can be continuously mapped to a path (resp. cycle) in canonically

embedded CDM so that any point on the path (resp. cycle) is within distance 17R

from its image.

Pro of. We prove the claim for paths, the proof for cyclesis similar. Let P be any

path which is at least 18R from any hole. Assumewithout loss of generality that

the length of P is divisible by ", and let s1; s2; : : : be points on P such that s1 is an

endpoint, and the distancebetweentwo consecutive points in the sequenceis " along

the path. For each si there is a landmark l i such that jsi l i j · k + ". Fix arbitrary

i ¸ 1. Wehave jl i l i +1 j · jl i si j + jsi si +1 j + jsi +1 l i +1 j · 2k+ 3" = R. Therefore,(si ; si +1 )

is an edgeof UDG(R). By Lemma 17, there is a path Qi in G between l i and l i +1

contained in B(l i ; 16R). Furthermore, the distance between Qi and any hole is at

least 18R ¡ (k + ") ¡ 16R ¸ 3R
2 , which is at most " for small enough", so Qi is also

a path in CDM, by Lemma 18. Let Q be the concatenationof paths Qi for all i . A

continuousmap from P to Q is obtainedby mappingthe part of P betweensi and si +1

to Qi . To prove that this map doesnot move points too much, let x be any points on

the path, and supposeit lies betweensi and si +1 . Then, its imagey lies on Qi . Since

Qi µ B(l i ; 16R), it follows that jxyj · jxsi j + jsi l i j + jl i yj · " + (k + ") + 16R · 17R.
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Theorem 3 If ± ¸ 106k, ts = 12672, td = 17k + 1, then Algorithm 9 correctly detects

holesof diameter at least 25347k.

Pro of. Let H1; H2; : : : ; H i ; : : : be holesof diameterat least25347k (this alsoincludes

the in¯nite area outside the sensor¯eld). Fix an arbitrary hole H i and consider

the set of points Ci which are exactly 18R from H . For small enough", we have

18R = 18(2k + 3") · 37k · ±, so Ci is a simple cycle that surrounds H i . By

Lemma 20, there is a cycle C0
i in canonically embeddedCDM which is a pointwise

perturbation of Ci by at most 17R, and therefore also surroundsH i . Furthermore,

any point x of C0
i satis¯es R · jxH i j · 35R.

The areaoutside all cyclesC0
i (for all holesH i ) is contained in the interior, so all

facesof G inside this areaare interior faces.By Lemma 19, they are small. Facesof

CDM inside this areaare obtained by inserting new \edges" (paths in the canonical

embedding) which subdivide facesof G, and henceare alsosmall.

There is exactly one facecycle C00
i of CDM surrounding H i . Let x and y be two

points on the boundary of H i that maximize jxyj. Let x0 and y0 be the intersection

points of the line through x and y with C00
i . Finally, let x00and y00bethe two landmarks

on C00
i closestto x0 and y0, respectively. The length of C00

i is at least

jx00y00j
R

¸
jx0y0j ¡ 2 ¢R

2

R
¸

jxyj ¡ R
R

¸
25347k
2k + 3"

¡ 1 > 12672; (3.3)

for small enough". So, C00
i is long, i.e., becomesan element of C in line 8 of Algo-

rithm 9.

However, Cmay alsocontain other long cyclesthat do not surroundholes.Dealing

with this issueis the purposeof the while loop in lines 9 { 11.

All cycles in C are long, by construction. By previous discussion,all must be

contained in someC0
i . Any cycle A 2 C surroundedby C0

i is closeto C00
i . Let x be

any landmark on A, let y be the point on C00
i closestto x, and let z be the landmark

on C00
i closestto y. We have

jxzj · jxyj + jyzj · 35R +
R
2

=
71R

2
= 71k +

213"
2

· 71k + 1; (3.4)
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for small enough", so d(A; C00
i ) · d(x; z) · 71k + 1. One the other hand, any two

cyclesA; B 2 C surroundedby C0
i ; C0

j , respectively, where i 6= j , are far away. We

have

jAB j ¸ jC0
i C

0
j j (A/ B surroundedby C0

i / C0
j )

¸ jH i H j j ¡ jH i C0
i j ¡ jH j C0

j j (triangle inequality)

¸ 2±¡ jH i C0
i j ¡ jH j C0

j j (de¯nition of ±)

¸ 212k ¡ 35R ¡ 35R (assumptionon ±)

= 72k ¡ 210" (R = 2k + 3")

¸ 72k ¡ 1 (for small enough")

; (3.5)

which implies d(A; B) ¸ 72k ¡ 1.

So,while there existsa cycleA in C that doesnot surrounda hole, the while loop

cannot terminate, asA can be merged(in line 10 of Algorithm 9)with someC00
i

2. On

the other hand, onceno such cyclesexist, no further merging can occur (becauseit

would require merging cyclessurroundedby C0
i and C0

j for i 6= j ), so the while loop

terminates.

3.4.4 An y Em bedding is a Go od Sketch

The previoussectionhasshown that, roughly speaking, large holesare well captured

by largefacesof canonicallyembeddedCDM. However, canonicalembeddingdepends

on true nodelocations. Therefore,it is unknown andpresumablynot easyto compute.

This section shows that the sameinformation can in fact be recovered any planar

embedding of the CDM. We use the fact that the node density is high enough,so

CDM is su±ciently well connected.

To simplify explanations,for the rest of this section,all Euclideandistancesinvolv-

ing parts of CDM (cycles,landmarks etc.) are measuredin the canonicalembedding

of CDM. Also, when talking about relationships betweenCDM and holes,we have

the canonicalembedding of CDM in mind3.

2Note than in subsequent iterations the result of the merge becomesthe new C00
i in the proofs,

as it also surrounds H i and is surrounded by C0
i , which is all that the proofs need.

3Careful readersshould not be surprised| the only spacein which Euclidean distancesand holes
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Figure 3.9: For the proof of Lemma 21. The thick polygonal line represents the
canonicalembedding of C.

Lemma 21 If a face cycle in someembedding hasa point which is farther than 86R

from holes,then its size is at most 74530.

Pro of. Let C be a facecycle in someembedding,and at least 86R away from holes.

In the rest of the proof refer to Figure 3.9. Let x be the point on C which is farthest

away from holes.

First let us prove that C is contained in B(x; 68R + "). Supposethis is not true.

Let y be any point on C such that jxyj = 68R + ". Consider the circle of radius

34R + "
2 centered at x. y divides C into two paths, each of which must crossthis

circle at least once. Let z and w be the points of ¯rst (closestto x along C) crossing

on each path. Clearly, there is a circular arc betweenz and w of angleat most 180±

that stays on onesideof C (the smallerof the two arcsthat z and w form). Because

the angleof the arc is upper-bounded,x and y can be connectedusinga curve that is

always morethan 34R away from the arc (happensto be a straight line in Figure 3.9).

are meaningful is the one in which hosts the real network. The canonical embedding lives in the
samespace.
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Note that these two curves are also more than 86R ¡ (68R + ") > 17R away from

holes.

Applying Lemma 20 to the two curves yields two paths in CDM that do not

intersecteach other: path Pcd, connectslandmarksc and d on C (\close" to z and w,

respectively), alwaysstaying on the samesideof C, and path Pab betweenlandmarksa

and b on C (\close" to x and y, respectively). Clearly, the counter-clockwiseordering

of points alongC is x; z; y; w. Giventhe upper boundson point-to-landmark distances

jxaj; jybj; jzcj; jwdj, and lower boundson distancesalongthe cyclejxzj; jzyj; jywj; jwxj,

it is easyto seethat the the counter-clockwiseorder of landmarksalongC is a;c;b;d.

SincePcd always stays on the sameside of C, it divides the area on that side of C

into two parts, with a and b being in di®erent parts. SincePab crossesfrom onepart

to the other without intersectingPcd, the two paths cannot both be outsideC in any

embedding4. This contradicts the fact that C is a facecycle.

