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Abstract

Point samplesof a surface in R3 are the dominant output of a multitude of 3D
scanning devices. The usefulnessof these devices rests on being able to extract
properties of the surface from the sample. We show that, under certain sampling
conditions, the minimum cycle basis of a nearest neighbor graph of the sample
encodes topological information about the surface and yields basesfor the trivial
and non-trivial loops of the surface.We validate our results by experiments.
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1 In tro duction

Point samplesof a surfacein R3 are the dominant output of a multitude of
3D scanningdevices.The usefulnessof these devicesrests on being able to
extract properties of the surfacefrom the sample.Undoubtedly, the ultimate
application is to form a geometric approximation of the surface based on
the sample.The objective is typically to form a piecewiselinear surface(i.e.
triangle mesh) whosegeometry and topology are as similar to the original
as possible. For smooth surfacesand su±ciently densesamples,good and
e±cient reconstructionalgorithms are available, seee.g., the papers [1{8] and
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the survey by Dey [9]. For non-smooth surfacesor sparsesamples,the problem
is open.

In somesituations, e.g.,whenthe above algorithms do not work satisfactorily,
it is desirableto computesometopologicalor geometricinformation about the
surfacedirectly from the sample(e.g. the genus of the surface)without ¯rst
performing an explicit reconstruction. Moreover, sometimesthis information
can facilitate the reconstructionprocessitself.

A recent paper by Tewari et al. [10] has shown how to construct a piecewise
linear approximation (i.e. a 3D triangle mesh) of a scannedsurfaceof genus
one by ¯rst parameterizing the sample points. This parameterization relies
on the computation of so-calleddiscrete harmonic one-forms, which may be
generatedonce the basic topological structure of the surfaceis determined.
More speci¯cally, this is equivalent to computing a basisof the linear subspace
of all trivial loops on the surface.Beyond this application, it is sometimes
necessaryto computea basisof the so-called̄ rst homologygroup of the surface
(containing 2g loops for a surfaceof genus g) directly from the point cloud.
Informally, the trivial loops are those which bound topological disks on the
surface,otherwisethey are non-trivial. This paper addressestheseproblems,
and shows under which samplingconditions can correct results be obtained.

Our main result is asfollows: Let S be a compactmanifold in R3 and let P be
a ¯nite set of points in S. We call P a point sampleof S. We show that if S is
a smooth surfaceand P a su±ciently densesampleof S, the minimum cycle
basisof the nearestneighbor graph of P givesinformation about the genus of
S and yields basesfor the set of trivial and non-trivial loops.Our experiments
suggestthat the algorithm alsoworks for somenon-smooth surfaces.

For an integer k, the k-nearestneighbor graph Gk = Gk(P) on P is an undi-
rected graph with vertex set P. It contains an edgebetweensamplepoints a
and b if b is oneof the k points closestto a and a is oneof the k points closest
to b. The k-nearestneighbor graph is relatively easyto compute [11] and is
a popular starting point for many algorithms extracting information about S
from P. Someresearchersde¯ne Gk in an unsymmetric way by requiring that
either b is k-closestto a or a is k-closestto b. We do not know whether our
results apply to the alternative de¯nition.

A generalizedcycle or simply cycle in an undirected graph G = G(V; E) is a
set C of edgeswith respect to which all nodeshave even degrees.The sum of
two cyclesis their symmetric di®erence.With the addition operation de¯ned
in this manner, the set of cycles forms a vector spaceover the ¯eld of two
elements, the cycle space of G. A cycle basis is a basisof this vector space.
Every spanningtree givesrise to a basis.Each non-treeedge(i.e. chord) plus
the tree path connectingits endpoints forms a cycle. For a connectedgraph
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containing n verticesandm edges,every cyclebasiscontains exactly m¡ (n¡ 1)
cycles.See[12] for moredetails.The weightof a cycleis the number of edgesin
the cycleand the weight of a cyclebasisis the total weight of the cyclesin it.
A minimum cyclebasis (MCB) is a cyclebasisof minimum weight; in general,
it is not induced by a spanningtree. MCBs can be computed e±ciently: the
currently best algorithm [13] runs in time O(m2n) using O(m2 + mn) space;
the practical performanceseemsto be much better [14].

In this paper we show that for suitably nice samplesof smooth manifolds of
genus g and su±ciently large k, the k-nearestneighbor graph Gk has a cycle
basisconsistingonly of short (= length at most 2(k + 3)) and long (= length
at least 4(k + 3)) cycles.Moreover, the MCB is such a basis and contains
exactly m ¡ (n ¡ 1)¡ 2g short cyclesand 2g long cycles.The short cyclesspan
the subspaceof trivial loops and the long cyclesform a homology basis;see
the next sectionfor a de¯nition. Thus, the MCB of Gk revealsthe genus of S
and also provides a basis for the set of trivial cyclesand a set of generators
for the non-trivial cyclesof S. Thesecyclesmay then be usedto parameterize
P and ultimately generatea piecewiselinear manifold surfaceapproximating
S, seeSection4.2.

We prove the statement for smooth manifolds,su±ciently densesamples,and
su±ciently large k. A densesampleis de¯ned in a manner similar to that of
Amenta and Bern [3], as follows: The medial axis of a manifold S embedded
in R3 is the closure of the set of points in R3 with more than one nearest
neighbor on S. The local feature size f : S 7! R assignsto every point in S
its least distance to the medial axis of S. The point sampleP is called an
²-sampleof S, if every point x 2 S hasa point in P at distanceat most ²f (x).
If in addition jjp ¡ qjj ¸ ±f (p) for all distinct p;q 2 P the sampleP is called
an (²; ±)-sample.This de¯nition requiresthe sampleto be densewith respect
to the local feature size,but at the sametime samplescannot be arbitrarily
close.Our main result is now as follows: If P is an (²; ±)-sampleof a smooth
manifold for su±ciently small ² and k is su±ciently large (the meaning of
su±ciently large dependson ² and ±), the claim of the precedingparagraph
is true. The claim is also true if we usea weaker (more realistic in practice)
samplingassumption,namely locally uniform ²-samples[5].

