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Abstract. This paper addresses the competitiveness of online algorithms
for two Steiner Tree problems. In the online setting, requests for & ter-
minals appear sequentially, and the algorithm must maintain a feasible,
incremental solution at all times. In the first problem, the underlying
graph is directed and has bounded asymmetry, namely the maximum
weight of antiparallel links in the graph does not exceed a parameter a.
Previous work on this problem has left a gap on the competitive ratio
which is as large as logarithmic in k£ in worst case. We present a refined
analysis, both in terms of the upper and the lower bounds, that closes
the gap and shows that a greedy algorithm is optimal for all values of
the parameter a.

The second part of the paper addresses the Euclidean Steiner tree prob-
lem on the plane. Alon and Azar [SoCG 1992, Disc. Comp. Geom. 1993]
gave an elegant lower bound on the competitive ratio of any deter-
ministic algorithm equal to 2(logk/ loglog k); however, the best (and
only) upper bound known so far is the trivial bound O(log k). We give
the first analysis that makes progress towards closing this long-standing
gap. In particular, we present an online algorithm with competitive ratio
O(log k/loglog k), provided that the optimal offline Steiner tree belongs
in a class of trees with relatively simple structure. This class comprises
(among others) not only the adversarial instances of Alon and Azar,
but also all rectilinear Steiner trees which can be decomposed in a poly-
logarithmic (in k) number of rectilinear full Steiner trees. Interestingly,
our analysis is based on techniques developed for the online asymmetric
Steiner tree problem.

1 Introduction

Problem statements and motivation The Steiner tree problem occupies a central
place in combinatorial optimization, and has been studied extensively under
many variants. The standard setting involves an underlying graph G = (V, E),
with a non-negative weight function ¢ : £ — R™T over its edges (which reflects
the cost of the edge). Given a subset K C V of vertices also called terminals, the
objective is to find a tree of minimum cost that spans all vertices in K. Here,
the cost of the tree is defined as the sum of the cost of all the edges in the tree.
In this paper we focus on the following Steiner tree problems.



e In the asymmetric Steiner tree problem, the underlying graph is directed, and
a specific vertex r € V is designated as the root. We define the asymmetry o
of graph G as the maximum ratio of the cost of antiparallel links in G. More
formally, let A denote the set of pairs of vertices in V such that if the pair u, v
is in A, then either (v,u) € E or (u,v) € E (i.e, there is an edge from u to v or
an edge from v to u or both). Then the edge asymmetry is defined as

(v, u)
max
{v,utea c(u,v)

o =

Given a set K C V of terminals, we seek the minimum cost arborescence rooted at
r that spans all vertices in K. In addition, our aim is to express the performance
of the algorithm in terms of the parameters k£ and a.

e In the Fuclidean Steiner tree problem on the plane, there is no underlying
graph. Instead, the input consists of k points (terminals) on the plane and the
objective is to construct a connected graph that spans all terminals so as to
minimize the total length (based on Euclidean distances). The case in which the
distance between points of the plane is given by the rectilinear metric is known as
the Rectilinear Steiner tree problem. Here, the tree consists only of horizontal and
vertical segments. Clearly, any solution to the Euclidean Steiner tree problem
can be translated to a solution to the rectilinear Steiner tree problem, at the
expense of a constant-factor increase of the solution cost.

Steiner tree problems are often used in formulating multicast routing over
computer networks, in that information must be disseminated from a designated
source to all members of a subscribing group (namely the set of terminals K).
The asymmetric Steiner tree problem is motivated by the observation that a di-
rected graph is a more appropriate and realistic representation of a real network.
A typical communication network consists of links asymmetric in the quality of
service they provide. In [10], studies on the traffic of network backbones reveal
marked asymmetry in parameters such as speed, link utilization and reliability.
This situation becomes even more prevalent in a wireless network, due to differ-
ences in noise levels, power of transmission, and mobility levels of its endpoints.

Such observations led Ramanathan [13] to define the concept of graph asym-
metry as a measure of network homogeneity. According to this measure, undi-
rected graphs are the class of graphs of asymmetry @ = 1, whereas directed
graphs in which there is at least one pair of vertices v, u such that (v,u) € E,
but (u,v) ¢ E are graphs with unbounded asymmetry (o = 00). Between these
extremes, graphs of relatively small asymmetry model networks which are rela-
tively homogeneous in terms of the quality /characteristics of antiparallel links.

On the other hand, the Euclidean Steiner tree problem can be used in mod-
eling problems where a number of facilities is given (on a certain planar region),
and we want to guarantee connectivity among any given pair of these facilities
(e.g., by building a network of roads, or by deploying a communications net-
work). The objective translates into a solution that is as cheap as possible. The
problem has also connections to insertion strategies for TSP (see e.g. [6]).



In this work we address the above problems from the point of view of online
algorithms, in that the set K of terminals is not known in advance, but rather
is revealed as a sequence of requests. Upon a new request for terminal ¢, the
algorithm must guarantee a directed path from the root to ¢, in the case of the
asymmetric Steiner tree problem, or simply that ¢ is connected to the current
solution, in the case of the Euclidean Steiner tree problem. For the former, the
graph G is assumed to be known to the algorithm. Paths are bought irrevoca-
bly when serving the requests. In terms of performance analysis, we apply the
standard framework of competitive analysis. More precisely, the competitive ra-
tio of an algorithm is defined as the supremum (over all request sequences and
graphs) of the ratio of the cost of the solution produced by the algorithm over
the optimal off-line cost assuming complete knowledge of the request set K.

Related Work We review some important results that pertain to online Steiner
tree problems. For graphs of either constant or unbounded asymmetry, the com-
petitive ratio is tight. For the former class, Imase and Waxman [12] showed that
a simple greedy algorithm is optimal and achieves competitive ratio O(log k).
Berman and Coulston [8] extended the result to the Generalized Steiner Prob-
lem by providing a more sophisticated algorithm. The performance of the greedy
algorithm for online Steiner Trees and its generalizations has also been studied
by Awerbuch et al. [4] and Westbrook and Yan [15]. In a different work, West-
brook and Yan [14] showed that in directed graphs (of unbounded asymmetry),
the competitive ratio of any algorithm can be as bad as O(k).

The first study of the online asymmetric Steiner tree problem is due to Falout-
sos et al. [11] who showed that a simple greedy algorithm (to which we refer
to as GREEDY) has competitive ratio O(min{alogk, k}). The algorithm works
by connecting each requested terminal u to the current arborescence by buy-
ing the edges in a least-cost directed path from the current arborescence to

u. On the negative side, they showed a lower bound of {2 (min{o‘loglC k})

loga

on the competitive ratio of every deterministic algorithm. A better analysis

of GREEDY [2] provides an improved upper bound on the competitiveness of

log k
loglog o’

GREEDY, namely O (min {a k}) The same work showed a correspond-

ing lower bound of {2 (min { lggli’fgkk,kl’e}) on the competitiveness of any de-

terministic algorithm (and for every constant 0 < e < 1). In recent work [3],
a more careful analysis proves that GREEDY has a competitive ratio equal

to O (min {max {alogk sk } ,k}) The result almost matches the lower

loga? " loglogk
bound of {2 (min { max {allggz,alolgoigk} ,klff}) (where € is any arbitrarily

small constant) due to [11] and [2].

It is important to note that when a € 2(k) the lower bound on the compet-
itive ratio due to [11] is £2(k), which is obviously tight (using the trivial upper
bound of O(k) for GREEDY). Thus the problem is interesting only when o € o(k).

Even thought the bound of [3] is almost-tight, from a worst-case perspective a
gap still remains. Indeed, [3] is tight when either o € O(k'~¢) (for some constant



e € (0,1)), or a € 2(k), that is, for a broad range of values of asymmetry.
However, when the asymmetry is such that a € O(k), and a # O(k'~¢), for any
positive constant € < 1 (e.g, when o = k/polylog(k)), the gap between upper
and lower bounds can be large, namely logarithmic in k.

Concerning the online Steiner Tree in the Euclidean plane, Alon and Azar [1]
presented an elegant adversarial construction that guarantees a lower bound of
2(log k/loglog k). The only known upper bound is the O(logk) bound that
applies to any distances induced by undirected graphs (and hence by extension
to Euclidean distances). No better upper bounds have been known.

Contributions of this paper In the first part of this paper, we give a tight bound
for the online asymmetric Steiner tree problem. In particular, we show that
when « is in the range of values for which [3] is not tight, the competitive

ratio of GREEDY is @ (%), and the bound is tight for any deterministic

algorithm (c.f. Theorem 1 and Theorem 2). This completely resolves the problem
of determining the optimal competitive ratio, for all values of asymmetry.