Therefore, C is contained in B(x; 68R + "). Using the standard ball-packing

argument, we ¯nd that the sizeof C is at most

Ã
68R + " + (1¡ " )k

2
(1¡ " )k

2

! 2

=
µ

1 +
136(2k + 3") + 2")

(1 ¡ ")k

¶ 2

· 2732 + 1 = 74530;

for small enough".

The following theoremis the main result of this section. It is analogousto Theo-

rem 3 in Section3.4.3.

Theorem 4 If ± ¸ 259k, ts = 74530, td = 173k + 1, then Algorithm 9 detects all

holesof diameter at least 149063k.

Pro of (sketch). To mimic the proof of Theorem3, we needonly thesetwo essential

facts.

(i) All long cyclesare contained in small neighborhood of somehole. This follows

from Lemma 21, with \small" meaning86R.

4In Figure 3.9, the subpath of Pab betweena and b0 (the point of ¯rst crossingbetweenthe two
parts), can be usedto seethis more easily.
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(ii) Each hole has someface cycle that surrounds it. To prove the latter, we use

the fact that face cycles (in any embedding) form a basis of all cycles. In

particular, for any hole H i , the cycle C0
i which surroundshole H i (in the proof

of Theorem 3) is a linear combination of face cycles. This is only possibleif

there exists a facecycle that surroundsH i .

Now one can proceedthe sameway as in the proof of Theorem 3, substituting 86R

instead of 35R where necessary. In particular, the calculations are the sameas in

Equations (3.4), (3.5), and (3.3).

3.4.5 Em bedding the CDM

Wehaveprovedthat any planar embeddingof the CDM is suitable for identifying hole

boundaries. Now we discusshow to compute onesuch embedding. Of course,in the

centralized setting, any standardembeddingalgorithm couldbeused[26, 43, 5, 7], and

the description of our algorithm would end here. However, our main motivation are

sensornetworks,sowedevote this sectionto developinga moredistributed embedding

procedure. We proposea practical and robust distributed heuristic for this problem.

It is basedon Tutte's barycentric embedding[66] (alsocalled\rubb er-banding"), which

is de¯ned as follows.

Supposewe are given somecycle of size t ¸ 3, call it the seed cycle. Place the

nodesof the seedcycleat points x1; x2; : : : ; x t 2 R2 orderedcounterclockwisearound

the unit circle, and chosenuniformly at random from all such placements. Place the

remaining n ¡ t nodes as given by the solution x t+1 ; x2; : : : ; xn 2 R2 to the linear

system

xu =
1

deg(u)

X

v2 N CDM (u)

x j : (3.6)

In other words, each node which is not in the seedcycle is placed at the geometric

centroid of the locationsof its neighbors in CDM. If the CDM is connected,then (3.6)

hasa unique solution.

Tutte proved that the above algorithm producesa planar embedding with high

probability (over the random placement of seedcycle nodes), if the following two
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conditions are satis¯ed.

(i) The input graph is 3-connected,i.e., it cannot be disconnectedby removing up

to two vertices. It is know that for such graphs the combinatorial embedding

(the set of facecycles)is unique [69, 66], i.e., the set of facecyclesis the same

in any planar embedding.

(ii) The cyclegiven to the algorithm as input is a facecycle (in any planar embed-

ding of the input graph).

Note that, due to the secondcondition, the seedcycle becomesa face cycle in the

embedding produced by algorithm. In fact, the algorithm always embeds the seed

cycle as the outer facecycle.

The main reasonfor consideringthis algorithm is its distributed nature. Speci¯-

cally, (3.6) can be solved by a simpledistributed iterativ e algorithm (alsousedin [58]

for a similar purpose)in which each inner node i periodically setsits location estimate

to the current centroid.

xu Ã
1

deg(u)

X

v2 N CDM (u)

x j : (3.7)

If CDM is connected,(3.7) convergesand its ¯xed point is the uniquesolution to (3.6).

Unfortunately, the CDM is not guaranteed to be 3-connected. In fact, it is not

even \t ypically" 3-connectedin experiments. For instance, even in networks with

quite high node density, we often seeCDM nodes of degreelessthan 3, especially

in regionsaround hole boundaries. For graphs that are not 3-connected,there is a

weaker guarantee: if the seedis a facecyclein someembedding5, then the barycentric

embedding is planar, but someof its facesmay be degenerate (i.e., have zero area).

More precisely, the resulting embedding is obtained from someplanar embedding

by \collapsing" someof its faces{if a face cycle can be separatedfrom the seedby

removing up to 2 nodes, then the face is embedded in a subspacespannedby the

separator nodes (in caseof a single-node separator { point, in caseof two-node

separator{ line segment). SeeFigure 3.10 for an illustration. The \collapsed" faces

5Recall that in this casethe set of facecyclesdependson the embedding.
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a a

b b

c cd d

Figure 3.10: If a facecycleof a planar embeddingis not 3-connectedto the seedcycle
(shown in red), it boundsa degenerate(zeroarea) facein the barycentric embedding.
Left: d has 3 vertex-disjoint paths to the seed. Right: d can be separatedfrom the
seedby removing a and b.

are exactly those that \witness" the lack of 3-connectivity | those that can be

separatedfrom the seedby removing lessthan 3 vertices.

Becausewe are only interestedin facecyclessurroundingholes,the new goal is to

¯nd a seedthat is well-connectedto them, sothat they do not \collapse". Intuitiv ely,

this is more likely to be satis¯ed if the seedis also a long cycle. We proposethe

following heuristic, which maintains the invariant that the current seedis a facecycle

in someembedding, while trying to increaseits length (and therefore,hopefully, its

connectednessto the cyclesthat we careabout).

We initially establish the invariant using the fact that \small" triangles are face

cyclesin canonicalembedding.

Observ ation 3 Any triangle in G which is at least " away from holes, and whose

edgeshavelength at most k
p

3 corresponds to a triangular face in the canonical em-

bedding of CDM.

Pro of (sketch). Obviously, the triangle is in CDM, by Lemma 18. Due to the

¯ -skeleton condition, no other landmark can be in the spaceenclosedby the witness

paths for the three edges.

Sothe ¯rst step is to pick a small triangle in CDM, i.e., three landmarkspairwise

connectedby short paths, and computethe barycentric embeddingwith this triangle

asthe seed.In each step we look for a non-degeneratefacecyclewhich is longer than

the current seed,and repeat the procedureusing this cycle as the new seed. The

procedureendswhen the longestfacecycle is the current seed.



CHAPTER 3. NETWORK SKETCHING 66

Initial stagesof the procedure,whenthe seedcycleis still small, arecritical for its

success.As long asthe current seedbecomeslargeenoughin the canonicalembedding

sothat it hasthree landmarksmorethan 68k+ " from each other, onecanprovethat it

is 3-connectedto all cyclessurroundingholes. Weomit the proof, but it usesthe same

techniquesas Theorems3 and 4, i.e., establishingthe existenceof three su±ciently

separatedcurvesoriginating at the three landmarks,and applying Lemma20to them.

Also, if the current seedS is small, but it happensto be3-connectedto onecycleC

that surroundsa hole, the procedureis likely to succeed,becauseC is non-degenerate

in the barycentric embeddingwith respect to S, sothe next seedin the sequencewill

be at least as long as C. In our experiments (Section3.5), this scenariooften occurs

after only a few iterations, after which the algorithm terminates,becauseC is usually

somecyclethat runs very closeto the outer boundary, and such cyclestend to be the

longest(Figure 3.12).

A few informal remarksabout the distributed implementation. Even though the

basic rubber-banding technique is decentralized, detecting a stable state and deter-

mining the longest face cycle are global operations. Even at the exact ¯xed point

of (3.7), if facesof nearly zero area are present, global reasoningseemsnecessaryto

computeconsistent facecycles.We leave thesequestionsto future research.