2 Related Work

Constructing a geometricapproximation of a surfacefrom a set of n samples
of the surfacehasbeenthe topic of many papersover the past decade(e.g. [1{
3,5,4,6{8]and surveyby Dey [9]). The objective is typically to form a piecewise
linear surface(i.e. triangle mesh)whosegeometryand topology are assimilar
to the original aspossible.The algorithms above solve the problemfor smooth
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surfacesand su±ciently densesamples.The best asymptotic running time is
O(n logn) [5] and e±cient implementations areavailable [6,15].Certainly, once
this is done, it is relatively easyto extract lessdetailed information, such as
the genus of the surfaceor a homologybasis.For example,a homologybasis
of a manifold 3D mesh may be computed in O(n) time by an algorithm of
Vegter and Yap [16], and a shortest homology basis may be computed in
O(n2 logn + n2g + ng3) by an algorithm of Erickson and Whittlesey [17].

Our method is an alternative way for extracting topological information. It
provably worksunder the sameconditionsasthe methodsaboveand may work
more often in practice. Also, it shows that the nearestneighbor graph su±ces
to deducethe topology and sometimesalso the geometry, seeSection 4.2.
Interestingly enough,the latter requiresknowledgeof the basisof trivial loops,
which areusually consideredlessinterestingthan the basisof non-trivial loops,
and have not beenaddressedin prior work.

Another approach to reveal the topological structure of a sampledsurfaceis
to form an abstract simplicial complex on the point set (e.g. the Cech com-
plex [18], seealso[19]), and then computethe homologyof this combinatorial
object using simplicial homology [20]. This is de¯ned in an manneranalogous
to singular homology and can be formulated in a linear algebraic setup. A
theorem of Niyogi et al. [21] shows that for denseenoughuniform samples,
the homologyof a Cech complexof a sampledmanifold is isomorphic to that
of the manifold, thus it su±ces to compute thesefor the complex.More pre-
cisely, if P is ²=2-densein S, i.e., every point in S has a samplepoint within
distanceat most ²=2, and ² ·

q
5=3¿ where¿ = minp2 S f (p) is the minimum

distanceof S from its medial axis,and the complexC contains a j ¡ 1-simplex,
1 · j · 4, for every set f x1; : : : ; x j g of samplepoints with non-empty common
intersectionof the ²-balls centered at the points, C hasthe samehomologyas
the surface.In general,it is possibleto compute the genus (and other Betti
numbers) of a simplicial complexembeddedin Rd as the co-rank of a Lapla-
cian matrix derived from the complex,as de¯ned by Friedman [22]. This will
require at least O(s2) time, wheres is the sizeof the complex.

For the special caseof a geometric simplicial complex in R3, the genus can
be computed in time O(s) time [23,24].However, the Cech complex de¯ned
above is not a geometriccomplexand hencethe results do not apply.

The sizes of a Cech complexis in [­( n); ­( n4)]. In practical situations, onecan
hope for linear size,but probably with a fairly large constant. We conjecture
that our approach via the nearestneighbor graph is faster and also simpler.
Furthermore, it facilitates the computation of a basis for the set of trivial
cycles,which leadsto a natural parameterizationof the point cloud.
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3 Some Theory

We prove that our approach works for smooth surfaces,su±ciently densesam-
ples,and su±ciently large k.

3.1 The Basic Idea

Let S be a compact 2-manifold of genus g with no boundary embedded in
R3. For the sequelwe will need to de¯ne a number of topological concepts.
Rather than give a completeformal exposition, which may be found in most
algebraictopology textbooks (e.g. [20]), we provide a more intuitiv e informal
set of de¯nitions.

A closedsimplecurve on S is calleda loop. The elements of the ¯rst homology
group of S are equivalenceclassesof loops. The identit y element of this ho-
mologygroup is the equivalenceclassof separating loops, namely, loopswhose
removal disconnectsthe surface.Two homologyloopsare in the samehomol-
ogy classif onecanbe continuouslydeformedinto the other via a deformation
that may include splitting loopsat self-intersectionpoints, merging intersect-
ing pairs of loops,or adding and deleting separatingloops.A loop is trivial if
it is a separatingloop and is non-trivial otherwise.A homologybasisof S is
any set of 2g loopswhosehomologyclassesspanall non-trivial loops.

Let P be a sampleof S and Gk its k-nearestneighbor graph. For any edge
(a;b) of Gk we de¯ne a curve in S connectinga and b. Let us parameterize
the segment abby length. Let p(t) = a+ t(b¡ a) be the point with parameter
value t, 0 · t · 1 and let q(t) be a point on S nearestto p(t). We assume
that q(t) is unique. Then, q(t) traces a continuous curve on S connecting
a and b, which we denote by ° ab. In this way, we obtain a drawing of Gk

on S and cycles in Gk induce loops in S. In particular, cycles can induce
trivial or non-trivial loops, in which casewe call them trivial or non-trivial
cycles,respectively. The assumptionthat q(t) is unique is not very stringent.
Observe that if q(t) is not unique,p(t) is a point on the medial axis and hence
max(f (a); f (b)) · jja ¡ bjj=2.

We next give generalconditionsunder which every minimum cyclebasisof Gk

contains exactly 2g long cycles,the long cyclesinduce a homologybasisof S
over the reals,and all short (= non-long) cyclesare trivial.

(1) L(° ab) · c1jja¡ bjj wherec1 is a constant, i.e., the length of the curve ° ab

is not much larger than the length of the segment ab.
(2) There is a subgraphM of Gk (all verticesand a subsetof the edges)such

that
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² the drawing restricted to M is an embedding,
² M is a meshof genus g for S,
² the facesof M have boundedsize,say at most c2 edges,and
² for every edgee 2 Gk n M , the shortest path in M connectinga and b

hasboundedlength, say boundedby c3.
(3) The minimal length of a non-trivial loop of S is L min and for every

edge(a;b) 2 Gk the distance between its endpoints a and b is at most
Lmin =(2c1 max(c2; c3 + 1)).

Theorem 1 If the conditions above hold, every MCB of Gk contains exactly
m ¡ (n ¡ 1) ¡ 2g short (length lessthan max(c2; c3 + 1)) and exactly 2g long
(length at least 2max(c2; c3 + 1)) cycles.Moreover, the long cycles induce a
basis of the ¯rst homology group of S over the reals.

