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Abstract

We describe a new technique for proving the existence of small e-nets for hypergraphs satis-
fying certain simple conditions. The technique is particularly useful for proving 0(% log %) upper
bounds which is not possible using the standard VC dimension theory. We apply the technique
to several geometric hypergraphs and obtain simple proofs for the existence of O(%) size e-nets
for them. This includes the geometric hypergraph in which the vertex set is a set of points in
the plane and the hyperedges are defined by a set of pseudo-disks. This result was not known
previously. We also get a very short proof for the existence of O(%) size e-nets for halfspaces in
R3.

1 Introduction

A hypergraph is a pair (X, S) where X is a set called the verter set, and S is a family of subsets
of X called hyperedges. A finite hypergraph is a hypergraph whose vertex set is finite. Given a
finite hypergraph (X, S), the general e-net problem asks for a small set Y C X such that for every
hyperedge s € S containing more than €| X | elements, Y Ns # (). In a celebrated result, Haussler and
Welzl [12] showed that if a hypergraph has VC dimension d, then picking a random sample of size
O(g log g) from X yields an e-net with probability close to 1. Komlés et al. [13] proved that this
is also tight. However, O(%) size e-nets are known for various hypergraphs, typically hypergraphs
induced by geometric objects. Pach and Woeginger [21] proved that halfspaces and translates of
polytopes in R? admit e-nets of size O(%) Matousek et al. [18] proved that halfspaces in R? and
certain special families of pseudo-disks in R? (they require that there is exactly one pseudo-disk
through any three non-collinear points in the plane) admit e-nets of size O(%) Matousek later
found a shorter proof for the existence of O(%) size e-nets for halfspaces in R? via shallow cuttings
[15]. Clarkson and Varadarajan [10] found a connection between the union complexity of a set of
geometric objects and the size of e-nets for the hypergraphs in which the objects form the vertex
set and hyperedges are defined by common intersections of these objects. They show that if there
is a canonical decomposition of the exterior of the union of any j of the objects into at most
f(4) > j simple regions then there is an e-net of size O(f (%)) This gives a general technique for
proving the existence of o(% log %) size e-nets for many hypergraphs induced by geometric objects.
Still, there are many cases where their technique does not apply and we are still far from properly
characterizing hypergraphs that admit e-nets of size o(% log %) Apart from their inherent interest,
e-nets have several applications in computational geometry, statistics and learning theory (see
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[16],[9],[19],[20],[4],[23]). Proving the existence of small e-nets is also important since it implies
better approximation algorithms for the corresponding set-cover problems (see [7], [10], [14]).

2 Our Contribution

As mentioned earlier, the VC dimension theory doesn’t give 0(% log %) upper bounds on e-net sizes
and although O(%) size e-nets are known for various special cases, no general technique for proving
0(%10g%) size e-nets is known. The technique used by Clarkson and Varadarajan [10] is very
useful for hypergraphs in which the vertex set is a set of geometric objects and the hyperedges
are defined by their common intersections. However, it is not clear how to extend the technique
for general hypergraphs or even for geometric cases where the vertex set is a set of points and the
hyperedges are defined by a set of geometric objects. We show that general hypergraphs satisfying
certain simple conditions admit small e-nets. The proof uses elementary techniques and suggests an
algorithm to compute the e-net (although we do not discuss algorithmic issues in this paper). We
apply the technique to several hypergraphs induced by geometric objects and prove the existence
O(%) size e-nets for them. In particular, we get a very short proof for the existence of O(%) size
e-nets for halfspaces in R3. We also prove existence of O(1) size e-nets for hypergraphs in which
the vertex set is a set of k-admissible regions in R? (which includes pseudo-disks since they are
2-admissible) and the hyperedges are defined by their common intersections. We use this result
to prove the existence of O(%) size e-nets for the hypergraphs in which the vertex set is a set of
points in R? and the hyperedges are defined by a set of pseudo-disks. This result was not previously
known and is an example of a case where the method used in [10] does not apply. Along the way,
we also explore interesting properties of hypergraphs induced by geometric objects and points in
the plane. For instance, we prove that given a set of points in the plane, the hypergraph induced
by a set of k-admissible regions is 4-colorable.

