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Abstract

Wedescribea noveldatastructurefor representinglight transportcalledraymap.Theraymapextendstheconcept
of photonmaps:it storesnot only photonimpactsbut thewholephotonpaths.We demonstratetheutility of ray
mapsfor global illuminationby eliminatingboundarybiasandreducingtopologicalbiasof densityestimationin
globalillumination.Thanksto theeliminationof boundarybiaswecoulduseraymapsfor fastdirectvisualization
with theimagequalitybeingcloseto thatobtainedby theexpensive�nal gatheringstep.Wedescribein detailour
implementationof theray mapusinga lazily constructedkD-tree. We alsopresentseveral optimizationsbringing
theraymapqueryperformancecloseto theperformanceof thephotonmap.

Categoriesand SubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism

1. Intr oduction

Most of thecurrentglobal illumination techniquessimulate
light propagationby tracinga largenumberof raysthrough
thescene.Methodslike distribution ray tracingor pathtrac-
ing constructlight pathsand evaluatetheir contribution to
the resultingimagewithout storingany auxiliary informa-
tion. This hasanadvantageof generalityandunbiasedness,
but achieving visually pleasingresultsrequiresshootinga
hugenumberof rays that often follow the samepathsor
pathswith minor contributions.

One way to tackle this problemis to storesomeof the
computedillumination and use it for generatingthe im-
age.This ideais exploited in differentformsby severalap-
proaches,like the photonmapping[Jen96], the light vol-
ume[CZS96], theirradiancecache[WRC88], theirradiance
volume[GSHG98], or thelight �eld [LH96]. Fromtheseal-
gorithmsonly thephotonmapstoresindependentillumina-
tion samples.It neitherimpliesany structuringof thesesam-
ples,nor it restrictsthetypeof illuminationstored.

Despiteits generalitythe photonmaphasonemajor re-
striction:thelight �ux carriedby aphotoncanonly befound
in proximity of the photonimpact.Even if we could store
thephotonpathwith thephoton,it doesnot allow usto �nd

(a) (b)

Figure1: Thedirectvisualizationwith (a) photonmapsand
(b) raymaps.Noticetheboundarybiasremovalon thelamp
for ray maps.

pathsin proximity of an arbitrarypoint in space.The well
known consequenceof this propertyis thesubstantialerror
of the estimateon the boundaryof objects,referredto as
boundarybias(Figure1). Theideaof extendingthephoton
mapconceptby storingrayswas�rst presentedby Lastraet
al. [LURM02]. They organizerays in a ray cache anduse
theraycachefor boundarybiaselimination.In thispaperwe
build onthis ideaandde�ne theconceptof raymap— adata
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structurefor storing the raysand evaluatingray proximity
queries.Theray mapqueriesopennew possibilitiesfor re-
trieving theilluminationinformationfor arbitrarypointsand
directionsin space.We demonstratethisby reducingseveral
biassourcesof densityestimation.

This paperaims at threemain contributions: (1) It for-
malizesthe ray map conceptby enumeratingray proxim-
ity queriesrequiredby globalilluminationalgorithms.(2) It
presentsa casestudyof densityestimationusingray maps
versusphotonmaps.(3) It describesanef�cient implemen-
tationof the ray mapwhich providesmorethananorderof
magnitudespeedupfor densityestimationcomparedto the
raycache[LURM02].

2. RelatedWork

Ourwork is closelyrelatedto thephotonmap[Jen96,Jen01]
that storeslight �ux on the object surfaces.Eachpoint in
the photon map representsa photon carrying certain en-
ergy. Theilluminationontheobjectsurfacescanthenbere-
constructedfrom photonhits usingdensityestimationtech-
niques[Sil86, WJ95] introducedto computergraphicsby
Heckbert[Hec90]. Note that using a �nite numberof ob-
servationsin densityestimationalwaysleadsto asystematic
errorreferredto asbias.

To decreasethe biasin thecontext of photonmappinga
numberof techniqueshavebeenproposed.Hey andPurgath-
ofer dealt with the boundarybias using the averagecom-
putedfrom severalorientedphotonmaps[HP01]. Lavignotte
andPaulin extendtheobjectboundariesfor storingof pho-
tons in polygonalscenes[LP02]. Other photonmap opti-
mizationtechniquessuchasthe densitycontrol of photons
were presentedby Suykensand Willems [SW00] and Pe-
ter andPietrek[PP98]. The useof convex hull to decrease
boundarybias is describedin [Jen01, Jen02]. However, the
computationof theconvex hull leadsto overestimationand
decreasesthe performance.More importantly, the convex
hull doesnot help in casesof densityestimationon small
or elongatedobjects,wherethenumberof photonsstoredon
surfacesis too low. More ef�cient datastructuresfor photon
searchwerediscussedby Wald et al. [WGS04]. An exten-
sionof photonmapsto accountfor thetemporaldomainwas
introducedby CammaranoandJensen[CJ02].

There are numerous other data structures for stor-
ing illumination such as irradiancecache[WH92], light
maps[WTP00], line-spacehierarchy[DS97], light vectors
[ZSP98], or irradiancevolume [GSHG98]. Thesemethods
aim eitherat representingreconstructedillumination func-
tion (light volume), regularly sampledillumination (light
�eld), or a particulartypeof illumination (irradiancecache,
irradiance volume). The underlying data structuresare
tightly coupledwith the particularillumination reconstruc-
tion algorithm.Thedatastructuresrepresentilluminationei-
ther approximatelyor with a systematicerror: for example

the irradiancecacheturnsa bundleof rays intersectingthe
given cell into a singlescalar, which is usedfurther on for
interpolation.