There are several reasons that motivate the close study of this problem.
First, as argued earlier, for certain values of the asymmetry, a gap as large as
logarithmic (in k) remains. From a worst-case point of view the gap is large,
even though it occurs for a relatively narrow range of values of a (recall that
O(log k) is the competitive ratio in undirected graphs). Moreover, since k cannot
be known in advance, it is not possible to predict whether the algorithm will be
optimal without a proof of optimality for all ranges of a.

More importantly, algorithms for Steiner tree problems are often used as
subroutines in solving more complex problems, and in many cases the competi-
tive ratio for the complex problem is a function of the competitive ratio of the
Steiner tree algorithm. A representative example is the problem of file alloca-
tion in general undirected networks, which is a well-studied problem in both
theory and applications of distributed systems. The influential work of Bartal et
al. [7] shows that if there exists a c-competitive algorithm for the online Steiner
tree problem (in undirected graphs), then it is possible to derive a randomized
(2 + v/3)c-competitive algorithm for file allocation. This yields an optimal ran-
domized algorithm, since it is easy to argue that the online Steiner tree problem
can be viewed as a special case of the more general file allocation problem. In
subsequent work, Awerbuch et al. [5] showed that a similar reduction is possible
for deterministic algorithms. Notice that, as with multicasting, file allocation is
a problem motivated by distributed networks, and once again, it would only be
natural to study it under directed graphs. Therefore, we expect that strict opti-
mality results for Steiner trees will provide a useful tool in resolving other online
network optimization problems, in settings which are more realistic in practice.

In the second part of the paper, we address the online Euclidean Steiner
tree problem on the plain. Bridging the gap between the known lower and the
upper bounds has been an outstanding open question in the area of competitive
analysis for more than 15 years. Unfortunately, only a trivial upper bound is
known. We make progress by showing that if the underlying optimal tree observes



certain structural properties, then there exists an algorithm that is optimal. In
particular, we require that the optimal, off-line tree is “close” (w.r.t. cost) to a
rectilinear tree that is union of at most a polylogarithmic number of basic trees
(c.f. Theorem 3 and Corollary 1). A formal definition of a basic tree is given in
Section 3. The definition includes, for instance, any Full Rectilinear Steiner tree
(or FST for brevity); see, e.g., [9] for a precise definition of a FST.

We need to further motivate our assumption on optimal trees. First, the
lower bound of Alon and Azar, although fairly technical, is based on an instance
for which the optimal Steiner tree is a single basic tree. Thus our result states
that if we aim to improve the lower bound, more complicated constructions
will be required. Second, the result provides a connection between the number
of basic trees and the performance of an algorithm. This is along the lines of
known results on approximation algorithms, which relate the (offline) construc-
tion of rectilinear Steiner trees and FST’s (see [17] and [16] for representative
examples). Third, the result follows from techniques used in the analysis of the
greedy algorithm for the online asymmetric Steiner tree problem (specifically,
the emergence of the (log /loglog)-factors in both problems arises from the use
of similar techniques). We thus demonstrate some close connection between the
two problems, which may lead into further improvements on the competitive
ratio of the online Euclidean Steiner tree problem.

2 A tight bound for online asymmetric Steiner trees

2.1 The lower bound
The main result of this section is the following lower bound:

Theorem 1. The competitive ratio of every deterministic algorithm is

0 (a%), assuming that o € o(k).

For the proof of Theorem 1 we will construct an adversarial input, namely a
graph G and an appropriate sequence o of terminal requests. The graph G will
be defined using G as a building block, where G is a parameterized version of
the adversarial graph used in the construction of the lower bound in [2].

Construction of the adversarial graph G. We will begin by defining some
auxiliary constructions. Let v, u be two vertices in a graph, and let the directed
edge (v,u) have cost ¢, whereas the antiparallel edge € = (u,v) has cost ac,
where « is the asymmetry of the graph in which u,v belong. We say that we
insert a vertex w at height h in e if we introduce a new vertex w and replace
e, with new edges of costs c¢(v,w) = ¢ — h, c(w,u) = h, c(u,w) = ah, and
c(w,v) = a(c— h) (for the sake of visualisation, we should think of v as located
higher than u). Note that the insertion maintains the asymmetry of the graph.

Second, let T} = {vy,...,u} and T = {v],..., v} denote two disjoint sets
of [ vertices each (again, we should think of vertices in 77 as being located
“higher” than vertices in T%). In addition, we require that 77 and T have the



property that all edges of the form e; = (v;, v}) have the same cost, say ¢, and all
antiparallel edges have cost ac. Informally, the “downwards” direction is cheap,
whereas the “upwards” direction is expensive , and this is a property that will
be maintained throughout the construction. Let E denote the set {e; : i € [1,1]}.
We call index ¢ € [1,1] the i-th column, and require that [ is a power of 2, and
that it is large compared to k (e.g., at least 2¥). On the collection of columns E
we will define a construction called block which we denote by B(E,m,h). Here
m and h are parameters used in the construction, with h < ¢ and m < k, and
FE is the set of columns induced by 77 and T5.

In a nutshell, B(E, m, h) is built by inserting appropriate vertices (and edges)
in F, in a layered fashion. There are m layers inserted in total. Layer ¢ consists
of I vertices inserted, one for each column, at height equal to ©(h/m). Let
wht, ..., w" denote these [ vertices. We group the vertices of layer i into appro-
priate disjoint groups of the same size, denoted by S»!,...S%% which we call
s-sets. Also, for each group of layer 4, say S*/, we add a vertex u*/, as well as
edges from every w-vertex in S%J to u’J, of cost ¢*/, whereas the antiparallel
edges from (uJ to every w-vertex in S%7) have cost ac®’. The partition of ver-
tices of each layer into s-sets, as well as the precise values of ¢ are functions
of the parameters m, ¢, h and «. Figure 1 (Appendix A.1l) gives an example
of a block. The precise construction of a block is fairly complicated (see Ap-
pendix A.2); we will focus mostly on important properties.

We say that an s-set crosses a certain set of columns if and only if the set of
columns in which the vertices of S lie intersects the set of columns in question.
Two s-sets cross each other iff the intersection of the sets of columns crossed by
each one is non-empty. Note that there is a 1-1 correspondence between the sets
S%J and vertices u®J, which means that several properties/definitions pertaining
to s-sets carry over to the corresponding u vertices (e.g., we will say that two u
vertices cross if their s-sets cross).

Let Ty = {v1,..., v} and To = {v], ..., v} denote two sets of | vertices each
(here [ has to be large compared to k, although it suffices to set [ > 2F), with
c(vi,u;) = 1 and ¢(u;,v;) = . Let E denote the set of columns induced by T
and T5. There is also a root 7 and edges from r to each v; of infinitesimally small
cost, and the same holds for the antiparallel edges from v; to r). In [2], graph G
then is derived by adding a single block B(F, k, 1), where k is the total number
of terminals requested by the adversary (see also Appendix A.2 for details).

We proceed with the description of the adversarial graph G. At a high level,
the construction is based on phases of insertions of appropriately defined blocks,
unlike GG which consists of a single block. We begin with T3, T, E and r defined
as above. Given the set of columns FE, in the first phase we add the block By ; =
(E,m,m/k), where m < k is a function of k and « that will be specified later.
Inductively, let B; 1, B; 2, . . . denote the blocks added during the i-th phase in the
construction of G. Consider the highest layer added so far, namely the highest
layer added at phase ¢, and let {S;1,S;2,...} denote the collection of s-sets at
this layer. For a set S; ;, in the above collection of highest s-sets, let T; ; C 1y
denote the set of vertices in 77 of the same column index as vertices in .S; ;. The



pairs (15 ;,5; ;) induce a partition of the columns of E into disjoint subsets of
columns (of equal size). More precisely, let E; ; denote the set of edges (vp, w),
with p € [1,1] such that w € S;;. Then, phase ¢ 4+ 1 consists of adding the blocks
B(it1),; = B(E; j,m,m/k), for all j for which the column sets E; ; are defined.

We want to ensure that ©(k) layers are added in total, since the adversarial
request sequence on G will request one u-vertex per layer. Thus the above process
is comprised of ©(k/m) phases. An illustration is given in Appendix A.1.

The algorithm—adversary game. We will describe how to construct an
adversarial sequence of requests o in GG. We begin by describing, in high-level,
the algorithm/adversary game in GG, and the corresponding request sequence &.
Later on, we will built upon this game in order to define . A detailed definition
of & is given in Appendix A.3.

e The adversarial game on é, and the sequence &

Consider G with k levels in total, and let x be the solution of z* = k,
hence x = O(log k/loglog k). The adversarial request sequence & consists of u-
vertices exclusively, and is comprised of x rounds: In particular, in round ¢ < x,
O((z + 1)) terminals are requested.