Heuristically, one can make useof Lemma 19 in Section3.4.3, i.e., the fact that

face cycles far away from boundariesare short. Such face cyclescan therefore be

traced out by propagating \short-liv ed" messages(allowed to travel for at most 20k

hops,say) using the \righ t hand rule" in the current embedding and detecting their

return to the origin. Theseprobes are quick and can be performed periodically. If

a node is able to discover most of its adjacent facesin this manner, it can take this

as a sign of near-optimal convergenceand proceedto discover remaining adjacent

faces(someof which are potentially long) using \longer-range" messages.Upon the

¯rst successfulsuch long-rangeprobe, an announcement is broadcastto the network,

becauseeach node has to know the new seed.
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Figure 3.11: Performanceon a large-scaledeployment of 100,000nodeswith average
degree12. Left: Nodedistribution (notice the irregular shape of the outer boundary).
Center: The outer boundary cycle is correctly detected using k = 3. Right: The
holesappear as largecyclesin the ¯nal embeddedCDM, with their relative sizeswell
preserved.

3.5 Empirical Evaluation

The constants in Theorems3 and 4, and the node density required for correctness

are of theoretical interest, and are not likely to be satis¯ed in practice. To show that

our algorithm still producesreasonableresults even for smaller constants and node

densities,as well as to demonstrateadvantagesof our planarity-basedapproach, we

supplement theory with simulation results.

We ¯rst considera large-scaledeployment of reasonablydenselyconnectednodes.

Figure 3.11 shows that irregular (non-rectangular) outer boundary doesnot present

a problem for our boundary detection method. It might only introduce additional

distortion in the ¯nal embedding.

Figure 3.12 shows three stagesof the processof ¯nding the (approximate) outer

facecycle. In this caseit took only three invocationsof the rubber-bandingsubroutine

to arriveat the ¯nal solution. The network sizeis about 30,000and the averagedegree

is 14. In all the examplesthat we tried, the embedding heuristic was successfulin

recovering a cycle which is very closeto the true outer cycle in only a few (up to 5)

iterations.

Our next experiment showsthat having denserlandmarksis not necessarilybetter.

If the landmarks are too dense(Figure 3.13 bottom-left), very few CDM edgesare

witnessed,sincethere is a lot of \in terference"amongVoronoicells. As a consequence,
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Figure 3.12: Evolution of the seedcycle in our embeddingheuristic. The bottom row
shows a sequenceof rubber-bandembeddings.Each embedding usesthe red cycle in
the samecolumn as the seed,producing the red cycle in the following column as the
new seed.The length of the seedstrictly increases.
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Figure 3.13: The e®ectof varying landmark density. Top-left: communication graph
with about 8,400nodesof averagedegree10. Bottom-left: too densea set of land-
marks (k = 2) may lead to spuriouslarge faces,onesthat do not correspond to hole
boundaries.Center column: an appropriate choiceof landmark density (k = 4), both
the larger and the two smallerholesshow up in the embedding. Right column: If the
landmarks are too sparse(k = 7), smaller holesbecomeindistinguishable.

CDM contains long face cyclesthat do not correspond to holes. Furthermore, it is

poorly connected,so the embedding heuristic is lesslikely to succeed.On the other

hand, if landmarks are too sparse,boundariesof small holesdo not appear as long

cycles(Figure 3.13right).

Finally, we test our algorithm on a very sparsedeployment (Figure 3.14 left),

which present a problem for earlier statistical methods [22]. One can seethat the

¯nal embedding (Figure 3.14 right), the three facecyclescorresponding to holesare

indeedlonger than other facecycles.
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Figure 3.14: Performanceon a sparsenetwork. Left: A sparsecommunication graph,
9,000nodeswith averagedegree7; one can notice numeroussmall holesas a conse-
quenceof weak connectivity. Center: The CDM constructedwith parameter k = 4.
Right: The resulting embeddedCDM.

3.6 Summary and Remarks

In this sectionwe have presented the main contribution of this chapter. While com-

puting a geometric realization of a complete unit-disk communication graph seems

a very challenging problem, particularly in a distributed scenario[8, 38, 58], taking

a macroscopicview and extracting a denseenoughsubgraph of CDG, it turns out

that a relatively simple, distributed algorithm can be usedto extract a provably pla-

nar subgraphwhich we call combinatorial Delaunay map. Using a semi-distributed

heuristic we can also compute a planar geometricembedding of the latter, in which

large coverageholesappearsas clusters of faceslarge faces. Apart from recovering

hole boundaries(including the boundary of the in¯nite hole, i.e., the outer boundary

of the network), this planar embedding allows for application of networking proto-

cols that rely on node coordinates and a planar subnetwork, such as [6, 33], even in

location-unaware networks. Figure 3.15 illustrates the main stepsof our algorithm.

It should be pointed out that the lower bounds on ± in the statements of Theo-

rems4 and 4 are in fact upper boundson the communication radius. In other words,

if we de¯ne the \unit" appropriately, all nodeshave low enough\curv ature" and are

far enoughfrom each other, as required by the proofs. Of course,scaling the radius

requiresscalingnode density by the samefactor.

We described the sketching algorithm as operating on a UDG, but have not dis-

cussedsofar how to implement it in the DG computedin Chapter 2. One possibility
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Figure 3.15: The sketching pipeline: computing CVD (left), computing CDM, by
¯nding paths that witness\robust" tile adjacencies(center), embedding CDM using
a simple \rubb er-banding" scheme(right).

is to emulate a UDG transmissionby a localizedbroadcast in the DG. Each packet

can have a special ¯eld that is initialized to 1 and decreasedby each forwarding node

by the value of that node's radius. All received messageswith value 0 or negative

are ignored. We believe that one could prove correctnessof such emulation under

su±cient node density assumption,but it is not clearhow it would behave in realistic

networks. We leave both tasks for future research.

Our algorithm only imposesa lower bound on the node density, but does not

require it to be uniform. Also, we expect our method to perform well even in sparse

networks. One reason is that density does not a®ect the combinatorial structure

of CDM (planarity), while its connectivity (lengths of face cycles) is a®ectedonly

indirectly, through hop-distances.



Chapter 4

Information Poten tials

Considera scenarioin which a sensornetwork is deployed in the samephysical space

as its users (homes, o±ces, roads). Its goal is to guide users to data that they

mark as relevant by specifying appropriate data type as a set of attributes. This is

known under many names,including information discovery, information brokerage,

attribute-based routing and data-centric routing [72]. The main challengescomefrom

the highly dynamic environment. Userscan be mobile, relevant data can appear and

vanish unpredictably, user interestscan changeetc. Theseare the distinguishing fea-

tures that requirea newapproach, comparedto both traditional scienti¯c monitoring

applications and classicalpoint-to-point routing.

It hasbeenproposedto disseminateinformation about data sourcesto the rest of

the network in a di®usion-likeprocess.This forms a \information strength" function

on the sensornodesthat decays with distancefrom the source,and can be usedfor

¯nding the source. We propose a new method in this spaceand demonstrate its

advantages.

Speci¯cally, we \di®use" information in the form of information potentials that

allow network queries to navigate towards and reach these sourcesthrough local

greedy decisions,following information potentials. We compute these information

potentials by solving for a discrete approximation to a partial di®erential equation

over appropriate network neighborhoods, through a simple local iteration that can

be executedin a distributed mannerand can be re-invoked to repair the information

72
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¯eld locally when links fail, sourcesmove, etc. The solutions to this equation are

classicalharmonic functions, which have a rich algebraicstructure and many useful

properties, including the absenceof local extrema, providing a guarantee that our

local greedynavigation will not get stuck.

Unlike shortest path trees, which can also be used to guide queriesto sources,

information potentials arerobust to low-level link volatilit y asthey re°ect moreglobal

properties of the underlying connectivity. By exploiting the algebraic structure of

harmonic functions such potentials can be combined in interesting ways to enable

far greater path diversity and thus provide better load balancing than is possible

with ¯xed tree structures, or they can be used to answer range queriesabout the

number of sourcesin a certain regions by simply traversing the boundary of the

region. Potentials for multiple information typescan be aggregatedand compressed

using a variant of the q-digestdata structure. We provide both analytic results and

detailed simulations supporting theseclaims.