Thispaperdealswith anef�cient way for organizingrays
in spacewhich is a subject that penetratesinto the �eld
of computationalgeometry. Although thereare theoretical
analysesof complexity of maintaininglinesor raysin space
[Pel04] we are not aware of a practicaland ef�cient data
structuremaintaininga large numberof rays(i.e. line seg-
ments)that would supportef�cient proximity queriesand
dynamicinsertionandremoval.

Theusageof photonpathsfor densityestimationwas�rst
proposedby Lastraet al. [LURM02]. Their methodlocates
raysintersectinga discon a tangentplanein orderto elim-
inate boundarybias inherentto photonmaps.This advan-
tageis however penalizedby the two ordersof magnitude
increaseof computationaltime comparedwith the photon
maps.

3. Ray Map Overview

In this sectionwe presentan overview of the ray mapdata
structureby �rst discussingthe way the ray map repre-
sentslight pathsandthenenumeratingthedesiredproximity
queries.

3.1. Representationof Light Paths

Theraymapstoresinformationaboutlight pathstraceddur-
ing a global illumination simulation.Unlike the otherdata
structuresstoringdirectionallydependentillumination(light
�eld, light volume)theray mapdoesnot aim to reconstruct
the illumination perse,but only to provide anef�cient tool
for sucha reconstruction.Hencetheraymapis independent
of thealgorithmusedto sampleillumination aswell asthe
algorithmusedto reconstructtheillumination.Additionally,
theray mapposesno restrictiononthestructureof thesam-
ples.

Theraymaporganizesphotonpathsby indexing therays
which form thepath.Theray indexing thenallows to deter-
minephotonspassingin theproximity of anarbitrarypoint
in spaceor all photonspassingneartheboundaryof anob-
ject. Thesephotonscanbe found independentlyof the dis-
tanceof their actualimpactson surfaces.As we will show
later, it hasseveraladvantagesandenablesreductionof dif-
ferenttypesof bias.

3.2. Ray Proximity Queries

We distinguishbetweentwo different classesof ray prox-
imity queries: intersectionqueries and nearest neighbor
queries. The intersectionqueriesdetermineall rays inter-
sectinga given spatial domain of �x ed size. The nearest
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neighborqueries�nd K nearestraysusinga particulardis-
tancemetric.The queriescanusedifferentspatialdomains
anddistancemetrics(seeFigure2):

1
2

3

2
1

3

Figure2: Threenearestneighborsaccordingto differentray
distancemetrics.(left) Euclideandistanceof intersectionof
the ray with a tangentplane. (right) Euclideandistanceof
theray itself andthecenterof thequery.

I. Intersection Queries
Intersectiondomain:(a) disc,(b) hemisphere,(c) sphere,
(d) axisalignedboundingbox.

II. NearestNeighborsQueries
Proximitymetric:(a)distanceto theintersectionof theray
with thetangentplane,(b) distanceto theraysegment,(c)
distanceto thesupportingline of theray.

In practicewe should be able to use combinationsof
queriesfrom the two classes.That is we shoulddetermine
K nearestneighborsundera condition that they intersecta
givenspatialdomain.

3.3. Maintaining rays

Thetaskof maintainingraysin 3D is signi�cantly different
from the taskof maintainingpointsor polygons.The rays
extend througha large portion of the scenewhich makes
mosttechniquesof spatialindexing [Sam89] unsuitablefor
theirmaintenance.On theotherhandrayscanbeparameter-
izedquiteeasilywhichsuggeststhatthey couldbeorganized
accordingto sucha parameterization[Pel04]. Althoughthe
theoreticalstudiesdonein computationalgeometryfollow
this idea,as we will discusslater in the paper, suchtech-
niquesdo not seempracticalfor ray proximity queriesused
in thecontext of globalillumination.

4. Ray Map versusPhoton Map DensityEstimation

In thissectionwe describethesourcesof biasin thecontext
of photonmaps.Thenwe describehow thedensityestima-
tion is appliedto theray maps.Further, we presentthecase
studyof the densityestimationthat we have madefor ray
mapsand photonmapson a set of simple scenesand ray
distributions.

4.1. Sourcesof bias

Every densityestimationtechniqueresultsin a systematic
error, referredto asbias[Sil86,WJ95]. In theapplicationof

densityestimationfor globalillumination,thebiasin photon
mapscanbeclassi�edasfollows [Suy02,Sch03]:

� Proximity bias – given by a �nite numberof observa-
tions in the proximity of the evaluatedpoint X (seeFig-
ure3 (a)).Theproximity biasleadsto blurringof edgesin
thephotonmaps,sincetheneighborhoodof X is of non-
zero size.This problemcan be alleviated by increasing
thenumberof photonsor by usingbetterdensityestima-
tion techniques,suchas a varying kernel-widthestima-
tion [Sil86,WJ95]. Notethatproximity biasis inherentto
any densityestimationtechnique.

� Boundary bias – a visible underestimationof illumina-
tion on theboundaryof objectsdueto theoverestimation
of the surfacearea(seeFigure3 (b)). The darkeningon
thevisiblesurfacesis well visible.

� Topologicalbias– theerrordueto theassumptionthatthe
surfacein theneighborhoodof theestimatedillumination
is planar(seeFigure 3 (c)). The underestimationof the
areafor thecurvedsurfaceleadsto anoverestimatedresult
from thedensityestimation.

4.2. Ray Map DensityEstimation

The ray mapallowed us to designa novel densityestima-
tion techniquewhichmakesuseof a combinationof metrics
II.(a), II.(b), andII.(c). Morespeci�cally,weuseaK-nearest
neighborsearchwhich takesa maximumof the distances
givenby II.(a) andII.(b), i.e. thedistanceto thepointon the
tangentplaneandthedistancefrom theray segment.Either
the distanceto the supportingline of the ray (II.(c)) or the
distanceII.(a) is thenusedasa weight for the densityesti-
mationkernel.