Every time a new terminal, say u, is requested in &, the online algorithm
must guarantee the existence of a directed path from the root to w, possibly
buying new edges. Among the many such paths the algorithm may establish,
the adversary will fix one such path, to which we refer as the connection path for
u, denoted by p(u). For the lower-bound analysis, we charge parts (edges) of a
connection path, then so long as we guarantee that each edge is charged at most
once, the total cost of all charged edges is a lower bound on the algorithm’s cost.
We need to summarize some properties of the sequence o, and how the edges of
the connection paths are charged.

As argued in [2], for every requested terminal u, the connection path p(u)
can be of one of the following two forms:

— Connection from r: A connection path which originates from r.

— Connection path from above/below. A connection path which originates from
a previously requested vertex that lies higher (resp. lower) than the requested
vertex u.

A main design aim in the construction of G and G is the presence of con-
secutive pairs of requests in a parent/child relation. The precise definition is as
follows: Consider the three s-sets S, .5, .S, in G with the property that S crosses
columns i,...j (with j — i+ 1 even number) whereas S; and S, cross columns
i,...(i+j—1)/2and (i+7+1)/24+1,...j, respectively. In addition, S; and S,
are at the same layer in G and both higher than S. We call S; and S, the left
and right children of S, respectively, and S their parent. The definition extends
to the corresponding u-vertices of these s-sets in the natural way: two u-vertices
are in parent/child relation if their corresponding s-sets are in such relation.

The sequence & is defined in such a way that almost all consecutive pairs
of requested terminals in ¢ are in parent/child relation. For such terminals, the



adversary takes advantage of the structure of G: Suppose that u is the last
requested terminal and that the children of u (say w;, u,) are present in G. Then
it is easy to argue that no matter what the choice of the connection path p(u),
the path will cross' exactly one of u;, u,: if it crosses u;, then the next terminal
to be requested is u,, and vice versa.

We summarize the important properties concerning o. We say that a terminal
u requested in the i-th round of the game is typical, if the next requested terminal
in 7 is a child of v in G. It turns out that there are ©((x + 1)*) typical terminals
in round 7 (recall that round i consists of ©((z + 1)*) terminals), thus almost all
terminals in a round are typical. We also define the depth of u in G as the total
cost of the directed path from the root r to the s-set to which u corresponds.
The following are important properties of & (for details see Appendix A.4).

Property 1 (cost property in ). Let u be a typical request of round ¢, which is
at depth d in G. Then:

(i) If p(u) is from the root, then the algorithm is charged cost £2(d).
(ii) If p(u) is from above/below, then the algorithm is charged cost 2 (ﬁ)

The following set of properties will be instrumental in deriving the adversarial
sequence o in G. The first property implies that an offline algorithm suffices to
buy edges of a single column (in the “downwards” direction), namely a column
that crosses the last terminal in &, as well as the corresponding directed edges
from s-sets to requested terminals. The second property will be useful in applying
iteratively the game in G to the design of the game in G, one time per phase.

Property 2 (structural property in 7). Let u be the current request in &, then:

(i) Every column that crosses u crosses all previously requested terminals in 7.

(ii) No connection path of any previously requested terminal crosses any columns
of u, and no edges in columns that cross u are charged by the adversary (with
the exception of u itself).

e The adversarial game on G, and the sequence o

We now show how to use G and & in order to construct an adversarial se-
quence o for G. At a high level, the game between the algorithm and the adver-
sary in G proceeds in ©(k/m) phases: the i-th phase requests u-vertices which
belong in a block in G that was added in the i-th phase of its construction. Within
this specific block, terminals are requested in a manner similar to requests in o:
this is because G essentially consists of a single block.

We describe how o is derived, as well as the actions of the adversary. In the
first phase, the adversary requests a total of m wu-vertices in the lowest block,
namely B ;. This is essentially identical to the game played in G, i.e., vertices

1 'We say that the connection path for a terminal crosses an s-set (or its corresponding
u-vertex) if it contains (vertical) edges in a column that is crossed by the s-set.



are requested in rounds. The only difference lies in the cost charged for the
connection paths (informally, in G, the vertices of By are in a higher depth
than vertices in CAv') However this does not affect the decisions of the adversary,
since we can still classify connection paths (from the root, or from above/below),
and we can still classify terminals as typical, in the same manner as in ¢. In
particular, the last requested terminal of the first phase satisfies Property 2.

Inductively, suppose that the adversary has requested terminals in phase 7,
and suppose that every terminal requested in phases up to and including phase %
satisfies Property 2. We will describe the requests of phase 1+ 1. Let u denote the
last terminal requested in the i-th phase, and S its corresponding s-set. From
construction of G, there is a unique block, say B;11 j, for some index j, which
was added in iteration 7 + 1 and which is defined over the set of columns which
are crossed by S. From the structural property, and in particular, Property 2(ii),
right before u is requested no columns crossed by w are charged by the adversary.
This implies that, once again, the adversary can play the same game in B;11 ;
as the game played in G , and charge columns in identical manner, without ever
charging an edge more than once. Phase ¢+ 1 then is comprised by the u-vertices
requested in rounds within block B;1 ;. It also follows from the construction of
G, as well as the induction hypothesis, that any terminal requested during this
phase satisfies the structural property. The sequence o is the sequence derived
by combining the requests of all phases: there are @(k/m) phases in total, and
©(m) requests per phase, hence there are ©(k) requests in o in total.

Because of the correspondence between phases and blocks, we say that a
terminal requested in o is typical if it is typical in the corresponding block in
which it belongs. Based on this,we derive the following property concerning the
cost of typical terminals in . Here, z is set to be ©(logm/loglogm).

Property 3. Let u be a typical request of phase j and round ¢, at depth d in G.

(i) If p(u) is from the root, then the algorithm is charged cost £2(d).
(ii) If p(u) is from above/below, then the algorithm is charged cost 2 (ﬁ %) .

Note that the cost scale-down in Property 3(ii) (compared to Property 1(ii))
is due to the fact that a phase in the game in G takes place in a block whose
columns are a factor (k/m) times cheaper than the columns of G. Also note that
x is a log / loglog function of m, not k, since each block contains m layers.

2.2 Analysis

For the purpose of the analysis, we need the following lemma:

Lemma 1. For the sequence of requests o on graph G, the following hold:
— The cost of the optimal offline algorithm is bounded by a constant.

— The cost of any deterministic algorithm is {2 (min{%, Q- lolgoigm})




Once we prove Lemma 1, then Theorem 1 follows by selecting a value m, so as

k loglog(k/a)
o log(k/a) '
Substituting this value in the cost expression, it is easy to see that both k/m

and o - lolofm are in {2 (a . lloigﬂ), and the theorem is proved.
glogm oglog(k/a)

to minimize the cost expression. In particular, we choose m = © (

Proof sketch of Lemma 1. The upper bound on the cost of the optimal algorithm
follows from the fact that there exists a column that crosses all terminals in o:
an offline algorithm will buy all downwards edges in this column, as well as edges
from the s-sets crossed by the column in question to all u-vertices in . The cost
of the latter edges is such that their total contribution is small.

For the lower bound on the cost of any algorithm, the rough idea is that
we classify each phase into one of two possible groups, depending on whether
the algorithm pays its cost mostly due to rule (i) or rule (ii) of Property 3. We
can prove that the first group contributes a total cost of £2(k/m), whereas the
second group contributes 2(«logm/loglogm). The overall cost will be at least
the minimum of these two expressions. See Appendix A.5 for details. ]

2.3 The upper bound

Theorem 2. Suppose that « is such that o € w(k'~¢), for every constant € €
(0,1), and also « € o(k). Then for every request sequence o, the cost paid by

GREEDY is cgr(o) = O (a . %) e(T*), where k = |o|, and T* is the

optimal arborescence for o.

Proof sketch. Partition T into ©(«) edge-disjoint trees T1, Ty, .. . each contain-
ing ©(k/a) terminals. Then the total cost for serving the first request in each of
these subtrees is small. On the other hand, we can show that the cost for serving

a% . c(Ti)). The lemma follows

from the edge-disjointness of the 7T;’s. See Appendix A.5 for details. |

all remaining terminals within 7; is O (

3 A non-trivial bound for online Euclidean Steiner tree
on the plane

In this section we present an algorithm for the online Steiner tree problem in the
Euclidean plane, and prove that achieves better competitive ratio than O(log k),
assuming the optimal Steiner tree has certain structural properties. The algo-
rithm is as follows: Suppose that terminal u is requested, and let T¢y,.» denote
the current Steiner tree built so far. The algorithm first finds a path of minimum
cost from u to the current tree, say p,, and buys this path. Let ¢(p,,) denote the
cost of the path in question. In addition, the algorithm buys horizontal and ver-
tical segments of size 2¢(p,) each, such that u is at the center of each segment?
Hence in serving request u, the algorithm pays a total cost equal to 5¢(py,).