4.1 Information Poten tials as Infrastructure

Early applicationsof wirelesssensornetworksweredistributed datacollection systems.

They demonstratedthe advantagesof inexpensive networked sensorsover more tra-

ditional centralized sensingsystems. As technologiesbecomemature and as sensor

networks grow large in sizeand becomeinter-connected,we expect that sensornet-

works will move beyond military deployments and the monitoring of animal or other

natural habitats to the placeswhere humans work and live: homes,cars, buildings,

roads, cities, etc. Note that in these human spacesa sensornetwork serves users

embeddedin the samephysical spaceas the network, not a community of scientists

remote from the observation site. Furthermore, there is often the need to deliver

relevant information with very low latency, in order to allow usersto act in a timely

manner,as for examplewith ¯rst respondersin disasterrecovery scenarios.

In this chapter we considernetwork infrastructure that aids information discovery

and navigation through a dynamic environment. This includes the navigation of

packets (answering userqueriesfrom any node), aswell as the navigation of physical
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objects (peopleor vehicles)moving in the samespace| such as userswith hand-

held devicescommunicating with nearby sensornodes to get real-time navigation

information. For example, road-side sensorscan monitor local tra±c congestion;

empty parking lots in downtown areascanbedetectedand trackedby sensorsdeployed

at each parking spot. A real-time navigation systemin such a dynamic environment

is quite useful | for ¯nding an empty parking spot, for guiding vehicles to road

exits in an emergency, for diverting cars to alleviate and avoid tra±c jams, etc. The

embedded sensorsserve two purposes: discovering/detecting the events of interest

(e.g., a parking spot is left empty); and forming a supporting infrastructure for users

to navigate towards or around and act on the detected events. In this setting, the

events of interest or the destinations to which the users want to navigate to are

modeledas sourcesand the users(or the nodesin which the query is generated)are

modeledas sinks.

Theseemergingapplication scenarioshave a few characteristicsthat di®erentiate

them from traditional scienti¯c monitoring applications.

² The environment can be dynamic: parking spacesare freedup or occupiedover

time; road conditions are changing at di®erent periods of the day. Thus the

navigation systemneedsto accommodate theseenvironmental changes.

² An event of interest may emergeanywherein the network and a node typically

doesnot have prior knowledgeof when and wherethe event may appear.

² A data sourceis often of the most interest to the usersin its immediateneighbor-

hood. For example,carsnear a tra±c jam may look for navigation suggestions

to avoid the jammed area; or an empty parking spaceis of the most value to

carswithin a few blocks.

² Multiple queriesmay be arise at onceseekingthe samesource,as in disaster

recovery.

² Unlike scienti¯c monitoring applications in which data is gatheredto the base

station for post processingat a later time, in these scenarioslow latency in

answering queriesis a major quality-of-service(QoS) requirement.



CHAPTER 4. INFORMATION POTENTIALS 75

Theseapplication characteristicsand new QoSrequirements demanda radically dif-

ferent systemdesignfor information discovery and routing.

4.2 Related Work

Information discovery protocols fall in the spectrum betweenproactive and reactive

accordingto the extent of precomputation doneto facilitate discovery.

Proactive protocols precompute distributed data structures that support infor-

mation discovery with nearly optimal communication cost (closeto the hop-distance

between the user and the discovered data). The following are someof the typical

operations supported by thesedata structures.

² Routing to a node with given network addressor geographiclocation.

² Discovering the addressof the node that seesthe mobile user with given ID

(location service).

² Mapping data attributes to a network addressor geographiclocation that serves

as a rendez-vouspoint for all producersand consumersof that data type.

For example,a geographichashtable [59] usesa content-basedhashfunction that

maps the event type to a geographiclocation so that sensorsnear the geographical

location store the data and serve as rendez-vous points for later queries. But the

separation of the logical structure from the physical structure introducesawkward

triangular routing | a usermay needto visit a distant rendez-vouspoint ¯rst to learn

the way to the data source,even if the latter is very close. This further exacerbates

tra±c bottlenecks at rendez-vousnodesholding popular data.

Thesedata structuresareoften hierarchical, and often dependin intricate ways on

network connectivity. For example,the status of a singlelink may in°uence on many

levels of the hierarchy, someof which may be maintained by far away nodes. Hence,

proactive methods are more suitable for networks with stable links and powerful

nodes,such as the Internet.
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In highly dynamic ad-hoc networks the overheadof proactively maintaining infor-

mation discovery infrastructure is too large, and it is more desirableto implement a

reactive protocol that discoversdata on demand, with very little or no preprocessing.

In this chapter we restrict our attention to reactive protocols.

The following is an exampleof a very simple reactive protocol. A user interested

in data of a certain type announcesits interest to the rest of the network by °ood-

ing, where each node remembers the ¯rst neighbor from which it received the °ood

message. When a data sourcethat learns about a matching user by receiving its

°ood message,it can e±ciently discover a path to that userby tracing back the steps

that the °ood messagetook. Depending on the application, roles can be reversed,

i.e., data sourcescan °ood their available data types, and userscan discover paths

by backtracking. The former is often called \pull", and the latter \push" approach.

The choicebetween\push", \pull" or somecombination thereof dependson whether

user parameters(positions, data typesetc.) or data sourceparameterschangemore

frequently.

Of course,°ooding-baseddiscovery is expensive, and best suited for infrequent

queriesof long duration (i.e., requestsfor streaming data). Directed di®usion[29] is

a general-purposereactive information discovery framework that augments the basic

\push" and \pull" strategieswith a host of practical heuristics aimed at reducing

the cost of °ooding in real-world applications. For example,upon receiving a °ood

message,a node may forward it only to a subsetof its neighbors, leading to a more

\directed", cheaper °ood. Neighbors can be selectedusing locally cached data from

previously forwarded°ood messagesinvolving the samedata type. Various link/path

reliabilit y estimators for each neighbor may alsobe taken into account. Also, a node

may remember multiple neighbors from which it received the °ood message,so that

multiple pathscanbefound to the samenode, improving robustness.Figure 4.1shows

an exampleof a \push" approach with a simple °ood to announcedata availabilit y

followed by discovering two paths to the data source.

In this chapter we proposea new reactive information discovery method within

the directed di®usionframework. In particular, we replace°ooding by a more elab-

orate processto di®useinformation in the network. The result of this di®usion is
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Figure 4.1: A simple reactive (di®usion-based)method for information discovery.
Left: Data sourceannouncesavailabilit y of its data type by °ooding the network.
Center: Upon receivinga °ood message,user initiates discovery of two paths to the
source. Right: When the sourcereceivespath discovery messages,the connectionis
established.In principle, data °ows both ways, and either sidecan initiate a change
in the set of paths being used,should any of the existing paths fail.

a scalar function on the nodescalled information potential whosegradient direction

points back to the sourceof the di®usion,and can be usedfor path discovery. Note

that °ooding alsoproducessuch a function { negative hop-distance.However, infor-

mation potential provides strictly more functionality, as explainedin Section4.3. In

particular, it doesnot precludethe useof existing techniquesproposedin [29].

Information potentials areharmonic functions which canbe interpreted aselectric

potentials in a resistive electrical network. Similar potential functions have been

usedbefore for other sensornetwork applications. Kalantari and Shayman [30, 31,

32], as well as Toumpis and Tassiulas[64] examine the electrostatic potential that

results when sourcesand query nodesare replacedby positive and negative charge,

respectively. They relate the potential to optimal (in terms of throughput) node

density function, its gradient lines to optimal routing paths etc. Noneof thesepapers

considerdynamic environments. For example, sourcesand queriesare known and

usedin computing the potential. Also, it is assumedthat network connectivity at all

times supports the potential computed in the continuousdomain.

