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Abstract

Given a set of rectangular items, all of them associated with a profit,
and a single bigger rectangular bin, we can ask to find a non-rotational,
non-overlapping packing of a selection of these items into the bin to max-
imize the profit. A detailed description of the (2 + €)-approximation al-
gorithm of Jansen and Zhang [8] for the two- dimensional case is given.
Furthermore we derive a (16 4 €)-approximation algorithm for the three-
dimensional case (which we call cuboid packing) and improve this algo-
rithm in a second step to an approximation ratio of (9 + ¢€). Finally we
prove that cuboid packing does not admit an asymptotic PTAS.

It turned out, that there is a mistake in Lemma 4.2 that affects
the correctness of the (9+4¢) algorithm. Instead of correcting
the mistake here, we refer to [4]. Based on the ideas developed
in this work, we derived a (9+¢) and a (8+¢€) algorithm in [4].

1 Introduction

Different packing problems have been in the focus of study for a long time. This
paper concentrates on weighted two- and three-dimensional packing problems
with the objective to pack a selection of the rectangular items without rotations
into a single bin. In contrast to this, bin packing problems require to pack
all items into a minimal number of bins. Strip packing is another well-studied
packing problem where items have to be packed into a strip of bounded basis
and unlimited height. The aim is to minimize the height that is needed to
pack all items. For all these problems different variants are examined. Rotation
can be allowed or forbidden. In three-dimensional packing the z-orientated
packing allows rotations only along the z-axis. Furthermore, for rectangle or
cuboid packing (which we use to refer to packing into one single bin) we can
maximize the number of items or maximize the covered space. These are special
cases of the weighted packing where the profits are equal to 1 and equal to the
space, respectively. Although these problems have some similarities, they differ
considerably and the results cannot be adopted directly.

To show the diversity of these different problems we present some of the
known results. For strip-packing Jansen and Stee [7] and Kenyon and Rémila
[10] gave an asymptotic FPTAS for the rotational and the non-rotational case,
respectively. The best-known result with absolute approximation ratio is given
by Steinberg [15] with an approximation ratio of 2. Bansal and Sviridenko [1]



proved that two-dimensional bin packing does not admit an asymptotic PTAS.
The best-known positive result is an asymptotic approximation ratio of 1, 69...
given by Caprara [2]. For the special case of packing squares into a minimum
number of bins an asymptotic PTAS is given by Bansal and Sviridenko [1].
Finally, Jansen and Stee presented a (2 + €)-approximation for rotational bin
packing. Packing rectangles into a single bin has been slightly neglected in the
past. Therefore only a limited number of results are presently available. The
best result is the (2 + €)- algorithm given by Jansen and Zhang in [8] that is
subject of this paper. For weighted packing of a large number of items into a bin
(which means, that the size of the items is much smaller than the size of the bin)
Fishkin, Gerber and Jansen [5] gave a PTAS. The special case of maximizing the
number of packed squares into a rectangular bin admits an asymptotic FPTAS
and therefore a PTAS (Jansen and Zhang [9]).

There are much less results for cuboid packing and all corresponding papers
focus on strip- or bin packing rather than on packing into one single bin or
give heuristics without an analysis of their approximation ratio. Miyazawa and
Wakabayashi gave asymptotic 2, 67-approximation algorithms for strip packing
[16] and z-oriented packing [17].

Formally the rectangle packing problem is stated as follows. We are given a
list I of n rectangles 71, .. .7, where each rectangle has a width a; < a, a height
b; < b and a profit p;. The objective is to find a non-overlapping packing of a
selection of these rectangles into a bigger rectangle R = (a, b) such that the total
profit of the packed rectangles is maximized. The cuboid packing problem is
defined similarly to maximize the profit of a packing of a selection of items from
a given list I with cuboid items r1,...7, of sizes (a;, b;, ¢;) and profit p; into a
cuboid bin of size (a,b,c¢) (we continue to use the notation r; even for cuboid
items in order to avoid confusion with the notation of the third dimension).

Obviously two- and three-dimensional packing finds many applications. Es-
pecially three-dimensional packing is very important for the transportation and
distribution of goods. Rectangle packing also finds an application in the adver-
tisement placement which is to maximize the profit for rectangular placards that
can be sticked to a limited billboard. Not so obviously we can find analogies
to non-preemptive scheduling problems. For rectangle packing the analogous
scheduling problem is to maximize the profit of accepted parallel jobs that have
to be fulfilled before a certain deadline and may require several consecutive pro-
cessors. Cuboid packing (especially in the z-orientated setting) is related to job
scheduling in partitionable mesh connected systems.

The paper is organized as follows. In the preliminaries in Section 2 we make
some preparations as well as introducing an important result from 2-dimensional
strip packing, which will be employed by our algorithms. In Section 3 we give a
detailed description of the (2+¢€)-approximation algorithm for rectangle packing
that is presented by Jansen and Zhang in [8]. In Section 4 we develop a (16+¢€)-
approximation algorithm for cuboid packing, based on the ideas of a (3 + ¢)-
algorithm for rectangle packing in [8]. Later we improve this algorithm to a
(9 + €)-algorithm. In Section 5 we show that cuboid packing does not admit
an asymptotic polynomial time approximation scheme if NP # P. To our
knowledge, the results presented in Sections 4 and 5 are currently the best
known results - in fact, there has not been any paper on this issue so far.
Finally, we give some remarks on future work in Section 6.



2 Preliminaries

At first we introduce some notations for rectangle packing and describe the
measurement of approximation algorithms. For our convenience, we will refer
to both rectangles and cuboids as items and to the bigger rectangle and cuboid
as bin. The dimension of the items will be obvious from the content. We
distinguish rectangles as wide, high, big and small. An item r; = (a;,b;) is
called wide if a; > a/2 and b; < b/2, high if a; < a/2 and b; > b/2, big if
a; > a/2 and b; > b/2 and finally small if a; < a/2 and b; < b/2. See Figure 1
for an illustration.

Figure 1: Wide, high and big items

In 1990, Leung et al. [13] proved the NP-completeness in the strong sense for
the problem of determining whether a set of squares can be packed into a bigger
square. As this is a very special case of weighted rectangle packing (and also
cuboid packing) we directly obtain the NP-hardness in the strong sense for our
problems. Therefore we concentrate on approximation algorithms. “To evaluate
approximation algorithms, we use the standard measure absolute performance
ratio, which is defined for maximization problems as Ry = sup;OPT(I)/A(I)
where OPT'(I) and A(I) are the optimal value and the objective value given by
an approximation algorithm A for any instance I, respectively. An algorithm A
is called a §-approximation algortihm if OPT(I)/A(I) < § for any instance I.”