2 The resulting graph may not be a tree, however this is not an issue since we only
require a connected graph that spans all terminals.

10



Before proceeding with the main result, we will show that the algorithm is
optimal when the underlying optimal Steiner tree has a relatively simple struc-
ture, in particular, when it is a basic tree with respect to the set of requested
terminals. We begin with the definition of a basic tree.

Definition 1. Let K’ = {u1,...,ur} denote a set of k' terminals, and let T’
be a tree that spans K' on the Euclidean plane. We call the tree T' basic (with
respect to K') if the following conditions are met: T' consists of a segment P,
which is either horizontal or vertical, and which we call the backbone of T, as
well as k' disjoint paths t1,...ty, one for each terminal in K', which we call
the terminal paths. Here, each terminal path t; is such that u; is one of the
end-points of path t;; the other end-point must be part of the backbone P.

Figure 6 (Appendix B) illustrates examples of basic trees.

The following is the main technical result, which states that if the optimal
Steiner tree for a set of terminals K is “close” to a basic tree wrt K, then the
online algorithm we proposed achieves the best-possible competitive ratio.

Theorem 3. Let K be a set of k terminals, and let T* denote the optimal
Steiner tree for K. If there exists a basic tree T such that ¢(T) = O(c(T™)), then
the cost of the online algorithm for requests in K is O(logk/loglogk) - ¢(T*).

The proof of Theorem 3 is based on techniques developed for the analysis of
the greedy algorithm for the online asymmetric Steiner tree in [3]. More precisely,
the central technical result in [3] is first derived for a class of directed graphs
(called combs) whose structure is very similar to the structure of a a basic tree
(see the statement of Theorem 3 in [3]). However, there are some important
technical difficulties, in that the analysis in [3] yields a high cost with respect
to the backbone of a comb (which would translate to a high cost with respect
to the backbone of a basic tree for our algorithm). Instead, we need a refined
analysis, that takes into account the geometric nature of the problem.

Specifically, we will rely on the following property (Lemma 2). In informal
terms, the lemma states that if a tree 7" is basic wrt a set of terminals K’, then
the online algorithm (on requests drawn from the set K') incurs cost which has
only a linear dependency in the backbone cost. That is, if the backbone cost
dominates the cost of 7" (in comparison to the total cost of terminal paths),
then the cost of the algorithm is linear in the cost of the basic tree T".

Lemma 2 (Appendix B). Let K/ = {uy,...up} be a set of k' terminals, and
let T" be a basic tree wrt K', with backbone P of cost ¢(P), and k' terminal
paths ty, ...ty . Suppose that terminals in K' arrive online. Then the cost of the
algorithm is O(c(P) 4k’ - ¢max ), where cmax s the cost of the longest path among
terminal paths t1, ...t .

A complete proof of Theorem 3 is given in Appendix B.

It is worth pointing out that the construction for the lower bound of Alon and
Azar [1] is such that the optimal Steiner tree is a basic rectilinear tree. Note also
that any full (rectilinear) Steiner tree (FST) is trivially a basic tree. Motivated
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by the decomposition of rectilinear Steiner trees to edge-disjoint FST’s , we can
also decompose every rectilinear Steiner tree into a collection of edge-disjoint
basic trees. We can thus extend our result to all instances whose optimal Steiner
tree consists of a small number of basic Steiner trees, in this decomposition.

Corollary 1 (Appendix B). Let K denote a set of k terminals, and let T*
denote the optimal rectilinear Steiner tree for K. If T* can be decomposed into a

polylogarithmic (in k) number of basic trees, then the cost of the online algorithm
for requests in K is O(logk/loglogk) - C(T*).
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Appendix

A Details for Section 2

A.1 Examples

The following figure illustrates an example of a block:

S Sy
(e ) ([ ) ([ ) ([ ) ([ ) ([ ) ([ ) ([ b ) C

(e 3 q 3 q 3 q o) (o 3 q 3 q 3 q )l

[l > L. I] [l > L. I][l > L. I][l > L. I]

(o > L > L > L > L > L > L > L ) T2

Fig. 1. An example of a block construction. Here I = 16 (i.e., there are 16 columns),
and the block consists of three layers (the first layer consists of 4 s-sets, the second of
2 s-sets and the third of 8 s-sets. For simplicity, the figure illustrates only s-sets: in
reality, each s-set is associated with a u-vertex. Note that according to the definition
of Section 2.1 the two s-sets S; and S, are both children of the s-set denoted by S.

Figure 2 illustrates the example of an adversarial graph G, for the case in
which the construction requires two phases.

A.2 A formal definition of a block construction, and of the graph g

In this section we present the formal details behind the construction of a block
B(E,m,h), as well as the construction of the graph G.

Let 71 = {v1,...,u} and Tp = {v],..., v/} be two disjoint sets of [ vertices
each (again, we may think of vertices of T as located higher than vertices of
T>). We require that 77 and T have the property that all edges of the form
e; = (v;,v};) have the same cost, say ¢, while all antiparallel edges €; have cost
ac. Let E denote the set {e;]|i € [1,1]}. On the collection of edges E we define a
construction denoted by (E, ¢, g, h) which we call layered component or simply
component and which, informally, adds vertices in edges in E in layers. Here, ¢
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Fig. 2. An example of the construction of GG, for the case in which the process requires
two phases. Here, each phase will insert a block as depicted in Figure 1, as evident
in the shape of Bi,1. In particular, the eight shaded regions corresponds to the eight
blocks of the form B ;... Bags.

and ¢ are parameters used in the construction (and will be given precise values
later), and h is the argument in B(F, m, h). The construction is as follows (see
also Figure 3). Layer 1 consists of [ vertices inserted at height h/q, one for each
edge in E. Call those vertices w'!,...wh!. We group these vertices into 2 = 2
groups, namely 11 = {wh1, .. wh/2} and §12 = {what! . w''}. We also
add two new vertices, v and u"?2, such that for every vertex w € S1?, with
i € {1,2}, there is an edge of cost g from w!'? to u! and an edge of cost ag
from u'* to w'?. Recursively, suppose that layers 1,2,...5 — 1 < ¢ — 2 have
been defined, we show how to derive layer j. Let E’ be the collection of edges of
the form (v;, w?~1%), after layers 1,...j — 1 have been created. By construction,
all of them have the same cost, which we denote by ¢’. Again, we insert [ new
vertices w’'!, ... w?! at height h/q for each edge in E’ which we then partition
(left-to-right) in 27 groups S7',...,57? all of the same size; namely, group S’
consists of vertices {w? 2 )+ (D)) We also add 27 new vertices
ul, .. u?? such that for every vertex w € S77, there is an edge from w to u?*
of cost g, and an edge from u’ to w of cost ag. We stop when ¢ — 1 layers in
total have been defined.

We will call a set of the form S%/ an s-set. We will also say that a set of
vertices S crosses or intersects a certain set of columns if and only if the set of
columns in which the vertices of S lie intersect the set of columns in question.
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Fig. 3. The structure of a component for the case ¢ = 3, and [ = 8. For simplicity, we
assume ¢ = h = 1.

Two sets of vertices cross each other iff the intersection of the columns each
one crosses is non-empty. Similar definitions apply for a set of edges: a directed
edge which lies on column ¢ is said to cross column i. Note also that there is a
1-1 correspondence between sets S%7 and vertices u/, which means that several
properties/definitions pertaining to S-sets carry over to their corresponding u-
vertices: we will use this correspondence to make the discussion more accessible
(at a slight abuse of notation).

Note that in the layered component, a set S7* at layer j crosses a set of
columns J = J; U Jo (where J; and Jy are disjoint sets of columns) such that
one s-set at layer j + 1 crosses Ji (and only J7) and another s-set in layer j + 1
crosses J> (and only Jo). We call these two s-sets the children of S7% (or we say
that S7% is their parent). We extend this definition to the u-vertices to which the
s-sets described above correspond. Namely, the children of u/* are the u-vertices
corresponding to the children of set S7. By convention, we will also say that
the children of T are S™! and S%2.

We now proceed with the description of B(E,m,h). At a high level, the
construction is based on a recursive series of insertions of appropriately defined
layered components. In particular, we will show how to construct a family of
graphs By, By, ..., B,: B(E, m, h) will then be defined as B, for a suitable choice
of the value p. First, denote by By the graph which consists of two sets of vertices
Ty = {v1,...,u} and To = {v],..., v/}, as well as the edges induced by these
two sets.