PR OOF. The embeddingof M hasmM edgesand f faceswheref ¡ mM + n =
2 ¡ 2g. Consider the following set B of cycles:all face cyclesof M but one
and for each edgee = (a;b) in Gk n M the cycle consisting of e plus the
shortest path in M connectinga and b. Any cycle in B has length at most
max(c2; c3+ 1) and the cyclesin B areindependent. Therearef ¡ 1+ m¡ mM =
mM ¡ n + 2 ¡ 2g ¡ 1 + m ¡ mM = m ¡ (n ¡ 1) ¡ 2g cyclesin B.

Any cycle basis of Gk must contain at least 2g non-trivial cyclesand these
cyclesinduce loops which span the homologygroup of S. Considerany non-
trivial cycle. It has length at least L min . For any edge(a;b) of Gk , the length
of °ab is at most Lmin =(2 max(c2; c3 + 1)) and henceany non-trivial cyclemust
contain at least 2max(c2; c3 + 1) edges.

We have now shown that there are m ¡ (n ¡ 1) ¡ 2g independent cyclesof
length at most max(c2; c3 + 1) and that every non-trivial cycle consistsof at
least2max(c2; c3+ 1) edges.Considernow any MCB B¤ of Gk . It must contain
at least2g long cycles.Assumethat it contains lessthan m¡ (n¡ 1)¡ 2g short
cycles.Then, at least one cycle in B, call it C, is not spannedby the short
cyclesin B¤, i.e., the representation of C as a sum of cyclesin B¤ contains a
cycle D which is not short. Thus we can improve the total length of B ¤ by
replacingD by C.

In Sections3.3 and 3.4 we substantiate the theorem for smooth curves. We
will actually prove a stronger result. Note that in the previous theorem we
did not usethe ¯rst condition. This condition will be useful later on when we
will alsoreplacethe global condition of maximal edgelength (third condition
above) by a local condition depending on the local feature size.
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3.2 Samplingand Restricted DelaunayTriangulations

The local feature sizeis 1-Lipschitz continuous, i.e.,

Lemma 2 (Amen ta and Bern [3]) For any two points p andq on S, jf (p)¡
f (q)j · jjp ¡ qjj .

Let DP and VP denote the Delaunay and the Voronoi diagram of P. The
Voronoi cell Vp ½ VP for a point p 2 P is de¯ned as the set of points x 2 R3

such that jjx ¡ pjj · jjq ¡ xjj for any q 2 P and q 6= p. The Delaunay
triangulation of P is the dual of VP . It has an edgepq if and only if Vp; Vq

sharea face,has a triangle pqr if and only if Vp; Vq; Vr sharean edge,and a
tetrahedron pqrs if and only if Vp; Vq; Vr and Vs sharea Voronoi vertex. We
assumethat the input sampleP 2 R3 is in generalposition and that no vertex
of VP lies on S.

Considerthe restriction of the Voronoi diagram VP to the surfaceS. This de-
¯nes the restricted Voronoi diagram VP jS, with restricted Voronoi cells VpjS =
Vp \ S. It is said to satisfy the ball property if each VpjS is a topological2-ball,
each nonempty pairwise intersection VpjS \ VqjS is a topological 1-ball, and
each nonempty triple intersectionVpjS \ VqjS \ Vr jS is a singlepoint.

The dual of the restricted Voronoi diagram de¯nes the restricted Delaunay
triangulation DP jS. In moredetail, an edgepqis in DP jS if and only if VpjS \ VqjS

is nonempty and a triangle pqr is in DP jS if and only if VpjS \ VqjS \ Vr jS

is nonempty. Our general position assumptionsguarantee that there is no
tetrahedron in DP jS. It is known that the restricted Delaunay edgesfor an
²-sampleare short.

Lemma 3 (Amen ta and Bern [3], see also Giesen and Wagner [25])
Let P be an ²-sampleof S with ² < 1. Then (1) The distance between p 2 P
and its nearest neighbor in P nf pg is at most 2²

1¡ ² f (p) and (2) if pq is an edge
of the restricted Delaunaytriangulation, jjp ¡ qjj · 2²

1¡ ² min f f (p); f (q)g.

For ² · 0:08, the restricted Voronoi diagram is known to have the ball prop-
erty [3]. In this casethe restrictedDelaunay triangulation is a simplicial surface
homeomorphicto S [26]. The k-neighborhood graph contains the restricted
Delaunay triangulation if P is a su±ciently nice sampleof S.

Lemma 4 (Andersson et al. [27]) Let P be an (²; ±)-sampleof S, let w =
2²

1¡ ² and let k ¸ (±(1+ w)+ w)2

±2 (1¡ w)2 ¡ w4 . Then, the restricted Delaunaytriangulation DP jS

is a subgraph of Gk .

Funke and Ramos [5] have shown how to turn any ²-sample into a locally
uniform ²-sampleby using decimation. Locally uniform ²-samplesare related
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to (²; ±)-samples,but technically moreinvolved.Locally uniform ²-samplesare
considereda more realistic assumptionin practice.

We have chosen to state our results in terms of (²; ±)-samples, for easeof
exposition. We remark that the needfor an (²; ±)-sampleinsteadof simply an
²-sample,is the property that each samplepoint hasonly a constant number
of restricted Delaunay neighbors. Since locally uniform ²-samplesalso have
this property, our resultsare valid in this caseaswell. We remark that locally
uniform ²-samplesare much more practical than (²; ±)-samples.

We alsostate onemoreusefulfact. At each point p 2 S, there are two tangent
medial balls centered at points of the medial axis. The vectors from p to the
centers of its medial balls are normal to S, and S does not intersect the
interiors of the medial balls. Sincef (p) is at most the radius of the smaller
medial ball, S is alsocon¯ned betweenthe two tangent balls of radius f (p).

3.3 Short Cycles

In this sectionwe show that for an appropriate sampling density there exists
a linearly independent set of m ¡ (n ¡ 1) ¡ 2g short cycles.

