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Abstract. In this paper we study a variant of the Node-Weighted Steiner
Tree problem in which the weights (costs) of vertices are restricted, in the
sense that the ratio of the maximum node weight to the minimum node
weight is bounded by a quantity «. This problem has applications in
multicast routing where the cost of participating routers must be taken
into consideration and the network is relatively homogenous in terms of
the cost of the routers.

We consider both online and offline versions of the problem. For the
offline version we show an upper bound of O(min{log «,logk}) on the
approximation ratio of deterministic algorithms (where k is the number
of terminals). We also prove that the bound is tight unless P = N P. For
the online version we show a tight bound of ©(max{min{«, k},logk}),
which applies to both deterministic and randomized algorithms. We also
show how to apply (and extend to node-weighted graphs) recent work
of Alon et al. so as to obtain a randomized online algorithm with com-
petitive ratio O(logmlog k), where m is the number of the edges in the
graph, independently of the value of a. All our bounds also hold for the
Generalized Node-Weighted Steiner Problem, in which only connectivity
between pairs of vertices must be guaranteed.

1 Introduction

1.1 Problem Definition

The Node- Weighted Steiner Tree problem (NWS) is defined as follows. Given an
undirected graph G = (V, E) (|]V]| = n,|E| = m) with a cost function ¢ on the
edges and vertices, and a subset of vertices K C V with |K| = k, (also called
terminals), the goal is to find a minimum-cost tree which spans all vertices in K.
The cost of the tree is defined as the sum of the costs of its edges and vertices.
The Generalized Node-Weighted Steiner problem (GNWS) is defined along the
same lines, with the exception that instead of a set of terminals, we are given a
requirements function r : V- x V' — {0,1}. The objective is to find a minimum-
cost subgraph of G which provides connectivity for all pairs of vertices in the
set K = {(v,u) with r(v,u) = 1}. For uniformity, we call K the set of terminal
pairs. Clearly, GNWS generalizes NWS.



Depending on whether K is known in advance, we distinguish between the
offline and online versions of the problem. In the latter version, every time a
new request appears (i.e., a terminal, or a pair of terminals) the algorithm must
guarantee connectivity for the new request by buying irrevocably, if necessary,
certain edges and vertices.

Both the offline and online version of this problem are variants of the well-
known Steiner Tree Problem and Generalized Steiner Problem (GSP) which have
been studied extensively in the literature (c.f. section 1.2 for some representative
results on this problem).

In this paper we are interested in the variant of node-weighted Steiner prob-
lems in which some restriction is placed on the node weights. Specifically, let «
denote the quantity max, 4ev ¢(v)/c(u) (we assume non-negative edge and ver-
tex costs). We call « the asymmetry of the graph, since it provides an indication
of the variance of the vertex costs. Our aim is to provide upper and lower bounds
for both the approximation ratio and the competitive ratio as functions of «.

The (classic) Steiner problem has wide applications in multicast routing and
network design (see e.g., [7]). On the other hand, NWS captures situations where
the cost considerations include not only network links but also network nodes
(e.g., routers), and the cost of the node simply reflects how much we must pay to
have it included in the connectivity network. A network of relatively homogenous
routers, in terms of their cost, is then modelled by a graph of small asymmetry.
Our setting is largely motivated by the work of Faloutsos et al. [8]; in their
work, the asymmetry is defined in the context of a directed graph, with only
an edge-cost function, as the maximum ratio of the costs of the two directed
edges between any two vertices in the graph, and reflects network homogeneity
in terms of the edge costs of antiparallel links.