For the sake of clarity, we first present the construction of By, the construc-
tion of B; for larger values of i will follow next. Suppose that z’ is such that
(2/)") = m, which means that =’ = @(log’igm) (recall that m is the argument
in B(E,m,h)) . We let « denote |2’ |. By is derived by inserting only one com-
ponent, namely Cy = (E,z,h/(c-z?),h). The height Hy of Gy is defined as the
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total number of layers added by the construction, plus one (to account for T;
and Ts which we may think of as layers on their own; we define the height of 75
to be zero). After the insertion of the component, we partition the set of all [
columns into a collection of 2% disjoint sets of columns R = {Ry,... R &L }, with
the property that column y € [1,1] is in class R; if and only if it crosses Sf_l’i. In
other words, there is a class in R for each of the highest s-sets in the component
Ch.

We will also use the notation L7 to denote the m-th (from left to right)
s-set in GGp at height j. By convention we consider L?"l = T,, while Lf"l =T,
to reflect that 77 and 75 constitute the bottom and the top level, respectively.

We now describe how to define B;; 1. The construction is presented in pseu-
docode Similar to the case of i = 1, we use the notation L™ to denote the m-th
(from left to right) s-set in B; at height j. Lf is then defined simply as the union
of all L™,

1 for j=0to H; —1do
2 for every m such that L = L™ € L do
3 Let C(L) C LJ™" denote the collection of s-sets in L7 ™" with the
additional property that each s-set in C(L) is consecutive to L in B; ;
for every L' € C(L) do
5 Partition the set of columns crossed by both L’ and L into a
collection of classes P = {P1, ...} such that P; consists of columns in
one of the classes in R and only that class;
for each class P; do
7 Let E’ be the set of edges from L’ to L which are on the same

column with class P; ;

Perform the layered insertion (E',z, h/(cz'™?), h). ;

end

'S

=]

10 end

11 end

12 Update the partition of the column space R: Redefine R such that all
columns crossed by the same highest s-set inserted in this iteration(i.e., for
the current value of j) are placed in the same partition ;

13 end

Algorithm 1: Pseudocode for the creation of B;;1

An example of the construction is given in Figure 4

Having defined B,, it is now very easy to define the adversarial graph G. We
start with 77,75 as above, and ¢ = 1 (i.e, the downwards cost of any edge is
1). We also use the parameter h = 1. Finally, we set m = k. Let CAv'Z- denote the
graph which consists of B;, with the addition of a root vertex r. There are edges
from r to each vertex in 77 of infinitesimally small cost (which for the purposes

of the proof can be thought to be 0). Then the adversarial graph G is defined as
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(

Fig. 4. Example of the construction of G. Bold rectangles depict the layers of the only
component of G1. The eight s-sets of the highest layer of this component induce a par-
tition of the column space into 8 classes. Shaded rectangles correspond to components
of the form Cs a4, with id =1...8.

graph ép. Since B; is derived from B;_; (with the addition of the root r), we
can also say that G; is derived by G;_;.

The following lemma is easy to show (proof omitted). Here z is the solution
of x* = k.

Lemma 3. Let [; denote the total number of levels in @i (including Ty, Ts).
Also let n; denote the number of “new” levels added when obtaining él from
Gi—1 (i.e., ng=1;—1l;—1). Then l;,n; € O((x+1)"). In addition for p = x, there
are O(k) levels in ép.

For the remainder of this section, x has a value of O(log k/ log log k).

In the next section we show how to derlve o based on graph G. We say that a
u-vertex (resp. S-set) is a vertex/set of G, if it is present in G; but not in G;_1.
Note that such a vertex is present in all graphs G i with j > 4. For simplicity we
will assume wlog that @p has exactly m levels. (the proof is only slightly more
complicated if this is not the case, e.g. we must set [ = 2€(™) instead of 2m))

Having defined the construction of @i, we need a more convenient way of
identifying all components present in graph G;. In particular we will use the
notation Cj;iq to refer to the component inserted during the construction of
graph él between levels [ and [+ 1 of CAv'i_l (which means that [ ranges between
0 and H;,_; — 1) and has a certain component id, which is simply determined
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by numbering the components from left to right for each such fixed value of [.
Within a specific component C;; j, we use the notation S7}',"** to define the
m1-th s-set from bottom to the top of the component (i.e., located at the mq-th
layer of the component) which is also the ma-th s-set from left to right among
all s-sets in that layer). The corresponding wu vertices will be identified in the
natural way, i.e, u;3';""* is the u-vertex corresponding to 5"

A.3 The algorithm/adversary game

At a high level, the game in G proceeds in rounds. Only u vertices are requested.
In round 7 , the algorithm will request vertices of G; only in a bottom-up fashion,
i.e., from lowest to highest height. The important property that the adversary
will guarantee is that all requested wu-vertices have corresponding s-sets which
all lie on the same unique path of down-edges from r. This will ensure that the
optimal cost is bounded by a constant. On the other side, we will show that the
algorithm will have to pay a high cost per round (roughly ©(min({k;,z})), where
k; is the number of vertices requested at round ¢. This means that the algorithm
will pay (roughly) either a constant cost per request, or a cost proportional to
x per round.

We begin with certain preliminary definitions and conventions. Each time
the adversary presents a new request, namely a certain u-vertex, the algorithm
must guarantee there is a (directed) path from a previously requested vertex to
u, possibly buying some new edges. Among all possible such paths the adversary
will fix/choose one such path, which we call a connection path. For this path, our
analysis will charge only parts of it (i.e. specific edges) to the algorithm. If we
ensure that each edge bought by the algorithm is charged at most once, then the
total cost of all charged edges cannot exceed the actual cost paid by the online
algorithm. Without loss of generality we will assume that the connection path
is acyclic (otherwise we simply bypass all cycles).

Consider now a u-vertex requested in round 4, and its connection path p(u)
chosen by the adversary. We observe that p(u) can be chosen so that it is one of
the following three types:

— Connection path from r: A connection path which originates from r and does
not visit any previously requested vertex.

— Connection from above: A connection path which originates from a previ-
ously requested vertex which lies higher than v in G; (and visits no other
previously requested vertices).

— Connection from below: A connection path which originates from a previ-
ously requested vertex which lies lower than u in G; (and visits no other
previously requested vertices).

To illustrate the main ideas of the game, we describe the intuition behind
the actions of the adversary during the first round of the game, namely when
the adversary requests u-vertices in (1. Later we will describe the game in a
more formal way. Since there is only one component in GG1, we omit subscripts
for simplicity, in this example.
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The first round begins with request u!*' which corresponds to S':!. The
algorithm will buy a connection path from r, say p(u'!). The adversary will
then charge “down”-edges in this path (but no other edges). Observe that no
matter what the connection path is, there is a child of S*! in the second layer
of the component, which does not cross any columns of the charged edges. The
adversary will choose this child as its second request; call this child u, and its
s-set S. At this point, there are two choices concerning the connection path p(u):

— Case 1. p(u) is of the form shown in Figure 5: namely, it consists of down-
edges, from r down to (at least) the level of u'l. In this case we charge the
algorithm will the cost of one down-edge per level, from r down to the level
of w1 in Gj.

— Case 2. The connection path is as in Figure 5: namely the connection path
consists of “up”-edges between the level of u! up to (at least) the level of
u. We charge the algorithm with the cost of one up-edge per level from the
level of u'! up to the level of w.

Fig. 5. Depictions of Case 1 (left) and Case 2 (right).

In either of the above cases, let ¢(p) denote the part of the connection path
p(u) (i.e., collection of edges) which is charged. Hence depending on which case
applies, different edges will be charged, and different costs will be incurred. The
critical observation (along the lines of the earlier observation concerning u!'+!)
is that exactly one of the children of u in C' will correspond to an s-set which
does not cross columns with the columns of ¢(p); call this child . This provides
a good strategy for the adversary to choose its next request; in fact u’ will be
the next request. In particular, once again,the connection path to u’ will either
result in a charge of “down”-edges from r down to the level of «’, or a charge of
up-edges from the level of u up to the level of u’. We continue the game until we
reach a vertex at the top layer (layer 2 — 1) of the component, at which point the
first round concludes® The algorithm yields a charge for (almost) all the layers

3 In order to ensure that no edge is charged more than once, we will not charge any
cost incurred at the first and top (x — 1)-th layers of each component. Since this only

19



in the component: if the majority of such requests were charged as in case (1),
then the total charge is {2(k1), where k; is the number of requests in graph @1;
otherwise the total charge due to requests charged as in case (2) will clearly be
£2(a). Therefore, the charge incurred during round 1 is 2(min{k;, a}).

For round 2, the adversary will play a strategy defined along the same lines;
however, instead of requesting vertices within a single component only, the ad-
versary will request vertices in H; components in total, where H; is the height of
(1. More precisely, round 2 begins with identifying the set of critical columns,
namely those columns which cross the highest s-vertex requested in round 1
(which was also the last vertex requested in round 1); then the adversary identi-
fies the unique component of the form C5 g ;4 for some id which crosses exclusively
the critical set of columns. For this component,the algorithm plays a game very
similar to the one corresponding to round 1 (which, recall, takes place within a
single component). Once “done” with this component, the critical set of columns
is updated to reflect the set of columns crossed by the last request (or more pre-
cisely, the s-set of the last request) so far; the algorithm then proceeds with the
next unique lowest component in ég which crosses only edges of the critical set
(a component of the form Cs 1 ;4 for some id’). This repeats until the algorithm
has completed requests within H; components, in which case round 3 begins.
The game continues for p rounds.