3.3.1 Warm-Up: The Planar Case

Considera ¯nite set P of points in the plane, its nearestneighbor graph Gk ,
its Delaunay triangulation D(P), and assumethat D(P) is contained in Gk .
We describe a cycle basisconsistingonly of short cycles.In the next section,
we will generalizethe approach of this sectionto manifolds in R3.

Consider the following set B of cycles. It contains (a) the face cyclesof all
boundedfacesof the Delaunay triangulation and (b) for each edgee = (a;b) 2
Gk n DP the cycle formed by e and the shortest path from a to b in DP .

Lemma 5 B is a cycle basis and any cycle in B has length at most k + 1.

PR OOF. First we show that we have the right number of cycles.Let mp be
the number of edgesof DP and let mk be the number of remainingedges.The
dimensionof the cycle spaceis N = m ¡ n + 1 = mp + mk ¡ n + 1. DP is a
planar graph and thereforemp ¡ n + 1 = f ¡ 1 wheref is the number of faces.
Thus, N = f ¡ 1 + mk = jBj.

The bounded facesof DP are clearly linearly independent. The remaining
cyclesarealsolinearly independent sinceeach of them contains an edgewhich
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a

b

Fig. 1. An induced path from a to b formed with edgesof the triangulation.

is not contained in any other cycle in B. This proves the ¯rst part of our
lemma.

We cometo the secondpart. Bounded facesof DP have length 3. Consider
next an edgee = (a;b) 2 Gk n DP . The straight line segment ab from a to
b crossessomecells of the Voronoi diagram of P and induces a path a =
b0; b1; : : : ; bl ¡ 1; bl = b in DP , namely the path through the sites owning these
cells, seeFigure 1. The path is entirely contained in the circle with ab as its
diameter [28].

It remains to show that this cycle is short. Sincee = (a;b) is an edgeof Gk ,
there can be at most k ¡ 1 other points in this circle and henceany cycle in
B has length at most k + 1.

This cycle basisis not necessarilythe minimum cycle basisof the graph.

3.3.2 The 3-dimensionalCase

We consider essentially the sameset of cycles as in the preceding section:
(a) all but onefacesof the restricted Delaunay triangulation, and (b) for each
remainingedgee = (a;b) 2 Gk nDP jS the cycleconsistingof e plus the shortest
path from a to b in the restricted Delaunay triangulation. As in the planar
case,thesecyclesare linearly independent. It remainsto prove that they are
short. In this sectionwe will prove the following theorem.

Theorem 6 Let P be an ²-sampleof S, let k < log1+ ²
1¡ ²

3
2, and assumethat

DP jS µ Gk . Let (a;b) 2 Gk n DP jS. Then, there is a path from a to b in DP jS

of length at most 2k + 5.

Consideran edgee = (a;b) 2 Gk nDP jS. The curve° ab crossessomecellsof the
restricted Voronoi diagram and inducesa path pab = (a = b0; b1; : : : ; bl ¡ 1; bl =
b) in the restricted Delaunay diagram, namely the path through the sites
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owning the cells.SinceGk contains the restricted Delaunay triangulation, pab

exists in Gk .

Lemma 7 Let e = (a;b) 2 G n DP jS and let B be the ball with ab as its
diameter. If the induced path pab is contained in B, then the cycle consisting
of e plus the direct path from a to b on the triangulation has length at most
k + 1.

PR OOF. Sincee 2 Gk , the ball B contains at most k ¡ 1 other points apart
from a and b.

The above lemma generalizesthe planar case.Unfortunately, we are unable
to prove that pab runs within B . We thereforearguesomewhatdi®erently. We
¯rst show that either there is a very short path in DP jS from a to b or both a
and b are far away from the medial axis. In the latter casewe show that pab is
contained in a slightly bigger ball but still su±ciently small for our purposes.

Lemma 8 Let a and b be two points in P and assumethat there is a path of
length l in DP jS from a to b. Let ® = (1+ ²)=(1 ¡ ²). Then, ®¡ 1 = 2²=(1 ¡ ²)
and

jja ¡ bjj · (®l ¡ 1) min(f (a); f (b)):

PR OOF. We use induction on the length of the path. Let the path from a
to b in DP jS be a = q0; q1; q2; : : : ; ql = b. For the basecasel = 1 we have
jja ¡ q1jj · (® ¡ 1)f (a) by Lemma 3. Assumethat the statement holds for
paths of length l ¡ 1, then

jja ¡ bjj = jja ¡ ql jj
· jja ¡ ql ¡ 1jj + jjql ¡ 1 ¡ ql jj
· jja ¡ ql ¡ 1jj + (®¡ 1)f (ql ¡ 1) by Lemma 3
· jja ¡ ql ¡ 1jj + (®¡ 1)(f (a) + jja ¡ ql ¡ 1jj ) by Lemma 2
= (®¡ 1)f (a) + ®jja ¡ ql ¡ 1jj

· (®¡ 1)f (a) + ®(®l ¡ 1 ¡ 1)f (a) by induction

= (®l ¡ 1)f (a):

The sameargument appliesto b instead of a.

Lemma 9 Let (a;b) 2 Gk , let ¸ ¸ 1 and assume

k < log1+ ²
1¡ ²

1 + ¸
¸

: (1)
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Then, either there is a path of length at most k from a to b in the restricted
Delaunaytriangulation or

f (a); f (b) > ¸ jja ¡ bjj : (2)

PR OOF. Recall that ® = 1+ ²
1¡ ² . Thus, inequality (1) implies ®k ¡ 1 < 1=¸ . Let

a = q0; q1; q2; : : : ; ql ¡ 1; ql = b be a shortest path from a to b in the restricted
Delaunay triangulation. Furthermore, assumel > k and f (a) · ¸ jja ¡ bjj .
Lemma 8 implies that

jja ¡ qi jj · (®i ¡ 1)f (a) · (®k ¡ 1)f (a) < f (a)=¸ · jja ¡ bjj for 1 · i · k;

and hencethere are k points closerto a than b is, a contradiction. The argu-
ment works symmetrically for b.