Although our task is to find a concrete packing of a selection of items, we
will, especially in the two-dimensional case, not really describe the packing, but
rather show that a certain selection of items can be packed. We can show this
by using a result from 2-dim strip packing, known as the Steinberg Theorem
[15]. We give a variant of this theorem, which is proved in [8].

Theorem 2.1 (Variant of Steinberg’s Theorem). If the total area of a set T of
items 1s at most %b and there are no high items (or wide items), then the items
in T can be packed into a bin of size (a,b).

Notice that this variant includes the case that there are wide items and one
big item in 7', which is not included in the original theorem.



3 A (2+¢)- approximation algorithm for rectan-
gle packing with profits

3.1 Introduction

At first we present some basic methods used to design algorithms for theoret-
ical purposes. These methods focus on polynomial running time which may
unfortunately be of very high order. We present the enumeration, the con-
stant packing and the linear programming method. Especially enumeration and
constant packing are not really of practical use.

Enumeration (guessing): Assume a polynomial number of cases, each of
which can be solved in polynomial time. Obviously we can compute all cases
and therefore find an optimal solution in polynomial time. As we might want to
enumerate the cases to do this, the method is called enumeration. Alternatively,
we also use the guessing perspective. Hereby we guess an optimal solution from
a polynomial number of cases. Actually this includes the exhaustive search of
the enumeration. The advantage of this perspective is the possibility to use an
optimal solution in the description of our algorithm.

Constant packing: “For a constant number of items (bounded by N) the
test of the existence of a feasible packing takes constant time (exponentially in
N). To see this, consider the following simple packing algorithm Bottom-Up
(BU) for a list of items: When an item is packed, it is placed, left-justified at
the lowest possible level in the current packing. It is not difficult to observe
that any optimal packing can be transferred into a packing generated by BU
on a specified order of items. For N items, we can apply the algorithm BU to
N! different item lists (different orders). A feasible packing exists if and only if
BU gives one.”

Linear programming: As it is NP-hard to solve integer programs, we use
linear programming as a relaxation to find a selection of items with almost op-
timal profit. Fractional solutions may occur and will be handled appropriately.
In 1979 Khachiyan introduced the ellipsoid method as the first polynomial time
algorithm for linear programming [11]. Later Karmarkar introduced the more
efficient inner-point method [12].

We describe the (2 + ¢)-algorithm in several steps starting with a very basic
algorithm which will reveal the main ideas. Afterwards we will subsequently
add more details.

3.2 First step - guessing the most profitable items, basic
algorithm

Let k be a constant. We suppose the existence of an optimal packing with more
than k items. The other case will be handled later.

Firstly, we guess the k most profitable items of an optimal packing, calling
them the candidate set S. As k is a constant, the number (Z) of possible can-
didate sets is polynomial and the guessing can be done in polynomial time. We
ensure that the items of S can be packed into a bin by using the constant pack-

ing method. All additionally packed items have profits bounded by min,cg p,.



Later we will have more sophisticated estimations for this profit. Notice that
it is crucial that we guess the most profitable items of an optimal packing and
not just an arbitrary selection of packed items. Secondly, we construct a linear
program to find a set X of additional items with small profits such that the
overall profit is almost optimal. Thirdly, we pack X U S into two bins of size
(a,b) by using our variant of Steinberg’s Theorem 2.1.

Our basic algorithm can be outlined as follows

1. guess the k most profitable items S of an optimal solution,

2. find a set X of additional items with almost optimal profit by solving a
linear program,

3. pack X U S into two bins of size (a,b) and choose the bin with the higher
profit.

We will become more specific soon. It should be plausible now, that we get
a (2 + e)-approximation because the profit of X U S is almost optimal (which
means p(X US) > (1 — €)OPT(I)) and therefore the higher profit is at least
near to the half of the optimum.

We might now ask why the first step is mandatory, if we can find the set X
with a linear program. This is due to the discarding of some of the items of X
in later steps. Therefore we need to estimate the total loss of discarded items.

3.3 Second step - guessing the gap structure

Our aim is to construct constraints for the linear program that ensure, that we
can pack all the selected items into two bins. We derive constraints for the wide
and for the high items separately but we do not consider the small items at the
moment. For the sake of simplicity we consider the big items as high items.
Exemplarily we describe the constraints for the wide items.

Although we obviously do not know an optimal packing it makes sense to
examine the structure of an optimal packing to derive properties we can use for
the construction of constraints. Suppose we know a packing P of an optimal
solution L,y with the candidate set S - see Figure 2. We examine the gap
structure in the bin that is created by the items of the candidate set.

Figure 2: Packing P of an optimal solution L,,; with the candidate set S



“To find the gaps in our packing P, use the following sweeping procedure.
Remove all items that do not belong to the candidate set and start to sweep
with a horizontal line beginning with the lower boundary of (a,b). By sweeping
find the lower and upper boundary of each candidate rectangle r in S. Insert a
horizontal line to the left and right until it intersects another rectangle of S or
ends at the boundary of rectangle (a,b). At most 2|S| = 2k lines are inserted.
This partitions the big rectangle (a,b) into rectangles of S and a set of empty
rectangles. Empty rectangles of width > a/2 are called wide gaps. Clearly,
there is at most one gap of width > a/2 intersecting with a horizontal line.
Therefore the number of wide gaps is bounded by 2|S|4+1 = 2k + 1 - see Figure
3 for an illustration.”

wide gap

""""""""""""""""""" high
gap

wide gap

wide gap

Figure 3: Gap structures of the wide and high gaps

It is clear, that additional wide items can only be contained in wide gaps -
but they might overlap two or more wide gaps partially. We want to use the
wide gaps, which we are going to guess later, to make up constraints for the
linear program. Therefore we have to ensure on the one hand, that every wide
item is interior to exactly one wide gap and on the other hand, that there is
only a polynomial number of cases to choose for the gaps, such that they can
be guessed.

As there are at most 2k + 1 wide gaps, there can be at most 2k additional
wide items in the optimal solution that overlap two or more gaps. We remove
these items from the optimal solution L, - which makes L,,; suboptimal. Later
we show, that L,,; is still almost optimal which is sufficient for us.