3 Preliminaries

A hypergraph H is a pair H = (X,S) where X is a set called the vertez set, and S is a family
of subsets of X called hyperedges. For any Y C X we call S|y = {sNY : s € S} the projection
of S on Y. The projection of H on Y is the hypergraph H|y = (Y,S|y) (see [6] for a thorough
treatment of hypergraphs). A set A is said to be shattered by S if all subsets of A can be obtained
by intersecting A with members of S i.e. S|4 = 24. The Vapnik-Chervonenkis dimension (VC
dimension in short) of H, denoted by dim(H), is the cardinality of the largest set A C X shattered
by S.

A finite hypergraph is a hypergraph with a finite vertex set. Let H = (X,S) be a finite
hypergraph with |X| =n and let 0 < € < 1 be a parameter. An e-net for H is a subset Y C X s.t.
Y Ns#( for every s € S with |s| > en. We use the following result in this paper:

Theorem 1 (e-net theorem [12]). For any finite hypergraph H = (X, S) with dim(H) < d and
parameters 0 < e < 1, 6 > 0, a random subset N C X of size
max {Se—d log 84, 410g %} is an e-net for H with probability at least 1 — 4.

€€

The hypergraphs we consider in this paper are induced by finite sets of points and geometric
objects. Let P be a finite set of points and S a finite set of geometric objects. For an object s € S,
let P(s) be the set of points contained in s, i.e., P(s) = {p € P : p € s}. Similarly for a point p,



let S(p) be the set of objects containing p, i.e., S(p) = {s € S : p € s}. The sets P and S induce
two natural kinds of hypergraphs. If we treat the set of points P as the vertex set and the let the
objects in S define the hyperedges, we get the hypergraph (P, {P(s) : s € S}) which we call the
primal hypergraph induced by P and S and denote it by H(P,S). On the other hand, if we think
of the set of objects S as the vertex set and let the points in P define the hyperedges, we get the
dual hypergraph induced by P and S, denoted by H*(P,S) = (S,{S(p) : p € P}).

4 Halfspaces in R3

In this section we give a simple proof for the existence of O(%) size e-nets for halfspaces in R3.
This result was first proved in [18] and later a simpler proof appeared in [15]. For convenience, we
consider the e-net problem for the dual hypergraph induced by finite sets of points and halfspaces
in R3. The existence of e-nets of size O(%) for such dual hypergraphs implies the same for the
primal hypergraphs since the roles of points and halfspaces can be exchanged by using projective
duality (see [11]).

Given that the dual hypergraph induced by a set of points and a set of halfspaces in R3 has a
finite VC dimension, it follows from the e-net theorem (Theorem 1) that such a hypergraph admits
an e-net whose size depends only on the parameter €. In other words, when € is a constant, there is
an e-net of constant size. We use this fact and the following claim to prove that the dual hypergraph
induced by a given finite set P of points and a set H of halfspaces in R3 admits an e-net of size

o).

€

Claim 1. Given any finite set Q of points in R3, there exists a graph Gg = (Q, Eq) with at most
41Q| edges such that for any halfspace h in R3, the subgraph of G¢ induced by the points of Q
contained in h (i.e. Q N h) is connected.

Proof. We construct G as follows: Let Q" C @ be the vertices of the convex hull CH(Q) of Q.
We include the edges of the 1-skeleton of CH(Q) ( i.e. the graph with the vertices of CH(Q) as
the vertex set and the edges (1-faces) as the edge set) in Gg. For each of the points ¢ € Q\Q’,
we pick a tetrahedron containing ¢ whose vertices are in @’ (there is always such a tetrahedron
by Carathéodory’s theorem [17]) and put edges between ¢ and each of the four corners of this
tetrahedron. The construction of Gg is complete. It contains at most 4|Q| edges since the 1-
skeleton of CH(Q) is a planar graph and each point in Q\Q' has degree four. For any halfspace
h € R3, the subgraph of G induced by the points in @' N A is obviously connected and each point
in (Q\Q') N h is connected to at least one of the points of @’ N h. Therefore, the subgraph induced
by the points in @ N A is connected. U

Let n = |H|. We say that a point p € P is dense if it is contained in more than en of the
halfspaces in H. We further classify the dense points into highly dense and moderately dense
depending on whether they are contained in more than or at most 2en of the halfspaces in H,
respectively. An e-net for the dual hypergraph H*(P, H) is a subset Y C H which covers all dense
points i.e. each of the dense points is contained in at least one of the halfspaces in Y. We say that
a subset Z C H is a moderate e-net for H*(P, H) if it covers all the moderately dense points in P.