Summary of our results. We first show that unless P=NP, offline NWS
cannot be approximated within a factor better than O(min{log «,log k}) (Theo-
rem 1). The proof uses ideas from Berman’s reduction (see section 1.2), however
we reduce from Set Cover of Bounded Set Size; the result then follows from
Trevisan’s inapproximability result [19]. Theorem 2 shows that the hardness
bound is asymptotically tight, by presenting an algorithm which is a combina-
tion of Ravi and Klein’s algorithm for GNWS and the constant-factor approxi-
mation algorithm of Goemans and Williamson for GSP. In Theorem 3 we show
an asymptotically tight bound of ©(max{min{a, k},logk}) on the competitive
ratio of (deterministic or randomized) online algorithms. Last, section 3.1 builds
upon ideas found in the work of Alon et al. [3] which provides a general frame-
work applicable to several online network optimization problems with edge cost
functions. We show how a key lemma in their work can be extended to node-
weighted problems which translates to a O(log m log k)-competitive randomized
algorithm regardless of the asymmetry of the input graph. The bound is almost
tight since the lower bound of Q(%) shown for online Set Cover
in [2] applies to online NWS as well.



1.2 Related Work

Berman (see ref. in [14]) showed an approximation-preserving reduction from Set
Cover to NWS, which implies, using results of [9] and [15], that NWS cannot
be approximated within a factor of o(logk) unless P=NP. We emphasize that
the hardness result holds only when « is unbounded, in particular, it is required
that « is as big as 2(n). Klein and Ravi [14] presented an asymptotically op-
timal algorithm which guarantees an approximation ratio of 2Ink. Guha and
Khuller [11] improved the upper bound to 1.35Ink (approximately).

Concerning the classic Steiner Tree problem (where w(v) = 0, for all v € V),
Karp [13] showed very early that it is NP-hard, and is in fact APX-hard [5] [18].
Currently, the best upper bound for general graphs is 1.55 and is due to Robins
and Zelikovsky [16]. For the Generalized Steiner Problem, the corresponding
bound is 2 [10],[1]. In terms of online algorithms, Imase and Waxman [12] showed
a tight bound of ©(log k) on the competitive ratio of online Steiner Tree, a result
which Berman and Coulston [4] showed extends to the online GSP.

Faloutsos et al. [8] considered a somewhat related problem to ours, namely
the online Steiner tree problem on directed graphs of bounded edge asymmetry.
They showed that a simple greedy algorithm is O(min{k, Blogk}) competitive,
and they also proved a lower bound on the competitive ratio of every deter-
ministic algorithm (which one can show extends to randomized algorithms) of
2(min{k, Blogk/log 3}). Here 3 denotes the edge asymmetry, as defined ear-
lier in this section. Their results are related to this work not only because they
provide some motivation for our definition of node asymmetry, but also because
NWS can be reduced to Steiner tree in directed graphs, as shown by Segev [17].
Note however, that applying this reduction by itself only cannot yield good
bounds: in particular for offline NWS with asymmetry «, the reduction creates
a directed graph of edge asymmetry § which can be as high as « (depending
on the edge costs) and for such graphs it is not known how to approximate the
Steiner Tree problem to a o(8) factor (note that an obvious upper bound on the
approximation ratio using this technique is O(f3)).

1.3 Preliminaries

Given a (simple) path P between two vertices v,u in G, the cost of P is the
sum of the costs of all vertices and edges in P, excluding the end vertices v and
u. Note that a path of minimum cost can be computed in polynomial time, by
constructing a directed graph G’ = (V, E’) in which only edges have a cost, such
that for every edge e = (v,u) € E, ¢’ = (v,u) € E', and c¢(e’) = c(e) + ¢(v). It is
easy to see that a shortest path from v to w in G’ translates to a minimum-cost
path from v to u in G.

Given graph G, with edge and vertex weights, define the shortest path com-
pletion of G (or simply path completion), as the complete graph G, = (V, E’)
in which every vertex has the same cost as in V, and the cost of an edge
e = (v,u) € E’ is the cost of a minimum-cost path between v and u in G.
Note that the path completion can be computed in polynomial time. Following



a standard practice in the study of Steiner trees we observe that, when we need
S0, we can restrict our attention to the path completion of GG, in the sense that a
solution to NWS in G, can be transformed in polynomial time to a solution to
NWS in G without any increase to the solution’s cost, and without affecting the
approximation ratio (see, e.g., Theorem 3.2 in [20] which is cast in the context
of the metric completion of the graph, but also can be applied in the case of the
path completion, even though the latter does not necessarily give rise to met-
ric distances). We can also use the following property, which is a folklore result
for the classic Steiner Tree problem but applies to the node-weighted version
as well: Let (Gp, K) be the input to NWS, then we can transform any solution
(Steiner tree) T to a a tree T which has total cost at most that of T, and for
which the number of Steiner nodes (i.e., vertices which are not terminals) is at
most |K| — 2. This follows from the observation that we can assume that all
Steiner nodes have degree at least three, since Steiner nodes of degree two can
be replaced by a single edge in the path completion of G.