In the rest of this section we give a more formal description of the game.
Consider the input graph G and any two s-sets s; and sy such that s; is higher
than so and the two s-sets cross each other. We say that a directed path p includes
all down-edges between s1 and sy (resp. all up-edges) if the path includes one
down-edge (resp. up edge) per level, for all levels between s; and ss.

The following is a basic property concerning the connection paths which can
be derived by observing the structure of the request graph (proof omitted).

Property J. Let C be a certain component in G and let $%7, with i < z — 1 be
an s-set in layer i of C' with children S+, §i*1.J2 guch that: the correspond-
ing vertex u®/ has already been requested, and no other u-vertex in C' located
between the level of S»7 and the level of its children in G has been requested.
Suppose that the next request, is a child of u*/, say u't1J1. Let p = p(uit171)
be the connection path for this request. Then:

— If p is a path from r, then the connection path will always include all down-
edges between 7 and STt

— If p is a path from below, then then the connection path will always include
all upward edges between S*/ and S*+1Jt,

— If p is a path from above, say from a previously requested vertex u’, then
the connection path will always include the edge (v, s’) from v’ to its cor-
responding s-set s’ such that S**171 crosses s'.

In addition, if ¢(p) denote either i) the set of up-edges between S* and S**1J1; or
ii) the set of down-edges between r and S*T1J1; or ii) the edge (u/, s’) (depending

happens for 2 our of the x — 1 layers, this technical point will not affect the analysis.
We call all charged terminals typical.
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on which case applies) then exactly one of the children of S**J will not cross
columns with the columns of ¢(p).

The first part of the property suggests that the connection paths have a cer-
tain structure. The second part of the property suggests a way for the adversary
to request the “appropriate” child of the last request as the next request to be
presented. In particular, let us denote by @ the last requested vertex, and p(u)
the corresponding connection path for @. Then, the second part of the property
shows that given ¢(p(u)), as defined in the statement of the claim, there is a
unique child of @ (within the component to which @ belongs) which does not
cross the columns of ¢(p(u)). We will use the notation ch(q(p(u)),u) to denote
this unique vertex.

To make the above more precise, the adversary will play the game as shown
in the following algorithm

Initialize the critical set to the set of all columns {1,...,1} ;
for i =1 to p do

1

2

3 REQUESTS(G)
4 end

Algorithm 2: Pseudocode for creating .

~

where REQUESTS(G;) is the strategy for requesting vertices which belong in
(G;, described in what follows:
From the structure of the graph, one can easily prove the following property:

Property 5. Let M; denote the number of columns with the property that they
cross the s-sets of all vertices requested up to and including the i-th request.
Then M; = £.

Proof sketch. First, observe that the set of columns crossed by the s-set which
corresponds to the i-th request crosses all s-sets for vertices requested in it-
erations 1...7 — 1. In addition, this set crosses, by construction, exactly [/2¢
columns. a

Property 5 implies that the adversary/algorithm game is feasible, in the sense
that it can go on for k iterations, namely as many as the number of terminals
requested by the adversary.

A.4 Properties of the adversarial sequence &

We will now summarize some important properties concerning o.
Let u be a vertex requested at round i (i.e., a vertex which belongs in graph

~

G;), and p(u) its corresponding connection path. Recall that Property 4 provides
a classification of the connection paths. Our charging scheme is based on this
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1 for!=0to Hi — 1 do
2 Find the unique component Cj; , (for some index y) which crosses all
columns of the critical set ;
3 for j=1toxz—1do
4 if j =1 then
5 request u = ui’ll’y ;
6 update U «— u ;
7 end
8 if j =2 — 1 then
9 u = ch(q(p(w)), ) ;
10 update the critical set to the set of columns crossed by the s-set to
which w corresponds. ;
11 end
12 else
13 request u = ch(q(p(®@)), ) ;
14 for the connection path p(u) chosen update u < u and p(u) <« p(u) ;
15 end
16 end
17 end
18 .

Algorithm 3: Pseudocode for REQUESTS(G;)

classification. In particular, we will charge certain edges in ¢(p), and only such
edges (with the exception of the lowest and highest layers in a component as
argued earlier). There are three cases:

— Case 1: q(p) describes up-edges. In this case, the cost charged to the algo-

rithm is o - ﬁ (since ¢(p) includes all up-edges between two consecutive
levels at graph Gj).

— Case 2: q(p) describes down-edges from s. In this case, the cost charged to
the algorithm is the cost of all such down-edges, down to the level of w.

— Case 3. q(p) describes an edge of the form (u’, s’) such that «’ is a previously
requested vertex. Since u’ belongs to some @j, with j < ¢, the charge in this
case is at least —74 > .

The three cases above yield the statement of Property 1. The structural
property (Property 2) follows directly from the construction of the adversarial
sequence o.

A.5 Details for the proofs of Section 2

Proof of Lemma 1. Given the adversarial graph G and request sequence o,
we need to upper-bound the cost of the optimal off-line algorithm and lower-
bound the cost of any deterministic offline algorithm. For the former, we use
the property that any column that crosses the last requested terminal in o also
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crosses all terminals in 0. Hence we can construct an offline solution by buying i)
a path from r that consists of all downwards edges in any one of these columns,
and crosses all s-sets of terminals requested in o, at a cost equal to 1; and ii)
all directed edges from the s-sets in question to the corresponding requested
u-vertices. Recall that there in the i-th round of any fixed phase, O((x + 1)%)
terminals are requested. Here, « is such that © = ©(log m/ loglogm). In addition,
for such terminals, the cost of the directed edge from their corresponding s-set is
equal to —4+ 2 (this is set in line 8 of Algorithm 1). Since there are k/m phases,
the overall cost of such edges in the offline solution is upper bounded by

© (% Y 1)i)> -0 G S+ é)) ,

i=1 i=1

and 137 (14 1)" < e where e denotes the base of the natural logarithm.
Hence the optimal cost is upper-bounded by a constant.

To lower-bound the cost of any deterministic online algorithm, we use the
cost property (Property 3). Let r; ; denote the ¢-th round within the j-th phase
of 7, and k; j the number of typical terminals within round r; ;. Let k} ; and k7
denote the number of typical terminals requested in round r; ; which are charged
according to Property 3(i) and Property 3(ii), respectively. If kllj > k; ;/2, then
we say that r; ; is of type 1, otherwise we say that r; ; is of type 2, and with a
slight abuse of notation we say that r; ; = 1 or r; ; = 2, depending on which case
applies. For a given j € [1,k/m] we also define r; = 1, if there are at least z/2
values for ¢ for which r; ; = 1, otherwise r; is set to be equal to 2 (to simplify the
analysis, we assume wlog that there are exactly k/m phases). Note that every
phase j for which r; = 1, 2(2%/?) = £2(\/m) terminals are charged according to
rule (i) (Property 3). We now distinguish two cases:

Case 1: r; = 1 for at least k/(2m) values of j. In this case, there are at
least k/(2m) phases, with the property that at least £2(y/m) terminals in each
phase are charged according to rule (i). Hence 2(£/m) = Q(\/—%) terminals are
charged according to this rule, and their contribution to the cost of the algorithm

is at least
k//m

l k
0 - = — .
> 1)-2(x)
1=1
This follows from the fact that there exists at most one requested terminal per
level, and the [-th smallest possible depths are thus 1/k,...,1/k.

Case 2: r; = 2 for at least k/(2m) values of j. For any phase j with r; = 2, at
least 2/2 rounds of the phase are such that at least half the typical terminals in
the round are charged according to rule (ii) (Property 3). The cost of any such

round 4 in phase j is Q(WW(J; +1)") = 2(a%), thus the cost of phase j is

$2(ax), and the overall cost of all phases in this case is

0 (f oz - %) = Qax).

m
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Combining Case (1) and Case (2), and since the optimal offline cost is
bounded by a constant, it follows that the competitive ratio of the algorithm

is at least
(9} (min {E, ailogm })
m’ loglogm

which concludes the proof of the lemma. o

Proof of Theorem 2. We will use the following lemma that provides a useful
partition of T* into subtrees of roughly the same number of terminals.

Lemma 4 ([2]). There exists a partition of T* into a collection of | = O(«)
edge-disjoint trees Ty, ...T; such that each such that each tree in the partition
contains O(k/a) terminals.

