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Abstract

A quasi-interpolation method for quadratic piecewisepolynomialsin three variables
is described which can be usedfor the e cien t visualization of gridded volume data.

We analyze the smoothnessproperties of the triv ariate splines. We prove that the

splinesyield nearly optimal approximation order while simultaneously its piecewise
derivatives provide optimal approximation of the derivatives of smooth functions.

The constarts of the corresponding error bounds are given explicitly. Numerical

tests con rm the results and the e ciency of the method.
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1 Intro duction

In recen years, the reconstruction of volume data becamean active area of
researb (see,for instance (B99; CKY00; ML94; NOO, TMHGO02), and the
referencestherein) sinceit is important for many applications sud as for
instancescienti ¢ visualization and medical imaging. The vast literature showvs
that sud reconstructionsrequire an appropriate non-discrete madel of the
given gridded volume data. In seeral approates(cf. (BMDS02; MHBMCOQO;
MJCO00; MJCO01; PSLHS98;TUO01), for instance)the underlying mathematical
models use tensor product splines in three variables. Standard examplesare
trilinear, cortinuous splines,wherethe total degreeof the polynomial pieces
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is three, aswell astriquadratic and tricubic, smooth splines,wherethe total
degreeof the polynomial pieceds six and nine, respectively. Thesemethods are
basedon the local reconstruction of the gridded volume data. For high-quality
visualization reliable gradierts are of particular importance. The approades
usethe smoothnessof the (triquadratic and tricubic) splinesand the necessary
gradierts are given directly.

The aim of this paper is to descrite a new local spline method which uses
guadratic piecewisepolynomialsin three variablesand to analyzeits approx-
imation properties. This approad was announcedby the authors in the pa-
per (RZNS03 without proofs, becauseof the spacelimitations given in this
cortribution in applied computer graphics The computational examplesin
(RZNSO03 focus on the visualization and implemertation aspects. For in-
stance,a detailed discussionof e cien t isosurfacingvia rayasting was given,
which shows that our approad only requires the solution of (univariate)
guadiatic equations and that the necessarygradierts are given directly. The
computations presetted in this paper con rmed that the smoothnessprop-
erties of the splinesare essetial for high-quality visualization purposes.In
cortrast to (RZNSO03, we clearly do not discussthesealgorithmical and im-
plemertation details again and we basically conceitrate on the important
mathemati@l backgiound of the new approad which hasnot beendewloped
before.

Our approad di ers from the known methods in that it is basedon trivari-
ate splinesof lowest possibledegree(i.e. the total degreeof the polynomial
piecesis two) while appropriate smoothnessconditions are satis ed. This can
be done becausethe polynomial piecesare de ned w.r.t. uniform tetrahe-
dral partitions of the three-dimensionaldomain. Thesepartitions are obtained
from given cube partitions of the domain by subdiving eat subcube into
24 tetrahedra (seeFig. 1). Sincecuts with six planesare required to subdi-
vide the cubesin this way, the resulting tetrahedral partitions are sometimes
called type-6 tetrahealral partitions. An analysis of the structural properties
of the C!-splineson these partitions as well as macro-elemen (type) con-
structions for C! super-splinesof degree v e and six were recerly given in
(HNRSZ04 LLO3; ShS03).In order to obtain a local reconstruction of the
volume data with quadratic splines,we here usesplineswhich are C!-smaoth
at the points and the facesof the cubes.This isimportant for the high-quality
visualization purposesmertioned above. According to our construction the
splinescan be computede cien tly by building repeated averagesof the grid-
ded three-dimensionaldata. By the nature of this new algorithm we do not
start from a given spline spaceor a particular basis.In cortrast, the basic
idea hereis to considerthe splinesas a huge net of coe cien ts where we set
some of them by using the given data sud that by the aid of somenatu-
ral conditions all the coe cien ts are locally and uniquely determined. On the
other hand, it is therefore not immediately evidert that the splines posses



the smoothnessproperties mertioned above, and hencewe rst provide the
previously missing detailed analysis of these properties. Moreover, we show
herethat the method is asseiated with a quasi-interplation operator which
is uniformly boundel and reproducestrilinear polynomials. In addition, we
prove that quadratic polynomials are reproduced upto a constart, which is
important for the appraximation properties of the derivatives of the splines.
We show that the splinesinterpolate certain derivatives which result from
the local gridded data. Finally, we prove that the splinesyield nearly optimal
approximation order for smooth functions. As a non-standard phenomenon
we obsene that simultaneously the (piecewise)derivativesyield optimal ap-
proximation order for the derivatives of smooth functions. This mathematical
property was one motivation for using the method in the cortext of high-
quality visualization sinceit allowsto usethe gradierts directly. The constants
in our error bounds are low - this we shav by giving them explicitly. These
results are the main cortribution of this paper. Note that it is well known
that bivariate and trivariate splines i.e. splinesde ned with respect to tri-
angulations and tetrahedral partitions, respectively, are much more complex
spacesthan tensor product splines (see, for instance (ASW93; C88; NZ00),
and the referencegherein), which sometimescan be consideredas subspaces
(of splineson uniform tetrahedral partitions with a xed total degree).On
the other hand, even for classeof given partitions thesesplinespossessome
additional exibilit y useful for many applications since splines of relatively
low (or lowest possible)total degreecan be used and the Bernstein-Bezier
techniqueswell known from Computer Aided Geometric Design (CAGD) can
be employed to e ciently represeh, compute, evaluate, and visualize sud
splines(see,for instance(DZ03; F86; HZDS0L NSZ02;NSZ03;NZ00; NZ03)).
Moreover, we note that there are only a few papers on trivariate splines
and in fact very little is known about these important spacesto date (see
(A84; ASS92 ASW93; HNRSZ04;LL03; SS03;SthS03 WF87), and the ref-
erencegsherein).

The paper is organizedasfollows. In Sect.2, we give somefacts on quadratic

triv ariate splinesand its piecewiseBernstein-Bezierform. Then, in Sect. 3, we
considertype-6tetrahedral partitions  and provide someusefulterminology
which allows us to con niently accessndividual smaoth conditions aswell as
individual Bernstein-Bezier coe cien ts of the quadratic splineson . More-
over, we give someimportant badkground information on quadratic splines
and we prove an explicit Markov type inequality for the polynomial pieces
on . In Sect.4, we descrile the quasi-irterpolation method and prove some
basicproperties of the ass@iated operator. In Sect.5, we analyzethe smooth-

nessproperties of the quasi-irterpolating splines,and in Sect.6, we prove the

approximation resultsfor the splinesand their derivatives.In the nal section,
we give somenumerical tests which con rm our theoretical results concerning
the appraximation properties of the splinesaswell astheir derivatives.



2 Preliminaries

We brie y recall somenotation and results well-known in Multiv ariate Spline
Theory (cf. (APS87;deB87;C88; HNRSZ04 SS03))and CAGD (cf. (BFK84;
F86; HL93; PBP02)). Throughout this paper, we denoteby

P, = sparf 1;X; y; z;Xy: Xz; yz; X, y?; z°g

the 10 dimensionalspaceof triv ariate, quadratic polynomials. Instead of the
monomial representation

X
p(v) = a XxXyz; v=(xy;2) 2 R®;

0 + + 2

of a polynomialp2 P,, wherea 2 R; 0 + + 2, in the following,
we frequertly usethe Bernstein-Bezier representation of (piecewise)polyno-
mials. Given a (non-degenerate)etrahedron T = [vg; vy; V; V3] with vertices
Vo, V1; Vo, and v; in R3, the linear polynomials ; = 0;:::;3; with the in-
terpolation property (v )= . ; = 0;:::;3, are called the barycentric
coordinates of T. Here,and in the following . denotesKroneder's synbol.
Hence, (x;y;z) 0,1 (x;y;2)2 T, and

X3
a(v ) q )
=0
for all linear polynomials g. The quadratic Bernstein polynomials Bjj 2 P,
with respectto T arede ned as

Bijk mam 0130 itjtk+ =2 (2)
Every polynomial p 2 P, can be uniquely represeted in its Bernstein-Bezier
representationwith repectto T,

X
p b Bijk; (3)
i+j+k+ =2
wherebj 2 R; i+ j + k+ ~ = 2; are called the Bernstein-Bezier coe cients
of p. Thesecoe cien ts are uniquely ass@iated with the domain points jj .~ =
(ivotjvitkve+ v3)=22T; i+ +k+ =2 andit is known that the
(quadratic) Bernstein operator possessethe reproduction property

X
a( ijx) Bijk 4

i+j+k+ =2



for all linear polynomials g. We denote the set of domain points in T by
Dr=f jw: i+]j+ k+ =29 Throughout this paper, we are interestedin
guadratic splineswith respect to tetrahalral partitions, i.e. setsof tetrahedra
covering a polygonal bounded domain R3 sud that the (non-empty)
intersection of two di erent tetrahedra is a commonvertex, commonedgeor
a commontriangle.