The abovelemmastatesthat it is enoughto proveTheorem6 whenf (a); f (b) >
¸ jja¡ bjj . From now on, we proceedunder this assumptionfor some¸ ¸ 1. Let
us parameterizethe segment abby length. Let p(t) = a+ t(b¡ a) be the point
with parameter value t, 0 · t · 1 and let q(t) be the point on M nearestto
p(t). Note that q(t) is unique, becauseotherwisep(t) would be a point of the
medial axis contradicting the fact that f (a) > jja ¡ bjj . Finally, let c denote
the mid-point of the segment ab and s(t) denote the site of the Voronoi cell
containing q(t).

Our goal is to prove that s(t) belongsto a ball of radius
p

3
2 jja ¡ bjj centered

at c (Lemma 13) and that this ball contains at most 2(k + 3) samplepoints.
We begin with the latter.

Lemma 10 For (a;b) 2 Gk and c as de¯ned above, the ball B 0 of radius
p

3
2 jja ¡ bjj centered at c contains at most 2(k + 3) samplepoints.

PR OOF. Considerthe ball Ba with center a and radius jja¡ bjj . Every sample
point in the interior of this ball is closerto a than b is. Thus, Ba hasat most
k points in its interior. Also Ba hasat most four points in its boundary by our
non-degeneracyassumption. Similarly, the ball Bb with center b and radius
jja ¡ bjj alsocontains at most k + 4 points.

The ball B 0 is completely contained in the union of Ba and Bb and thus it
contains at most 2(k + 4) ¡ 2 points. The ¡ 2 accounts for the fact that a and
b are contained in both balls.

Next we estimate the distancefrom c to s(t).
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Lemma 11 jjc ¡ s(t)jj · jja ¡ bjj=2 + 2jjp(t) ¡ q(t)jj

PR OOF. Assumew.l.o.g that jja ¡ p(t)jj · jjb¡ p(t)jj , otherwisewe do the
computation with b. By the triangle inequality, jjc¡ s(t)jj · jj c¡ p(t)jj + jjp(t)¡
q(t)jj + jjq(t) ¡ s(t)jj . Sinceq(t) is closerto s(t) than any other samplepoint,
jjq(t) ¡ s(t)jj · jjq(t) ¡ ajj . Moreover, jjq(t) ¡ ajj · jjq(t) ¡ p(t)jj + jjp(t) ¡ ajj .
Finally jja ¡ p(t)jj + jjp(t) ¡ cjj = jja ¡ bjj=2.

It remainsto bound jjp(t) ¡ q(t)jj as a function of jja ¡ bjj . We ¯rst estimate
the distanceof q(t) from the medial axis.

Lemma 12 f (q(t)) > (¸ ¡ 1)jja ¡ bjj

PR OOF. Assume w.l.o.g that jja ¡ p(t)jj · jjb ¡ p(t)jj , otherwise we do
the computation with b. Sinceq(t) is the point in S closestto p(t), we have
jja¡ q(t)jj · jja ¡ p(t)jj + jjp(t) ¡ q(t)jj · 2jja¡ p(t)jj · jja ¡ bjj . By Lemma2
f (q(t)) ¸ f (a)¡ jja¡ q(t)jj and hencef (q(t)) ¸ f (a)¡ jja¡ bjj > (¸ ¡ 1)jja¡ bjj .

Lemma 13 For ¸ ¸ 2, jjp(t) ¡ q(t)jj ·
p

3¡ 1
4 jja¡ bjj and jjc¡ s(t)jj ·

p
3

2 jja¡
bjj .

PR OOF. Consider the point q(t). By Lemma 12 there are two medial balls
with radius at least (¸ ¡ 1)jja¡ bjj tangent to q(t). The surfacepassesbetween
theseballs and doesnot intersect their interior, in particular, a and b do not
lie in the interior of these balls. Thus, the worst case(when jjp(t) ¡ q(t)jj
comparedto jja ¡ bjj is maximized) occurs,when both lie on the boundary of
oneof theseballs (seeFigure 2). Let m be the center of this ball and useBm

to denotethe ball. Considerthe perpendicular bisectorof segment abpassing
through m. It intersectssegment abat c and ball Bm at v. Also, p(t) is on the
segment q(t)m.

Distancejjp(t) ¡ q(t)jj is upper boundedby jjc¡ vjj and thus we are left with
bounding jjc¡ vjj . Referring to Figure 2 we seethat the triangle acm is right.
Thus, jjc ¡ mjj 2 = jja ¡ mjj 2 ¡ jja ¡ cjj 2. Moreover,

jja ¡ mjj = jjv ¡ mjj = ³ jja ¡ bjj for some³ ¸ ¸ ¡ 1;

and jja ¡ cjj = jja ¡ bjj=2. Combining all these,

jjc ¡ mjj =

s

³ 2 ¡
1
4

¢jja ¡ bjj :

12



m

q(t)

a

b

p(t)c

v

Fig. 2. Bounding jjp(t) ¡ q(t)jj in terms of jja ¡ bjj .

Finally, jjc ¡ vjj = ³ jja ¡ bjj ¡ jjc ¡ mjj and hence

jjp(t) ¡ q(t)jj · jj c ¡ vjj =

0

@³ ¡

s

³ 2 ¡
1
4

1

A jja ¡ bjj

· (1 ¡
q

3=4)jja ¡ bjj <

p
3 ¡ 1
4

jja ¡ bjj :

This proves the ¯rst part of the lemma. The secondpart follows now from
Lemma 11 since,jjc ¡ s(t)jj · jja ¡ bjj=2 + 2jjp(t) ¡ q(t)jj ·

p
3jja ¡ bjj=2:

It is now easyto complete the proof of Theorem 6. Set ¸ = 2. Then, pab is
contained in the ball B 0 and B 0 contains at most 2(k + 3) samplepoints. Thus,
pab haslength at most 2k+ 5. Togetherwith the edgee we get a cycleof length
at most 2(k + 3).

Recall that our goal is to satisfy the assumptionsof Section3.1. If we combine
Theorem6 and Lemma 8 we get that the edgesof Gk are small in length.