We note that the partition need not be vertex disjoint, in the sense that a
terminal may belong to more than one trees, however this is not critical, since we
can think of each terminal as being assigned to exactly one tree in the partition
(that is, we can choose arbitrarily to which tree the terminal is assigned).

For each tree T}, let K; denote the set of terminals in o assigned to 7;, and
t; denote the first terminal in the request sequence o which belongs in T;. For
any K’ C {o}, let cgr(K’) denote the cost paid by GREEDY for requests in K.
We have that

l l
car(K) = car(ti) + Y car(Ki\ {t:i}) (1)
i=1 =1

Cost Zlizl car(t;) is bounded by O(a - ¢(T%)), since I € O(a). On the other
hand, using the result of [3]

cor(Ki\ {t;}) = O (max{alog(k/a) o Jog(k/a) )} . C(Ti)>

logae 7 loglog(k/a

We emphasize that the above bound applies even though ¢; need not be the root
of T; (this follows from the fact that the proof in [3] bounds, essentially, the cost
paid by terminals other than the first one in the sequence).

Since a € w(k'7¢), it is clear that loglog(k/a) < logca, hence we have

that car(K; \ {t;}) = O (a%), and the theorem follows from the edge-

disjointness of the T;’s. O

B Details for the proofs of Section 3

B.1 Examples of basic trees

Figure 6 illustrates examples of basic trees.
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Fig. 6. Examples of basic trees with horizontal (left) and vertical (right) backbone.

B.2 Preliminaries

We begin with some preliminary discussions and definitions. First, we observe
that every basic tree T' (wrt a set of terminals K) can be transformed to a tree
T’ that spans K, such that every terminal in K is connected to the backbone
of T by means of a straight segment that is perpendicular to the backbone;
moreover this transformation does not affect, within constant factors the cost of
the basic tree, in the sense that ¢(T") = O(¢(T)). We will thus assume, from this
point onwards, that this is the structure of every basic tree.

The transformation is very simple: for every terminal u, replace the terminal
path with its projection to the backbone of the basic tree. If this projection
falls “outside” the backbone, we simply extend the backbone accordingly. This
substitution does not affect the overall cost of the basic tree, and can be repeated
for every terminal.

Definition 2. Let T’ denote a basic tree wrt a set of terminals K'. Let uy, ... up
denote the k' terminals in K', in increasing order of their x-coordinates (if the
backbone is a horizontal segment), or in increasing order of their y-coordinates (if
the backbone is a vertical segment). Let also v; denote the point at the intersection
of the terminal path for terminal u; and the backbone P. For a terminal u; in
T" we say that its index is i. For two terminals u;,uj in T" with i < j we say
that u; precedes w; in T’ (denoted by u; < w;). We say that u; is between u;
and w;r iff u; < w; < wy. For u; < u; we call the path pr/(v;,v;) the segment
of u;, u; and we denote it by s(u;,u;). Here, pr(-,-) denotes a path in T" that
follows segments (edges) of T' The interval (u;, u;) is simply the pair of indices
of the two terminals, namely the pair (i,7). A terminal u; is in the interval (4, j)
if u; 2w X u; (here u; = w; means either u; < w; or w; is identical to u;).
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With a slight abuse of notation, we use the term “segment” to refer to both
a path and its cost, when this is clear from context.

B.3 Proof of Lemma 2 and Corollary 1

Proof of Lemma 2. Partition the set K’ into two subsets, say K] and KJ.
Here, K is defined as the set of all terminals u € K’ such that at the time u
is requested, the shortest path to the current tree has cost at most 2c¢p ., and
K} is simply defined as K’ \ KJ. Since the algorithm pays a cost of at most
2¢max + 4 - 2¢max = 10¢max, for each terminal in K7, it suffices to focus on the
set K only.

Without loss of generality, suppose that the basic tree is such that its back-
bone consists of a horizontal segment (the case of a vertical segment follows a
similar argument). For terminal u; in K, let the cost of the shortest path from
u; to the tree be equal to s; = 2cmax + Ai. We will argue that Y-, \; < ¢(P),
which then completes the proof of the lemma. When serving u;, the algorithm
will buy a horizontal segment of length equal to 2s; > \;; let x}, 27 denote the z-
coordinates of this segment. The main observation here is that no future request
u; € K} can have z-coordinate in [z}, 2?]: if this was the case, then the shortest
path connecting u; to the current tree cannot exceed 2cmax, hence u; should
belong to K instead. This implies that for every terminal u; € K}, at least a
length of \; of the horizontal segment bought by the algorithm (when serving w;)
is such that it does not share xz-coordinates with the horizontal segment bought
when serving any other terminal u; € K5. But then these lengths cannot exceed
the total length of the backbone, in other words >, \; < ¢(P), which concludes
the proof. O

Proof of Corollary 1. We partition all terminals in K into two sets: Set K3
consists of all terminals u such that at the time u is requested, no other terminal
in the basic tree to which u belongs has been requested. Set K> is then defined
as the set K\ K;. We will bound the cost incurred by the algorithm on sets K
and KQ.

First, recall that the online algorithm will always buy a shortest path to
the current tree, and pay a total cost proportional to the cost of this shortest
path. This implies that we can apply the analysis of the greedy algorithm for
the online Steiner tree in general (undirected) graphs (see [12]). In particular, it
follows that the cost of the algorithm for serving all requests in K is O(log | K1),
and since there are as many terminals in K as basic trees in the decomposition
of T*, it follows that this cost is bounded by O(loglog k). ‘ ‘

Second, consider all terminals in K5. We can write Ky as U; K3, where K7 is
the set of all terminals that belong to the j-th basic tree, say T} in the decom-
position of T*. From Theorem 3, we know that the cost for serving all terminals

in KJ is O (mlg;%;é{'g) -¢(T}), where ¢(Tj) is the cost of tree T}. Since all basic

trees are edge-disjoint, we obtain that the cost for serving all terminals in K is
log k
0 (loglogk) (1)
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The Theorem follows from combining the cost contributions due to sets K;
and KQ. O

B.4 Proof of Theorem 3

The proof applies the techniques used in the proof of the main result in [3]. The
main idea is as follows: We need to determine a rule for assigning each terminal
u € K’ to another terminal in K’, which we call the mate of u and we denote
it by @, such that @ has been requested earlier that u. Let pr(u,u) denote the
path between u and w that follows edges of T”; we call this path the connection
path for u. From the statement of the algorithm, it then follows that the overall
cost incurred by the algorithm in order to serve all requests in K’ is bounded by

o(K') <5 Y clpr(u,1)). (2)

ue K’

The objective is to provide a careful assignment of terminals to mates such
that the RHS of (2) is small compared to ¢(T").

Unlike the analysis in [3], in this proof we do not provide explicit connection
paths for all terminals in K’. Instead, for a certain subset of terminals (to be
described in detail later), we will bound the cost incurred by the algorithm using
Lemma 2.

The first step towards bounding the cost of the connection paths for the
terminals is to assign each terminal to a unique mate. This assignment is deter-
mined by Algorithm 4. We also seek a partition of terminals as they are being
requested, in particular, every terminal becomes the member of a unique run
(we can think of each run as being assigned a unique integer id, starting with
0 and increasing by 1 every time a new run is initiated). For a terminal u we

denote by run(u) the run to which v is assigned. Define x as the solution to the
log k'

: T __ / — —sr
equation to z* = K, hence v = O(; e

assume that z is integral.

Let w = ur,,, denote the current request (i.e., the (i+ 1)-th requested termi-
nal among terminals in K’), and U; denote the set of the i previously requested
terminals. Every terminal v (with the exception of terminals in run 0) is char-
acterized by two unique terminals in the set U;, say terminals w;, u;, € U; such
that u; < u < up, and no other terminal in U; is in the interval (u;,up). We
call u; and uy, the immediate successor and predecessor of u, respectively, at the
time of the request to u. After u is revealed, the algorithm assigns a label to each
of the resulting intervals (u;,u) and (u,up). There are four types of labels an
interval can be assigned, and their semantics is related to the action at the time
u is requested:

). Without loss of generality we will

— If the interval (u;, up,) has been labeled free, then u will initiate a new run,
say r. We call u the initiator of r (denoted by in(r) = u).

— If the interval (u;,up) has been labeled left then u will be assigned u; as
its mate (i.e its immediate predecessor at the time of request).
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— If the interval (u;,up) has been labeled right then u will be assigned wuy, as
its mate (i.e. its immediate successor at the time of request).

— A blank label is the default labeling for an interval, and is implied if the as-
signment algorithm does not explicitly assign a label in the set {free, left, right}.

At a high-level, the assignment algorithm works as follows: In the event u
is not between two terminals in U; (i.e., it does not have either a successor or
a predecessor in U;) it will become part of run 0 (lines 1-9): this is a set-up
phase for all remaining runs. Otherwise, let uw; and uj; denote the immediate
predecessor /successor of u among terminals in U;, at the time wu is requested.
(Note that g, is defined as the terminal of highest index in the basic tree,
among terminals in U;, whereas iy is the terminal of smallest such index).