Givenatetrahedral partition  of , the spaceof quaditic continuous splines
with resgctto , denotedby S2(), consistof all cortinuousfunctionss: 7!
R, which are piecewisequadratic polynomials,i.e. sjt 2 P; T 2 . It iswell-
known that the coe cien ts ka\ = bijk\ = bj;i+j+k+ =2T2,
of sjt in its piecewiserepresemation (3) are uniquely assaiated with the set
of domain points with respgct to  denotedby D  which is the union of the
setsDr; T 2 . Moreover, we note that it is easyto see(see(ASS92), for
instance)that the dimensionof quadratic cortinuous splineson is equalto
the cardinality of D ,i.e.E + V , whereE andV denotethe number of
edgesand verticesof , respectively.

In many applications, it is important that the splinessatisfy certain smooth-
nessconditions. In the following, we let S3() be the spaceof quadratic C?-
splinessw.r.t. , i.e.s2 C!() andonead tetrahedronT 2 , wehavesj; 2
P,. It is known that by using the Bernstein-Bezierrepresetation for polyno-
mial piecesof s on neighloring tetrahalra (i.e. tetrahedra with a common
triangular face) smaoothnessconditions can be described in a corveniert form
(cf. (deB87; F86, C88)). Let tetrahedra T = [vg; Vy1;V2; V3], T = [Vo; V1; Vo, W]
of , and a quadratic cortinuous spline s in its piecewiserepresetation (3)
be given, i.e. sjr = p and sj.. = p with correspnding Bernstein-Bezier coef-
cients by and iy -, respectively. Then, s is Cl-smamoth acrossthe common
triangular faceT \ T = [vo; Vi) Vo], |

X3
hjklz l:]+;0j+;lk+;2 3 (¥3); i+j+k=q L (5)

=0

Accordingto their computational simplicity and numerical stability, quadratic
Cl-splinesare spacesof particular interestin Multiv ariate Spline Theory and
CAGD. On the other hand, the structure of (quadratic) C!-splinesis much

more complexthan in the caseof cortinuous splinesand many open question
do currertly exist for the overall smooth spacesgwvenin the bivariate case,see
the results and methods presened in (BZ85; CH86; DL03; J94, NZ01, MS77:

P74, PS77;Sa87;Sa03;Sab03;S84),for instance. This standsin striking con-
trast to the univariate theory. Clearly, the complexity of the quadratic spline
space®\enincreasedor three variables.Keepingthe practical requiremerns of
e cient volume visualization into accournt (see(RZNS03), in this paper, we
consideruniform type tetrahedral partitions  and splinesfrom S2() with
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Fig. 1. The uniform type-6tetrahedral partition  is obtained by subdividing eadh
subcube into 24 tetrahedra (left). The intersectionsof  with planesparallel to the
three coordinate planesare four-directional meshes(right).

N

respectto  which satisfy many smathnessconditions of the form (5).

3 Quadratic C!-Splines on Type-6 Tetrahedral Partitions

In the remainderof this paper we considertetrahedral partitions  of the cube

=[0;1] [0;1] [0;1] R?2 which are obtained asfollows. Given an integer
n, we rst usen+ 1 parallel planesin eadt of the three spacedimensions,and
subdivide into n® subcubesdenotedby

Qi =1[Mi+1h [;j+11h [kk+ 1]h;

fori;j; k=0;:::;n 1,whereh = % is the length of the edges.This de nesa
cube partition which we denoteby } . Then, ead subcube Qgj «y is split into
six pyramids by connectingits midpoint v, , = (2i + 1,2j + 1;2k + 1) h=2
with the verticesof Qgjiy; 1;J; k = 0;:::;n 1. Finally, we insert both di-
agonalsin ead of the six squarefacesof Q; «), and connectvg, , with the
intersection point of these diagonals. This further subdivides ead pyramid
into four tetrahedra and we obtain the tetrahedral partition () of eat
subcube Qj k) Which consistsof 24 tetrahedra. The tetrahedral partition  of
is then de ned as

We call  a type-6 tetrahelral partition becausefor eah subcube Qg k) the
subdivision into the 24 tetrahedra descrited above is also obtained by slic-
ing Qqjj k) with the six planeswhich cortain opposite edgesof Q). Fig. 1
illustrates the construction of . The intersection of any plane E parallel to
one of the three coordinate planeswith  is a four-directional mesh of the



intersecting squaredomain E \ (seeFig. 1, right), and therefore we can
considerthe tetrahedral decommsition  as a natural generalizationof the
four-directional meshto the triv ariate setting.

[4,

m=0 : m=2: [

4H44:2H4:4.,0]
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Fig. 2. Notation for the domain points inside a cube Qg k). The gure shaws the
upper indiceesof the form [; ; ] for the rings Rm(vQ(ij o)y M= 0;1 (left) and
R2(vq ) (right) around vq . The illustration usesa mapping of the cubesto
the plane as shavn on top.

In the following, we usesomenotation introducedin (HNRSZ04), which allows
to write smoothnessconditions for quadratic C-splineson in a corveniert
and short form sud that the subsequehproofs(seeSect.5) canbe kept short.
Moreover, this terminology allows us to accesshe domain points individually
- this is neededin the proceedingsections.

For m 2 f0; 1; 2g, we let the m-ring around vgq, ,, be givenas

[ [ [
m _
R (VQ(ij k)) -
2f 0;2mg : 2f 0zizmg  =1;2;3
+

f 2D ;.0 = o Ti=vout (G5 ) (mimim)) h=4g ;

fori;j; k=0;:::;n 1, wherehereand in the following, we usethe abbrevi-
ations (a;b;c) := a;b;c; »(a;b;c) := b;a;c, and 3(a;b;c) := b;c;a.

The ideais to considerthe 65 domain points in the cube Qj ) aspoints which
are organizedon the boundary of three individual subcubesaround v ) in
Q- Theindex m of = L ¢ *¥indicates the distancem of to the
midpoint vy, and is asseiated with the boundary of the mth subcube for



m 2 f0;1;2g. Hence,the casem = 0 degeneratedo a subcube which exists
of exactly one point, i.e. the point vy, while the casem = 1 descrikesall
the domain points in distance one to v and the casem = 2 descrikes
all the domain points which lie on the boundary of Q). The choice of
and ; = 1;2; 3, determineson which squareface of the boundary of the
subcubesa point is placed.More precisely = 0and = 1 meansthat the
correspnding points lie on the left (boundary) squareface of the subcubes,
while = 2m and = 1 meansthat the correspnding points lie on the right
(boundary) squareface of the subcubes. Similarly, the choice = 2 describes
points on the front ( = 0) and badk ( = 2m) facesof the subcubes, while

= 3includesall the domain points on the bottom ( = 0) andtop ( = 2m)
facesof the subcubes.For m 2 f 1;2g the m-rings aroundvg,, ,, areillustrated
in Fig. 2 which shows the upper indiceesof the form [; ; ] wherewe use
a mapping of the cube as shwon in the top of this gure. Sincesomeof the
domain points appear twice in this gure, we indicate the essetial points by
using grey boxes.