Corollary 14 Let ® = (1 + ²)=(1 ¡ ²). For any edgee = (a;b) 2 Gk ,

jja ¡ bjj · (®2k+5 ¡ 1) minf f (a); f (b)g: (3)

Moreover, we will need the following lemma which can be easily derived
from [25, Lemma 10 and Theorem4].

Lemma 15 (Giesen and Wagner [25]) Let a and bbe two points of S such
that jja¡ bjj · ´ ¢min(f (a); f (b)) with ´ · 1=4. Then, L(° ab) · 4jja¡ bjj where
L(°ab) denotesthe length of ° ab.

Using Lemma 15 we can set c1 to 4 in Section3.1.
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Fig. 3. Proving Theorem 16.

3.4 Long cycles

In this section we make precisehow non-trivial cyclesare long. The idea is
simple; non-trivial cycleshave a certain minimum length and edgesof Gk are
short. We will actually prove a stronger result. The length of a non-trivial
cycle is boundedfrom below by the maximum feature sizeof any point on the
loop. Combined with Lemma 15, we will obtain the desiredresult.

Assumethat ´ = ®2k+5 ¡ 1 · 1
4. Let C be any non-trivial cycleof Gk . Substi-

tuting each edge(a;b) 2 C by the curve ° ab givesus a non-trivial loop ° on
S. By Lemma 15 and Corollary 14 we get

L(° ) · 4
X

(a;b)2 C

jja ¡ bjj · 4
X

(a;b)2 C

´ min(f (a); f (b));

and if jCj denotesthe number of edgesof C,

L(° ) · 4´ jCj max
a2 C

f (a): (4)

In order to get a lower bound on jCj we needto relate ° to its distanceto the
medial axis. More precisely, we are goingto show the following theoremwhich
might be of independent interest.

Theorem 16 Let ° be any non-trivial loop on S, then L(° ) ¸ max
p2 °

f (p):

PR OOF. Let p bea point on ° with maximum distancefrom the medialaxis
and assumeL(° ) < f (p) for the sake of contradiction. Let ¯ be a non-trivial
loop of di®erent homologyclassgoing through p (seeFigure 3). At each point
x 2 ¯ there are two tangent balls with radius f (x) which do not contain any
point of S in their interior. One of thesetangent balls when moving it along
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¯ (and adjusting its size accordingly) produces an object T , topologically
equivalent to a torus, around which ° loopsnon-trivially .

Let Bp bethe ball with center p andradius5L(° )=6. For all x 2 Bp\ ¯ , the local
featuresizeis large,namely, f (x) ¸ f (p) ¡ jjp¡ xjj > L(° ) ¡ 5L(° )=6 = L(° )=6
and hencefor x 2 Bp \ ¯ the ball de¯ning T has radius at least L(° )=6.

The loop ° stays inside a ball of radius L(° )=2 centered at p and hencewell
inside Bp. Since ° loops around T its length it least 2¼L(° )=6 > L(° ), a
contradiction.

We can now establishthat non-trivial cyclesin Gk are long.

Theorem 17 For appropriate valuesof ²; ± and k any non-trivial cycle C 2
Gk has length jCj ¸ 1

4´ where ´ = ®2k+5 ¡ 1 · 1
4.

PR OOF. Using inequality (4) and Theorem16 we obtain

L(° ) · 4´ jCj max
a2 C

f f (a)g · 4´ jCjL(° );

and the theoremfollows.

Corollary 18 If ´ = ®2k+5 ¡ 1 < 1
16(k+3) then all non-trivial cycles in Gk

havelength larger than 4(k + 3).

PR OOF. We ¯x k and ² to someconstants accordingto (a) our assumptions
in Section3.3, and (b) such that ´ < 1

16(k+3) . Then, by Theorem 17 we have
jCj ¸ 1

4´ > 4(k + 3).

Putting everything together establishesTheorem1.

Corollary 19 If the conditions in Section 3.1 hold, the sampling density is
high enoughand k is large enough:every MCB of Gk contains exactly m ¡
(n ¡ 1) ¡ 2g short (length lessthan 2(k + 3)) and exactly 2g long (length at
least 4(k + 3)) cycles.

PR OOF. UseDP jS asM in the assumptionsof Section3.1.By Lemma15we
can set c1 = 4. Theorem6, Corollary 14 and Theorem17 prove the remaining
assumptions.The corollary follows by the proof of Theorem 1 for c2 = 3 and
c3 = 2k + 5.
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² valid k chosenk ´ short-cycles long-cycles

upper bound lower bound

10¡ 2 [15; 20] 15 1:014 36 -

5 £ 10¡ 3 [14; 40] 14 0:391 34 -

10¡ 3 [14; 202] 14 0:068 34 4

5 £ 10¡ 4 [14; 405] 14 0:033 34 8

10¡ 4 [14; 2027] 14 0:0066 34 38

5 £ 10¡ 5 [14; 4054] 14 0:0033 34 76
Table 1
Evaluation of the various conditions for the separation of the minimum cycle basis
for di®erent valuesof the sampling density ².

3.5 Putting It All Together

Our assumptionssofar suggestthat givena (²; ±)-sampleand w = ®¡ 1 = 2²
1¡ ² ,

we should choosek such that:

(±(1 + w) + w)2

±2(1 ¡ w)2 ¡ w4
· k < log1+ ²

1¡ ²

3
2

: (5)

There are valuesof ² such that inequality (5) cannot be satis¯ed. However,
as ² decreasesthe right hand sideincreaseswhile the left hand sidedecreases.
Thus, both conditions can always be simultaneously satis¯ed for somedense
enoughsample.The aboveconditionsarewhat is requiredfor the trivial cycles
of the MCB to have length at most 2(k + 3).

For the lower bound on the length of the non-trivial cyclesof the MCB, we
also require that ´ = ®2k+5 ¡ 1 · 1

4; and in order for the length of the non-
trivial cyclesto reach the desirednumber jCj ¸ 1

4´ > 4(k + 3) we require that
´ = ®2k+5 ¡ 1 < 1

16(k+3) :

We ¯x ± to 3w=8 ¼ 3²=4 and evaluate, in Table 1, the bounds for di®erent
valuesof ².