We call the resulting method a hemisphere-disc inter-
section: it considersall rays which intersectan expanding
hemisphere(metricII.(b)) andwhichafterprolongationalso
intersectthe disc correspondingto the hemisphere(metric
II.(a)). Sucha combinationhasseveraladvantages:

� it is consistentwith therenderingequationformulatedfor
photonmapsover thediscsinceit normalizestheestimate
over theareaof thedisc.

� it removesboundarybiascompletelysincetherayspass-
ing neartheboundariesof objectsarealsotakeninto ac-
count.

� it reducestopologicalbias,sinceonly theraysintersecting
a discaretakeninto account,which is consistentwith the
densityestimationformula.

� the distanceusedin the kernelmetric II.(c) is invariant
with respectto the rotationof thesurfacenormal,which
makestheestimateconsistentonwrinkledsurfaces.How-
ever, it canleadto theoverestimationfor stronglydirec-
tional raydistributions.ThemetricII.(a) in this casedoes
not lead to overestimation,but the resultsare more de-
pendenton surfacenormalorientation.We have usedthe
metricII.(a) below.
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Figure 3: Visualizationof thebiassources(a) Proximitybias(b) Boundarybias(c) Topologicalbias.

In thenext sectionwedocumenttheabovestatedadvantages
of ourmethodexperimentallyonthreesimplerepresentative
scenes.

4.3. Experimental evaluation

UsingphotonmapstheirradianceE(x) atthepointX iscom-
putedas:

E(x) �
K

å
i= 1

DF(x;dA;wi;dwi)
DA

(1)

DA = p � R2

For Lambertiansurfacesthis is equivalentto densityestima-
tion. We have usedthe following four methodsof density
estimation:

� the referenceirradiancecomputedby a referencealgo-
rithm from severalmagnitudeshighernumberof photons
following thesamedistribution.

� the irradiancefrom density estimationover the photon
map.

� the irradiancefrom densityestimationusingthe ray map
with thecombinationhemisphere-disc.

� the irradiancefrom densityestimationusingthe ray map
with thedisconly [LURM02].

In order to modelbasicgeometricfeaturesoccurringin
renderedscenesweconstructedthreesimplescenesdepicted
in Figure4. Thesescenesexhibit boundaryandtopological
bias,whichallowsusto comparepropertiesof differentden-
sity estimationmethodsanddraw conclusionsabouttheutil-
ity of ourhemisphere-discintersectionusingraymaps.

Figure4 showsthreeselectedtestscenesfrom theanalysis
togetherwith theassociatedray-photondistributions.Justa
smallportionof theraysis shown for aestheticreasons.

We have usedray distributionscorrespondingto an area
light sourceandparallel light source.The arealight source
distribution approximatesindirect light of scenesconsist-
ing mainly of Lambertiansurfaces,whereastheparallelone
simulateshighly specularillumination. The graphsin Fig-
ure4 visualizethecomputeddensityestimationfor thethree
testedestimatorsalongthepathdepictedin thescenes.The

referenceestimate(black dottedline) was computedfrom
two ordersof magnitudehighernumberof samples(5� 106

photons).For theactualtestswe used100,000samples,K-
nearestneighborsearchwith K=200,andEpanechnikov ker-
nel [Sil86].

Thetwo cornerscenesillustratehow theboundarybiasis
eliminatedusingour hemisphere-discmethod.Clearly, the
estimationfrom photonmapseitherunderestimatesthesur-
face area(Figure4 (a)) by including wrong samplesfrom
theneighborplaneor overestimatesthesurfaceareaon the
boundary(Figure 4 (b)). The densityestimationwith pho-
ton mapson thewave scene(Figure4 (c) and(d)) resultsin
topologicalbiasarisingfrom thecurvatureof thesurfaces.It
alsoshows the problemwhenusingonly the disc intersec-
tion query[LURM02] atconcavesurfaces(Figure4 (c) blue
dashedline, pointB andD).

5. Ray Map Implementation Using a kD-tr ee

In theprevioussectionwehaveshown thatraymapsprovide
advantagesin illumination reconstructioncomparedto pho-
tonmaps.In therestof thepaperwe presentanef�cient im-
plementationof theraymapandassociatedqueries.We de-
scribethealgorithmsfor ray mapconstructionandray map
queries.Wealsopresentastrategy thatkeepsthememoryre-
quirementsof themethodlow while not causingsigni�cant
performancepenaltyin practice.

5.1. Overview

We representtheraymapusingspatialsubdivisionbasedon
kD-trees.The rays areorganizedin a way similarly to or-
ganizingobjectsfor rayshootingacceleration.We construct
a hierarchicalspatialsubdivision thatcontainsreferencesto
rays intersectingthe cells of the subdivision. For eachele-
mentarycell of the subdivision we maintaina list of refer-
encesto raysthat intersectthecell. Thenfor a given query
domainwe �rst determinewhich cells of thesubdivision it
intersectsandevaluateintersectionsonly with raysreferred
at thesecells. The resultingspatialsubdivision shouldad-
dressthefollowing two pointsduringquerying:

� Distribution of raysandqueries
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(a) (b)

(c) (d)

Figure 4: Scenesusedto studythebiasof densityestimationmethods.Thegraphsshowtheresultingirr adiancecomputedby
thedensityestimationalongthedepictedpathon thesurfaces(markedin red-blue).Thefollowing sceneswere evaluated:(a)
Convex cornerwith a parallel distributionof rays.(b) Concavecornerwith a parallel distributionof rays.(c) Wavescenewith
a cosinedistribution of rays.(d) Wavescenewith a parallel distribution of rays.Theblack dottedline is the referencevalue.
Theredfull line is computedfromthephotonmap.Thebluedashedline is computedfromtheraymapusinga disc[ LURM02].
Theyellowfull line is computedfromtheraymapusingthenew hemisphere-discmethod.
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� Coherenceof thequeries

The �rst point is addressedby hierarchicalsubdivision
with terminationcriteria basedon the numberof rayscon-
tainedin its cells.Additionally aswe describelater we use
a lazyconstructionof thekD-treethatadaptsto thedistribu-
tion of thequeries.