Throughout this paper we assume that « is an integer, since we can always
scale it to the nearest integer without affecting, asymptotically, the bounds. We
assume that G is connected, since otherwise we can restrict the problem to the
connected components of G. We will denote by ¢min, Cmaz the minimum and
maximum costs of vertices in V', respectively. Because G is part of the input in
both the online and offline versions of the problem, we assume that « is known
to the algorithm. Last, we note that all our lower bounds will be presented in
terms of NWS, while all our algorithms will be described in the context of the
more general GNWS problem.

2 Offline Algorithms

Theorem 1. Any polynomial-time algorithm for NWS in graphs of asymmetry
a has approzimation ratio 2(min{logk,loga}), unless P = NP.

Proof. We present a polynomial-time reduction of a variation of the set cover
problem in which all sets have bounded size, to NWS of bounded asymmetry.
Consider an instance I of set cover which consists of a universe of elements,
denoted by U and a collection C of sets, each containing at most B elements in
U. The objective is to find a collection C' C C of minimum cardinality such that
for every e € U there exists S € C such that e € U. The reduction is as follows:
G is defined as a graph with a vertex vg for each set S € C, and a vertex v,
for every element e € U. Each v, vertex has weight equal to 1 and each vertex
vs has weight B. All pairs of vertices of the form vg, vg: are pairwise adjacent;
furthermore, vg and v, are adjacent if and only if e € S. All edge weights are
zero. Last, we define the set of terminals K as the set of all v, vertices in G
(hence k = |K| = |U|). Note that this transformation gives rise to an instance
I’ of NWS in a graph of asymmetry B.

Denote by OPT'(I"), A’(I’) the cost of the optimal algorithm and the cost of
an approximation algorithm A’ for NWS on the above instance I’, respectively.



Also denote by C;,,, C" the set of vertices of the form v in (any fixed) optimal
solution and the solution of A’, on input I’, respectively. It is easy to see that
a Steiner tree for K in G corresponds to a set cover for the instance (U,C), in
that the set of vertices C” corresponds to a collection of sets (which we denote
by C) which cover U. Define A as the set cover algorithm which, on instance I,

selects all sets in C. Since all edges in G have zero weight,
A(I"Y=k+B-|C'| and A(I)=1C|=|C"|. (1)
Likewise, we have

OPT(I')=k+B-|C.,| and OPT(I) = |Cop| = |CL,l- (2)

pt|

where OPT(I) is the optimal cost for the instance I of set cover. Since both C
and C,p are solutions for I, we have

B|C! .| = B|Cop| >k and B|C'| = B|C| > k (3)

Suppose that NWS is approximable within a factor of o(log o) = o(log B), then
using (2) and (3) we get

A'(I') = o(log BYOPT(I') = o(log B)(k + B - |Cf)pt|)
=o(logB)B - |C!

pt|7

hence from (1) and (2) we get that |C| = o(logB)|Copt|, which means that
bounded-size set cover is approximable within a factor of o(log B), which implies
that P=NP, by the inapproximability result of Trevisan [19], namely that set
cover on instances with sets of size at most B is hard to approximate within a
factor of In B — O(Inln B) unless P = NP. Since B < k the result follows. O