Remark The lower and upper bounds presented in Table 1 are not tight.
Somewhatlarge constants appear due to the proof technique used.Perhaps,
by using someother proximit y graph instead of the k-neighborhood or by
performing a di®erent analysis,the boundscanbe improved.This is especially
true for the valueof ² requiredby the theory in order for the non-trivial cycles
to be longer than the trivial ones.In practice this is true for smaller valuesof
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Fig. 4. Point cloudsof (a) double torus model with 767points and (b) \bump y torus"
model with 5044points. The red cyclesare the long non-trivial cyclesextracted from
the MCB of Gk for k = 10.

k and samplingdensities.The next sectionpresents experimental data which
con¯rms this.

4 Exp erimen tal Validation

4.1 GenusDetermination

This sectionpresents experimental data on the sizeof trivial and non-trivial
cyclesin the MCBs of point cloudssampledfrom compactmanifolds.The main
observation is that the MCB cyclesareseparatedinto the two categories,short
trivial and long non-trivial, for rather small valuesof k and samplingdensity.
Moreover, the upper bound on the length of the trivial cycles is much less
than 2(k + 3) and the method alsoworks for somenon-smooth samples.

We study three di®erent examples:(a) a genus 2 double torus with a sparse
point cloud (Figure 4), (b) a genus 1 surfacewith a densepoint cloud (Fig-
ure 4), and (c) a genus 1 non-smooth surface(Figure 6).

Double torus: Sincethe model has genus 2 we expect the MCB to reveal
exactly 4 non-trivial cycles.The minimum value of k for this event to happen
is 6. All cyclesbut four of the MCB have length at most 8, two cycleshave
length 13and two 24.As k increases,this gapgrows, for k = 8 two cycleshave
length 11, two othershave length 24 and all the rest at most 5. This continues
to be true as we increasek as long as the edgesof the k-neighborhood graph
do not shortcut a handle.
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Fig. 5. Distribution of the lengths of the MCB cyclesof Gk of the double and bumpy
torus models for k = 8.
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Fig. 6. Point cloud of the non-smooth model with 6078 points. On the left is the
original surface and the point cloud with the 2 non-trivial cycles revealed by the
MCB. On the right is the distribution of the lengths of the MCB cycles. All for
k = 22.

Although the proof of Lemma10doesnot apply in the caseof the unsymmetric
k-neighborhood graph, where an edgeis added even if only one endpoint is
a k-nearestneighbor of the other, in practice we observe the samebehavior.
The valuesof k are even smaller for this case.For minimum k = 5 there are
two cyclesof length 11, two of length 24 and the rest at most 6. For k = 9 all
MCB cyclesare triangles except two with length 9 and two with length 14.

18



Fig. 7. Attempts to reconstruct the non-smooth model by Tight-Cocone[6] on the
left and by the algorithm in [10] on the right.

Bump y torus: The situation improvesif the samplingis dense.The \bumpy
torus" model has genus oneand thus we expect the MCB to reveal two non-
trivial cycles.For k = 6 the two non-trivial cycleshave length 35 and 42 and
the rest at most 27. Due to the density of the sampleas we increasek this
di®erencebecomesmore noticeable. For k = 10 the non-trivial cycleshave
length 22 and 30 and the rest at most 12. For k = 12 the two non-trivial have
length 20 and 26 and the rest at most 9. Note also that in all theseexamples
almost all trivial cycleshave length 3 or 4. For example,when k = 12 about
99% of the trivial cyclesare triangles. SeeFigure 5 for a histogram of the
cycleslength when k = 8.

Wedge torus: The non-smooth surfacehas genus one. We expect that as
long as k is not too large, our method should reveal two non-trivial cycles.
Figure 6 shows the two non-trivial cyclesof the MCB for k = 22. Note that
this is a di±cult instancefor surfacereconstruction. Even Cocone[29] based
implementations fail on this example,and the sameis probably true for most
Delaunay methods. SeeFigure 7.

Discussion: In the examplesabove, the MCB wasable to reveal the genus.
There were exactly 2g long cyclesand long and short cyclesare clearly dis-
cernible by length. However, in practice, if g is unknown, and the sampling
density not ashigh as it should be, how can g be determinedfrom the MCB?
We suggestthe following heuristic. Let l be the minimal integer such that
the MCB contains no cycle of length betweenl and 2l inclusive. Then, 2g is
the number of cyclesof length larger than l. If this number is odd, this is an
indication of insu±cient samplingdensity or a wrong value of k.

What can go wrong when the sample is not su±ciently denseor the value
of k is not chosenproperly? When k is too small, the MCB might contain
long trivial cycles.When k is too large,Gk may contain edgesbetweenpoints
distant from each other in S and hencespurious long cyclesmay enter the
basis,seeFigure 8. The ¯gure alsoshows that non-smoothnessby itself is not
an obstacle.
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too large k
spurious edge

edges are ok

too small k
long trivial cycles

Fig. 8. Several di±cult situations. In the left ¯gure due to symmetry a small choice
for k (k = 4) leads to long trivial cycles. In the upper right ¯gure a large value of
k results in an edgewhich connectstwo parts of the surfacewhich are distant from
each other. The lower right ¯gure shows that edgesnear non-smooth features are
not a problem as long as k is not too large.

Fig. 9. Double and bumpy torus under Gaussian noise. In red color are the
non-trivial cyclesextracted from the MCB of Gk .

What about noisysamples?Figure 9 showsthe doubleand bumpy torus under
a small amount of Gaussiannoise.The MCB wasstill ableto distinguish trivial
and non-trivial cycles.The main observation here is that a small amount of
noisehaslittle e®ectin instanceswherethe non-trivial cyclesare relative long
w.r.t the samplingdensity. On the other hand weexpect problemsif the length
of the non-trivial cyclesis relatively closeto the length of the trivial cycles.

Running time: The current fastest MCB algorithm requiresO(m2n) time
in unweighted graphs.Sincethe k-nearestneighbor graph hasO(kn) edgeswe
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needO(k2n3) time to computean MCB. Due to this running time our method
is restricted to small-mediuminstances.