Thesecondpoint is addressedasfollows:oncea cell with
a set of rays is subdivided, the resulting ray classi�cation
(i.e. raysassociatedwith thesubdividedcells) is reusedby
all subsequentqueries.If we accessa cell thatneedsfurther
subdivision, it is very likely that it alreadycontainsa lim-
ited setof raysdueto theprevioussubdivisions.Thusif the
queriesarecoherent,only a small numberof splits is per-
formedfor eachquery, sincewe mostlyaccesscellsalready
subdividedby thepreviousqueries.

5.2. Static kD-tr eeConstruction

The staticconstructionof the ray mapkD-treeproceedsas
follows:Startingat therootof thetreewecheckif it satis�es
the subdivision criteria. If the subdivision criteria aremet,
we subdivide the nodeanddistribute all rays it containsto
thenew leaves.A raygetsassociatedwith a leafonly if it in-
tersectsthecell correspondingto theleaf.After thesubdivi-
sionwe continueby recursive traversalof thenewly created
children.

We have usedthreesubdivision criteria:Thenodeis sub-
dividedif all of thefollowing threeconditionshold:

� Thenumberof ray referencesin thenodeis greaterthana
prede�nedconstantCmin (we useCmin = 32).

� The diagonalof the correspondingcell is longer than a
fraction of the diagonalof the sceneboundingbox Rmin
(typically Rmin = 0:1% of thesizeof thescenebounding
box).

� Thedepthof thenodeis smallerthana prede�nedmaxi-
mal depthDmax (weuseDmax = 30).

Wehaveusedsplittingplanespositionedatthespatialme-
dianof thecurrentnodethatis perpendicularto theaxiswith
greatestspatialextent. The resultingalgorithm hasseveral
desirableproperties:

� Sincewe usea spatialmedianthekD-treeis spatiallybal-
anced.

� Due to the later presentedlazy constructionthe kD-tree
automaticallyadaptsto thequerydistribution.

� Exceptfor theterminationcriteriathesubdivisionis inde-
pendentof theactualdistributionof rays.While thismight
be a drawbackfor a staticsetof rays,it turnsout to bea
bene�t for adynamicallychangingraysetandthecaching
strategy we use.

� We do not have to evaluatea cost function which is re-
quired for more advancedsplitting plane selection.In
asymptoticcomplexity boundsthis bringsdown thecost

of the planeselectionfrom O(n log n) (sorting accord-
ing to thecost)to O(n).Additionally theconstantshidden
by theO-notationfor thespatialmediansplit areseveral
timeslower thanfor thecostbasedone,which is impor-
tantfor theon-the-�y construction.

5.3. Intersection Query

An intersectionof a given spatialdomainwith the rays in
theraymapis carriedoutby constrainedtraversalof thekD-
treeandcomputingintersectionswith raysstoredat theleaf
nodes.The traversalis constrainedonly to nodesintersect-
ing thespatialdomainof thequery. In factwe constrainthe
traversalto aboundingboxof thespatialdomainandusethe
actualdomain(disc,sphere,hemisphere)only for evaluating
theray/domainintersection.

5.4. K-NearestNeighborsQuery

A K-nearestneighborsqueryaimsto locateK nearestrays
for thegiven querycenter. It usesa similar traversalasthe
intersectionquery, however it requiresthat the leaf nodes
areprocessedaccordingto their distancefrom thecenterof
the query. This canbe achieved by usinga priority queue
in which thepriority of thenodeis inverselyproportionalto
its distance.Theapproachis similar to K-nearestneighbors
over thepointdata[AMN � 98].

Initially we pushthe root nodein thepriority queueand
proceedas follows: we pop the nodewith the highestpri-
ority from the queue.If it is an internalnode,we compute
minimal distancesdl ;dr of its childrenfrom thequerycen-
terandinsertthemin thepriority queuewith prioritiesequal
to � dl and � dr , respectively. When reachinga leaf node
we evaluatethedistanceof all raysassociatedwith thenode
with respectto the query centerand add theserays to the
ray candidatelist. If the ray candidatelist getslarger than
K, we apply the K-medianalgorithm to selectthe K rays
with minimal distance.If the distanceof the K-th selected
ray is smallerthanthedistanceof theunprocessednodeon
thepriority stack,we canterminatethealgorithm,sinceno
unprocessedray can be closerthat the alreadyfound K-th
ray.

The describedtechniqueconsidersthe whole sceneasa
querydomain.It is advantageousto constrainthequerydo-
mainevenfor theK-nearestneighborqueries.This is easily
incorporatedin the algorithmby pushingonly thosenodes
in the priority queuethat intersectthe query domain.This
limits the numberof nodesin the queueandthusprovides
a minor speedup.Thesetof leavestraversedis mostlyiden-
tical to that of the unrestrictedquery. Note that the prior-
ity queueprovidesa naturaladaptationof thetraversedpart
of the sceneto the rangewherethe K-nearestrays areac-
tually found, without the needof any complicatedestima-
tion techniques.Thenodesfurtheraway from theK-nearest
neighborsareaccessedat thehigherlevelsof thehierarchy,
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but they do not getaccessedany further. Theprocessof K-
nearestneighborquery without and with the restrictionof
thequerydomainis illustratedin Figure5.

Theremay be different distancemetricsusedfor evalu-
ating ray distance.We canusesomeof the traditionaltech-
niquesthat takepointsof intersectionof theray with scene
objects(photonmaps)or with a tangentplane (Lastra et
al. [LURM02]). Following theanalysisin Section4.3weuse
theminimal distanceto theintersectionof the(prolongated)
raywith thetangentplane(metricII.(a)).