Claim 2. The hypergraph H*(P,H) admits a moderate e-net of size O(1).



Proof. Let M C P be the set of moderately dense points in P. For each p € M, let H(p) denote
the set of halfspaces in H which contain p. We say that two points p,q € M are independent if
|H(p) N H(q)| < en/8. Let I C M be an inclusion-maximal set of pairwise independent points in
M. The maximality of I implies that for any p € M, there is a point ¢ € I, not necessarily different
from p, such that |H(p) N H(q)| > en/8. Since ¢ is a moderately dense point, H(q) < 2en and
hence |H(p) N H(q)| > |H(g)|/16. This means that a f=-net for H*(P, H(q)) covers p. In other
words, Z = ,¢; Yy, where Y, denotes a sz-net for H*(P, H(r)), is a moderate e-net for H*(P, H).
The size of such a net is O(t), where t = ||, since each of the {--nets is of constant size. We now
show that t = O(2).

By Claim 1, there is a graph G; = (I, Ey) such that |Ef| < 4t and for any h € H, |h N |
induces a connected subgraph of G;. We say that a halfspace h contains an edge e € Ey if both the
endpoints of e are contained in h. We denote the set of halfspaces containing an edge e by H(e).
For any halfspace h, let ny, = |h N I| and let mj, be the number of edges contained in h. Since hN I
induces a connected subgraph of Gy, np —mj, < 1 for each h. Summing over the n halfspaces in H,

Znh—zmhﬁn- (1)

heH heH

Now, since each p € I is a dense point,

Znh:Z\H(p)] > ten. (2)

heH pel

Each edge in E7 is contained in at most en/8 halfspaces since both its endpoints belong to I.
Therefore,

Somi= Y [H(e)| < |Eilg <4t (3)

heH ecFEr
It follows from (1),(2) and (3) that ¢t < 2/¢ and hence Z is a moderate e-net of size O(1). O

Theorem 2. The dual hypergraph H*(P, H) induced by a set of points P and a set of halfspaces
H in R3 admits an e-net of size O(L).

Proof. Let M C H be a 2e-net for H*(P, H) and Z a moderate e-net for H*(P, H). Then Z U M is
an e-net for H*(P, H) since Z covers all of the moderately dense points and M covers all the highly
dense points. By Claim 2, there exists a moderate e-net of size O(1/¢). If we denote the size of the
smallest e-net admitted by H*(P, H) by f(e), we have

fl@) =0, Va=1,
fle) < O(1/e) + f(2e).
It follows that f(e) = O(L). O

€

Using projective duality between points and halfspaces, we also obtain the next theorem.

Theorem 3. The primal hypergraph H(P, H) induced by a finite set of points P and a finite set of
halfspaces H in R? admits an e-net of size O(%)



5 Abstract Framework

The proof for the existence of O(%) size e-nets for hypergraphs induced by points and halfspaces in
R3 can adapted for any hypergraph H = (X, S) which has the properties that we have exploited in
the proof. In the following, we denote the set of hyperedges containing a particular element x € X
by S(z).

Theorem 4. Any hypergraph H = (X, S) satisfying the following two conditions admits an e-net
of size O(1).

1. For any 0 < e <1 and for any Y C X, H|y admits an e-net whose size depends only on €.

2. There exist constants a > 0,3 >0 and 7 > 0 s.t. for any I C S, there is a graph Gr = (I, Ey)
with |Er| < B|I| so that for any element x € X we have mgy > ang — 7, where ng = |I(x)|
and my is the number of edges in E1 whose both endpoints (which are hyperedges) contain x.