4.3 Con tribution

In this chapter we explorean information di®usionschemethat maintains a potential

¯eld and establishesinformation potentials in the network. Hints left on sensornodes
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on the existenceof data sourcesguidequeriesor mobile userstowardsdesiredsources.

The construction and maintenancecostsof theseinformation potentials are justi¯ed

by and amortizedover the expectedhigh frequencyof queriesabout the data sources.

As long as environmental changesoccur at a slower rate than the time it takes to

establishor repair theseinformation potentials in relevant sourceneighborhoods, our

mechanism will successfullyguide queriesto their destination.

Information-guided routing has been explored before as a scalableapproach for

settings with high query frequency[11, 49, 20, 21, 71]. Most of thesegradient-based

approaches [11, 49, 20, 21] use the natural gradients of physical phenomena,since

the spatial distribution of many physical quantities, e.g., temperature measurements

for heat, follows a natural di®usionlaw. However, gradients imposedby natural laws

can be far from perfect guides,aswitnessedby the existenceof local extremaor large

plateau regions,forcing information-guided routing to deteriorate to a random walk.

The novelty of our construction is to createan arti¯cial information potential ¯eld

that is guaranteed to be free of local maxima and minima. Speci¯cally, we mimic

an information di®usionprocessby using harmonic functions [35]. For a Euclidean

domain ­, a harmonic function f : ­ ! R satis¯es the Laplace'sequation r 2f = 0

in the interior of ­. With boundary valuesspeci¯ed, a harmonic function is uniquely

determined. In a discrete sensornetwork, we can specify the potential of a source

node as the maximum value1 and construct the potential ¯eld for the rest of the

nodesby solving for the harmonic function. This construction is possibleby a simple

local iteration on the nodes,akin to gossipingwith one'sneighbors. Due to their nice

algebraicproperties, harmonic functions bring us a number of bene¯ts.

Supp ort for local greedy routing

Most importantly, the potential ¯eld induced by the harmonic function has no local

maxima. On each non-sourcenode u, our discreteharmonic function satis¯es a con-

dition analogousto the meanvalue property of continuousharmonic functions: value

1We also ¯x someother nodes, e.g., a few on the network boundary, as having potential 0, to
enforce an information gradient throughout the network. The nodes with preassignedpotentials
form the Dirichlet boundary conditions for the harmonic function.
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of a node is the averageof its neighbors' values. From this it immediately follows

that we cannot have a node with higher information strength than all of its neigh-

bors, unlessit is a sourcenode. Thus the information potentials support an e±cient

local routing algorithm by simply ascendingthe potential ¯eld. The query messages,

or the physical objects navigating with the information potentials, will in each case

eventually reach the data source/destination of interest. The set of all links from

each non-sourcenode to its neighbor with the highest information strength implicitly

de¯nes a routing tree towards the source.

Routing div ersit y and tra±c balancing

Multiple queriesmay simultaneously ask to be guided towards sourcesof the same

type. For example, many cars in a tra±c jam may want to ¯nd freeway exits. It

is important to distribute evenly the tra±c among the multiple destinations and

along the paths to thesedata sources.If multiple queriesfollow the samepotential

¯eld for the samesource,the routing paths are likely to convergeas they comenear

the source. This subsequently introducesload accumulation for packet routing, and

tra±c congestionfor navigation of physical objects. But with harmonic potentials,

the query from each usercan choosea set of random linear coe±cients ¸ i and ascend

the potential ¯eld
P

i ¸ i f (si ), where f (si ) is the potential ¯eld for sourcei . The

linear combinations of harmonic functions are still harmonic, thus each query follows

its `personalized'potential ¯eld towards one of the sources.We show that this will

uniformly distribute the usersamongdi®erent destinations,and furthermore spread

out the routing paths that the userstake to thesedestinations. Such routing diversity

and tra±c balancingcan be appealing featuresfor emergencyevacuation.

Distributed gradien t construction

Construction is accomplishedby the classicalJacobi iterativ e algorithm. The data

sources¯x their values at the global maximum and the rest of the nodes iterate

setting their value to the average of those of their neighbors. The processstops

whencertain local convergencecriteria are met. We emphasizethat this construction
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and maintenancealgorithm is completely distributed and \blind". A node doesnot

needto know about environmental changesor the emergence/disappearanceof data

sources,thusenablingthe algorithm to automatically adapt to environmental changes

and link °uctuations. Such gossip-style algorithms are favored in dynamic networks.

Robustness to low-lev el link variations

Another potential function that can obviously be usedfor guiding queriesto a source

node is the hop-distanceto it. The advantage of information potentials is that they

can be repaired more quickly after a local connectivity change. A changein connec-

tivit y in generalcausesan error in the potential function which shows asoneor more

local extrema at non-sourcenodes. In the caseof the hop-distancefunction, this

error is pushedaway from the source,which may causea \w ave" of local extrema to

travel all the way to the edgeof the network. Before the function is repaired, many

queriesmay be stuck or lost due to these local extrema. On the other hand, with

information potentials, explicit local averagingrule of the Jacobialgorithm explicitly

divides the error component equally amongall directions. As a result, the error \dies

out" quickly and the local extremaare repairedcloseto wherethey originated. Once

we explain the algorithm in detail, we will give a small examplethat illustrates this

e®ect.

The remainder of this chapter is organizedas follows. In Section 4.4 we intro-

duce information potentials, their main properties, and a simple local method for

computing and updating them after small changesin network connectivity or source

positions. In Section4.5 we show how information potentials can be usedfor infor-

mation discovery tasks. Section 4.6 contains experimental evaluation by extensive

simulation, aimed at better understanding the suitabilit y and performanceof these

techniques.

4.4 De¯nition and Prop erties

Before the formal description of information potentials, we introduce the following

terminology. The raw sensorreadingsare processedinto high-level events, which are
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categorizedinto a set of data types. Thesedata typesmight be chosenfrom a ¯xed

universe,such as the parking spots or road exits. The nodes holding data with a

particular type are called sources. The nodes that search for data of this type are

called sinks. We explore in this section information di®usion schemesfor pushing

information about data sourcesinto the network, soas to later facilitate information

discovery. We establishan information potential ¯eld, that indicates the intensity of

the di®usedstrength at any node, for an existing data type.

4.4.1 Harmonic Functions

The key to our information gradient schemeis the notion of harmonic functions. On

a domain ­ µ R2, a harmonic function f is a real function whosecontinuoussecond

partial derivative satis¯es Laplace's equation [35]

@2f (x; y)
@x2

+
@2f (x; y)

@y2
= 0:

If the value of the function is speci¯ed on all boundaries, referred to as Dirichlet

boundary conditions, the solution to the Laplace'sequation is unique.

A densesensornetwork can be viewed as a discrete approximation of the un-

derlying continuousgeometricdomain. A node is either interior or boundary, which

can be thought of as points sampledfrom the interior and boundary, respectively, of

someunderlying geometricdomain. Boundary nodesare usedfor specifying Dirichlet

boundary conditions by ¯xing their function values. Assuming an undirected net-

work, and approximating derivatives using ¯nite di®erences,Laplace's equation in

the discreteform becomes

f (u) =
1

deg(u)

X

v2 N (u)

f (v) ;

for all interior nodesu. In the generalizedde¯nition for directednetworks, we replace
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Figure 4.2: Examples of the solutions to the discrete Laplace equation on a grid
network discretizationof a rectangulardomain. The boundaryconditionsarespeci¯ed
asfollows. Top left: The center nodeis maximum and all perimeternodesareminima.
Top right: Maximum and minimum are ¯xed at two internal nodes, respectively.
Bottom left: The center node is maximum and 4 corner nodes on perimeter are
minima. Bottom right: Two internal nodesare maxima and all perimeter nodesare
minima.

neighbors by incoming neighbors.

f (u) =
1

degin (u)

X

v2 N in (u)

f (v) : (4.1)

Figure 4.2 shows solutions to (4.1) for di®erent boundary conditions, where the

rectangulardomain is discretizedusinga grid network. Notice that local extremaare

always at boundarynodes. This is a consequenceof the min-max principle, a property

of harmonic functions that carries over to our discrete setting (Section 4.5.1). The

connectionto the information discovery problem now becomesobvious: nodes that

have data of a given type can be madeboundary nodesand assigned\high" values,

so that they are local maxima in a discreteharmonic function.
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De¯nition 10 Information potential for a given set of sources is a function that

satis¯es Dirichlet boundary conditions | value 1 at each source, value 0 on some

arbitrary ¯xed (nonempty) set of nodes| and (4.1) at each interior node u.