If the interval (u;,up) is free, then the assignment algorithm invokes algo-
rithm Free which initiates a new run, say r: the run is associated with a repre-
sentative, defined as rep(r) = uy, the left-end of the run, defined as I(r) = u; and
a segment, defined by seg(r) = s(uy, up) = s(I(r), rep(r)). The representative of
the run is assigned to be the mate of u. Last, we set the parameter R(u’) to be
equal to r, for all v’ between u; and wuj, in the basic tree. The meaning of this
assignment is that future requests for terminals within (u;,up) should become
members of the run 7 (unless their R() value changes, in the meantime, due to
subsequent requests).

In any other case the assignment algorithm invokes algorithm NonFree which
assigns u to the run r = R(u), and follows a more complicated rule for assigning
a mate and labels: More specifically, if the interval (u;,up) is left (resp right)
then the assignment and labeling is performed in lines 2-6 (resp 7-11), and u
is assigned its immediate predecessor (resp. successor) as its mate. The only
remaining possibility is for (u;, up) to be a blank interval (lines 13-23). In this
case, if u is “close” to u; (resp. up) wrt the cost s(u;, u) (resp. s(u,up)), then u
is assigned w; as its mate in lines 13-16 (resp. u is assigned wuy, as its mate in
lines 17-20). The last case is when u is not close to either terminal (line 22). We
will treat this case separately, by relying on Lemma 2.

It is easy to show that the connection cost for terminals in run 0 is small
(i.e., at most O(c(T")), we need to focus only on terminals in runs> 0 . We will
express the total cost paid by the algorithm on all terminals in K’, as the sum
of four partial costs, denoted by C1,...Cy (Cy, Co, and C5 apply to terminals
in runs other than run 0). In particular:

— (1 is defined as the cost of connection paths due to terminal paths (i.e., the
cost of all terminal paths that are included to some connection path).

— (5 is defined as the cost of connection paths due to edges in the backbone
of T” (here, by “edge” we mean a segment of consecutive v-vertices in the
backbone). More precisely, connection paths established in line 3 or line 14 of
NonFree (i.e., when the current request is assigned its immediate predecessor
as its mate), or in line 8 or line 18 of NonFree (i.e., when the current request
is assigned its immediate successor as its mate).

— (3 includes two contributions: First, the cost of connection paths due to
edges in the backbone P, and which are bought by connection paths estab-
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Input : Request u and the existing assignment of terminals in U;
Output: Assignment of v to an appropriate run and an appropriate mate

1 if u > Umas then

2 assign u to run 0

3 mate(u) «— Umaz

4 label interval (umaz,u) free

5 end

6 if u < umin then

7 assign u to run 0

8 mate(u) «— Umin

9 label interval (u, umin) free

10 end

11 else

12 Let u; and up, be the immediate successor and predecessor of u, among

terminals in U;

13 if interval (u;,un) is free then

14 Free(u,u;,un)

15 end
16 else
17 Non-free(u,u;,up)
18 end
19 end

Algorithm 4: Assignment of terminals to runs and mates

1 Initiate a run r with seg(r) = s(ui, un); set rep(r) < up and I(r) «— w
2 label (u;, ) and (u,up) blank

3 Set mate(u) < up

4 if s(u,un) < seg(r)/x then

5 label (u,un) left

6 end

7 if s(u,u) < seg(r)/x then

8 label (w;,u) right

9 end
10 For all v’ € C, with u; < v’ < uy, set R(u') «r

Cs.

Algorithm 5: Algorithm Free(u, u;, up)

lished in line 3 of Free. Second, the contribution to the algorithm’s cost
due to line 22 of Non-Free. Recall that these terminals will require a special
treatment.

Cy is defined as the cost of connection paths for terminals in run 0 (whose
overall contribution is very small, as stated earlier).

Since Cy € O(c(T")), we only need to bound the contributions of Cy, Cs, and
Of these costs, the analysis of [3] implies that C; € O(ze(T")) (follows by

section 3.4 in [3]) and the same also holds for Cy (follows by section 3.4 in [3]).
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1 Assign u to run 7 = R(u). Label (u;, u), (u,us) blank
2 if (w;,up) is left then

3 set mate(u) «— w

4 label (u;,u) free

5 label (u,up) left

6 end

7 if (w;,up) is right then

8 set mate(u) «— up,

9 label (u,un) free
10 label (w;,u) right
11 end
12 else

13 if s(ui,u) < seg(r)/x then

14 set mate(u) «— w

15 label (u;,u) right

16 end

17 else if s(u,up) < seg(r)/x then
18 set mate(u) «— up,

19 label (u,un) left
20 end
21 else
22 No assignment to a mate; treat this case separately using Lemma 2
23 end
24 end

Algorithm 6: Algorithm NonFree(u, u;, up,)

Essentially, these two bounds follow easily by ignoring the factor «, since in the
Euclidean Steiner tree problem there is no concept of asymmetry.

Remains then to bound Cj; in particular, our objective is to show that Cs5 €
O(zc(T")). The following lemma (which is proved along the lines of Lemma 1
in [3]) will be useful.

Lemma 5. For any given run r, at most x terminals in run K' will execute line
22 of NonFree.

For a given edge e in the backbone P of T, we define the depth of e as the
total number of runs r # 0, (i.e., excluding run 0) whose segment seg(r) includes
edge e. Let R denote the set of all runs (again, excluding run 0) established by
the assignment algorithm. We say that every time a new run r is initiated (line
1 of Free), the depth of every edge in seg(r) increases by 1 (initially, before any
terminal is requested, all edges in P have zero depth). Thus the depth of a run
r is the depth of any of its edges. Let R; C R denote the set of all runs of depth
J

The following lemma shows that the cost of the segment of a run decreases
exponentially with its depth, and is derived similar to Lemma 6 in [3].

c(P)
xi—1-

Lemma 6. For a runr € R;, seg(r) <
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We now show how to bound cost C3. Let Z C K’ be the set of terminals
contributing to C's. We say that a terminal v € Z belongs in class Z; C Z if
and only if its corresponding run belongs in the class R;. Consider a terminal u
which belongs in run r € R;, and denote by C5(u) its contribution to Cs. Denote
by C5(Z;) the contribution of all terminals in Z; to Cs.

We distinguish between the following two cases: If u is assigned a mate in
line 3 of Free, then we can bound its contribution by

Cs(u) = O(seg(r) + c(tu) + c(treper)),

where c(t,)) and c(t,cp(,) denote the cost of the terminal paths for u and rep(r),
respectively.

If, on the other hand, u executes line 22 of Non-Free, then we can bound the
contribution of all terminals in r by the following quantity

O(seg(r) +x- C:nax)

where ¢} ., is defined as the maximum cost of all terminal paths, among all

terminals in r that contribute to C3. The reason is as follows: We know from

Lemma 5 that for a given run r at most = terminals will execute line 22 of

NonFree. These terminals are all members of run r, hence their terminal paths

intersect the segment seg(r). In other words, these terminals form a basic tree

with a backbone of cost at most seg(r). We can thus apply Lemma 2.
Summarizing, we obtain that

03(Zj) =0 Z Seg Z € - Cmax =+ Z rep r)

rER; rER; rER;

hence the total contribution to cost C'3 is bounded by

Z Z seg(r) + Z Z X+ Z Z trepr)) | - (3)

j rER; j rER; j rER;

We will treat each term that appears in the RHS of (3) separately. First, note
that since a terminal belongs in at most one run, we have

S o s Y el <o elT) )
j rTER; ue K’
Similarly, since every terminal is the representative of at most one run, we
obtain
Z Z rep r) (T/) (5)
Jj TER;

It remains then to bound the contribution due to the term >°, >~ . seg(r).
The crucial observation here is that for fixed j, the segments of all runs in R;
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are edge-disjoint, which yields that ) R, seg(r) < ¢(P). Combining this fact
with Lemma 6 we have }°. 3" . seg(r) < min {C(P), %Mﬂ}

Since there are at most as many runs as terminals in K’, it follows that the
RHS of the last inequality is maximized if | Z;| = 27!, for all j > 2, which yields

S seglr) = O - e(P)). ©)
7 ’I‘ERj
Putting everything together, using (4), (5) and (6), (3) implies
log k'
— . 4 — R — . 4
Cs=0(z-c(T) O<10g10gk’> c(Th).

Last, recall that the total cost incurred by the online algorithm on requests
from the set K’ is bounded by the sum of C, C5, C3 and Cy and we showed that

each of these contributions is bounded by O (lolgoi ’;lk,) - ¢(T"), which concludes

the proof of Theorem 3.
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