Guessing the gaps is a bit more complicated. We reduce the gap sizes to
certain threshold values. Consider one wide gap together which the contained
wide items (we do not consider small items that may be also contained in the
gap). Suppose the wide items are piled up left-aligned in an non-increasing
order. Let h be the height of the gap and Ay, the height of the highest wide
items in the gap. Select the greatest n € {1,...,|I\ S|} such that n - Aper < h
and set the new height of the gap to n - hypq, (it is possible to bound n because
the maximal height of |I \ S| hae is obviously sufficient to pack all but the
candidate set into the gap). If the height decreases under the total height of the
contained wide items we remove the highest item. Next we reduce the width of
the gap to the width of the widest item that is still in the gap - see Figures 4
and 5. In total we remove at most 2k + 1 items - which is one item per gap.

The overall loss of profit of the removed (at most) 8k + 2 items (for wide
and high items each at most 2k + 1 for the resizing of the gaps and at most
2k for the overlapping items) can be estimated by (e/2)OPT(I) if we choose k
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Figure 4: The size of the gap is reduced to three times hy,q, and wy,qz, all items
can still be packed

Figure 5: The size of the gap is reduced to double h,,q,;. As not all items fit
into the resized gap, the highest item is removed. Finally, the new width is set
t0 Wimqe-

appropriately. We show this in the final step of the description.

The sizes of the gaps are now defined by three parameters: 1) the height of
one item (not necessarily still included in the gap), 2) the multiple of the height
and 3) the width of the widest item. These three parameters can take at most
n different values each. Thus there are at most n® possibilities to parametrize
each gap and we can guess the complete gap structure.

Now we redesign the first step of our algorithm, such that we guess up to
2k 4+ 1 wide and 2k + 1 high gaps additionally to the k most profitable items.
Guessing the gaps is done be fixing the three parameters. At the same time we
ensure that the wide gaps can be packed together with the candidate set as well
as that the high gaps can be packed together with the candidate set. This can
be done with the constant packing method we described earlier. Altogether we
get

1. guess the k£ most profitable items S and the gap structure of an optimal
solution,

2. find a set X of additional items with almost optimal profit by solving a
linear program,

3. pack X U S into two bins of size (a,b) and choose the bin with the higher
profit.

It might be surprising that we consider the wide and the high items sepa-
rately and only ensure that the wide and the high gaps can be packed separately
together with the candidate set. This is due to the aim of constructing a (2+¢)-
approximation. We will pack the high and the wide items separately with the
candidate set. Our examination of the gap structure ensures, that the selection
of the linear program can be packed and has sufficiently high profit. Although
we did not consider the small items so far, it will be possible to add them in the
following steps.



3.4 Third step - integer program

Where did our considerations lead us so far? For every optimal solution there is a
restricted solution with almost the same profit (OPT,.s(I) > (1 —¢/2)OPT(I))
and the property, that all wide items are interior to the wide gaps and can
additionally be packed into insignificantly downsized gaps. We can guess these
downsized gaps and use them in the constraints of the linear program. Natu-
rally the same applies to the high items and high gaps.

Suppose we guessed a candidate set S and additionally W < 2k + 1 wide gaps
(a¥,b¥) and H < 2k + 1 high gaps (al*,b?). Separate the remaining items into
the sets R* C I\ S of wide items, R" C I\ S of high items and R* C I\ S
of small items. Each item in R¥, R" and R® has profit at most min,csp,. For
each wide item 7 we define a set G}’ of potential gaps g with a, < ay’. Similarly,
we define G for high items r with gaps g such that b, < bg.

For each wide (high) item r and each wide (high) gap g € G¥ (g € G") we
introduce a variable z, , € {0,1} where

S 1, if r is placed in gap g
™97 1 0, otherwise.

For each small item r we use a variable x, € {0,1} where

S 1, if r is selected
"1 0, otherwise.

Our objective is to maximize the profit, which is the sum of the profits from the
candidate set S and the selected items from the sets R%, R" und R*. Formally

max Zpr +Zprzxr,g+zprzxr,g+ Zpr'wr

res reRv  geGw reRh  geGh reRs
——
candidate set S wide items R" high items R" small items R®

Due to the guessing of the gap structure we get two constraints for both
wide and high items. First, every wide item can be packed at most in one wide
gap and second, the total height of wide items in a wide gap is bounded by
the height of that gap. For the wide items and wide gaps we get the following
constraints

Z$r7g§1 re RY
geGY
Yo by <y 1<g<W

reRv, arga”;

and similar for high gaps and high items
Z Trg <1 reRr"
geEGh

h
E ArZr,g < Qg l1<g<H
rERM, b <bl



Finally we add a constraint on the space to bound the selection of small items.
The total area of the selected items may not exceed the bin size.

Z a-b, + Z azb, Z Trg+ Z a, b, Z Tpg+ Z ayb, - x, < ab

resS reRw geEGY reRM geGH reR?®
—_———
candidate set S wide items R" high items R" small items R®

In fact the area of the candidate set is constant, as we guessed the set before-
hand. Thus this constant can be computed with the right hand side of the
inequality.

Adding the integer constraint we get the following integer program

max Zpr"i_zprzxr,g"_ Zprzxr,g"_ Zpr’wr

resS reRv geGY reRh geGh reRs
such that
E Zrg <1 re RY
geEGY
h
g Trg <1 reR
geGH
w
§ brxr,ggbg 1<g<Ww
rERw,argag’
h
E ArTr,g < Qg 1<g<H
rE€RN, b, <bR
E a,b, + E azb, g Tyg + E a,b, E Tpg + E ayb, -z, <ab
res reERw geGY reRh geGh reRs

zrq €{0,1} reRY, ge Gy
zrq €{0,1} reR' ge Gl
z, € {0,1} r e R®

Relaxing the integer constraints to z,, € [0,1] and z, € [0,1] we derive a
linear program. Of course we have to adapt the interpretation of the variables
to

xr,g = fraction of r that is placed in gap g

xz, = fraction of r that is selected.