We will usethe terms 0-boundary and 1-boundary to denotethe parts of the Dirichlet

boundary that areset to 0 and 1, respectively. Most interesting for applicationsis the

casewhen the 0-boundary is the physical boundary of the network, which includes

outer boundary, and may or may not include hole boundaries. For the rest of this

chapter we assumethat 0-boundary consistsof nodeson the cyclescomputedby the

sketching algorithm in Chapter 3.

4.4.2 Linearit y

Algebraic propertiesof harmonic functions enablea number of possibilitiesfor aggre-

gation and compressionof coherent data types,aswell asnavigation in the potential

¯eld. For two data typesa and b with potentials, f a and f b, respectively, we can use

the summation f = ¸ af a + ¸ bf b to guide queriesthat search for either a or b, where

¸ a; ¸ b ¸ 0.

It is easyto check, usingthe de¯nition of harmonicfunction, that f is the harmonic

function under the boundary condition f (w) = ¸ af a(w)+ ¸ bf b(w), wherew is a source

for a or b. Hencef cannot have local extrema except at the sourcenodes for data

type a or b. In Section4.5.4we exploit this feature to achieve routing diversity and

gradient aggregation.

4.4.3 Construction and Main tenance

Equation (4.1) suggestsa method for computing information potentials iterativ ely.

Keeping the boundary conditions intact (1 at sources,0 at physical boundary), all

non-boundary nodesmodify their potential valuesby repeatedly performing the fol-

lowing local computation, called Jacobi iteration

f (k+1) (u) Ã
1

degin (u)

X

u2 N in (v)

f (k)(v) ; (4.2)
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where f (k)(u) is the potential of node u in the k-th iteration. This process,called

Jacobi method or the rubber-band method, convergesto the information potential for

arbitrary initial valuesf (0) at non-boundary nodes,aslong asthere is a directed path

from the boundary to any other node2. Convergencerate depends on connectivity

of the network3. \Di®usion" of information from the boundary to the interior that

takesplacein the Jacobi method is adverselya®ectedby network bottlenecks.

The algorithm can be intuitiv ely understood, at least in the undirected case,by

imagining that all the edgesin the network are rubber bands. Sourcesor boundary

nodes are pinned at their ¯xed values. The algorithm convergesto the minimum

energystate whereeach node is placedat the center of massof all its neighbors.

To perform oneJacobi iteration, a node collectsvaluessent by its neighbors and

compute the averagelocally. It transmits the result in the following iteration. These

transmissionsare scheduled according to the output of Algorithm 1 in Chapter 2.

Notice that only local neighborhood information is needed,so that the algorithm

can be easily realized in a distributed sensornetwork. This is why only incoming

neighbors are consideredin (4.1).

For convergenceof the Jacobi method it is not required that the updates be

synchronous,asimplied by the index k in (4.2) which is commonto all nodes. As long

as each node hearsfrom all its incoming neighbors periodically, and usesthe latest

value received for computing the average,convergenceis guaranteed. That makes

the algorithm robust to link failures. Another attractiv e feature of the algorithm is

that it seamlesslyhandlesaddition and disappearanceof sourcesof the samedata

type. When a new sourceappears, it simply ¯xes its potential value at 1. When

an existing source disappears, its node becomesa non-boundary node and starts

preforming Jacobi iterations. In any case,no special action from any other node is

required.

In practice, to save on communication, it is advantageousnot to transmit an

2Laplacian matrix of the directed network is the iteration matrix of (4.2) and the system ma-
trix of (4.1). Under this connectivity assumption, the Laplacian matrix is irreducibly diagonally
dominant, which is a su±cient condition for convergenceand correctnessof the Jacobi method [27].

3Speci¯cally, the number of Jacobi iterations is inversely proportional to algebraic connectivity ,
the secondsmallest eigenvalue of the Laplacian matrix.
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updated value if it is very similar to the previousonesent. The update criterion can

be chosento provide a tradeo®betweenupdate costand gradient quality. We provide

the following two basicupdate criteria.

² Relativedi®erence threshold: Nodeu doesnot transmit an update if the relative

di®erencebetweenthe newand the old potential valueat u is below a threshold

±. In other words, jf 0(u) ¡ f (u)j · ± ¢maxf f (u); f 0(u)g. Smaller ± usually

meansbetter approximation of the exact solution to (4.1), but it also means

higher communication cost.

² Stable relative ordering: Node u does not transmit an update if the relative

orderingof the potential valuesbetweenu and all its neighborsdoesnot change.

In other words, for all w 2 N (u), f 0(u) < f (w) if and only if f (u) < f (w). It is

easyto prove that this condition implies absenceof local extremaat non-source

nodes.

Update condition controls the quality of the information potential, which in turn

a®ectsquery quality. It is a systemparameter that can be tuned in an application

speci¯c fashion to trade the cost of preprocessing(initial computation of potential)

for query time. For example,onecan imposeboth conditions stated above. Updates

can also be triggered by user queries. Before the information potential stabilizesor

when the update condition is too weak (e.g., ± is too large), a query may get stuck

at a non-sourcelocal maximum, and trigger further Jacobi iterations at that node,

possiblywith a tighter convergencecondition.

4.5 Information Disco very Applications

4.5.1 Greedy Routing

A solution to (continuous) Laplace's equation in a geometric domain satis¯es the

maximum principle: it is free of local minima or maxima in the interior of the do-

main. Becauseof this prominent property, harmonic functions have been used in

many ¯elds such as robot path-planning [12, 34], virtual coordinate construction in
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sensornetworks [58] etc. It is easy to seefrom (4.1), that information potentials

have analogousproperty in undirected networks: no interior node can be strict local

maximum or minimum of the information potential.

Theoretically, there may be a node u that hasequal potential asall its neighbors.

This does not contradict the min-max principle, but it does present a problem for

query forwarding. However, it can only happen at nodes that are not connectedto

both 0- and 1-boundary by vertex-disjoint paths [66], which happens if and only if

the node can be separatedfrom the Dirichlet boundary by removing a singlenode4.

Hence, if the network does not have severe bottlenecks, there are no such \°at re-

gions".

Barring the degeneratecasesdescribedabove, the maximum principle ensuresthat

greedy routing usingan information potential succeedsin undirectednetworks: a path

obtained by repeatedly forwarding the query to the neighbor with highest potential

value is guaranteed to terminate at somesourceof that potential.

In directednetworks, performanceof greedyrouting dependson the level of asym-

metry in links, as quanti¯ed by the worst-casedi®erencein \onward" and \return"

trip betweentwo nodes.

Observ ation 4 If for any two nodes u and v the shortest path lengths from u to

v and from v to u di®er by at most a factor of ½, then any non-source node can

¯nd a node with a potential value no higher/no lower than its value in its b½c-hop

neighborhood.

Pro of. By (4.1), any node u has an incoming neighbor v with a potential value no

higher/no lower. As u can be reached from v in onehop, v can be reached from u in

at most b½c hops.