We now present an algorithm which has approximation ratio O(min(log k, log «) ),
thereby matching the lower bound of Theorem 1. We will assume that k£ > a,
since otherwise the lower bound of Theorem 1 is already known to be tight. The
algorithm is a combination of the Klein-Ravi (KR) and Goemans-Williamson
(GW) algorithms. The former works in iterations; in each iteration, a subset of
currently active trees is merged into a single tree (i.e., a single connected com-
ponent) by buying a vertex of smallest cost-efficiency, and minimum-cost paths
from the vertex to the active trees in question. Here the term “active” reflects
the fact that the tree contains terminals for which the requirement function is
not satisfied by the current partial solution. More formally, a tree T is active
iff there exist vertices u,u € V, with w € T, v ¢ T such that r(v,u) = 1. In
addition, the cost-efficiency of a vertex v is defined as the minimum ratio, over
all subsets of active trees, of the cost of v as well as the cost of the minimum-cost
paths from v to each active tree in the subset, over the cardinality of the subset.
In other words, the cost-efficiency is the minimum average cost paid so as to
connect active subtrees by means of paths originating at v.

We emphasize that for the GSP instance (Gj,,r’) we treat the graph as if the
weights of the vertices do not exist, and that G}, is the path completion of G”.



Algorithm Offline GNWS on input (G, r)

1 Execute the KR algorithm until at most k/«a active trees remain

2 Create a new graph G’ by contracting each tree in the partial solution
to a single “supernode”. Each supernode gets vertex weight zero.

3 Define a new requirements function 7’ on G’ and solve GSP on
instance (Gj,,7") using the GW algorithm

The requirement function r’ is defined in the “natural” way. In particular, at
the end of step 1, the set of edges and vertices which have been bought induces
a forest F', with each tree T in the forest corresponding to a supernode v in
the vertex set of G’. We define ' for supernodes u,v € G’ to be r'(u,v) =1
if and only if there exist vertices u,v € G which belong in trees Ty, T in F|,
respectively, with Ty # Ty , such that (@, 9) = 1. Informally, ’ is determined by
all vertices whose connectivity requirement has not been satisfied by the end of
step 1. Let OPT denote the optimal solution cost for instance (G, r) of GNWS.

Theorem 2. Algorithm Offline GNWS has approzimation ratio O(min(log k, log «v)).

Proof. Consider the penultimate iteration of the KR algorithm in step 1. Since
at least k/a active trees remain, the cost of the partial solution maintained up
to that iteration, i,e edges and vertices bought by KR excluding terminals® is
upper bounded by
21n iOPT = O(lna)OPT.
k/a

The above follows by the analysis of the KR algorithm (see Section 4 in [14], in
particular the inequality following (4)).

The KR algorithm has the property that in every iteration it connects ¢ > 2
active trees in a new component at an average cost of at most OPT/q, which
implies that the cost of the last iteration in step 1 is bounded by OPT.

It remains to bound the cost due to step 3. Denote by F = {T1,...,T;} the
forest of trees returned by Offline GNWS. First, note that the cost of edges in
the optimal solution to the GSP problem on instance (Gj,,7’) is bounded by
OPT. Since GW is a 2-approximation algorithm for GSP, the cost of the edges
in the forest F' is at most 20PT. Next, let k; denote the number of terminal
pairs in tree T; (here, we stress that the term terminal refers to the instance
(G,,7"), namely a supernode which corresponds to an active tree at the end of
step 1 is considered a single terminal). By the argument in section 1.3 we can

! The analysis of the KR algorithm in [14] makes wlog the assumption that all terminal
costs are zero. For this purpose our analysis for step 1 of Offline GNWS does not
take into account the cost of terminals; instead we simply add their contribution
later in the proof.



assume that the number of Steiner nodes in T is bounded by 2k; — 2 < 2k;.
Therefore the total weight of Steiner nodes in F' is at most

l
k
§ 2kz * Cmax S —Cmax S k- Cmin S OPT.
(0%
i=1

Therefore the total node-weight of the forest F' is at most 20PT, and its total
weight at most 40PT.

Putting everything together, the cost of the solution returned by the algo-
rithm is O(log a)OPT. O

We note that the above algorithm is applicable, with the same performance
guarantees, to a wider class of network design problems which can be formulated
as cut-covering problems in which the family of cuts is defined by proper functions
(see e.g., [10]). This follows from the following two facts: i) for such problems
the KR algorithm upholds the properties we used in the proof of Theorem 2 ;
and ii) the GW algorithm is still 2-approximation for the edge-weighted version
of this problem.