* *

Recall that an optimal solution (z; ,,zy) of the linear program can be
found in polynomial time and notice that the profit P* of this solution is at
least as big as the profit of the restricted solution OPT,..s(I) and therefore
P* > (1 —¢/2)OPT(I). Now we have to transform this, possibly fractional,
solution into an integer solution without losing to much profit. This is done
by a reduction to job scheduling on unrelated machines with costs which we

present for the wide items:



“Suppose we have an optimal LP solution (z;.  , z7) of profit P* > (1—¢/2)OPT(I).
Consider the set R" of wide items and compute the fractional filling height
b; = ZTGRW’WSG}; bTxﬁ,g for all gaps 1 < g < W and the fractional area
A% = cpw rby dec;v zy . The fractional profit of the wide items is P, =

> rerw Pr X _gequ Tr.g- Obviously the vector (z7,)repw satisfies the following
system of inequalities

Z Pr Z Trg > P

reRv geEGY

S aby > w, <A
reRw geEGY
Z brrg < b forall gaps 1 < g < W
reRY, ar<ay
Z Trg <1 for all r € R*
geEGY
zrg € [0,1] for all r € R* and g € G}Y

The next step is to round the solution such that only few variables have a
fractional assignment. To do this, we use a new variable 2,0 =1— 3" ;v Zrg
and replace the first inequality above by

Z DPrZsro S Z Dr — P,:)

reRw reRw

If >, crwpr = Pj, then all wide items are selected and ZieGg xy,; = 1 for each
r € R". In this case we remove the first inequality and consider the remaining
system of inequalities. If Ay = 0 then all variables x, 4 = 0 and a rounding is not
necessary. In this case no wide item is selected. If b; = 0 then all variables z, 4
corresponding to gap g and item r € R* with a, < aj in the summation above
must be zero and can be removed. In addition we can remove the inequality
corresponding to gap g.

Suppose that A} >0, cpw pr— Py > 0and b > 0 forall gaps 1 <i < W.
Next we divide the inequalities by the right hand side (this is possible since the
right hand sides are positive). This gives a system of inequalities of the following

form:
Z drl‘no < 1
reRw

Zerzxng < 1

reRw geGY

Z frarg <1 forall gaps 1 <g<W
reRY, a,<a}’
Trot+ Y @pg = 1 forallr€R”
geGY
Trg > 0 for all r € R* and g € G

where d, = p, /(3 cpe Pr — Py), €r = a,;b. /A3, and f, = b, /b;. This system is
related to a scheduling problem of jobs on W 41 unrelated machines with costs.

10



The first inequality is related to the cost of the solution and minimizing the cost
gives a feasible solution. The next W +1 inequalities are related to the machines
1,...,W 4 1. One can round a fractional solution of this system in polynomial
time to another solution with optimum cost and at most W fractional jobs [14],
[6]. Removing these fractional items after the rounding and using the same idea
for the high and small items gives an integral solution where we have removed
at most W + H + 1 < 4k + 3 items. Notice, that we have no inequalities for
gaps for the small items. Therefore we remove at most 1 small item.”

As in the last section we removed a number of items in this step. The total
profit of these items can also be bound by (¢/2)OPT as we show later. The
current state of our algorithm is as follows

1. guess the k£ most profitable items S and the gap structure of an optimal
solution,

2. find a fractional solution of the linear program with almost optimal profit,
3. round the fractional solution to a selection of items X,

4. pack X U S into two bins of size (a,b) and choose the bin with the higher
profit.

3.5 Fourth step - packing

In this chapter the packing of the items corresponding to the integer solution
into two bins is described. From the result of our integer solution we know how
to pack either the wide items or the high items together with the candidate set
into a bin. We only need to pile up the wide (high) items into the corresponding
gaps and pack the constant number of candidate items and gaps into the bin
(we verified that this is possible in the second step).

Let X be the set of additional items from the integer solution. We can split X
into three set X%, X" and X* of wide, high and small items respectively (recall
that a probably included big item is considered as high one). We distribute
these items to the sets 7% and T" which represent the two bins in which we
want to pack. Let P be the total profit of the items S U X.

“First, we submit S to both sets 7% and T". Second, we add X to T
and X" to T". If either p(T™) > P/2 or p(T") > P/2 we pack the set with the
higher profit into a bin. This is possible due to the remark above. Otherwise
p(T%) < P/2 and p(T") < P/2. In this case we have to add the small items in
X to our sets. Therefore we can not use the gap structure to pack the bins any
longer. Instead we use the variant of Steinberg’s Theorem (Theorem 2.1). This
is possible because we separated the wide and high items into different sets.

If the area s(T™) > ab/2 then the area of the other items is s(T" U X®) <
ab/2. Therefore we can use our variant of Steinberg’s Theorem to pack the items
of X* and T" together into one bin. The profit of these items is p(T" U X*) >
P/2. The other case (s(T") > ab/2) is packed similarly.

Suppose now that s(T%) < ab/2 and s(T") < ab/2. We distribute the small
items of X* into three sets X%.,, X3, and X* such that s(T" U X%.) < ab/2,
s(T"UX3,) < ab/2 and | X*| = 1. This can be done easily in a greedy manner.

11



Let X* = {F}. From the sets T*UX$., and T"UX}3,, we choose the one with the
higher profit and pack it, using the variant of Steinberg’s Theorem, into a bin.
In the last step we will show that the profit is > P/2—pr > (1—€)OPT(I)/2.”

3.6 Final steps

In this chapter we present the missing bits of the algorithms which are the
choice of the constant k and handling the cases with an optimal number of
items smaller than k.

Choice of the constant k: The constant k determines the number of items
we guess as a candidate set S. It is crucial that the constant is chosen carefully
because the cardinality of S directly affects the upper bound for the number
of gaps and therefore the number of removed items. Our aim is to choose k,
such that the total profit of all removed items is at most e OPT'(I). In total we
remove up to 8k + 2 items in step two (creating the restricted optimal solution),
up to 4k + 3 (which is < 8k +1 for k > 1) in step three (rounding the fractional
solution) and at most 1 item in step four (packing). We will show, that the
profit of up to 8k 4 2 items that do not belong to S is bounded by (e/2)OPT(I)
for optimal solutions where the number of items is high enough.

At first we scale the input instance such that OPT(I) € [1/4,1]. Assume
an optimal solution L., C I of profit OPT(I). Jansen and Zhang present
an (3 + e)-approximation algorithm for rectangle packing in [8]. We use this
algorithm to find a packable set of items Ly with profit OPT(I) > p(Ly) >
(1/4)OPT(I). By dividing the profit of every item by 4/p(Ly) we can assume
OPT(I) > 1/4 > (1/4)OPT(I) and therefore OPT(I) € [1/4,1].