In practice, onecan expect ½to be small. For example,the communication graph

computedin by Algorithm 1 in Chapter 2 contains the Gabriel graph, so½is bounded

by a constant for \uniform" node density (cf. Lemma17 in Chapter 3). Another way

4This statement assumesthat all symmetries in the graph are broken using randomization.
This can be done by choosing a weight wuv for each edge (u; v), and replacing f (k ) (v) in (4.2)
by wuv f (k ) (v). If wuv is not 1, as in (4.2), but a uniformly random real number from [0:9; 1:1],
chosenbeforehandand kept constant throughout network operation, then one can show that w.h.p.
no two nodesthan have disjoint paths to 1- and 0-boundary can have the samepotential value.
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1 N u v 0

Figure 4.3: Trivial potential function in a largepart of the network asa result of poor
connectivity.

to achieve small ½is to preprocessthe communication graph by having each node

\in tersect" its incoming and outgoing neighbors (for example,senda probe packet to

all its outgoing neighbors, and keeponly those that senda responsepacket). After

this we have ½= 1. During network operation, asymmetry can only appear due to

link °uctuations.

As for \°at regions", in the directed caseit is required that there be a pair of

vertex-disjoint directed paths from 0- and 1-boundary to any node. For example,

in Figure 4.3, a large subnetwork N cannot be reached from the 0-boundary. As a

consequence,all nodes in N have potential 1, so even though there are many paths

from somenode in N to the source,information potential dosenot help ¯nd any of

them. Notice that this would not happen if the link (u; v) were symmetric. Again,

we concludethat there are no \°at regions" if there are no bottlenecks.

4.5.2 Random Walk In terpretation

Another way to interpret information potential at a node is as the probability that

a random walk on the network, starting from that node, reachesa 1-boundary node

beforeit hits a 0-boundary node. Intuitiv ely, information potential takesinto account

the set of all random walk paths (in¯nitely many of them), where longer paths are

given lessweight, and paths that hit the 0-boundary are given zero weight. Thus,

query paths tend to stay away from the 0-boundary, which can be exploited to make

the query tra±c avoid certain nodes. Also, the potential of a node is in°uenced not

only by length of the shortest path to the source,but alsoby its \width" | a node

that hasmany \parallel" long paths to the sourcemay have higher potential than one

with few short paths. It follows that query path selectioncombinescriteria of length
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Figure 4.4: Greedy paths on information potentials avoid the 0-boundary, which
balancing length and robustness.Paths in the lower branch shows that the \width"
of the path is taken into account. The large node in the upper-left corner is the
source,and the 0-boundary is only the outer boundary.

and robustness.Figure 4.4 shows an exampleof this.

4.5.3 Robustness to Link Variations

We return to the claim from Section4.3 of robustnessof information potentials with

respect to link variations. Figure 4.5 illustrates the qualitativ e di®erencein behavior

of information potentials and hop-distances.After a singlelink disappearsin a simple

one-dimensionalnetwork, the number of iterations to eliminate all local maxima is

­( n) for the hop-distance function (or any monotonic function thereof) and only

constant for the information potential. In the hop-distancecase,the error getszeroed

out from left to right, becausethe update is determined by a single direction (the

direction of the source). In the information potential case,all neighbors in°uence the

update.

4.5.4 Routing Div ersit y

Consideran emergencyevacuation scenarioin which many usersare guided by the

information potentials to building or roadexits (each exit is modeledasa data source).

It is important to spreadout uniformly the usersalong the paths to theseexits, to

avoid tra±c congestion. We abstract this scenarioas multiple queriesor navigation
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Figure 4.5: An example of a network (top) where, after a single link disappears,
information potentials (right) re-establishcorrect relative ordering much faster than
the hop-distancefrom the source(left). 1- and 0-boundary are the leftmost and the
rightmost node, respectively. Dashedlines show previous iteration.

requestsfor the sameset of sources,and we would like to use local routing rules to

achieve global balancingof tra±c.

Assuming that an information potential ¯eld f i has been constructed for each

source (e.g., exit) si , we could simply let each user choose uniformly at random

amongthe set of possiblesources,and usethe potential for that sourceto guide the

way. However, tra±c tends to accumulate on the paths to the samesource,as they

are directed by the samegradient function. Once two navigation requestsconverge

at onenode, they are going to follow the samepath from this point on.

Instead, each query j can chooserandomcoe±cients ¸ ij to form a \p ersonalized"

potential ¯eld
P

i ¸ ij f i , where f i is the potential for sourcei . By the linearity of

information gradients, this linear combination of harmonic functions is still harmonic.

Thus routing will not get stuck until it reachesa sourcenode. However, each query is

guidedby a di®erent potential function, thus the query routesexhibit spatial diversity

and tra±c load is moreevenly spreadout on the routesto thesesources.In Section4.6,

we present simulation results to demonstratethe e®ectivenessof this approach.
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4.6 Empirical Evaluation

We evaluate construction and maintenancecostsand how it can be traded for query

quality, robustnessto network dynamics,and abilit y to balancetra±c by randomizing

query paths.

4.6.1 Simulation Setup

We usetwo typesof networks. One is a grid network with radio rangeof 1 and exact

node degreeof 4. In the other, nodesare sampledfrom the uniform distribution over

a rectangle.

Wemodel wirelesstransmissionusingthe sameradio modelsasin TOSSIM [44, 1]:

simple mode and lossymode. In the simple mode, all nodeswithin the transmission

rangecan communicate without data corruption. In the lossymode, each link has a

bit error rate that re°ects the bit-°ipping probability and dependson the distance

betweenthe communicating parties. Receiver detectsa corrupted messageusingCRC

checksums. Senderusesimplicit acknowledgment (by overhearingreceiver's retrans-

mission),soit declaresa messagecorrupted if the messagedoesnot get acknowledged

within sometime from transmission. We feed node locations in the TOSSIM radio

model and obtain connectivity and link quality for each pair of nodes. To model link

failure, at any particular time slot we also disable a fraction of randomly selected

links.

The maintenanceof the information potential is on-demand.Our implementation

usesthe existing neighbor discovery protocol to notify the potential maintenance

component when neighbors appear or disappear.

4.6.2 Construction

We evaluated convergencespeedof the Jacobi algorithm, with a simple schemefor

assigninggood initial values. We initialized the potential of node u by 1 ¡ d(u;s)
D ,

wheres is the source,and D is the diameter of the network5. Clearly, initialization
5In practice, the diameter can be upper-bounded, and preloaded onto all nodes. In our experi-

ments we usethe exact diameter.



CHAPTER 4. INFORMATION POTENTIALS 91

0.2% relative di� erence
0.5% relative di� erence

20 40 60 80
0

10

20

30

40

50

60

diameter

total updates

Figure 4.6: Number of iterations for construction by the Jacobi method with good
initialization. Parametersof the experiment: grid network with sourceat the cen-
ter, simple communication model with communication radius 1, relative di®erence
threshold criterion with thresholds0.2%and 0.5%.

takesa singlenetwork °ood, which is the cost of computing the hop-distances.

Figure 4.6 shows the number of Jacobi iterations until convergencefor a grid

network of varying size. under the relative di®erencethreshold criterion, for a grid

network of varying size. We observe that the number of iterations increasesvery

slowly with network size. This is becausefar away from the source initial values

already satisfy convergencecriterion for most nodes, so most Jacobi updates are

performedby a relatively constant number of nodescloseto the source.

4.6.3 Robustness to Link Dynamics

When a link appears or disappears, the gradient maintenancecomponents at both

endpoints arenoti¯ed. If the convergencecondition is violated, they perform a Jacobi

iteration and broadcastnew valuesto neighbors.

In a 50 £ 50 grid network with the sourceat the center, information potential is

constructedwith 0.1%convergencethreshold and maintained with 1% threshold. In

each trial, a node is sampledat a given distancefrom the sourceand oneof its links,
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Figure 4.7: Maintenanceafter a singlelink failure in a 50£ 50grid network. Left: the
number of iterations (in the wholenetwork) requiredto re-convergeasa function of the
distancefrom the sourceto the failed link. Right: empirical cumulative distribution
function of the distancefrom the failed link to a node performing a Jacobi iteration.

chosenat random, is disabled.

Figure 4.7 left shows that the number of iterations for the network to re-converge

dependsvery little on the distancebetweenthe sourceand the failed link, suggesting

that most updatesareperformedwithin some¯xed distancefrom the failed link. This

is supported by Figure 4.7 right, which shows the empirical cumulative distribution

function of the distance from the failed link to a node performing a Jacobi update.