3 Online Algorithms

Theorem 3. The competitive ratio of deterministic online GNWS is
O(max{min{«, k},logk}).

Proof. For the lower bound, we consider the online NWS problem (the lower
bound carries over to online GNWS). If o < logk, a lower bound of 2(log k)
follows by the construction of Imase and Waxman [12]. Otherwise the adversary

presents a graph G which is defined as follows: The vertex set of G consists of
k(k+1)

(disjoint) sets V; and Va, with |Va| = k(k+1)/2. Partition V5 into (— 2 ) sets of
size k each, and for each set define a vertex which is adjacent to those k vertices:
this gives rise to the set V1. No more vertices or edges exist in GG. The weight of
each vertex in Vj is «, and each vertex in V5 has unit weight, whereas the weight
of all edges is zero. The adversary will present a nemesis sequence consisting of
vertices in Vs, determined by a game against the algorithm. In the first round of
the game, the adversary picks any two vertices in V5 as the first two terminals
in the sequence; the algorithm buys a vertex in V; to guarantee connectivity. In
each subsequent round, the adversary presents a new terminal, namely a vertex
in V5, which is not adjacent to vertices bought in earlier rounds. The algorithm
then must buy a new vertex in V3 and the adversary repeats the game. Clearly,
the game can go on for £ — 1 rounds. At the end of the game, k terminals have
been presented all of which are adjacent to a vertex in Vi, hence OPT = a + k.
On the other hand, the algorithm has bought k — 1 vertices in V7, hence its cost
is at least a(k — 1), and in this case the competitive ratio is 2(min{«, k}).

For the upper bound, we propose an algorithm, denoted by A, which works
in two phases. Let k denote the number of pairs presented by the adversary thus



far, and k the total number of pairs that will be presented eventually (A does not
know k). The first phase is a greedy phase and lasts for as long as o > k: namely,
the algorithm connects the two terminals in the pair by means of a minimum-
cost path. The second phase begins at the point where k exceeds «, at which
point the algorithm switches to the Berman and Coulston [4] (BC) algorithm
for (edge-weighted) GSP. More precisely, the algorithm treats all edges bought
during the greedy phase as having weight zero (meaning that it already paid for
them). In addition, it ignores vertex weights (or alternatively, treats vertices as
if they have zero weight). We remind the reader that once again, we work on the
path completion graph.

The total cost due to the first phase is clearly min{«, k}OPT. For the second
phase, since the BC algorithm is O(log k)-competitive for GSP, it follows that
the cost of the edges it buys is O(log k)OPT. Observe also that since BC returns
a forest of at most k trees, from the discussion in section 1.3 it follows that at
most 2k vertices of the forest are Steiner vertices. Therefore the total node-cost
of the forest is bounded by the quantity C' = 3k-cpmazr < 3k cmin. However, the
latter contribution to the cost is in effect only when k > «. Given that in such
case OPT > kCmin > OCmin, we have that C' < 3a- OPT = 3min{a, k} - OPT
Therefore, the total cost of A is

O(logk - OPT + min{a, k} - OPT) = O(max{min{«, k},logk} - OPT).O

Note: The lower bound of Theorem 3 can be extended to randomized algorithms,
using a somewhat larger graph as part of the adversarial input. We sketch the
proof (and omit certain details). Again, the adversarial input consists of a graph
on vertices V3 U Va, |V4| = (“,/jl) and for every set S of k vertices in V5 there
is exactly one vertex in V; adjacent to S (and only S). We require that |Va| >
2k2. The edge and vertex weights remain the same. We define a probability
distribution D on the sequence of terminals presented to any fixed deterministic
online algorithm; from Yao’s principle [21], the ratio of the average cost of the
algorithm over the average optimal cost is a lower bound on the competitive ratio
of every randomized algorithm against an oblivious adversary. In particular D
chooses uniformly at random a subset of V5 of cardinality k, in any order. It
follows that every time the deterministic algorithm considers a terminal (except
for the very first one), the probability it has already bought a vertex in V; which
can guarantee connectivity is at most ﬁ = %, and hence the probability
that for each of the k — 1 terminals the algorithm must buy a new vertex in V;
is bounded by (1 — 1/k)¥~! thus the average cost of the algorithm is 2(ak),
while the average optimal cost is still o + k.