Second we use the following lemma to proof the existence of a fitting k
for optimal solutions with sufficiently high number of items. Suppose w.l.o.g.
that Loy = {r1,72,...,rz} where py > po > ...ps. In our case Y . p, =
OPT(I) € [1/4,1]. In [6] Jansen and Porkolab prove

Lemma 3.1. Let L = (p1,...p,) be a sequence of integers such thaty ;. p; <1
and let ¢,d be constant integers and o > 0. If n is large enough (i.e. n >
([1/a]d + 1)(c + 1)[/1) then there is a constant k > 1 such that

Pkl + - Prackrd <

and
kE<[(c+d)(c+ DIVt —q)/c.

We set n =7, c =8, d =2 and « = ¢/8 and derive, that if n > ([8/€]2 +
1)98/¢l (which is constant for a given e > 0) we have pgy1 + ... + Prisriz <
(¢/8) < (¢/2)OPT(I) and k < 9%/¢1. This implies that for each optimal solu-
tion with more than ([8/€]2 + 1)9%/¢] items there is always a constant & such
that the sum of 8k + 2 smaller profit values is at most (¢/2)OPT(I).

Final adaptations of the algorithm: As we do not know beforehand whether
the optimal solution consists of a large number of items or not, we have to con-
sider the case that the number of items is small (which means < ([8/€]2 +
1)918/¢1). To cover this, we enumerate all subsets of items with a cardinality
< ([8/€]2+1)9!%/¢1 and test whether they can be packed together into one bin.

12



Obviously we get an optimal solution in this case. Additionally we guess the
constant k and the 9% + 2 items with largest profit. If pgy1 + ...pskr2 > €/8
then we discard the choice. Otherwise we apply the procedure above. Lemma
3.1 shows, that such a constant k and selection of 9%k + 2 items exist for an
optimal solution with enough items.

“For this k there is a candidate set and a sequence of discrete gaps (with the
structure described in step two) such that the LP gives a profit of at least (1 —
€/2)OPT(I). By the rounding procedure and the transformation into a feasible
packing we get a solution with profit at least (1—e)OPT(I)/2 > OPT(I)/(2+3¢)
for e < 1/3. By dividing € by 3, this gives the following result:

Theorem 3.1 (Rectangle packing). There is a polynomial time approzimation
algorithm with performance ratio of at most 2+ € for rectangle packing, for any
e>0.7

Final Remark: We do not give a concrete bound for the running time
rather than stating that it is polynomial. This is due to the fact, that even
for quite big choices of € the bound for the number of items is very big. The
enumeration for all cases is indeed polynomial (in fact it is constant for a given
€) but incredibly big.

4 Cuboid packing

In the remainder of this paper we consider the three- dimensional packing prob-
lem. There are two natural approaches to cover. First, we derive a constant
ratio approximation algorithm (which we improve afterwards) and second, we
show that cuboid packing does not admit even an asymptotic PTAS.

4.1 A constant ratio approximation algorithm for cuboid
packing

At first we show a relatively simple (16 4 €)-approximation algorithm which we
improve with some minor tweaks to a (9 + ¢)-approximation. The main idea for
our algorithm is to use a PTAS for an m-dimensional knapsack problem to get
a selection of items with almost optimal profit and pack this selection in up to
16 bins.

The m-dimensional knapsack problem is to find for given matrix A € N™™"
and vectors b € N™ and p € N™ a solution x € N™ which maximizes the
profit >°1" ; p;x; under the side condition Az < b. All numbers are nonnegative
integers. The side conditions can be interpreted as several bounds for space
or weight of the items like in the 1-dim knapsack problem. Chandra et al. [3]
proved the existence of a PTAS for the m-dimensional knapsack problem.

For every direction a, b and ¢ we create a side condition which bounds the
sum of the side planes of the long items. An item is called long in one direction
if the length in this direction is more than half of the bins size. The conditions

are:
Z biCi Ty § be

i€l,a;>a/2

g a;c; - x; < ac

i€l b;>b/2
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Z aibi L o) S ab

i€l,c;>c/2

A fourth and fifth condition is added in order to limit the total space used by
all items and the number of big items, respectively.

Zaibicl- -z < abe

i€l

i€la;i>a/2b;>b/2¢c;>c/2

The objective remains untouched:

Zpixz‘

iel

Remark: In fact this resembles the construction of the integer program we
derived in the previous sections. But as we only use upper bounds and a constant
number of constraints, we can regard this as a m-dim knapsack problem and
therefore solve it directly instead of having to round the fractional solution of a
linear relaxation. A similar idea is used in [8] to derive a (3 + ¢€)-approximation
for the rectangle packing.

Lemma 4.1. Every packable selection I' of items can be canonically interpreted
as a vector that satisfies the m-dimensional knapsack instance.

Proof. We show that all the constraints are satisfied. Obviously the total space-
and the big item- constraint are satisfied by every feasible packing. Now observe
that two items that are long in direction a can not be packed behind each other
in this direction (they would exceed the boundary of the bin) - see left part of
Figure 6. Therefore the sum of the projected area in be-direction of items that
are long in direction a is bounded by bc - see right part of Figure 6. Similarly
we can derive the side conditions for the other directions. O

Figure 6: Observation for the side condition for long items in direction a

We conclude that the optimal solution of the knapsack instance has at least
the same profit as the optimal solution of the cuboid packing instance. Now we
use the PTAS for m-dimensional knapsack to find a list I} of items with almost
optimal profit p(Ix) > (1 — €)OPTknapsack(I) > (1 —€)OPT(I).

Suppose we have a set Ij, of items with almost optimal profit p(I;) from the
knapsack problem. Now we separate I}, into three sets S,, Sy, S. of long items,

14



a set Sp;g of at most one big item and a set Sgmau of small items such that (see
Figure 7)

Se={i€ly | a;>a/2,¢;, <c/2}
Spy={ielx | b >b/2,a; <a/2}
Se={iely | ¢ >c/2,b; <b/2}
Spig={i €I | a;>a/2,b; >b/2,¢; >c/2}
Ssman ={i €Iy | a; <a/2,b; <b/2,¢; < c/2}

We pack each set (except of Sy;y which we include to one of the others later)

Figure 7: Illustration of shapes of items in S,, Sy and S,

separately into up to 3 (as for S,, S, and S.) and up to 7 bins (as for Semnai)-
In total we get along with 16 bins and declare the bin with highest profit P* as
the solution, achieving an approximation ratio of (16 + €).