5 2

3 4

10

6
5 2

0 1

3 4
7

8

9

Figure5: K-nearestneighborqueriesusinga priority queue.
(top) Traversalof the kD-tree for the unconstrainedquery.
Thenodesare labeledaccording to their processingorder.
Theraysat the redleaveswere actually testedfor intersec-
tion. After testingthesetwonodesthequerywasterminated
sincewe havefound a required numberof rays that were
closerthananyof theunprocessednodesin thequeue. (bot-
tom) Traversalof the kD-treeconstrainedby the querydo-
main.Notethatalthoughwehaveaccesseda smallerpart of
thehierarchyweactuallytestthesamenumberof leavesas
for theunconstrainedquery.

6. Ray Map Enhancements

This sectionpresentsseveral enhancementsof the kD-tree
basedray map implementation.The �rst three presented
methodsaim to improve the speedof the queries.The last
methodlimits the sizeof the ray mapallowing the userto
tradeoff thetotalmemoryconsumptionfor speed.

6.1. Lazy Ray Map Construction

In orderto concentratethesplits in areasreally accessedby
thequerieswe usea lazy kD-treeconstruction.Note that a
similarideahasbeenusedby Ar etal. [AMT02] for dynamic
collision detection.ThekD-treeis constructedby interleav-
ing thetraversalof thealreadyexisting partof thetreewith
subdivisionperformedon its leaf nodesthatsatisfythesub-
division criteria(e.g.containtoomany ray references).

Given a querywith its domaincorrespondingto an axis
alignedbox,westartat therootnodeandproceedasfollows:

� If the currentnodeis an interior node,we checkthepo-
sition of thebox with respectto theassociatedplaneand
continuethe traversal recursively for the subtreesinter-
sectedby thebox.

� If thecurrentnodeis a leaf, we checkif the subdivision
criteriaaremet:

– If the subdivision criteria are met, we subdivide the
nodeanddistributeall raysit containsto thetwo new
leaves.Recallthatarayis associatedwith aleafonly if
it intersectsthecorrespondingcell. After thesubdivi-
sionwe continueby thetraversalof thenewly created
children.

– If thesubdivision criteriaare not met, we testall rays
associatedwith the nodefor an intersectionwith the
querybox.

Thelazy constructionis visualizedin Figure6.

6.2. Dir ectionalSplits

Two importantray mapqueriesusequerydomainsthatnot
only restrictsthespatialrangeof theraysbut alsotheirdirec-
tional range.In particularthediscqueryandthehemisphere
queryonly considerrayswith anegativedotproductwith the
normalof thediscor thehemisphere.If we only grouprays
accordingto thespatialpositions,we cannotef�ciently cull
groupsof rayswith oppositedirectionsthanthosedesiredby
thequery.

To tacklethis problemwe extendedthekD-treeby direc-
tional nodes. Unlike theusualkD-treenodethedirectional
nodedoesnotprovideasplit in thespatialdomain,but rather
in the directionaldomain.The directionalnodecontainsa
referencedirection.The nodesubdividesthe currentrange
of directionsinto thosehaving a positive andnegative dot
productwith thereferencedirection.For thedensityestima-
tion the negative directionsare thosefeasiblefor the disc
or hemisphereintersectionqueriessincethey representin-
comingrays.To allow sharingof thesamedirectionalnode
by severalquerieswith slightly differentnormalsweenlarge
thesetof feasibledirectionsby aspeci�eda angle(seeFig-
ure7). Suchana-extendeddirectionalnodedoesnotcull all
infeasiblerays,but allows to reusethe directionalnodeby
all querieswith normalswithin a anglefrom the reference
direction.The directionalnodesaretraversedasfollows: if
theanglebetweenits referencedirectionandthequerynor-
mal is lessthana. In this casethe queryis coveredby the
directionalnodeandwe only traversethefeasiblesubtreeof
the directionalnode(andthussuccessfullycull all the rays
storedin theinfeasiblesubtree).If thequeryis not covered
by thedirectionalnodewe have to traversebothsubtreesof
thedirectionalnode.

The directionalnodesare introducedbasedon the nor-
mal of theactualdiscor hemispherequeries.In theoptimal
casewe wouldplacethedirectionalnodesashigh in thetree
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(a) (b) (c)

Figure 6: Lazyconstructionof thekD-treedrivenby thequeries.(a) The�rst queryis depictedby thereddisc.(b) Thesecond
querydoesnot requireanysubdivision.(c) Thethird queryrequiressubdivisionof thekD-treeby twonew internal nodes.

infeasible ray directions
(front child)

feasible ray directions
(back child)

reference
directioncovered query

normals

a a

Figure7: Thesubdivisionof theraydirectionsaccordingto
a directionalnode. Notethat for thecoveredquerynormals
only theback child of thedirectionalnodeis traversedand
all theinfeasibleraysareculled.

as possiblewhile making surethat the whole subtreecor-
respondsto a spatialdomainwheredirectionally coherent
queriesareexpected.We usea simpli�ed strategy suitable
for dynamictreeconstructionthatusestwo prede�nedcon-
stants:the minimal depthof a nodeandminimal diagonal
sizeof thecell. If thesetwo criteriaaremet for thenodeto
besubdivided,we �rst checkif thereis no otherdirectional
nodeon thepathto theroot thatcoversthegivenquery.

If we donot �nd sucha nodeweintroducethedirectional
nodeandsplit thecurrentsetof raysaccordingto theangles
betweentheirdirectionsandthereferencedirectionasshown
in Figure7. Thereferencedirectionfor directionalnodecor-
respondsto thenormalof the�rst query, whentheinsertion
of directionalnodeis decided.More complicatedandef�-
cientstrategiesfor determiningthereferencedirectioncould
beusedfor of�ine processingof queries.