Obviously, asplines 2 S9() with Bernstein-Beziercoe cients bm;; . inits
(ij k)
piecewiserepresetation (3) satis es

Dar @ in = b2 o ; (6)

(ij k) (i+ .10+ ;2 k+ .3)

fori+ .;;j+ .2k+ .32 f0;::;n 1g; = 1;2;3, where ; 2
f0;:::;4g; + ewven.Consideringneighboring tetrahedra from cubeswith a
commonsquareface, it follows from (5) that a splines 2 Si() satis es

Dar o = bu o n o +buy @ 1 oy =2 (7)

(it 10+ ;2 kv . 3) (i+ .10+ ;2 k+ .3) (ij k)
fori+ .;;5j+ .k+ .32 f0;::;n 1g; = 1,2;3, where ; 2

f1,:::;3g; + ewven. Considering neighboring tetrahedra inside the same
pyramid, it follows from (5) that s 2 S;() satis es

bn_]_;[ G = bnj_:[ ;1 +1)] +bn_1_:[ G ooy =2
(i k) (ij k) (i k)
bn_]_;[ (; 2m ) = bn]:[ G n2m oyt bnj_:[ (; +12m s =2 (8)
(ij k) (i k) (ij k)
fori;j; k2 f0;:::;n 1g; = 1;2,3,where 2f0;2mg;, 2 f1;:::;2m

1g; m 2 f1;2g9. The smaothnessconditionsin (7) and (8) are deggeneate in
the sensethat they involve three Bernstein-Bezier coe cien ts, only, i.e. these
conditions are of univariate type. In addition, there are somenon-degeneate
smoothnessconditions where v e Bernstein-Bezier coe cien ts are involved.



Consideringneighboring tetrahedra from di erent pyramids cortained in the
samecube, it follows from (5) that s 2 Si() satises

Do wr coon = Bmp (s F Dm0y
(il k) (i k) (i k)
Dot oo+ Dmr (2000 =2
(i k) (ij k)
Do ur Cam vt = Dmp (sramuy F Dmp (s12m 10y
(il k) (i k) (il k)
bm;[ ( :2m; 0)] + bm;[ ( +2;2m; 0)] =2;
(i k) (i k)
bm LL(o2m 1) = bm;[ ( +1:1;2m)] + bm;[ ( +1:0;2m 1)
(i k) (i k) (i k)
Dt (oomy + Dmp ¢ s2:02my =2
(i k) (i k)
bm L0 ( ;2(m 1);2(m 1)) = (bm;[ ( +1;2m;2m 1)] + bm;[ ( +1;2m 1;2m)]
(i k) (i k) (i k)

Dmi (zmemy + Dmip (w2zmemy =2, (9)
(i k) (i k)
fori;j; k2 f0;:::;n 1g, = 1,23, where 2 f0;:::;2(m 1)g, ewen,
andm 2 f 1, 2g.

As onecan seefrom the above, usingthe piecewiseBernstein-Bezierrepresen-
tation of a splineon , the C!-smaoothnessof its polynomial piecesacrossthe

commontriangular face of two neighboring tetrahedra are easyto descrike.

On the other hand, if we considerthe completetetrahedral partition , the

analysisof theseconnectionsbecomedli cult, sincefor an overall Ct-smaoth

spline sudh conditions have to be simultaneously satis ed acrossall the four

triangular facesof ewery (interior) tetrahedron, and they can not be consid-
eredindependerily. The analyis of the complexstructure of C!-spline spaces
with respectto  of any degreed 2 wasdonein (HNRSZ04). In particular,

the dimensionof the C!-spline spaceson  was determined by constructing

so-calledminimal determining sets (for this notion, see(APS87; DZ03), for

instance).

We recall the result from (HNRSZ04) for the speci ¢ caseof quadratic C?-
splineson  which we are interestedin, here.

Theorem 1 The dimensionof the space S3() is equalto 3n?+ 9n+ 4.

Theorem 1 shows that the quadratic C*-splineson  do not possesenough
degreeof freedomto provide appropriate toolsfor the e cien t approximation
of three-dimensionaldata (seealso(G93)). This property is perhapssomewhat
unexpected but hasto do with the fact that the C!-splineson  satisfy a
large number of smaothnessconditions while simultaneously the number of
Bernstein-Bezier coe cien ts involved is relatively low. More precisely if we



court the number of C!-smaothnessconditions in (7), (8), and (9), we get
15n® 15n2, 48 n3, and 36 n3, respectively. Hence,the complete number
of smoothness conditions satis ed by a quadratic C!-spline on is equal
to 99 n® 15 n2. Moreover, someelemertary computations shov that the
number of Bernstein-Bezier coe cients of a spline from S2() is equal to
34n3+ 24n%2+ 6n+ 1.

On the other hand, it is easyto seethat accordingto the regular structure of

the conditionsin (7), (8), and (9), can be understood as simple averaging
rules which have to be satis ed for the Bernstein-Bezier coe cien ts involved.
Therefore,in the approad (RZNS03 dewloped for the e cien t, high-quality
visualization of gridded volume data, we relax some of the smoothnesscon-
ditions in (7), (8), and (9), and replacedthem by other useful conditions of
a similar type, i.e. we use avelagesof valuesobtainel from smathnesscon-
ditions. This allows the local reconstruction of the given data with quadratic
guasi-interpolating splineswhich possesspproximation propertiesaswe show
in Sect.6.

To do this, we later needthe next result which is an inequality of Markov
type for quadratic polynomials on the tetrahedra of  involving an explicit
constart. Throughout the paper, we de ne k:kg asthe standardin nit y norm

kf ks := supfj f (x;y;2)j: (X;y:2) 2 Bg

for continuousfunctionsf 2 C() on acompactsubsetB

Lemma 2 Let T 2 ke a tetrahadron and p 2 P, a quadatic polynomial
on T. Then the following statementshold. (i) For the rst derivativesof p in
X;y; and z direction denotel by Dy p;Dy p;D, p, resgctively, we have

maxtk D, D D, pkr:  + + =1g (29=h) kpks:

(i) For the second derivativesof p in x;y; and z direction denotel by D2 p,
DZ p, D p, DDy p, DD, p;DyD; p, resgctively, we have

maxfk D, D,D, pkr : + + =29 (128=h") kpkr:

Proof of Lemma2: Let T = [vp;V1; Vo; V3] be an arbitrary tetrahedron sud
that vg is the intersection pBint of the diagonalsin a square face of Qqqo,
p2 Py begivenasp(v) =  iijike=2 Bjk Bijk(v); v2 T, and sete =
(.05 :1; 220 :33); = 0;:::;3. Given 6 , it follows from some ele-
mertary computations and (univariate) interpolation at the points ,. =
Vi eve =(V+V)=2 2 =V that e = p( 2 ); Beve = 2P( e+e)

10



(P( 2¢ )+ p( 2¢ ))=2,and by = p( 2¢ ). Hence,we obtain from unique (triv ari-
ate) interpolation at the ten domain points from D+ that

3B X3
p 2p(e+e) (P(2e )+ P( 2 ))=2 Bese: (10)

=0 =

Let & 2 R? be the vector in direction of the edge[vo;Vv +1] of T with length
1, and denoteby  the length of this edge.It follows from a standard result
in (F86) and somestraight forward calculationsthat the partial derivative of
p in direction of &, denotedby D¢ p, is given as

De p 2 2(P(e+e) Ple+e))+ (P(22) P(2.,))=2 ;