Packing of the long items: Exemplarily we describe the packing of S,. As
we saw before the projections on the (b, ¢)-side plane of the bin do not overlap
in a regular packing. We use this observation to reduce the problem to rectan-
gle packing. The algorithm we use equals the (3 4 ¢€)-approximation algorithm
in Jansen and Zhang [8]. Pack the be-projections of the items into a rectangle
of size (2b,c) using the variant of the Steinberg Theorem 2.1. This is possible
since the total area of the projections is < be and there are no wide items (if
we regard the b direction as the horizontal direction). Draw a vertical line to
divide the (2b, ¢) rectangle into two rectangles of size (b, c) and pack the items,
that are cut by this line, into a third rectangle of the same size. To do this,
retain the order of the items and pack them left aligned into the rectangle - see
Figure 8 for an illustration.

intersecting bin

-
second half
first half

/ first bin second bin

Figure 8: Packing the projections of S, into three bins

Finally we fit these three (b, ¢)-rectangles into three (a, b, ¢)-bins and erect
the associated items in a direction on their projections - see Figure 9. The same
algorithm can be applied to S, and S., packing each in 3 bins of size (a, b, c).

15



As Spiq contains at most one item it can be packed together with any of the
sets Sy, Sp or S, - see the note on the variant of the Steinberg’s Theorem 2.1.

Figure 9: Erecting the items of S, on the pattern of their projections

Packing of the small items: To pack the set of small items Sgpan Wwe
use a combination of rectangle packing with Steinberg and a layer packing
into an unlimited 3-dim strip similar to the simple 2-dim algorithm Nezt-Fit-
Decreasing-Height (NFDH) which orders the items in non-increasing height and
fills the strip in layers. First, we order the items in non-increasing height
c1 > ¢y > ... > ci. Second, we group the items such that the sum of the
ab-size of each group is as close to ab/2 as possible. Formally, we define vari-
ables g1, ...g; such that g =1 and

gi+1—1

Si = E aj bj
J=9i
gi+1

> ajb;

J=gi

k
Si = Z a]'bj

J=aq

IN

ab/2 forall 1<i:<l—-1 and

\

ab/2 forall 1<i<l—1 and

IN

ab/2

As all the items are small, the ab-area of each item is < ab/4. Therefore S; >
ab/4 for all 1 < i <1 — 1. Furthermore the ab-projection of each group G; =
(gi,9: +1,...,g9i41 — 1) of items can be packed into a rectangle of size (a,b)
with Steinberg’s algorithm, as their total area is bounded by ab/2 and there
are neither wide nor high items. As for the large items we can erect the small
items on their projection and therefore pack each group G; into one layer of
size (a,b,cy,) with the highest heigh in that group. Insert the layers in non-
increasing order into a strip with the basis (a,b) and unlimited height - see
Figure 10.

We analyse the height of this strip packing. Suppose the total volume of
small items is bounded by V = .. S.,..; @ibici < aabe. In every layer 1 <
t <1 —1 all items have a c-length of at least cy,,,. Hence, the filling of every
layer can be estimated by the height of the succeeding layer. Therefore the total
volume can be estimated by

-1 -1
V> chi+15i > chiﬂab/él
i=1 i=1

16



A

R ——

Cos [

Ca| |2 Cp
—_—

Figure 10: Layer packing of Sgmnai

omitting the thinnest layer. Thus we get

-1
E Cgipn SAac.
i=1

With this estimation we can bound the total height of the strip to:

l
szcgi :Cgl +chi S (;+40¢) &
] =2

In this basic analysis we use a = 1 as an upper bound (we need a more precise
volume estimation for the improvement in the next step) and derive an absolute
height limit of %c. Using the same idea as above - but this time the 3-dim
equivalent - we cut the strip with vertical planes into 4 bins of size (a, b, ¢) and
one bin of size (a, b, ¢/2) - see Figure 11. The items which are cut by the 4 planes

4

DI

Figure 11: Layer packing of Sgmnai

can be put together into two more bins of size (a,b,c). To do this, retain the
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order of the intersections on two of the cutting planes and insert them bottom
aligned and top aligned respectively into one bin. As the c-length is bounded
by ¢/2 the items do not overlap. Thus we can pack Sg,q into at most 7 bins
which proves

Theorem 4.1 (Cuboid packing). There is a polynomial time approzimation
algorithm with performance ratio of at most 16 4+ € for cuboid packing, for any
e> 0.

4.2 Improvement

As already mentioned in the modified abstract, Lemma 4.2, which is
basic for the improvement of the algorithm, is not correct. Never-
theless the idea of separating the items into Sg,Sp, Sc, Skig and Ssmai
and the Observation 1 are still correct and are used in [4] to de-
rive a (9+4¢)- and a (8+¢)-approximation. Furthermore the idea of
using placeholder items might still be useful for improving on these
results.

The basic (16+¢)-approximation algorithm finds a selection of items with the m-
dimensional knapsack and packs this selection into up to 16 bins. This method
is adopted from the (3 + €)-algorithm for rectangle packing in [8]. It is not
surprising, that the algorithm can be improved by using the (2+ ¢€)-algorithm of
the previous part of this paper. To do this we have to change our perspective.
We can not longer pack all items into a certain number of bins, but separate the
selection into several sets of items and apply ‘as good as possible’-approximation
algorithms on them. Therefore we need the following lemma

Lemma 4.2. Given a set of items S which fulfills the m-dimensional knapsack
instance of the previous section, an algorithm P that produces a partition S U
SoU...US;, =8 and a list of approximation algorithms A1, As, ..., A; which
have an approzimation ratio of 61,0s,...,0; on S1,S2,...,S], respectively, there
is an approximation algorithm A for cuboid packing with approximation ratio at
most 61 + do + ... + & + € for every € > 0.

Proof. Let A be the algorithm which first finds a selection of items S with the
m-dimensional knapsack of the previous section, using €’ = ¢/(01 +d2+...+3;).
Then it applies P on S and A; on S; for 1 < i < [. Let S; be the output

of the algorithm A;. A outputs max(p(S1),p(Sz2),-..,p(S;)) together with the
corresponding packing. We prove that OPT(I) < (61 + 02 + ...+ 0; + €) A(I).
OPT(I) < (1+4€)p(9)
(14 €)(p(S1) +p(S2) + ... + p(S1))
< (1+€)(01p(S1) + 5217(5'2) -+ aip(S1))
< (L+e) 0+ 02+ +5z)maX(P(571)7p(572)»-~~»P(§z))
(

514’524’...4’514’6)14([)
O
The mistake in this prove is that p(S;) < &;p(S;) doesn’t hold. In-

stead we have OPT(S;) < §;p(S;). The former equation would only be
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true, if algorithm A; packed all items S; into the bins, which is not
true for the (2+¢€) algorithm.