3.1 Randomized online algorithms for the general case (unbounded
asymmetry)

Theorem 3 suggests that in the case of large asymmetry, namely when a € 2(k),
the competitive ratio of any deterministic or randomized algorithm is disappoint-
ingly bad. However, the lower bound requires a construction of a graph with a



large number of vertices. In fact, in this section we will show how to achieve a
better upper bound when the number of vertices in the graph is subexponential
on the total number of terminals. In particular, we present and analyze a ran-
domized algorithm based on the framework of Alon et al. [3], which addresses
broad classes of (edge-weighted) connectivity and cut problems?. We show how
their approach can be extended to a variant of such problems in which nodes as
well as edges are associated with a cost function. In this section we omit proofs
due to space limitations, and only focus on how to adapt/modify the ideas of [3].

We will create an online algorithm for GNWS which consists of two distinct
components. The first component maintains a fractional solution to the problem,
i.e., a feasible weight assignment w for nodes and edges in the graph. Here, a
feasible assignment is such that for any request, i.e., a pair of terminals (¢;,t;)
there is a flow from ¢; to ¢; of value at least 1, assuming that we treat the weights
of both edges and vertices as capacities®. Note that nodes, and not only edges,
are assigned capacities, in the sense that in any feasible flow the in-flow for
any node cannot exceed the capacity (weight) of the node. When the algorithm
receives a new request, the algorithm will update the weight assignments, by
performing an appropriate weight augmentation. In particular, the algorithm
may increase the weights of certain vertices and/or edges, but it will certainly not
decrease any of the currently assigned weights. This guarantees that after each
request is processed, a feasible fractional solution can be maintained; moreover
this computation is accomplished in an online fashion. Naturally, one seeks a
fractional solution of small cost (c.f., Lemma 2).

The second component of the algorithm is responsible for rounding the frac-
tional solution to an integral one, and is performed during each step (i.e., after
each request appears). This component is largely orthogonal to the first one,
and as demonstrated in [3], randomized rounding can be applied successfully in
a variety of connectivity/cut problems. We show how randomized rounding can
yield an integral solution of cost within a factor of O(logk) from the cost of
the fractional solution maintained by the first component of the algorithm (c.f.,
Lemma 3).

We start by describing the first component of the algorithm. Following [3], we
can assume that all edges and vertices have costs in the interval [1,m?] (here we
are also using the assumption that the graph is connected and hence m > n—1).
Initially the algorithm gives each edge and vertex a fractional weight of 1/m3.
Suppose that a new request (t1,t2) arrives; the algorithm will then update the
weight assignment (potentially increasing certain weights, but not decreasing
any of them). More specifically, if the maximum flow from ¢; to ¢s is at least
1, we do nothing; otherwise we perform a weight augmentation step as follows.
Find a minimum-weight t; — t2 cut C, defined as a partition of V in sets S and

2 [3] is focused on edge-weighted graphs, and the authors claim that the techniques
can be extended to the vertex counterparts of the problems in which only vertices
have costs. Here, we extend their major result to the case where both vertices and
edges are associated with costs.

3 The weights w should not be confused with the costs ¢ of edges and vertices.



V'\ S which separates ¢; and to. For clarity, we emphasize that the weight of C' is
the sum of weights of edges in the cut. Denote by S; and S5 the subsets of V' and
V'\ S, respectively, for which each vertex in S; (resp. S2) is incident with at least
one edge in C. For every edge e = (v,u) € C'let 6. = w(e)/ max{c(e), c(v), c(u)}.
We increase w(e) by d(e). In addition, for every vertex v € Sy (resp. u € S3) we
increase UJ(U) (resp. UJ(’U,)) by Ze:(v,u):eEC de (resp. Ze:(mu):eec 58) We repeat
the process, with a new weight augmentation step, until the maximum flow from
t1 to tg is at least 1. At an intuitive level, the augmentation is “balanced” in
the sense that we increase the weights of certain vertices only as much as it is
needed, and a vertex weight is increased proportionally to the weight increase
of incident edges in the cut.