=0

where 2 f0;1;2g,and ; = 0;:::;3; arethe barycertric coordinates of
T. Moreover, we have for the secondderivatives

D¢ De p 4 Plewren) Plea+e) Pleren)t P(2);

where ; 2 f0; 1; 2g. It follows from (1), triangular inequality and h=2
that for all 2 f0; 1, 2g,

kDg pkr  (20=h) kpkr: (11)

Moreover, for all 2 f0;1; 2g,

kDg Dg pk  (64=h%) kpkr; =012 (12)

The unit vectorsin x; y, and z direction cannow bewritten as( .o; .1; 2) =
&+t &+ & =012 andwe have

Dxp= o0Dg Pt oDg Pt 0Dg P
Dip= §Dgp+ 5Dgp+ 5Dgp
+2 0 0D%e P+ 2 00D%g P+ 20 0DZg P
DyDy p= o 1 Dg p+ o 1Dg P+ 0 1DL P+ (0 1+ 10) D P
+( 01+t 10 Dgge P+ (01t 10) Dig P
Similar relations hold for the remaining derivatives. Moreover, thedJDiform

structure of  and the choiceof & impliesthat j yj+] [+ | 2, =
0; 1; 2. Therefore,from (11), wegetkDy pkt (20 2=h) kpky  (29=h) kpkr.

11



Moreover, from (12), we obtain kD2 pky  (128=h?) kpky, and kDxDy pkr
(128=h?) kpky. Since,we can now argueanalogouslyfor the remaining deriva-
tives,the proof of the lemmais complete. 2

4 Quasi-In terp olation by Quadratic Splines

In this section, we rst sketch the approad (RZNS03 for gridded volume
data using quadratic splineson . The method is basedon repeated aver-
aging of the given data, where the correspnding averaging rules are chosen
carefully such that the resulting spline model satis es many smoothnesscon-
ditions (seeSect.5) while certain appraximation properties (seeSect.6) of the
reconstruction are guararteed. Here, we give a compact, new description of
the method basedon the notations introducedin the previous sectionwhich
shows the explicit relations of the data with the Bernstein-Beziercoe cien ts
of the approximating splines.This sophisticatedform of the algorithm can be
usedfor a direct implemertation aswell asfor deriving important properties
of the correspnding quasi-irterpolation operator. Here, we mainly focus on
the latter aspect. Below we refer to these formulae usedto descrike the al-
gorithm which allow to keepsubsequen proofs very short. We show that the
assaiated operator has someuseful reproducing properties and is uniformly
bounded.

4.1 Sketchof Repeated Averaging Algorithm

Let gridded volume data of a function f 2 C( ), where =[ h1+
h] [ h;1+h] [ h;1+h] RS2 begiven,i.e. we assumethat the values
fajny = F(RI+ 1,2 +1,2k+ 1) %) 2 R at the discretepoints are known for
i;J; k= 1;:::;n. Then, accordingto the approad in (RZNS03, a quadratic

cortinuous spline s; on  with Bernstein-Bezier coe cients b, . in its

(ij k)
piecewiserepresetation (3) is directly determinedfrom the data by applying
the following algorithm.

First, we determinethe Bernstein-Beziercoe cien ts of s; ass@iated with the
domain points at the midpoint of ead edgeof } . This is done by averaging
the four data valueswhich correspnd to the data points adjacert to this edge.
Hence,we setherefor all i;j; k2 f0;:::;n 1gand = 1;2;3;

bzr 1= fago + Faiorr oo+ faior 00
i

+fiik 0 ) (13)

12



where[; ; ]=[ (2,2+2 ;2+2 )]and ; 2f 1;1g. Then, wedetermine
the Bernstein-Beziercoe cien ts of s; ass@iated with the domain points at the
verticesof} . This is doneby averagingthe eight data valueswhich correspnd
to the data points adjacen to the correspnding vertex. Hence,we set here
foralli;j; k2 f0;:::;n 1lgand = 1;2;3,

bzt 1= Tago * oo oo+ famor © o
[

Ffagos o) Taxe oo famor Go
Tl @ faoe ¢ =8 (14)

where[; ; ]=[ (2+2 ;2+2 ;2+2 )Jand ; 2f 1;1g. By averaging

the two coe cien ts assaiated with domain points in the middle of edgesof

} with a common endpoint, we obtain for all i;j; k 2 f0;:::;n 1g and
=123,

bai 1= 2fa0)+ 2f a0 oot Faxr © 0

(ij k)

o o) T famor ¢ oot faikor oy B (19)

where[; ; ]=[ (2+2 ;2+ ;2+ )]Jand ; ; 2f 1;1g. The remaining
coe cien ts of ¢ from RZ(VQ(ij o), aredeterminedby averagingthe latter coe -
cierts, which areadjacen. This meansthat we setforall i;j; k2 f0;:::;n 19
and = 1;2;3,

bz 1= Afago+ 4o oo ¥ fapor o 10
i

o o0 * Famor oo n* fanor oo

o ¢t ek ot Taxr Goy

+ finor oy =16 (16)
where[; ; 1= (2+2 ;22]and 2f 1;1g.
We proceedby determining the coe cients of s; from Rl(vQ(ij o). To do this,

we rst setforalli;j; k2 f0;:::;n 1gand = 1,23,

D 1= STipo)* 3o ooy ¥ 3fapor © 0
i
+ 3fr o)t Faixe ¢ oot Fai o

+ ik ) fakos ooy =16 (17)

where[; ; 1= (1+ ;1+ ;1+ )]and ; 2f 1;1g. Then,wedetermine
the coe cien ts of sy assaiated with the midpoints of the edgesconnectingthe
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certer point v, With the intersection point on the squarefacesof Qg k).
This is done by averaging the latter coe cients, i.e. we set for all i;j; k 2
fO;:::;n 1gand = 1;2;3,

bug 1= 20f 6wy + 12F jwoyr oo + 6 F Gk 5 0)

(ij k)
+6fG6k)y © 10t 6f@k) ©o )t 6Fak) 0o )
+ 26y oot 2faxr ¢ oot 2fakr Go)
+ 26w o )t faiks o )t faiks 0 )
ek o ot faxr o 0 ) fawxor G
fager o ) faxr ¢ ) Ffawr ¢ ;) 64
(18)

where[; ; ]=[ (1+ ;L 1]and 2 f 1;1g. Finally, we averagethe
coe cien ts from R*(vq,, ,,) to determinethe coe cient of s; assaiated with
the point Vo i.e.wesetforalli;j; k2 f0;:::;n 1g,

k)?

b(oug[?(;)o:m: 40f iy Fo 1y wx »  Fasagjernen
x3 X
+ ( A2f Gk oo Faiwy ¢ 5 )
=1 2f  1;1g
X
+ 2f )+ ;) ) =128 (19)

;2 1;1g

In this way, all the Bernstein-Beziercoe cients b; 2 D of asplines; 2
SY() inits piecewisaepresetation (3) are uniquely determinedby usingthe
gridded data.

4.2 Basic Properties of the Quasi-Interpolation Operator

The method decribed in the previous subsectionis connectedwith quasi-
interpolation, i.e. the trivariate, quadratic splinesQ(f) : s;; f 2 C( )
resulting from the algorithm of the previoussubsectionare quasi-irterpolants.
We shaw that the assaiated operator Q reproducescertain polynomials and
is uniformly bounded. Thesebasic properties of Q are important for proving
our approximation results (seeSect. 6)

Lemma 3 The following statementshold. (i) If p 2 spanf 1;x;y; z; Xy; Xz;yzg,

then Q(p) p. (i) If p2 fx?y?z%g, thenQ(p) p+ h?=4. (i) If p2 Py,
thenQ(p) p+ ¢, whee cis someconstant.
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[(4i+3)/4] [(4i+3)/4]

m=1:

[(4i+3)/4

[(4i+3)/4] [(4i43)/4] [(4it3)/4]

Fig. 3. The values of the Bernstein-Bezier coe cients of Q(p;) on the rings
R’“(VQ(ij k)); m = 0;1;2. The casem = 0O is at the top, m = 1 isin the middle, and
m = 2 is at the bottom.