Notice, that the final € can also absorb other arbitrarily small number in the
approximation ratios of Ay,..., A;. The algorithm P is only needed to ensure
later, that the sets S; have certain properties from which the algorithm A; can
benefit.

The main idea of the improved algorithm is to consider the volumes of the
different sets. Obviously the strip height of S, decreases if the volume of
these items is smaller. We make two observations before we give the algorithm.

Observation 1 (Packing small volume of S;). S, can be packed into one bin
if Vol(S,) < 1 abe.

Proof: If Vol(S,) < iabc then Spe(S,) < %bc where Sp.(S,) is the sum of
the be-side planes of the items in S,. As there are no high item in S, (which
means long in direction ¢), the be- projections of the items can be packed into
one bin of size (b, ¢) with Steinbergs algorithm. Finally the items can be erected
in a- direction as usual. Obviously the same applies to the sets S, and S, and
we can include Sy to any of these sets.

Observation 2 (Packing small volume of Ssmai). Ssmair can be packed into
f(a@) bins if Vol(Ssmair) < aabe. Where f(a) is defined as

if 7/8<a<1

if 6/8<a<7/8
if 5/8<a<6/8
if 3/8<a<5/8
if 2/8<a<3/8
if 1/8<a<2/8
if 0<a<1/8

=
—
Q
SN~—
I
=N W Ot

Unfortunately the funktion f(«) can not be defined directly because of an
odd gap between the a-values of 3/8 and 5/8. Nevertheless the proof is quite
straightforward.

Proof. Recall, that we analyzed the height of the strip packing for the small
items already bearing in mind their total volume. Therefore we can use the
resulting strip height of < (% +4a)c. Now it is easy to see, that for certain strip
heights a certain number of bins is sufficient. Exemplarily, a strip height of up
to 3¢ can be packed into 4 bins (we have two cutting planes whose intersection
can be packed together into one bin) - and this height is sufficient for o < 5/8.
Notice, that for odd numbers of cutting planes (for example the height of 3%0
for a < 6/8 has 3 cutting planes) the remaining last regular bin might be only
half-filled and can therefore hold the surplus intersection. O

Now we give a first improved algorithm with approximation ratio (10 + €)
which we improve with a last tweak to (9 + ¢) afterwards.

1. Find a selection S of items with the m-dimensional knapsack problem as
in the basic algorithm,
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2. separate the items in .S into the sets Sy, Sy, S. and Sgq as defined above
(but consider a potential big item belonging to S,),

3. if Vol(S,) < 1/4 abe than pack S, into one bin, otherwise use the (2 + €)-
algorithm for rectangle packing for the be-projection and erect the items
on the pattern (deal similarly with Sp and S.),

4. pack Sgnqy into a strip and transfer the strip into a minimal number of
bins according to f(«),

5. choose the bin with the highest profit.
Analysis: We consider four different cases:

1. Vol(Sa),Vol(Sy),Vol(S.) < 1/4abe
In this case we need 3 bins for S,, S, and S, and (like in the basis algo-
rithm) 7 bins for Sgmqn - summing up to 10 bins in total.

2. Vol(S,) > 1/4abc and Vol(Sy), Vol(S.) < 1/4abc
Using Lemma 4.2 we get §, = 2 + € for packing S, and &, = §. = 1 for
packing S, and S, (because they are packed completely in one bin each).
Finally o < 6/8 and therefore dsmau = 5 (as Ssman can be packed into 5
bins). In total we get d, + dp + Oc + Ssmanr = 9 + €.

3. Vol(S,),Vol(Sy) > 1/4abc and Vol(S.) < 1/4abc
Analogue we get §, = 0, = 2+ ¢, 6. = 1 and Jgpman = 4 (as a < 4/8) -
summing up to d, + dp + ¢ + dsmany = 9 + 2.

4. Vol(S,), Vol(Sy),Vol(S.) > 1/4abc
Analogue we get d, = 0, = d. = 2+ € and Sgman = 2 (as a < 2/8) -
summing up to d, + dp + ¢ + dsmany = 8 + 3e€.

As we can interchange S,, S, and S, we proved the approximation ratio of
(10 + ¢€) for our improved algorithm. Obviously only the first case causes diffi-
culties for the improvement to (9 4 €). In this case S,, S, and S, contain only
very limited volume - this leads to the idea to pack some of the small items
together with the long items.

If the total volume of items packed together with S,, S and S, into 3 bins
is > %abc then the remaining small items can be packed into 6 bins (see Obser-
vation 2). Hence, assume that Vol(S, U S, U S;:) < gabc. W.lo.g Vol(S,) <
Vol(Sy) < Vol(S.) and therefore Vol(S,),Vol(Sy) < f-abc. Obviously the
sums of the side planes of the items in S, and S} are therefore bounded by
Spe(Sq) < %bc and Su(Sp) < %ac. We can add a placeholder item P, of size
(a,b/2,¢/2) in S, and a placeholder item P, of size (a/2,b,¢/2) in S, - and pack
S, and Sy, together with their placeholder items into one bin each. Now we add
some items of Sgnqy into the space of the placeholder item. Therefore we define

1

S:; = {T’ € Semall | br.c, > gbc}
1

S; = {T S Ssmall | arCr 2 gac}

and pile up items of S} in a-direction into placeholder item P, until we either
exceed a height of a/2 or run out of items. Similarly we pile up items of S; in
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b-direction into Fj. As items can be included in both of the sets S} and S; we
pay attention that each item is only included in one placeholder. If the item
supply from S} and S; is sufficient, P, and P, have a volume of > %abc each
(ground > & and height > 1 in the fitting dimensions), summing up to > fabe.
This permits to pack the remaining small items in Sg;,qy; into 6 bins.