Note that at the end of the weight augmentation step associated with C' the
total edge-weight of C' does not exceed the total vertex-weight of either S or Ss.
This guarantees that when the algorithm terminates, all connectivity demands
are satisfied.

Lemma 1. The number of weight augmentations steps performed by the algo-
rithm is O(logm)-OPTy, where OPT} denotes the cost of the optimal fractional
solution.

Lemma 2. The algorithm is O(logm) competitive for fractional node-weighted
connectivity problems.

The second part of the algorithm involves rounding the feasible fractional
solution (which is maintained at each step) in an online fashion. Recall that when
a request (t1,12) appears we first compute a fractional, O(logm)-competitive
solution using the algorithm described earlier. The rounding method is simple
and is based on the rounding employed in the context of the multicast problem
in [3]. More specifically, the rounding method involves keeping 2[log(k’ + 1)]
independent random variables X; distributed uniformly in the interval [0, 1].
Here, k' denotes the number of terminal pairs served by the online algorithm
up to the current point, which implies that the number of the random variables
increases as the algorithm serves more and more requests. Define the threshold
0 as minig‘fg(k/ﬂﬂ{){j}. The algorithm will then update its current integral
solution I by adding in I all edges e and vertices v of the graph with the property
that w(e) > 6 and w(v) > 6, i.e., all vertices and edges whose weight exceeds
the current value of the threshold (initially I = ().

The following Lemma follows easily using the ideas of Lemma 4.1 in [3]. The
only change in the proof is that we have to account for the cost of the vertices
added in the solution (and not only the edges), but essentially the proof remains
the same.

Lemma 3. Throughout the execution of the algorithm, the expected cost of the
solution which the algorithm maintains is O(log k' logmOPT), where OPT is
the cost of the optimal integral solution so far. Furthermore, for any terminal
pair T = (t1,t2) the probability that the algorithm does not allocate a path that
connects t1 and ty is small, namely 1/k".



Lemma 2 and Lemma 3 imply that the randomized algorithm is O(log k log m)-
competitive (for integral solutions), with the condition that if the algorithm fails
to allocate a path, a path has to be bought explicitly (since this happens infre-
quently, the overhead to the total cost is negligible).

4 Concluding Remarks

In this paper we studied the Steiner Tree Problem and Generalized Steiner Prob-
lem at the presence of node and edge weights, and presented upper and lower
bounds on the performance of online and offline algorithms as a function of the
node asymmetry «. Of course, as one may suggest, there are several possible
ways to capture the variation of node weights in the graph; for instance, one
may instead define « as max, yev {|c(v) —c(u)|}. Or rather we could insists that
the cost of a vertex v is within a factor of at most a from the cost of vertices
adjacent to it, as well as edges incident with it. The latter definition takes into
account, at least in a certain limited way, the cost of edges and is not biased
towards the cost of nodes. It is easy to show that the upper and lower bounds
shown in sections 2 and 3 carry over to the above definitions of asymmetry*.

As argued in the introduction, GNWS reduces to a related variant of the
directed Steiner problem, in which the asymmetry 3 of edge costs, as defined
in [8], does not exceed a. Thus it would be very interesting to derive better
upper bounds for the edge-asymmetric Steiner tree problem. In particular, can
we show that the sublinear (in terms of k) upper bound of [6] for offline Steiner
trees and forests in directed graphs can be improved assuming a known bound
on the edge asymmetry? Can we get o() approximation algorithms? The online
version of this problem has been the topic of [8], but there still exists a gap
between the known upper and lower bounds on the competitive ratio.

Last, since the asymmetric node-weighted and directed Steiner problems are
related, we would like to study the combination of the two, namely the prob-
lem in which bounds on both vertex and edge asymmetry are known. Such a
model would probably capture in a more realistic way practical network design
problems.
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