Proof of Lemma3: The construction of the splinesdescriked in the previous
subsectionis completely symmetric. Therefore, for proving (i), it suces to
considerthe monomialspg(V) := 1; pi(V) :== X; pa(V) := xy; v= (X;y;2) 2 R®

andshavthat Q(p) p; =0;1,2.LetT 2 beatetrahedron conained
in an arbitrary cube Q) 2 } . Applying the formulae (13)-(19) for the
data obtained from po, we obviously get bk~ = 1, i+ j + k+ ~ = 2 for

the Bernstein-Bezier coe cien ts of Q(po)jt In its represetation (3) w.r.t. T.
On the other hand, these are the Bernstein-Bezier coe cients of py in its
represemation (3) w.r.t. T ascan be seenfrom (4). Hence,Q(po) po. We
now shav that Q(p1) p:. Applying the formulae (13)-(19) for the data
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obtained from p;, we get the Bernstein-Bezier coe cients of Q(p;) on the
tetrahedrain Q; «y asillustrated in Fig. 3. (Here, we again usethe mapping
from the top of Fig. 2, shav the essetial domain points by using grey boxes,
and the valuesof the assaiated coe cien ts are obtained by multiplying the
ertries in this gure with h.) On the other hand, it canbe seeneasilyfrom (4)
and someelememary computations that the Bernstein-Bezier coe cien ts of
Po in its represetation (3) w.r.t. T coincidewith thesecoe cien ts of Q(p.)j.
Hence,Q(p1) p:. To seethat p, is reproducedby Q, the argumertation is
similar. Again, we rst apply the formulae (13)-(19) for the data given by p,
to get the Bernstein-Bezier coe cien ts of Q(p,) on the tetrahedra in Qyj k).
Then, we nd the Bernstein-Bezier coe cien ts of p, in its represetation (3)
w.r.t. T by using (10) for py, i.e. we apply interpolation at the ten points
of Dt. A comparisonshaws that Q(p2)  p.. For proving (ii), accordingto
symmetry, it su ces to shav that Q(ps)  ps+ h?=4, whereps is the monomial
ps(V) := x?; v = (x;y;2) 2 R3. But this can be seeneasily by applying the
sameargumerts asfor p,. Since(iii) is an immediate consequencef (i) and
(i1), the proof of the lemmais complete. 2

The next corollary result is an immediate consequencef the previouslemma.
On the other hand, this is the key for shaving that the (piecewise)deriva-
tivesD,D,D, s of s; yield optimal approximation order for the derivatives
D,D,D, f of smooth functionsf (seeSect.6).

Corollary 4 If p 2 P, and + + 2 f1;2g, then D,D,D, Q(p)
Q(DxDyD; p).

Proof of Corollary 4: This follows directly from Lemma 3, (i) and (iii)), and
the fact that D,D,D, p; + + 2 f1;2g, is a linear or constart poly-
nomial, i.e. we have D, D, D, Q(p) D,D,D, (p+ © D.D,D, p
Q(DyDyD, p): 2

The speci ¢ description of the algorithm given in the previous subsection
allows to keepthe proof of the next result extremely short. It shows that the
operator Q is uniformly bounded.

Lemma 5 Letf 2 C( ), T2 andQgk 2} theculewith T Q.
Then, we have

KQ(f )kr  (9=8) ki k _;

whee t is an appropriate cuke with edgelength 3h containing Qgj k).

Proof of Lemma5: The formulae (13)-(19) imply that for ead Bernstein-
Beziercoecient b of s Q(f) which is assaiated with a domain point

m[ 5]
Gk in T, wehave
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jbj  maxf1;17=16,9=8g maxf jf .+ weyj: 5 5 2f 10,199
(9=8) kf k .:

Hence,the assertionfollows from (4) and the triangle inequality. This proves
the lemma. 2

5 Smoothness Prop erties of the Quasi-In terp olant

The description of our algorithm in Sect.4.1shaows that in order to compute

the splineswe do not start from a given spline spaceor a particular basis.

In cortrast, the splinesare consideredas a huge net of Bernstein-Bezier co-

e cien ts where we set someof them by using the given data sud that by

the aid of somesimple rules all the coe cien ts are locally and uniquely de-

termined. Above, we pointed out that the motivation for this approad comes
from the structural properties of the quadratic C!-splineson  and the fact

that piecewisequadraticsare very attractiv e for e cien t volume visualization.

On the other hand, at this point it is not evidert which of the C1-smaothness
conditionsin (7), (8), and (9), are satis ed for the splinesresulting from our

algorithm. In this section,we analyzethe rulesand shav that by the nature of

the algorithm most of theseconditions are automatically satis ed. In particu-

lar, the splinesQ(f) s; are cortained in the super spline spaceSy*() of

all functions from S9() which arein C*(v) for all verticesv of } . (Here, and

in the following C'(v) meansthat the derivativesin x;y; and z direction are

uniquely determinedat v.) In this connection,we alsoshow that the necessary
approximative derivativesof s; at the verticesof } in x;y; and z direction are

automatically obtained as an averageof four natural di erences of the local

gridded data.

The next result shows that s; satis es many Cl-smaothnessconditions and
that certain coe cients are given as averagesof the values obtained from
applying C-smaothnessconditions.

Theorem 6 The following statementshold. (i) The spline Q(f) S¢ 2
SY() isin CY(v) for all points v in  of the form v = (ih;y;z) or v =
(x;ih; 2) or v = (x;y;ih), whee i 2 f0;:::;ng and x;y;z 2 R. (i) Each
Bernstein-Bezier coe cient b, whee = Gl 4T = 23 2
f 1;1g, of the spline s; is determinead as the average of the valuesresulting
from the two smamthnessconditions in (8) for m = 1. (iii) The Bernstein-
Bezier coe cient b, whee = 815[%0;0], of the spline s; is determinal as the
average of the valuesresulting from the twelve smathnessconditions in (9)

for m= 1.

Proof of Theorem 6: For proving (i), it su ces to shaw that the C1-smaothness
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conditionsin (7) aswell as(8) and (9) for m = 2 aresatis ed for the Bernstein-
Beziercoe cients b of s;. According to the symmetry of the construction, it
su ces to considersomecharacteristic casesFirst, we considerthe case = 1

and = = 1in (7), wherethe coe cients bzp.11 , Dupoo , and b 1o are
(i+1 55k ) (i+1 55k ) (iik )
involved. It follows from the setting in (15), where =1, = = = 1,
and (17), where =1, = = 1land =1, = 1,respectively, that
b2;[0;1;1]
(i+1 5k )

@ Ffragio * 2Fa0 + Farag wo+ fasge o+ fa mo+ fape )-8
(5 fhviin + 3f) + 3 ey w0+ 3fari vt fa wot faw
i ey T e o)+ Ofauo + 3o+ 3T 1o
3 fa Ty wo+ Tomge o+ fa o faag e ) =32

= (bupoo + brpog)=2

(i+1 5k ) (ik )
The remaining casesin (7), where = 1;2;3and ; 2 f1;3g, are analog.
Otherwise,we have = = 2in (7), and we considerthe casewhere the
coe cients bzp.22; Doy, and by areinvolved, i.e. welet = 1.1t

(i+1 3k ) (i+1 k) (ijik )
follows from the setting in (16), where =1, = 1,and(18), where = 1,
and = 1land = 1,respectively, that
b2;[0;2;2]
(i+1 3k )