Proof. The proof is analogous to the proof for halfspaces in R3. As before, we call a hyperedge s € S
dense if |s| > en, where n = | X|. We say that a dense hyperedge s is highly dense if |s| > 2en and
moderately dense otherwise. An e-net for H is a subset Y C X which covers all dense hyperedges
i.e. each dense hyperedge contains at least one element of Y. A moderate e-net is a subset Z C X
which covers all moderately dense hyperedges.

We show that H admits a moderate e-net of size O(%) From this we can conclude the existence
of an O(%) size e-net for H by an argument analogous to the proof of Theorem 2. We say that two
hyperedges s and s are independent if |s N s'| < gzen. Let I © S be a inclusion-maximal set of
pairwise independent moderately dense hyperedges. Then for each s’ € S, there is a set s € I such
that [s N s'| > gzen which implies that [s N s'| > J5[s| since |s| < 2en. Therefore, an f5-net for H,
covers s'. This means that Z = (J,c;Y,, where Y, denotes a %—net for H|,, is a moderate e-net

for H. Moreover, |Z| = O(t) where ¢ = |I, since each of the j5-nets are of constant size due to the

first condition in the statement of the theorem. Now we show that ¢ = O(%)

Let G; = (I, Ey) be the graph ensured by the second condition in the statement of the theorem.
For an edge e = (s,5') € Er, let X(e) = |sNs'|. Since the hyperedges in I are pairwise independent,
X(e) < g5en. For each x € X, we have ang —mg < 7, where ngy = |I(z)| and m; is the number of
egdes in F; whose both endpoints contain x. Summing over all x € X, we have:

Z ang — Z my < Tn. (4)

zeX zeX

Now,

D ng =) |s| >ten (5)

zeX sel

since each s € [ is dense. Also, since X (e) < gzen for each e € Ey and [Ey| < f,

o o o
Z My = Z X(e) < |Er|=—en < ft—en = —ten. (6)
zeX eckEy 26 25 2

From (4), (5) and (6) we get:



o 2T
aten — —ten <tn = t< — - —. (7)
2 a €

Since v and 7 are constants, t = O(2). Hence, Z is a moderate e-net of size O(2) for H and we
conclude from a calculation similar to the one in the proof of Theorem 2 that H admits an e-net of
size O(2). O

The second condition of Theorem 4 requires |E;| to be O(|I]). It is natural to expect that if
instead we had |Ey| < |I|b(|I|) for some small function b(-) then we should still be able to prove
the existence of a correspondingly small e-net. Indeed, this is true and the following theorem can
be proved along the lines of the proof of Theorem 4.

Theorem 5. Let H = (X,S) be a hypergraph satisfying the following two conditions:

1. For any € and for any Y C X, Hl|y admits an e-net whose size depends only on €.

2. There exist constants o > 0,7 > 0 and a positive non-decreasing sublinear function b(-) s.t.
for any I C S, there is a graph G; = (I, Er) with |Er| < |I|b(|I]) so that for any element
x € X we have my > ang, — T, where ny = |I(x)| and m, is the number of edges in Er whose
both endpoints (which are hyperedges) contain x.

Then, H admits an e-net of size O (% : (4T)f*(%)f(%)> where f*(-) and f(-) are defined as:

R if f(k) =k
(k) = { 1+ f*(f(k)), otherwise

P O B if f(k) >k
fk) = { f(k)- f(f(k)), otherwise

The proof Theorem 4 can be easily adapted for the case in which the vertices have positive
weights (instead of all vertices having weight 1). The same holds for Theorem 5. The proof of
Theorem 4 also suggests an algorithm for computing an e-net of size O(%) It can, in fact, be
turned into an efficient algorithm when the VC dimension of the hypergraph is finite. However, we
do not discuss these issues in this paper.

6 Geometric Applications

In the following, we present several applications of Theorem 4. The geometric hypergraphs that
we consider here have finite VC dimension and hence automatically satisfy the first condition of
Theorem 4 (due to Theorem 1). Hence, we only prove that they satisfy the second condition and
conclude the existence of an e-net of size O(%) for them. Most of the results presented here have been
proven before using various techniques. Apart from Theorems 10 and 12, which were not previously
known, the remaining results also follow from the framework of Clarkson and Varadarajan [10].
We include them here in order to demonstrate that they follow from our framework too. Also, in
some cases, our technique leads to a simpler proof. Theorems 10 and 12 show a way to overcome
the limitations of the technique used in [10].
Most of the definitions given in this section are more thoroughly explained in [1] and [2].