Now assume w.l.o.g a lack of items in S}. Then it is possible to pack all
items of S into one of the two placeholders (items that are also contained in
Sy can be put into P, too) and the be-side plane of each remaining small item
in Sgman is < %bc. Change the direction of the layer packing of the remaining
items into direction a. Considering the analysis of the layer packing we can
improve the layer filling from S; > %bc to S; > %bc. Taking this into account
we derive a strip height of H < (% + %a)a which is < B%a for a = 1. Therefore
we can pack the remaining small items into 5 bins. We proved

Theorem 4.2 (Improved cuboid packing). There is a polynomial time approz-
imation algorithm with performance ratio of at most 9 + € for cuboid packing,
for any € > 0.

Remark: The running time of this improved algorithm is dominated by
several applications of the (2 + ¢)-algorithm for rectangle packing and therefore
of extremely high order. It is also possible to derive a (10+¢)-algorithm without
using the (24 ¢€)-algorithm for rectangle packing and thus getting a much better
running time.

5 Cuboid packing does not admit an asymptotic
PTAS

We will regard the objective of maximizing the number of packed items in this
section. Apparently, this is a special case of weighted cuboid packing with a
uniform profit of 1.

Bansal and Sviridenko [1] showed the inapproximability of 2-dim bin pack-
ing by giving a reduction from the bounded 3-dimensional matching problem
to a special subproblem of 2-dim bin packing. We adopt their result and give
a reduction from the subproblem to cuboid packing. First, we define the sub-
problem BP* - which is not formally done in [1]. Second, we give a reduction
from BP* to cuboid packing and thereby show the inapproximability of cuboid
packing.

Let OPTy;n(r1,...,7,) be the minimal number of unit size bins in which
the rectangles r1,...,7, can be packed. The subproblem BP* of 2-dim bin
packing is defined as follows. Given an integer 7' and a list I of n rectangles
r; = (a4, b;) such that n € [%T, 8T and OPTy;(r1,...,1,) > T, find a packing
for the rectangles in I into a minimum number of bins. Bansal and Sviridenko
[1] showed that it is N P-hard to distinguish between instances of BP* where
OPTy;n(I) = T and instances where OPTy;,,(I) > (1 + €)T for some constant
e>0.

We construct an input instance I’ for cuboid packing from an instance I for

BP*. For each rectangle r; = (a;,b;) we define a cuboid item r; = (a;, b;, 1/T).
The cuboid bin is of unit size (1,1, 1).
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Definition 1 (Layer packing). A layer packing is a packing where the lower
sides of all items are aligned to a horizontal plane in the height of k/T, where
ke{0,...T —1}.

Lemma 5.1. Every packing of a selection of items of I' can be rearranged to a
layer packing.

Proof. Sweep with a horizontal plane through the bin and lower all intersected
items to the previous layer. Obviously no items overlap after the sweeping
procedure. O

Observation 3 (Equivalence of packing in bins and layers). If the rectan-
gles (r1,72,...,7%) can be packed into one bin, the corresponding cuboid items
(ry,75,...1) can be packed into one layer of size (1,1,1/T) by arranging the
items on the bottom of the layer in the same pattern.

Conversely, if the cuboid items (r],rh,...r},) can be packed into one layer of
size (1,1,1/T), the corresponding rectangles (ri,72,...,7%) can be packed into
one bin.

Lemma 5.2. If the items (r],r5,...7},) can be packed into the cuboid bin, the
corresponding items (r1,72,...,7) can be packed into at most T bins.

Proof. Regard a layer packing of (r{,r5,...7;) and pack each layer into one
bin. O

If OPTy;n(I) =T, we can pack the cuboid items corresponding to the rect-
angles of each bin into one layer and pile up all T layers in the cuboid bin. Thus
all cuboid items can be packed and OPT ypoia(I') = n. Now we assume, that
every packing needs at least (1+¢€)7T bins. As all bins contain at least one item,
the €T" bins with the lowest number of items contain at least €T' > gn items.
We prove by contradiction, that OPTeupoia(1") < (1 — §)n. Therefore, assume
that OPTeyboia(I’) > (1 — g)n. This means, that more than (1 — §)n items can
be packed into the cuboid bin, which implies that all the corresponding items
can be packed into T bins. The rectangles corresponding to the unpacked, less
than £n < €' cuboid items, can be packed into one bin each, summing up to
< €T bins, which makes up the contradiction.

As we could therefore distinguish between instances for BP* where O PTy;,,(I) =
T and instances where OPTy;, (I) > (1 + €)T if cuboid packing would admit a
PTAS, we proved that there is no PTAS if NP # P. Furthermore, as the gap
holds for all instances (even for those with an arbitrary large number of required

bins) we can expand the result to the following theorem:

Theorem 5.1 (Inapproximability of Cuboid Packing). If NP # P, there is no
asymptotic polynomial time approximation scheme (APTAS) for cuboid packing.

6 Future work

As the gap between the given approximation algorithm of (9 + €) and the inap-
proximability result is enormous, there is a lot to do in the future. In this last
section we give a short overview of our ideas for the forthcoming approaches.
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We were able to improve the current result even more to a (8 + ¢)-
approximation. We did not present the result in this paper because the
proof requires 18 different cases to be handled. On the other hand the
algorithm does contain one new idea which changes the grouping a little
bit such that the items in the intersections of the strip packing can be
packed more efficiently. We try to find a more convincing proof for this
algorithm in order to present it.

The main difficulty for cuboid packing is the oddness of the shapes of the
items. In the worst case items will always be flat in one direction and long
in the other directions - thus using almost no space but making it difficult
to pack together with flat items in other directions. We think that the
current approach of using the m-dimensional knapsack to make a selection
of items which are then separated and packed into several bins is nearly
exhausted. Therefore we need to think about better ways of preselecting
the items.

For three-dimensional strip packing Miyazawa and Wakabayashi [16] gave
a algorithm with asymptotic approximation ratio of 2.67. Assuming a
sufficient supply of fitting items a volume usage of 2.67 is therefore possi-
ble. Maybe some of the ideas of Miyazawa and Wakabayashi can also be
applied to cuboid packing.

Obviously a §-approximation algorithm for cuboid packing gives a §-
approximation algorithm for rectangle packing. It would be interesting
to examine whether it is possible to derive a «y - J-approximation for rect-
angle packing with a d-approximation for cuboid packing for some v < 1.

Finally a further generalisation to multidimensional packing can be consid-
ered. Of course we already showed the inapproximability of all dimensions
higher than 2 with our proof for dimension 3. Nevertheless we assume,
that multidimensional packing for fixed dimensions is in APX as we can
reduce every dimension to the lower ones.
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