= @ ot 4TG0+ faag wo+ fargam * faage ot faasc
ot Faieo t fax ot fx+n)=16
= (20 Geasim) + 12F iy + 6 FGery 1o + 6 Feayjnig + 6 F i 1)
+ 6 f ke * 2F6 w0t 2Fa 00 T 2FG0 ot +2 fgeoa
Py ke ot faeng ke Ffaegaax o+ Famgaaney  Fag 1k 1)
fai e Fagram n o Fageamen) + (20 F Gy + 12F Gy
+ 6640t 6f w0t 6Fak+ny T 6Faw n+ 2Fam e
+ 2F601y ot 2F gy T 2F Gk ot gy T Fajax 1
+ f(i;j 1;k+1) + 1:(i;j 1k 1) 1:(i+1;j +1;k+1) f(i+1;j+1;k 1) f(i+1;j 1;k+1)
faag 1k 1)) =128
= (brosy + bupyy)=2

(i+1 5k ) (k)

We proceedby showing that the C!-smoothnessconditions (9) are satis ed

for m = 2. To do this, we considerthe casewhere the coe cients b 1.0
(k)
b2pa, D2pey Dapoo, and b 2p.eq areinvolved,i.e.welet = l1land = 0.
ik ) (k) (k) (k)
It follows from the setting in (17), where =1, = = 1, (15), where
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2123, = = = 1,(14),where =1, = = 1,and(13), where
=1 = = 1, that

b 1;[0;0;0]
(iifik )

= St 3F0 w36 ot 3fax vt fa 4 wot fa ik »
tfi ey fa oy oo =16
= @famo+ 2w vt fo wpotfa ot fa s t e 1w p)
H2 fhpoy+ 286 w0t fa wo* e ot 6 wot fa wy) =8
P+ Fo ot Fa wo+fax v+ fo u wo*fo ux v
i o ot ooy o )36+ (Fao *+ oy oo+ Fax 1
+ i 1k 1)=8

— 1
= (b 211,00 + b2;[1;0;l]) > (b 2;0;0;0] + b2;[2;0;0])
(isjk ) (isik ) (isik ) (isjk )

Note that an argumen similar asin the proof of Theorem5.1in (HNRSZ04)
now shaowvsthat the setting of the coe cien ts from Sect.4.1 guararteesthat the
remaining two conditions of the form (9) form=2and = 0Oand 2 f2;3g
involving the coe cient b, where = (1i§};(|)(;());01’ are satis ed. The remaining
casesn (9), where = 1;2;3; 2 f0;29, and m = 2 are analog.A standard
argumernt from bivariate spline theory (see(CH86), for instance)and the set-
ting of the coe cients in (15) and (16) now imply that the C!-smoothness
conditions of the form (8) are satis ed for m = 2. Hence,it follows that for all
points in the interior of the squarefacesof the cubesQj; « the remaining two
directional derivativesare uniquely determined, which completesthe proof of

Q).

We proceedby shawing (i), whereit su ces to considerthe case = 1 and
= 1. According to the setting in Sect.4.1,we have

by = %1 (b o0 + Drpozg + Drp2g + bl;[0;2;2]): (20)
(isjik ) (isik ) (isjk ) (isik ) (isjk )

On the other hand, for an overall C*-splinethere are two C-smaothnesscon-

ditions ofthe form (8) for = 1; = 0andm = 1, which would independerily

determinethe coe cien t onthe left. In generalthe values% (b 102 + D 10:2:0)
(ijik ) (ik )

and % (b1 + brp2a), aredierent, and (20) shavs that we set this coef-
(k) (iifik )
cient asthe averageof thesetwo values.

The proof of (iii) is similar to (ii). In Sect.4.1,we set
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X3 X
b 0;[0;0;0] — b (; 1;1) =3
(k) =1  2f0:2g (k)
X - -
b1 @1 e ):(8j + 2 j) (21)
. 2f 1g (isk )

On the other hand, it can be seenthat there are twelve C1-smoothnesscondi-

tions of the form (9) for = 1;2;3 and m = 1. For an overall C!-spline eah
of theseconditions would give the samevalue. Hence,(21) shows that we set
the coe cient b, where = 81[?(0)01 asthe averageof the correspnding twelve

values,which are di erent, in general.This provesthe theorem. 2

The next lemmashawsthat the derivativesDy; Dy; and D, of s; at the vertices
of } in Xx;y; and z direction are appraximatively determinedas an averageof
four natural dierences of the local gridded data. If we comparethis with
standard approadies in volume visualization for appraximating derivatives
usingcertral di erences(see(ML94), (MHBMCO0), (PSLHS99, for instance),
then we obsene that no information from certain intermediate samplesis
getting lost in our approad.

Lemma 7 For eachvertexv = (ih; j h;kh) of } , wehavefor = 1;2;3,

X
D, Dy 2D, *st (V) = Faiy) oy Fai) @iy =4h):
;o 2f0;1g

Proof of Lemma7: First, we note that it follows from Theorem 6 that the
derivatives Dy; Dy; and D, of s; are uniquely determined for eah vertex v
of } . Since the construction of the spline s; from Sect. 4.1 is completely
symmetric, it su ces to considerD,s;, i.e. the case = 1. By usinga well-
known univariate relation (seeFarin (F86), for instance)of this derivative with
the Bernstein-Bezier coe cien ts, we obtain

(h:2) Dyst (V) = (b 2;[2;0;0] bz;[o;o;O])I

(k) (k)

Therefore,it follows from (13) and (14), where = l1and = = 1, that

(h=2) Dxst (V)
= (fapo Y fa wot fax o+ fa w 0)= oo+ Fawixo
oot fax ot f(ix oot foouk ot fa owo

+f6 1y 1k )8 = fai « ) fay x ) =8
;o 2f0;1g
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which implies the assertionfor D,s; (v). The proof of the lemmais complete.
2

6 Appro ximation Prop erties of the Quasi-In terp olant

We prove that the quasi-irterpolating spline Q(f) s¢ aswell asits (piece-
wise)derivativesyield nearly optimal approximation order of smaoth functions
f and its derivatives.While the result cannot be improved for the values,this
can be donefor the simultaneousapproximation of the derivatives of smaoth
functions. We shawv that the (piecewise)derivativesD,D,D, s; of s; yield
optimal approximation order for the derivativesD, D, D, f of smooth func-
tonsf,if + + 2 fl;29. We give two di erent error bounds involving
explicit constarts.

In the following we denoteby W"( ) the usual Solmlev space with the semi-
norm X
fim1:. = kD,D,D, fk ;

+ + =m

whereD, D, D, f; + + = m; denotethe m-th derivativesof a function
f2Wm( ).

The next theoremis the main result of this paper.

Theorem 8 Letf 2 C( ) and s = Q(f) the quasi-intermlating spline
de ned in Sect. 4.2. Then the following statementshold.

(i) If f 2wW2( ), thenwehaveforall T2

KF sk 5jfjar. h%
kD,D,D,(f s)kr 111jfjo1; h; + o+ =1

(i) If f 2wW32( ), thenwehaveforall T2

ka DyDz(f Sf)kT 97jfj3;1 : h2; + + =1
ka DyDz(f st)kr  422f j3;1 : h; + 4+ =2

Proof of Theorem 8: Let T 2 be an arbitrary tetrahedron with T ,
and Qjx) 2 } the cubewith T Q). Moreover, let 1 be chosenasin
Lemma 5.
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In order to show (i), we considerthe linear Taylor polynomial p; of f 2
W? () at the certer point Vg, ,, = (Vx;Vy;Vz) Of Qj i), i.€.