In sceneswith directionallycoherentqueries,wehaveob-
served that usinga = 10 degrees,about90% of the query
normalswerewithin thea range.This meansthatwe could
successfullycull thewhole subtreemaintainingrayswithin
theremaining180� 2a degrees.

6.3. Exploiting Query Coherence

Subsequentqueriesin the ray map are likely to be coher-
ent,if they areinducedby thedirectvisualizationof visible
surfacesfor coherentpixel orderon the image.We exploit
querycoherenceby reducingrepeatedtraversalsof thesame
interior nodesof thekD-tree.Thetestsat theleaf nodesare
carriedout asusualsincefor mostapplicationswe needto
evaluatetheactualraydistancesfor eachparticularquery.

Ourdesigngoalwasto provideamechanismthatdoesnot
requirepreprocessingof the queriesbut it allows us to use
thecoherencebetweensubsequent queriesif thereis some.
We only describea modi�cation to the K-nearestneighbor
algorithm. The modi�cation of the intersectionalgorithm
workssimilarly.

For the�rst querywe createa list of nodescorresponding
to thereachedleavesandunprocessednodeson thepriority
stackthatarewithin ane-distancefrom theK-th ray found.
Thecreatedlist becomesa referencelist for thesubsequent
queriesand the query centeris a referencecenter. For the
next querywe�rst checkif thequerycenterlieswithin thee
distancefrom thereferencecenter. If thisis thecase,wepush
all thenodesfrom thereferencelist to thepriority queueus-
ing the actualpriorities with respectto the new querycen-
ter. The querythenproceedsasusual,but the referencelist
andthe referencecenterarenot modi�ed. If thequerycen-
ter is notwithin thee distancefrom thereferencecenter, we
start the traversalat the root nodeand createa new refer-
encelist that will possiblybe usedby subsequentqueries.
In ourteststhismethodprovidedperformancegaintypically
rangingfrom 1%to 30%for e= 0:5% of scenesize.

6.4. Limiting Memory Usage

Thenumberof raysstoredin theraymapcanbevery large.
Theraymapimplementationshouldhoweverbeableto limit
thesizeof theindexing structureandsoto balancethequery
performanceand memorycosts.As we show later we can
successfullylimit thememoryusedby the ray index to the
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amountcomparableto theactualray representationwith no
or only minor performancedecrease.

Our raymapimplementationstoresmultiplereferencesto
a ray in severalleavesof thekD-tree.As thekD-treeis con-
structedlazily, theoverall memoryconsumptiongrows with
thenumberof processedqueries.Theactualgrowth ratede-
pendsonthedistributionof therays(mainly their lengthand
direction)andthespatialcoverageof thequeries.If therays
areveryshortandthequeriescoveronly a small fractionof
thescene,thememorygrowth is small.On theotherhand,
for long raysandqueriesevenly �lling the spacetherecan
bemany referencesto eachrayin thecellsof theconstructed
subdivision.This increasesthe total memorycostconsider-
ably.

We have developeda mechanismallowing to ef�ciently
balancethememorydedicatedto theray mapandthecom-
putationalcostusingtheleast-recently-used(LRU) caching
strategy. We seta limit on thememoryusagefor representa-
tion of thekD-tree,suchas100MBytes.Beforeeachsubdi-
vision of a nodein thekD-treewe checkif the limit hasnot
beenexceeded.If it hasbeenexceeded,we �nd a subtreeof
thekD-treeusinga LRU strategy andcollapseit to a single
node.Thecollapsesareperformeduntil thedesiredmemory
boundis reached.Thena requiredsubdivisionof thenodeis
performed.

The describedmethod maintainsparts of the kD-tree
which were recentlyaccessed. In this way we makesure
that the memoryusagewill not exceeda prede�nedmem-
ory limit, while wecanstill exploit coherenceof subsequent
queries.

7. Results

In this sectionwe summarizetheresultsobtainedusingour
implementationof ray mapsin the context of densityesti-
mation.We comparetheachievedresultsfor thedirectvisu-
alizationusingray mapswith thedirectvisualizationusing
photonmaps.

We haveconductedfour differenttests.The�rst testcom-
paresK-nearestneighborqueriesusingour ray mapimple-
mentationandtheray-cache[LURM02]. Thesecondtestil-
lustratesthe dependenceof the query performanceon the
numberof rays storedin the ray map.The third test eval-
uatesthe performanceof the queriesin dependenceon the
numberof desirednearestrays.Thefourth testcomparesthe
performanceof densityestimationfrom photonmapsand
raymapsfor thedirectvisualization.

The �rst test is the comparisonof ray mapswith the
methodusing the dynamic list of spheres.We conducted
testson four differentscenes:theCornellBox, theCognac,
theOf�ce, andtheSalascenes(seeFigure8). We haveused
K-nearestneighborqueriesaiming at �nding 100 nearest
rays.Additionally, we have restrictedthesearchto the dis-
tancecorrespondingto 5%of thesceneradius.For eachtest

Rays Found Succ.Tests QueryTime
103 [%] [ms]

189 100 27.0 0.16
378 100 27.7 0.22
944 100 26.0 0.42

1887 100 25.0 0.88

Table2: Dependenceof thequeryperformanceonthenum-
ber of raysstored in the ray mapfor the Cornell box. The
resultsareaveragedusing53,000nearestneighborqueries.

we have measuredthe total numberof rays,the numberof
queries,the numberof actually found rays,the percentage
of successfullytestedrays,the peakmemoryusagefor the
ray map,thenumberof treecollapsesperquery(forcedby
thecachingscheme),andtheaveragequerytime.Note that
the memoryusagecountsthe memoryrequiredfor the ray
index not the raysthemselves.For all testswe setan upper
memorylimit for theray mapindex to 128MB.Theresults
aresummarizedin Table1.