6.1 Translates of Orthants in R?

We will show that the dual hypergraph induced by a finite set of points and translates of an orthant
in R? (also called an octant) admits an e-net of size O(1). Let P be a finite set of points in R?
and let O be the set of all translates of some orthant in R3. We will also denote a point p € R3
as (zp,Yp, 2p), where x,,y, and z, are the x,y and z coordinates of p. For p,q € R3, we will
write p > q iff x, > x4,yp > yq and 2, > z;. We define the notation p < ¢ in a similar manner.
W.l.o.g. we assume that the orthants in O are axis-parallel, and every T € O is of the form
{(z,y,2) : 2 > 27,y > yr,2 > 21}, for some (zr,yr, 1) € R3, which we call the corner of T. For
any T'€ O and any Q C P, let Q(T) = QNT. Note that if an orthant 7' € O contains some p € Q,
then it also contains any point ¢ € @Q such that ¢ > p. For any two points p,q € @, we define
the minimal common orthant of p and q, T), 4 € O, as the minimal (w.r.t. inclusion) orthant that
contains both p and g. The corner of T}, ; is the point (min{z,, 4}, min{y,, yq}, min{zp, z4}).

Lemma 1. For any Q C P, there is a graph Gg = (Q, Eq), such that |Eg| < 3|Q| and for any
T € O, there are at least 3|Q(T)| — 1 edges among the points in Q(T).

Proof. For a point p € Q we define the z-neighbor of p as N,(p) = argmaxg{x, : yq > Yp,2q >
Zp,q € Q\ {p}}. The y- and z-neighbors N,(p) and N.(p) are defined similarly. Note that it is not
necessary that all three of Ny (p), Ny(p), N:(p) exist for all p € Q. For every p € Q, we add to Eg
the edges (p, Nz (p)), (p, Ny(p)) and (p, N>(p)), whenever N,(p), Ny(p) and N, (p) exist, respectively.
The construction of G is now complete. Clearly, |Eg| < 3|Q)|, since every point in @) accounts for
at most 3 edges.

Consider any orthant 7" € O. We claim that there is at most one point p € Q(T') that does
not share an edge with another point in Q(7"). This will immediately imply that the number of
edges whose both endpoints are contained in @ is at least %\Q(T)| — 1. Assume, for contradiction,
that there are p,q € Q(T'), p # q, neither of which shares an edge with another point in Q(7).
Since p,q € T, their minimal common orthant 7T}, , is also contained in 7. W.l.o.g., assume that
the corner of T}, 4 is the point 0, 4 = (2}, yp, min{zp, z4}), i.e. at least two coordinates of the corner
(namely the x and y coordinates) are equal to the corresponding coordinates of p (any other case
can be treated similarly). Consider the set of points Z, = {¢’ € Q \ {p} : ¢ > zp,yy > yp}
The z-neighbor of p is given by N,(p) = argmaxy{zy : ¢ € Z,}. Since q € Zy(T), it must be
that z; < 2, (p), implying that N,(p) > o0pq, i.e. N,(p) € T. But then the edge (p, N.(p)) € Eq
contradicting our assumption that p does not share an edge with another point in Q(7'). Therefore,
there is at most one point in Q(7") which does not share an edge with another point in Q(T'), thus
proving the claim. O

Lemma 1 and Theorem 4 imply the following theorem:

Theorem 6. The dual hypergraph defined by a finite set of points and a finite set of translates of
an orthant in R admits an e-net of size O(1).

The above theorem also implies the existence of an e-net of size O(%) for the primal hypergraph.
To see this, note that we can substitute every orthant T by its corner o7, and every point p =
(p, Yp, 2p) by an orthant of the form {(z,y,2) : = < z,,y < yp,z < z,}. This preserves the
incidences between orthants and points. Therefore, we have:

Theorem 7. The primal hypergraph defined by a finite set of points and a finite set of translates
of an orthants in R® admits an e-net of size O(2).