X
pr (V) = D,DyD, f(Vo, ) (X W) (¥ W) (z V)3
+ + 2f0;1g

forall = (x;y;2) 2 7. Sincethe diameter of the smallestspherecortaining
1 is3 3 h, it follows from a well known property of p; that

ki prk . (27=8) jf j21 - h?: (22)
Similarly,
kf  prkr (3=8) jf j21 - h?: (23)

Moreover, applying the meanvalue theorem,we havefor all v2 T,

iD,D, D (f p)(Vi=iD.D,D; T(¥) D,D,D, (Vo )i

( 3=2)jfjaa. h; + o+ =1 (24)
It follows from Lemma 3, (i) that Q(ps) = pr, and therefore the triangle
inequality impliesthat forall + + 2 f0;1g,

kD,DyD,(f  Q(f )kr
kD,D,D,(f pi)kr + kD,D,D,Q(p f)kr: (25)

In view of (23) and (24), it remainsto considerthe secondterm on the right
of this inequality. If + + = 0, then it follows from Lemma5 and (22)
that

kQ(pr  f)kr  (9=8)kpr  fk,  (24364)jfjzn; h*
Moreover, sinceobviously Q(pr  f)jr 2 P,, we canapply Lemma2 to obtain
forall + + =1,

kD,D,D,Q(pr  f)kr  (29=h) kQ(pr f)kr  (881=8) jfjz1; h:
The assertationsin (i) now follow from (23), (24), and (25).

For proving (ii), we argue di erent and use Corollary 4. Here, we consider
the Taylor polynomial pr 2 P, of f 2 W2 ( ) at the certer point Vo =
(Vx; Vy; Vz) of Qg k), 1.€.
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X
pf (V) = DX DyDZ f (VQ(ij k)):( I I I) (X VX) (y Vy) (Z VZ) ,
+ + 2f0;1;2g

forallv= (x;y;z) 2 +.It is known that

K pk, @7 F16)jfjsa. N (26)

and similar as above, we have

P_ ...
kD,D,D, (f pr)kr ( 3=2)jfjz1. h; + + =2 (27)

By applying the meanvalue theoremto the rst derivative of the error and a
standard argumen, we get

kD,D,D, (f p)kr  (3=4)jfjar, 5 + + =1 (28)
The triangle inequality impliesthat forall + + 2 f1;2g,

ka DyDz(f Q(f )) kT

kD,DyD,(f  pr)kr + kD, D, D, (pr  Q(f ))kr: (29)

In view of (27) and (28), it remainsto considerthe secondterm on the right of
this inequality. For + + 2 f1;2g, the polynomial D, D, D, px is obviously
linear or constart, and thereforeLemma 3, (i) implies that

DnyDz Pr Q(Dx DyDz pf)
On the other hand, we have ps 2 P,, and thereforeit follows from Corollary

4that forall + + 2f1;2g,

D,D,D, (pr Q(f)) D,DyD, Q(pr ):

If + + =1, thenit followsfrom Lemmaz2, Lemma5 and (26) that

pP_ ..
kD,D,D,(;  Q(f)kr (111 3)=2jfjs1, h*

Analogously we have for + + = 2,
kD,D,D,(pr  Q(F)kr 243 3jfjs . h:

The assertationsin (ii) now follow from (27), (28), and (29). This completes
the proof of the theorem. 2
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7 Numerical Tests

In order to illustrate the e ciency of the method, we give somenumerical ex-
amples.We computequasi-irterpolating spliness; for syrthetic data (i.e. data
obtained from smooth test functions) aswell asfor an examplewith real world
data.

We rst considera function frequertly usedasa test in volume visualization.
This is the Marschner-Lobbtest function (cf. (ML94)) ml : [ 1;1] [ 1;1]
[ 1,1]7!' R dened as

mi(v) = (1 sin( z=2)+ (1 + cos(2 fyu cos( ! X2+ y2=2)=(2(1+ ));

forallv= (x;y;z2)2 [ L;1] [ L;1] [ L1], where = 1=4andfy = 6.
This function is extremely oscillating and therefore a di cult test for any
e cient method. This concernsin particular the caseswhen only very few
data is taken and simultaneous derivative appraximation plays a role. Fig. 4
shows an isosurfaceobtained from ml with isovalue = %, i.e. a view on the
setofall pointsinv2 [ 1;1] [ L1;1] [ 1;1], whereml(v) =

Fig. 4. A visualization of the the Marschner-Lobb test function ml. The isosurface
with isovalue = 1=2 obtained from ml is shown.

We computethe quasi-irterpolating spliness,, by usingthe method descrited
in Sect.4.1for decreasingh and considerdi erent kinds of errors. The numer-
ical resultsare givenin Tab. 1. The rst column of this table cortains h - note

that the number of data points is huge, namely (h + 1=h)3. The remaining
columnscortain di erent typesof errors. Here, we denote by

errthL = maxfj (ml s (21 + L,2) + 1;2k+ 1) h=2)j : i;j; k= 0;:::0n 1g;

the maximal error at the gridded data points. In addition, the maximal error
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h errm . errM. errm err
1/16 0.0637338| 0.0763573| 0.1794933| 0.0886842
1/32 0.0469557| 0.0548679| 0.1202057| 0.0923545
1/64 0.0175995| 0.0206885| 0.0395824| 0.0368751
1/128 || 0.0049393| 0.0058288| 0.0105322| 0.0103358
1/256 | 0.0012735| 0.0015042| 0.0026710| 0.0026593
Table 1
Approximation of the Marschner-Lobb test function ml by sy .
h errDxml errDxml errDxml errDxm
1/16 4.0446910| 5.1182602| 12.3920158 10.0356594
1/32 3.2655525| 4.3084310| 12.8719495| 12.5411960
1/64 1.2419448| 1.6807952| 5.6377440 | 5.6073735
1/128 || 0.3483834| 0.4733294| 1.6051045 | 1.5936699
1/256 || 0.0896466| 0.1220021| 0.4144013 | 0.4115753

Table 2

Approximation of the rst derivative Dyml of ml by DySy, .

in the uniform norm is given as

ml
max

err

= maxfj (ml

SmP(V)j: v=(Xy;2)2 g

The latter error is computed appraximatively as follows. We choose 10 uni-
formly distributed points in ead tetrahedron of , and denotethe set of all

points from  chosenin this way by V. Then the error errnrglX is approxi-

matively given as the maximal error at the points from V. Note that we did
the sametest with higher numbers of (scattered) points, and the results were

similar. Moreover, we give the (approximative) averageerror

errm .o 1 X
mean *— FV
v2Vv

j(ml sp(V)i;
where# V denotesthe cardinality of V, and the (approximative) root mean

squareerror, s

3¢

1

#V
v2

ml ._
rms -

err ((ml spP(V)2

The resultsin Tab. 1 show that the quasi-irterpolating splinesyield approxi-
mation order two, sincein ead step the error goesdown by about the factor
four. Moreover, Tab. 2 and 3 shav that the rst derivative D,ml of ml behares
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h err D&M errDiM errRiM errga%;“'
1/16 329.2754617| 460.6656652| 1381.6373930| 1140.3801860
1/32 285.6398127| 405.5817230| 1504.0177006| 1008.4225786
1/64 149.7005648 | 217.5784357| 1188.2312690| 427.7408473
1/128 70.6715715 107.0387996 | 656.3764722 239.3863193
1/256 34.0443422 53.1077465 335.8704193 123.7781568
Table 3

Approximation of the secondderivative D2ml of ml by D2s, .