We canseethat theray mapmethodprovidessigni�cant
speedupcomparedto theray-cache.Fromtherunningstatis-
tics we have identi�ed two main reasons:(1) the ray-cache
using the dynamiclist of spheresdependsstronglyon the
choiceof theappropriatesearchradius.If thisradiusis larger
thanthat of the actualneighborhood,wheretheK-rays are
found, we have too many candidaterays that have to be
ranked.(2) If all subsequentqueriesarenotcoherentenough,
thedynamiclist of sphereshasto bereconstructedwhich is
relatively costly.

The secondtestshows thedependenceof thequeryper-
formanceon thetotal numberof raysstoredin theray map.
This testwasconductedfor the Cornell Box using53,000
nearestneighborqueries.Theresultsaresummarizedin Ta-
ble2.

We canobservethatincreasingthenumberof rayscauses
only a sublinearincreaseof theaveragetime perquery. The
increaseis however morethanlogarithmicwhich is dueto
the fact that the averagequery time also includesthe costs
for thelazy constructionof thekD-tree.

The third test shows the searchperformancein the de-
pendenceon the numberof desiredrays for the K-nearest
neighborquery. Again we have usedthe Cornell Box with
1:8 � 106 raysand53,000queries.Theresultsareshown in
Table3.

We seea sublinearincreaseof querytime whenincreas-
ing the numberof desiredrays.The more rayswe require
thefartherwe have to searchfrom thequerycenter. An im-
portantpropertyof our ray mapimplementationis thatdue
to the priority queuebasedtraversalit automaticallyestab-
lishesthe neighborhoodwherethe desirednumberof rays
arebeingfoundwithout signi�cant performanceloss.

Thefourthtestcomparestherenderingusingthedirection
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Scene Rays Queries Method Found Succ.Tests Memory Collapses QueryTime Speedup
[ 103 ] [ 103 ] Rays [%] [MB] [%] [ms] [-]

CornellBox 1887 53
SP 100 0.42 23.0 - 24.90 1.0
RM 100 25.00 128.0 0.02 0.88 28.3

Cognac 67 128
SP 78 0.50 2.4 - 3.27 1.0
RM 78 8.30 3.7 0 0.24 13.6

Of�ce 2550 307
SP� 100 0.90 62.0 - 3.75 1.0
RM 100 16.90 78.0 0 0.22 17.0

Sala 2360 1310
SP 100 0.40 33.0 - 0.89 1.0
RM 100 19.60 128.0 10� 5 0.20 4.5

Table 1: Comparisonof theK-nearestneighborqueryperformancefor the kD-treebasedray map(RM)implementationand
thedynamiclist of spheres(SP).� For the last SPtestwe had to reducethesearch radiusto 0.5%of thescenesizeto obtain
reasonabletimings.If the initial radiuswaslarger, there were too manyraysin thecandidatelist leadingto runningtimesof
morethantwo ordersof magnitudegreaterthanfor theraymapmethod.

Found Succ.Tests QueryTime
[%] [ms]

20 11.5 0.70
50 19.2 0.75

100 25.0 0.88
200 33.4 1.02
500 44.0 1.49

Table3: Dependenceof thequeryperformanceonthenum-
berof desirednearestneighbors.Themeasurementwascon-
ductedfor theCornell Boxusing1:8 � 106 raysand53,000
queries.

Scene Time[s] Time[s] Time[s] Ratio[-]
ray map phot.map phot.map phot.map

conv. hull / ray map

CornellBox 311 70 116 4.4
Cognac 293 63 103 4.7
Of�ce 195 41 71 4.7
Sala 240 115 178 2.1

Table4: Renderingtimesfor densityestimationwith photon
maps,photonmapswith convex hull, andray mapswithout
�nal gatheringfor resolution1000� 1000pixels.Only indi-
rectilluminationwascomputed.

visualizationwith raymapsandphotonmaps.Thetimeper-
formanceresultsfor this testaresummarizedin Table4, the
imagesareshown in Figure8 for photonmapsandin Fig-
ure9 for ray maps.Noticetheclearlyvisible boundarybias
for photonmaps.For comparisonpurposeswehavealsoim-
plementeda boundarybiasreductiontechniquefor normal
photonmapsusingconvex hulls [Jen01]. The timingswere
increasedby factor 65–75%and the imagesstill suffered
from artefactson small surfaceareas,wherethenumberof
photonsis insuf�cient. We do notshow therenderedimages
heredueto thelack of space.

Thecomparisonshaveshown thattheraymapbasedden-
sity estimationsuccessfullyeliminatesboundarybias.The
overheadof performingthe ray mapqueriesis moderate–
the densityestimationwith ray mapswas2.1 to 4.7 times
slower thanthedirectvisualizationfrom photonmaps.

For all the tests,we have set the limit for the memory
usagefor the ray mapsas describedin the Section6.4 to
128MBytes.For time measurementswe have useda single
PCwith a 2.4GHz Pentium4 and1 MByte of L2 cache.

8. Discussion

Thetestingof differentvariantsof raymapimplementations
revealedseveral interestingfeatures.For thediscussionwe
chosethesplittingplaneselectionandacomparisonto adif-
ferentraymapimplementationthatusesdualspace.

8.1. Splitting PlaneSelection

Inspired by the rich literature on kD-treesfor ray shoot-
ing [Kap87,Hav00] we have experimentedwith othermeth-
ods for splitting planeselectionsuchas the ray medianor
querydistribution heuristics.Theraymedianselectsa split-
ting planeso that the numberof rays in the left andright
subtreesof the split nodeis equal.The query distribution
heuristicsis basedon similar ideaasthesurfaceareaheuris-
tics subdivision for ray shooting.We estimatethe costsof
a splitting planepositionby weightingthenumbersof rays
in left andright childrenwith theprobabilitythat thecorre-
spondingchild will beaccessedby a query.

