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Some Basic Terms of “Stringology”

A string S = S[0 : n) = hS[0]; : : : ; S[n� 1]i is a sequence of characters

from some alphabet �.� = [1::K] if not otherwise mentioned (integer alphabet).S[0 : i) is a prefix of length iS[n� i : n) is a suffix of length i

Consider a text string T [0 : n) and a pattern P [0 : m)

An occurence of P in T is a substring T [j : j +m) = P

Task: find all occurences of P in T

Example: P =an occurs ins T =banana at positions 1,3.

Sanders: Strings

INFORMATIKOverview

2 Plain text searching

– An O(nm) brute force algorithm

– Finite Automata: time O�n+m?K�
– Morris-Pratt: time O(n+m)2 String Sorting (; fast search for strings rather than substrings)2 Fulltext indexing by sorting all suffixes;O(m log n) � � � O(m) search time
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Brute Force Algorithm

for j := 0 to n-m do

if T [j : j +m) = P then report occurence at jOperator= (A;B) // just pass pointers

// convention: A[jAj] = 0 special character serves as sentinel

foreach i 2 [0 : m) do

if A[i] 6= A[j] then return false

return true

Worst case: O(nm) time. Example: T = an, P = am
Best case: O(n) time. Example: T = an, P = bm
Average case (random pattern): O(n)
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General idea: preprocess pattern to speed up matching.

States: [0 : m] Automaton in state i, P [0 : i) has been matched.

Accepting States: fmg. If A is in the accepting state before character i+m

is input then i is an occurrence of the pattern.

Transition Function:Æ(i; c) = max fj 2 [0 : m] : P [0 : j) = P [i� j : i) Æ hcig

(match the longest prefix of P that is a suffix of P [0 : i) Æ hci)
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Analysis

Space: �(Km) for a big lookup table (the main problem)

Preprecessing time: (naive) O�Km3� (the m-dependence can be improved)

Running the automaton: O(n)

Perhaps good for small K (cache!) and VERY long texts.

Can be generalized to regular expression patterns

(exponential space in m, linear time in n)
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Idea: emulate the automaton using more space efficient tables.

match the longest prefix of P that is a suffix of P [0 : i) Æ hci;

match the longest prefix of P that is a suffix of P [0 : i)
this prefix P [0 : F [i]) is independent of T
Disadvantage: we may have to compare c several times
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The Morris-Pratt Algorithm

8i < m : F [i] = max fj < i : P [0 : j) = P [i� j : i)gi:= 0 // next character in Pj:= 0 // next character in T
invariant P [0 : i) = T [j � i : j)

invariant occurences starting before T [j � i] are already reported

while j + (m� i) � n do // hope for another occurence

while i < m ^ P [i] = T [j] do i++ ; j++ // scan matching chars

if i = m then report occurence P = T [j �m : j)
if i = 0 then j++ // shift by one

else i:= F [i] // failure transition

Example: P = ABCABCACAB, T = BABCBABCABCAABCABCABCACABC
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8i < m : F [i] = max fj < i : P [0 : j) = P [i� j : i)gi:= 0j:= 0

invariant A: P [0 : i) = T [j � i : j)

invariant B: occurences starting before T [j � i] are already reported

while j + (m� i) � n do

while i < m ^ P [i] = T [j] do i++ ; j++

// A is maintained.

// j � i does not change. Hence, B is not affected.

if i = m then report occurence P = T [j �m : j)

if i = 0 then j++

else i:= F [i]
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Correctness 2

8i < m : F [i] = max fj < i : P [0 : j) = P [i� j : i)gi:= 0j:= 0

invariant A: P [0 : i) = T [j � i : j)

invariant B: occurences starting before T [j � i] are already reported

while j + (m� i) � n do

while i < m ^ P [i] = T [j] do i++ ; j++

if i = m then report occurence P = T [j �m : j)

// Invariant A guarantees that this is correct.

// Now we can proceed as for an error without violating B.

if i = 0 then j++

else i:= F [i]
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INFORMATIKCorrectness 38i < m : F [i] = max fj < i : P [0 : j) = P [i� j : i)gi:= 0j:= 0

invariant A: P [0 : i) = T [j � i : j)
invariant B: occurences starting before T [j � i] are already reported

while j + (m� i) � n do

while i < m ^ P [i] = T [j] do i++ ; j++
if i = m then report occurence P = T [j �m : j)

if i = 0 then

//P [0] 6= T [j], i.e., no occurence can start at j.

// Hence, incrementing j maintains B. A is trivial for i = 0.j++
else i:= F [i]
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Correctness 4

8i < m : F [i] = max fj < i : P [0 : j) = P [i� j : i)gi:= 0j:= 0

invariant A: P [0 : i) = T [j � i : j)

invariant B: occurences starting before T [j � i] are already reported

while j + (m� i) � n do

while i < m ^ P [i] = T [j] do i++ ; j++
if i = m then report occurence P = T [j �m : j)
if i = 0 then j++

else i:= F [i] // A,B are maintained by Def. of F .

// To see this for B, assume the contrary, : : :
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and it never decreases) at most n total iterationsj � i increases in every execution of the main loop

and it never decreases) at most n iterationsO(n) time outside computation of F
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Computing F

Idea: bootstrap. � run MP on T = P [1 : m)

or, implicityly, run MP on T = P [1 : k) for each k � mi:= 0 // next character in P [0 : m) (prefix)j:= 1 // next character in P [1 : m) (suffix)

invariant A: P [0 : i) = P [j � i : j)

// Observation: 8j the longest match will be found firstF [j]:= i

invariant B : 8i0 < j : F [i0] = max fj0 < i0 : P [0 : j0) = P [i0 � j0 : i0)g

invariant C: i < j

while j < m do

while j < m ^ P [i] = T [j] do i++ ; j++ ; F [j]:= i

if i = 0 then j++ ; F [j]:= i

else i:= F [i] // legal due to Invariant C

Sanders: Strings

INFORMATIKMore Exact String Matching

Knuth-Morris-Pratt: stronger failure functionF 0[i] = max f�1 �j < i : P [0 : j) = P [i� j : i) ^ P [j] 6= P [i]g

Boyer-Moore: Scan pattern right to left.

Sublinear best case, e.g., T = an, P = bm.

Perhaps best algorithm in practice.

(Worst case efficient variant difficult to analyze.)

Fingerprinting: Consider a hash function h : �m ! N such thath(T (i�m : i]) can be computed in time O(1) fromh(T [i�m : i)) and T [i], e.g.h(S) = X0�j<m ajS[j] mod p for some prime p� m� :

Possible occurence when h(T [i�m : i)) = h(P ).
Simple, generalizable to 2D, : : :