7



Figure 1: Cone C behaves like an orthant in the oblique coordinate system with origin O.

Figure 2: I(h) and r(h) for the pseudo-halfplane h in a family of pseudo-halfplanes.

Remark 1. Since cones with a triangular cross-section behave like orthants in a suitable oblique
coordinate system (see Fig. 1), the same result follows for translates of such triangular cones in
R3. From this, it is easy to show that translates of a tetrahedron A admit an e-net of size O(%)
We only need to consider a fine enough (oblique) gridding of R3 so that every translate of A has
at most one corner in any cell and at the same time it does not intersect more than a constant
number of cells. Then, inside any cell, we can treat the translates of A intersecting it as cones.
Since a convex polytope in R® with k vertices can be triangulated with O(k) tetrahedra, it follows
that translates of a convex polytope in R3 with k vertices admit an e-net of size O(k—f)

6.2 Pseudo-Halfplanes in R?

A family of (z-monotone) pseudo-lines in the plane is a set of graphs of continuous univariate
functions, which intersect in at most one point and cross at that point. A family of pseudo-
halfplanes is a set of closed sets in the plane whose boundaries form a family of pseudo-lines. For
convenience, we will just write halfplanes for pseudo-halfplanes. For any halfplane h, we will denote
the function tracing its boundary by f,. With a slight abuse of notation, we will also refer to the
boundary of A by fj. A family of upper halfplanes is a set of halfplanes each of which is bounded
from below, i.e. for each halfplane h in the set, h = {(x,y) € R? : y > fy(x)}. Similarly, a family
of lower halfplanes is a set of halfplanes each of which is bounded from above.

Let 2 be a finite family of upper halfplanes and X C . For any p € R?, we will denote the
set of halfplanes in X that contain p by X (p), i.e., X(p) ={h € X : p € h}.



Lemma 2. For any X C J, there is a graph Gx = (X, Ex), such that |Ex| < 6|X| and for
any p € R%, the halfplanes in X (p) induce a connected subgraph (which therefore contains at least
| X(p)| — 1 edges).

Proof. For halfplanes h and h/, we say that h lies below b’ at z, if fp/(xz) < fn(x). Note that if a
point p = (z,y) is contained in some h € X, then p is also contained in every h’ lying below h at
x. Therefore, in order to construct G x in such a way that the set of halfplanes containing p induce
a connected subgraph, it suffices to ensure that for all x € R, each halfplane A € X shares an edge
with some halfplane b’/ € X below it at = (if one such b exists). For simplicity, we assume that the
boundaries f; and fy/, of any pair of halfplanes h,h’ € X, cross exactly once. (If there are h, h’
such that the boundaries f and f;, never cross, then for all x € R, one of them, say h, lies above
the other. Therefore, we can put an edge between h and h’ and ignore pseudo-halfplane h.) For a
halfplane h € X, let [(h) be the halfplane in X which lies below h for the maximal interval (w.r.t.
inclusion) of the form (—oo,z). Similarly let r(h) be the halfplane of X which lies below h for the
maximal interval of the form (z,+00). More formally,

I(h) =argmaxpex{z: fu(x) = frn(z;) and

Vo <y, fr(z) < fulz) },
r(h) =argmingex { o : fuw(zr) = fu(2,) and

Ve > xp, fu(z) < fn(z)}.

Let a:lh and zj be the z-coordinates of the intersection of f; with fi;,) and f, (), respectively.
For an example, see Fig. 2.