This running time can be reducedif we usean approximate MCB. Note that
a constant factor approximate MCB is bound to have similar properties as
the MCB itself, at least for higher sampling densities.A 2q ¡ 1 approximate
MCB can be computed in time O(qmn1+2 =q + mn(1+1 =q)( ! ¡ 1)) [30] where! <
2:376[31] is the exponent of matrix multiplication. For densergraphsa 2q¡ 1
approximate MCB can be computed in time O(n3+2 =q).

We performedour experiments on a Pentium M 1.7GHzwith 1GB of memory.
For k = 8 the MCB computation on the double torus took 0.36secondswhile
on the bumpy torus 12.01 seconds.The wedgetorus required 1242 seconds
since k was 22 and thus the graph was a lot denser.We also experimented
with a 3-approximate MCB which in all casesmanagedto extract the non-
trivial loops. For k = 8 a 3-approximate MCB on the double torus took 0.15
secondsand on the bumpy torus 2.66seconds.For k = 22 on the wedgetorus
we spend 15.57secondsto compute a 3-approximate MCB. We remark that
even a 5-approximate MCB was able to separateproperly the cycleson the
wedgetorus. The 5-approximate MCB computation required 5.16seconds.

4.2 Application to Surface Reconstruction

In this section we outline the surfacereconstruction algorithm of Tewari et
al. [10] for surfacereconstruction. The interested reader is referred to their
paper for more details.

Tewari et al. [10] show that if a basis for the trivial loops of the manifold
may be computed from the sampleof a 2-manifold of genus 1, it is possible
to parameterizethe sampleset, and then construct a piecewise-linearapprox-
imation to the surface.They use the MCB of the k-nearestneighbor graph
to extract this basis,assumingthat the non-trivial cyclesare the two longest
ones.They observed that this is correct if the sample is denseenough,but
did not prove anything in this respect. Theorem 1 above shows under which
conditions this reconstruction algorithm provably constructs a triangulation
homeomorphicto the surface.

The parameterizationbasedapproach hasits origins in Tutte's \spring embed-
der" for planar graphs[32].Tutte introduceda simple,yet powerful method for
producing straight-line drawings of planar graphs. The vertices of the outer
face are mapped to the vertices of a convex polygon and all other vertices
are placed at the centroid of their neighbors. Algorithmically, this amounts
to solving a linear systemof equations.If we usepv to denotethe location of
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Fig. 10. Reconstruction of the bumpy torus model by the algorithm in [10].

vertex v and Nv to denotethe set of neighbors of v, this means

pv =
X

w2 N v

¸ vwpw and ¸ vw = 1=jNv j (6)

for every interior vertex v. Tutte proved that the coordinates computed in
this way de¯ne a non-degenerateembeddingfor any 3-connectedplanar graph.
Floater [33]showed that the result stays true if verticesareplacedat arbitrary
convex combinations of their neighbors, i.e.,

X

w2 N v

¸ vw = 1 and ¸ vw ¸ 0:

For the sequel,it is convenient to rewrite Equation (6) as
X

w2 N v

¸ vw(pw ¡ pv) = 0

and to introduce xvw for the vector from v to w in the embedding. Gortler
et al. [34] extended the method to embeddings onto the torus. Given a 3-
connectedmap (= graph + cyclic ordering on the edgesincident to any ver-
tex) of genus one, they viewed undirected edgesf v; wg as pairs of directed
edgesand associated a variable xvw with every directed edge.They usedthe
equations:

xvw + xwv = 0 for all edges(v; w) (symmetry)
X

w2 N v

¸ vwxvw = 0 for all verticesv (center of gravit y)

X

(w;v)2 ±f

xwv = 0 for all facesf (face sums)

The ¯rst classof equationsensuresthat the vector from w to v is the sameas
the vector from v to w, the secondclassensuresthat v is a convex combination
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of its neighbors, and the third classensuresthat the vectors along any face
boundary sumto zero.There are2m unknownsand m + n + f equations.Two
equationsare redundant (one center of gravit y constraint and one face sum
constraint) and hencethe rank of the systemis m + n + f ¡ 2 = 2m ¡ 2 (this
usesthe Euler theorem f ¡ m + n = 2 ¡ 2g = 0). Gortler et al. , extending
resultsof Gu and Yau [35],proved that two independent solutionscanbe used
as the x and y-coordinatesof an embedding onto a torus.

Floater and Reimers [36] observed that Tutte's method can also be used to
reconstruct surfaceswith boundary of genus zero and Tewari et al. [10] ex-
tended the observation to closedsurfacesof genus one, as follows. Construct
the k-nearestneighbor graphGk of P and then setup the equationsintroduced
above.Facesumconstraints areneededfor a basisof the trivial cyclesand this
is exactly what an MCB yields. The solution of the systemde¯nesan embed-
ding of P onto the torus. A triangulation, say the Delaunay triangulation, of
the embeddedpoint set is computedand then lifted back to the original point
set. In this way a genus-1surfaceinterpolating P is obtained.The surfacemay
have self-intersections.Postprocessingcan be usedto improve the quality of
the mesh.

SeeFigure 7 and 10 for an attempt to reconstruct the non-smooth model and
the reconstructionof the bumpy torus modelby this algorithm. Reconstruction
of non-smooth surfacesis an open problem.

5 Conclusions

In this work we have shown that given a suitably nice sampleof a smooth
manifold of genus g and su±ciently large k, the k-nearestneighbor graph of
the samplehasa cyclebasisconsistingonly of short (= length at most 2(k+ 3))
and long (= length at least 4(k + 3)) cycles.Moreover, the MCB is such a
basisand contains exactly m ¡ (n ¡ 1) ¡ 2g short cyclesand 2g long cycles.
The short cyclesspan the subspaceof trivial loops and the long cyclesform
a homology basis.Thus, the MCB reveals the genus of S and also provides
a basisfor the set of trivial cyclesand a set of generatorsfor the non-trivial
cyclesof S. Thesecyclesmay then be usedto parameterizeP and ultimately
generatea piecewiselinear manifold surfaceapproximating S.

In our experiments we observe that the length separationof trivial and non-
trivial cycleshappensalready for relatively sparsesamples.In addition, this
threshold is lessthan 2(k + 3). Furthermore, our experiments suggestthat the
method alsoworks for somenon-smooth surfaces.
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