Surprisingly, theconductedexperimentshave shown that
the bestoverall queryperformancewas achieved by using
the simpleststrategy for the spatialmediansplit discussed
in Section5.2. Whenusingthe moreadvancedray median
split or querydistributionheuristicsweachievedabout10%-
30%worseperformanceperquery. We explain this resultas
follows:

� The computationalcost of the splitting plane selection
for theadvancedtechniquesis higher. Asymptoticallythis
meansO(nlogn) versusO(n), but thereis alsoan addi-
tionalcostfor evaluatingtheheuristicsfunctionhiddenin
theO-notation.Sincewe constructthekD-treelazily and
the numberof queriesis comparableor even lower than
the numberof raysstoredin the ray mapthis difference
becomessigni�cant.
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� The heuristicsshouldprovide a well balancedtreewith
respectto thequeries.Howeverwedealwith amorecom-
plicatedproblemthan for traditional kD-treesthat store
only pointsin 3D. Any raycanbereferencedin a number
of leavesandit is dif�cult to predicthow many references
will occurateachsubtreewhenperformingasplitnearthe
root of the tree.This is emphasizedby the fact that long
diagonalrayscanspanacrossthewhole scene,although
after the subdivision they endup only in a few nodesin
proximity of theray.

8.2. Ray Maps in Line Space

A naturalcandidatefor raymaprepresentationis line space.
Rayson a given line in primary spacearerepresentedby a
point in line space.By representingall rays as line space
points we can cluster thesepointsand useclassicalrange
searchingmethodsto �nd pointsthatintersecttheline space
mappingof thequerydomain[Pel04]. In fact this technique
wasusedin our �rst raymapimplementation.We haveused
Plückercoordinatesto mapsupportinglines of the rays to
6D points(pointsin 5D projective spaceembeddedin 6D).
Thenwehaveclusteredtheresultingpointsusingabounding
box decompositiontree(BBD-tree)[AMN � 98]. The query
domain(disc) wasmappedto a line spaceconvex polyhe-
dronforminga setof 6D hyperplanes[Tel92]. We havethen
foundall pointsof theBBD-treethatwerecontainedin the
polyhedron.To re�ect the fact that we actually deal with
line segmentsinsteadof lineswehaveinterleavedthesearch
with testingintersectionsof thequerydomainwith thespa-
tial boundingboxesof rayclusters.

Unfortunately, the resulting technique exhibits rather
small performancegain comparedto the naive implemen-
tation of the search.The major problem is performing a
computationallyef�cient intersectionof theline spacemap-
ping of the query domain(6D unboundedconvex polyhe-
dron) and the 6D boundingboxes correspondingto clus-
tersof rays.The querydomainis compactin primal space
(e.g.disc),but after mappingto line spacewe typically ob-
tain an unboundedthin polyhedron.The BBD-treewasal-
ways traversedalmostto the bottomproviding only a ten-
fold speedupcomparedto the naive implementationof the
searchingalgorithm.

This approachhoweverdevotesfurtherinvestigation:per-
hapsacombinationof primal/dualspacedatastructurecould
sharethebene�tsof both:compactnessof thequerydomain
(primal space)andeleganceof the ray representation(dual
space).

9. Conclusion

We have presenteda data structurefor representinglight
transportcalledraymap.Theraymapextendstheconceptof
thephotonmap:it providesa generalmechanismfor storing
light path samplesas well as retrieving the samplesusing
ray proximity queries.We have discussedthe intersection

queries,nearestneighborqueries,and their combinations.
The ray mapnot only allows to determinerays in proxim-
ity, but it alsoallowsto usenew distancemetricsunavailable
for thephotonmap.In particularwe candetectnearestrays
basedon theminimaldistanceof theray itself from thecen-
ter of thequeryinsteadof usingthepoint of intersectionof
theraywith sceneobjects.

We have presentedanef�cient implementationof theray
map basedon a kD-tree.We proposeda numberof tech-
niquesto achieve searchingperformanceapproachingthe
performanceof the photonmap:the kD-treeis constructed
lazily basedon the actualqueries,it is extendedby direc-
tional nodesfor ef�cient culling of infeasiblerays,andwe
exploit querycoherenceby avoidingrepeatedtraversalof the
upperpartof the tree.We alsodescribeda methodlimiting
the memoryusageby cachingonly thepart of the treethat
wasrecentlyaccessed.

Wehaveusedtheraymapsin densityestimationfor direct
visualization.We haveshown thatby usingourhemisphere-
disc methodwe can avoid boundarybias inherentto pho-
ton mapsandalsoreducethetopologicalbias.Theseresults
wereachievedat thecostof moderateincreaseof computa-
tional timecomparedto photonmaps.

Theray mapconceptopensa numberof topicsfor future
work. We work on methodsdetectingor reducingocclusion
biasvia simplestatisticalmeansover the raysin query. We
also envision an ef�cient hybrid renderingalgorithmcom-
bining seamlesslythe resultsfor the indirect illumination
computedby densityestimationfrom photonmaps,from ray
maps,andfrom the �nal gatheringacrossthe imageplane.
Theraymapsareagoodcandidatefor renderingof volumet-
ric effects.Finally, we want to useray mapsin thecontext
of animationin orderto detectandupdateonly themodi�ed
light paths.
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Figure 8: Thetestscenesrendered usingphotontracingwith directvisualizationof photonmapsusingdensityestimation:the
Cornell Box,Cognac,Of�ce, andSala.

Figure 9: Thetestscenesrenderedusingphotontracing with direct visualizationof ray mapsusingdensityestimation:the
Cornell Box,Cognac,Of�ce, andSala.
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