Fig. 5. Isosurfaces of the quasi-interpolating splines s, approximating the

Marschner-Lobb test function ml for di erent numbers of data points.

in the sameway (i.e. is optimal), and that for the secondderivative D 2ml the
error goesdown by about the factor two, respectively. This con rms the the-
oretical results preserned in Theorem 8. Note that we did the sametest with
the remaining rst and secondderivativesand the results were similar. More-
over, we remark that in our method we do not useany derivatives of ml at
prescribed points - only functional valuesare needed.Hence,using the data
of a smaoth function, the derivativesare simultaneously appraximated by the
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h erridan | erriis err iy errg%dta
1/16 || 0.0038309| 0.0066271| 0.0429973| 0.0430021
1/32 || 0.0009200| 0.0016158| 0.0109885| 0.0109880
1/64 | 0.0002248| 0.0003975| 0.0027622| 0.0027620
1/128 || 0.0000555| 0.0000985| 0.0006915| 0.0006914
1/256 || 0.0000138| 0.0000245| 0.0001729| 0.0001729
Table 4
Approximation of the function f1 by s¢,.
h err ik err Dyt errpat | errDxls
1/16 0.0203633| 0.0333122| 0.2238992| 0.1562143
1/32 0.0050603| 0.0083125| 0.0603967| 0.0393916
1/64 0.0012533| 0.0020636| 0.0152990| 0.0098670
1/128 || 0.0003114| 0.0005133| 0.0038459| 0.0024764
1/256 || 0.0000776| 0.0001280| 0.0009622| 0.0006192

Table 5

Approximation of Dyf1 by Dyst,.

splines.This hasto do with the theoretical obesenration that our method au-
tomatically generatesapproximative derivatives from the given gridded data
(seeSect.5).

The computation time for the whole splinein the largest example(where the
number of data points is about 16 millions) is about 5 secondson a 2.8 GHz
Intel XeonCPU. In Fig. 5, we shaw visualizationsof the approximating splines
which has beendone by using ray-casting to render the isosurfacesFurther
details on this visualization technique in the context of our method can be
found in (RZNSO03. In this gure, we showv an isosurfaceof the appraximating
splinessy, with isovalue = 1=2 in the casesh = 1=32 (left top), h = 1=64
(right top), h = 1=128 (left bottom), and h = 1=256 (right bottom). Here,
the maximal error at the intersection points with the isosurfaceis color coded
(from red 0:03to blue=0). Note that similar tests shaved that if one uses
about 16¢° data samplesthen there is no visual di erence between ml and
S| (for this isosurfaceand the chosenviewer position).

In the next two tests we usethe smaooth triv ariate test functions

fav)=1ie 10((x  3)%+(y Lyze(z 1)2))

1

D)+ % e 16((x $)*+(y

10(x )y §z 3?) e 20(x Dy DY)

1
2
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h err,'?]e;ﬁ ereré1 err,'?]ail errc?atgl
1/16 0.6418473 | 0.9323099| 6.6045684| 5.8388519
1/32 0.3094677 | 0.4531853| 3.3131101| 3.0231247
1/64 0.1524176 | 0.2239878| 1.6240159| 1.5090936
1/128 0.0757079 | 0.1114145| 0.8012538| 0.7509042
1/256 0.0377399 | 0.0555706| 0.3980345| 0.3742364

Table 6

Approximation of D2f; by D2s;,.

Fig. 6. A visualization of the spline s¢, for h = 1=32, where we show the isosurfaces
= 0:0;0:1;0:3;0:5;0:8, and 1:0 (in the order: top left, top right,

with the values

middle left, middle right, bottom left, bottom right).
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h errfZan erris err iy errgfﬁa
1/16 0.0013580| 0.0028685| 0.0087501| 0.0083897
1/32 0.0003579| 0.0007785| 0.0024462| 0.0023983
1/64 0.0000906| 0.0001989| 0.0006307| 0.0006281
1/128 || 0.0000227| 0.0000500| 0.0001583| 0.0001581
1/256 || 0.0000057| 0.0000125| 0.0000396| 0.0000396
Table 7
Approximation of f, by st,.
h errpxf2 erryd? | errDuf? errDx2
1/16 0.0168457| 0.0386026| 0.2074478| 0.1209438
1/32 0.0046879| 0.0113263| 0.0698924| 0.0297317
1/64 0.0012018] 0.0029599| 0.0193919| 0.0068907
1/128 || 0.0003021| 0.0007481| 0.0049737| 0.0016685
1/256 || 0.0000756| 0.0001875| 0.0012513| 0.0004133

Table 8
Approximation of Dyf, by Dyst,.

(cf. (HNOQ)), and

f20) = S(anh(@(z x y)+ 1)

forv=(xy;2)2[ 321 [ 331 [ 3: 3] Thesetwo functions do not have
the sameextreme oscillatory behaviour as the Marschner-Lobb function. In
Tab. 4 and Tab. 7, we summarizethe results of our computationsfor thesetest
functions, where we use analogousnotations for the di erent errorsasin the
above test. In addition, we compute the analogouserrors for the derivatives
D,(s;, fi);1 =12 = 1,2, which aregivenin Tab.5 and 6 and Tab. 8 and
9, respectively. Again, this con rms the resultin Theorem8: the derivativesof
the appraximating spliness;, corvergeoptimally to the derivativesof f; for h
tending to zero. A visualization of the appraximating spline s¢, for h = 1=32
usingdi erent isosurfacess shavn in Fig. 6, wherewe color codedthe maximal
error fromred  0:005to blue=0.

In Theorem 6, we showed that the quadratic approximating splines posses
mary natural C!-smoothnessconditions. Moreover, basedon the structural
properties of S3() (seeSect.3), in our approat we relax someof the C2-
smaothnessconditions and replacethem by di erent useful conditions which
are exactly descrited in this theorem. The next exampleis an additional test,
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h err%;ﬁ ererngéz errDxf2 errc?axzt;2
1/16 0.4198049 1.0319760 | 7.1751885| 5.8125017
1/32 0.2101900 | 0.5678833 | 5.3350944 | 4.1470801
1/64 0.1045206 | 0.2972156 | 3.1062357 | 2.3825305
1/128 0.0518879 | 0.1507792 | 1.6225345| 1.2453942
1/256 0.0258606 | 0.0756709 | 0.8205290 | 0.6302255

Table 9
Approximation of D2f, by D2s;,.

Fig. 7. Isosurfacesshawving the error of the gradient of the spline sgp using 82 (left)
and 16° (right) samplesof the spherical function sp.

which shows that the approximating splinesalmost behave like an overall C?-
spline. Here, we usethe sphericalfunction

xyiz)2[ 531 [ 531 [ 3530

and take very small numbers of uniform samplesfrom sp, i.e. 8% and 16°,
respectively. Fig. 7 shavs the isosurfacewith isovalue = 0:4 of the recon-
structed appraximating splinessg, for thesedata sets,together with the color
coded angular deviation to the perfect normalsr sp = (Dysp;Dysp;D,sp)
(from red=1 to blue=0 ). As expected, the underlying grid structure im-
posesvisible artifacts in this somewhatextremetest. On the other hand, this
test clearly indicatesthat the gradierts of the quadratic splineshave a natu-
ral behaviour. Note that although the number of data samplesis small here,
the visual appearanceof the computed surfacesalready is very similar to the
original sphere.Moreover, this test givesan additional motivation to sample
the gradierts directly from the correspnding polynomial piecesof the ap-
proximating spline. Sincethe normals of the iso-surfacesare usedfor shading
this is advantageousfor high-quality visualization (for details see(RZNS03).
In fact, in the test surfacesshavn above (seeFig. 5 and 6), we obtained the
necessarygradierts by applying this simple strategy in combination with the
Bernstein-Beziertechniques.

sp(x;y;z) = X2+ y2+ 72
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Fig. 8. Two views on the isosurface of the bonsai data set (courtesy of Stefan
Rettger,VIS, University of Stuttgart, Germary; 256° samples,isovalue = 40)
are computed by applying ray-casting.

Finally, we discussa real world example. Fig. 8 shavs an isosurfaceof a
guadratic spline which appraximates a gridded volume data set consisting
of 256 data samplesobtained from a CT scan.The computation time for this
two particular views on the isosurfacewas 7.1 and 9.1 secondsrespectively.
This is again a di cult test by the nature of the data given in this type of
applications: the data valuesin this examplerange from 0 to 255, only, and
the details of this bonsaiobject (for instance,the leaves) are represeted by
only a very few data samples.The meanand the maximum error at the data
points for this exampleare 0:594 and 3803, respectively.
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