We observe that nearly 90% of the nodes that perform updates are within 6 hops

from the triggering node.

We also test the algorithm for scalability. We observe that both the number of

iterations for re-convergence(Figure 4.8 left) and the distancefrom the failed link to

Jacobi updates(Figure 4.8 right) with 1% convergencethreshold do not changevery

little asnetwork sizevaries. This meansthat the maintenanceprocessif restricted to

the areaaround the failed link.

4.6.4 Packet Loss and Routing Qualit y

We study the quality of information discovery in TOSSIM's lossy communication

model, described in section 4.6.1. If a potential update messagegets corrupted, it
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Figure 4.8: Maintenanceafter a single link failure on a grid network of varying size
with simple radio model. Left: number of iterations required to re-converge(for the
whole network and per node). Right: averagehop-distancefrom Jacobi updates to
the failed link.

is simply dropped, which meansthat someJacobi iterations that might have been

triggered by this messageare skipped. However, this can be compensatedin later

iterations. If a query messagegets corrupted, the senderretries once. In the second

transmission fails, the senderchoosesthe neighbor with the next highest potential

higher than its own, if such neighbor exists,and the processrepeats. The query fails

whenthere areno moreneighbors to transmit to, i.e., whenthe nodewith the highest

potential in the 1-hop neighborhood of the senderis the senderitself.

Figure 4.9 shows the query successrate asa function of packet lossrate, which is

proportional to TOSSIM's \lossy model scaling factor". We comparetwo potential

functions, information potentials with 0.5% relative di®erencethreshold (Figure 4.9

left) and negative hop-distancefrom the source(Figure 4.9 right), under the same

query algorithm explained above. We place the source randomly in a uniformly

distributed 4,000node network, and collect statistics for all non-sourcenodes. The

results show that greedyrouting using information potential is much more robust.
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Figure 4.9: Query successrates in TOSSIM's lossymodel of the samegreedyrouting
algorithm using di®erent potential functions. Parameters: network of 4,000nodes,
placeduniformly at random in the unit square,with communication range0.03.

4.6.5 Impro ving Routing Div ersit y

To demonstrate the use of information potentials to achieve routing diversity, we

considera 25 £ 25 perturbed grid network with two sourcesin the upper-right and

lower-right cornersof the network. We generate300queries,each of them looking for

any oneof the 2 sources.Each query originatesfrom oneof the three nodesalongthe

left boundary of the network (indicated by dark bars) chosenat random amongthe

three. To guide the query message,we follow the ascendingpath of a function which

is guaranteed to have all its local maxima at the sources.We comparethree choices

of such function, namely

² the potential which is the strongestat the point wherethe query originates,

² a potential chosenuniformly at random,

² a linear combination of the potentials, with positive coe±cients6 ¸ and 1 ¡ ¸ ,

where¸ is chosenuniformly at random from [0; 1].

Figure 4.10showsthe resultsfor the communication load. Weseethat in the third

casethere is a signi¯cant improvement in the nodes'communication load distribution,
6If we allowed negative coe±cients, there might be local maxima at the network boundary.
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Figure 4.10: Path diversity results. Left: using the strongestpotential at the query
origin. Center: using a randomly chosenpotential. Right: using a random linear
combination of potentials. Dark bars represent loadsat query origins.

as long as they are not very closeto the sourcesand query points (in the latter case

high load is unavoidable).

Becausewe diversify our paths, we may expect to pay somepenalty in terms of

path stretch. Clearly, our approach providesa way to trade o®path diversity for path

stretch by restricting the domain from which randomcoe±cients aredrawn. However,

our results show that this penalty is not too large even with the entire interval [0; 1].

In the above experiment we obtained the stretch valueof 1:22 for the third approach,

versus1:14 and 1:15 for the ¯rst two approaches.

4.7 Summary and Remarks

In this chapter we have shown that information potentials, a lightweight structure

that maintains and di®usesinformation availabilit y, can be very helpful in guiding

information °ow and data-centric queriesin sensornetworks. The rich structure of

harmonic functions allows for great °exibilit y and adaptability in routing algorithm

design. We have arguedthat routing using information potentials outperformsrout-

ing along shortest paths in terms of robustnessto link dynamicsand load balancing.

The former is a consequenceof the \blind" and asynchronouscomputation (the Ja-

cobi method), and the latter is achieved in two ways | by selectionof 0-boundary,

which pushestra±c away, and by randomizing over the linear spaceformed by all

information potentials for a ¯xed set of sources.
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We emphasizethe fact the information potentials can be combined with existing

methods for data-centric routing, such as directed di®usion [29]. In that context,

potential valuecanbe usedasan additional pieceof information whendecidingwhich

paths to reinforce.



Chapter 5

Conclusion

In this thesiswe presented a sequenceof algorithms for building increasinglycomplex

infrastructure in a wirelesssensornetwork. In Chapter 2, we start with a freshly

deployed network in which nodes know nothing about each other, and show how

nodescan e±ciently discover each othe, form a network, and scheduletransmissions

so that they can communicate without collisions. The sketching algorithm in Chap-

ter 3 computes a geometric layout of nodes in the plane. Being a \continuously

deformed" version of true deployment, this layout preserves the identit y of nodes

near hole boundariesand the outer boundary of the sensor¯eld. It can be usedto

recover a representation of the boundary in the form of cyclesin the communicaton

graph. In Chapter 4 we exploit this knowledgeof boundary cyclesto designa data-

centric routing schemethat tries to pushquery tra±c away from the boundaries,thus

avoiding narrow passagesthat causecongestion.In comparisonto routing alongshor-

est paths, this schemeis more robust to link dynamics,and admits a more e®ective

path randmization scheme,leading to better tra±c balancingproperties.

Of course,our work leaves a number of questionsunanswered. In the following

few paragraphswe review several directions for future work.

In the algorithm for computing the communication graph, we do not know if it

is possibleto automatically estimateparameter¢ (maximum amount of interference

to be expectedby the algorithm), for a geometricallyde¯ned communication graph,

such asthe Gabriel graph. Perhapshis canbe doneby observingthe collision pattern

97
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of a well chosenset of transmissions.

The solution computed by Algorithm 1 may be far from optimal in areaswhere

node density changesabruptly. This limitation is essentially due to the fact that all

nodes use the sametransmission power at all times. Overcoming it would require

introducing dependencebetweentransmissionradii of nearby nodes.

Another interesting direction is adapting our algorithm to more realistic interfer-

encemodels, such as the one in [37, 52] wherenodescannot detect collisions,or the

signal-to-noiseratio model in [54, 53, 50].

In the network sketching, the main open problem is making the algorithm more

distributed, especially the embeddingstage(Section3.4.5), aswell as ¯nding a prov-

able method for selecting a cycle which is a face cycle in someembedding of the

combinatorial Delaunay map.

Another issuethat needsfurther work is automatic discovery of the appropriate

communication radius to de¯ne the UDG on which Algorithm 9 operates. In order

to executethe algorithm, all nodeshave to agreeon this radius. This is not a trivial

problem,evenif nodedensity is su±cient (soweknow that a good radiusvalueexists).

We have seenthat computing information potentials is equivalent to solvinga lin-

earsystemwith diagonallydominant systemmatrix. The algorithm in Chapter 4 uses

the one of the simplest methods for the task, the Jacobi method. Becauseof that,

convergencedepends on network properties (via the mixing time of the associated

random walk) and can be quite slow, becausesensornetworks have few long-range

links. It would be interesting to adapt other iterativ e methods of numerical linear

algebra,such assteepest descent, conjugategradient, and multilevel methods to sen-

sor network setting. Such methods convergein lessiterations, but their iterations are

harder to implement distributedly.

Among other topics that deserve further theoretical study are the worst-case

stretch of query paths and worst-casetra±c thorugh a node, with and without path

randomization.
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