We construct the edge set Ex in two stages. In the first stage, we connect every h € X with [(h)
and r(h) (unless these edges already exist). This way, we add at most 2| X | edges and every h € X
is connected to another halfplane that lies below it, for all € (—oo, z]') U (2!, +00). In the second
stage, for every h € X, we restrict our attention only to the interval I}, = [xlh, xp]. (If iL'lh > x}, we
can completely ignore h for this stage, since the edges added to it in the first stage suffice. If a:lh or
x}, does not exist, we can consider it equal to —oo or +o00, respectively.) Let o}, denote the drawing
of fp restricted to I,. We claim that the z-monotone curves o}, (for all h € X) form a set I" of curves
whose interiors do not cross. For contradiction, assume that the interiors of o, and oy, cross at
a point (zg,y0), and (w.l.o.g. assume that) for x < zg, op, lies below oy, (i.e., fu, (z) < fr,(2)).
Then, either xﬁ” > xg or a:ffl < zp, contradicting the assumption that the interiors of o, and op,
intersect at (z9,y0). For each h € X and x € I, we will ensure that h is connected to some b/ € X
such that x € Iy and o lies below o, at x (if such an h’ exists). To achieve this, we consider
a trapezoidal decomposition of the segments o, (as in [11], Chapter 6, noting that having curved
segments instead of line segments doesn’t cause any problems). The decomposition consists of at
most 3| X |+ 1 non-overlapping trapezoids, whose upper and lower sides are parts of curves in I and
the left and right sides are vertical line segments. For each trapezoid, we put an edge between the
halfplanes corresponding to the upper and lower sides. The construction of Gx is now complete.

To see that for any p € R? the subgraph of Gx induced by the halfplanes in X (p) is connected,
observe first that the lower envelope of the arrangement of halfplanes in X is identical to the lower
envelope of the segments in I'. Now, for each h € X and x € R: If z € (—o0, 2]) U (2!, +00), then
h is connected to some halfplane lying below it at = (if one such exists) due to the edges added in
the first stage. Otherwise x € I, and the only case in which h is not connected to any halfplane
lying below it is when oy, is the lowest segment of I' at . However, in that case, h is also the



lowest halfplane of X at x. Therefore for every z € R, each halfplane h € X shares an edge with
some h' € X, such that f/(z) < fr(z), unless h is the lowest halfplane at z, implying thus that
the subgraph is connected. Since the total number of edges added in the two stages is at most
5| X| + 1 < 6/X], the Lemma follows. O

It follows from Theorem 4 and Lemma 2 that the primal hypergraph defined by a family of
upper (or lower) pseudo-halfplanes and a set of points in the plane admits an e-net of size O(%)

Theorem 8. The primal hypergraph induced by a finite family of pseudo-halfplanes F and a finite
set P of points in the plane admits an e-net of size O(%)

Proof. Let 7 and ¢, be the sets of lower and upper halfplanes (respectively) in .7#°. We construct
separate e-nets N; and N, for H(P, #) and H(P, 5#,). Then, N; U N, gives an e-net of size O(%)
for H(P, ). O

Using the duality between a family of pseudo-lines and a set of points in the plane, as defined
in [3], we can exchange the roles of points and upper halfplanes in Lemma 2 and prove the following:

Theorem 9. The dual hypergraph induced by a finite family of pseudo-halfplanes F and a finite
set P of points in the plane admits an e-net of size O(%)

6.3 Pseudo-Parabolic Halfplanes in R?

A family of pseudo-parabolas is a set of graphs of continuous univariate functions every two of which
intersect (and cross) in at most two points. (We assume that every tangency is equivalent to two
intersections.) A family of pseudo-parabolic halfplanes (parabolic halfplanes for short) is a set of
closed regions in the plane whose boundaries form a family of pseudo-parabolas. For a parabolic
halfplane b, let f, denote the function that defines the corresponding pseudo-parabola. We define
upper and lower parabolic halfplanes just as we did for pseudo-halfplanes in Section 6.2.

Lemma 3. Let % be a family of upper pseudo-parabolic halfplanes and P a set of points in R2.
Then, for any B C A there is a graph Gg = (B, ER), such that |Ep| < 6|B| edges, and for any
p € P the parabolic halfplanes containing p induce a connected subgraph.

Proof. We will assume that any b1,by € B cross exactly twice. It is not too hard to prove that
for any b1,by € B that intersect only once, additional crossings can be created at the right of the
rightmost point in P, without changing the incidences between the parabolic halfplanes and the
points in P. (Again, if b,1’ € B intersect tangentially or never intersect, then one of them, let it
be b, lies completely above the other. Therefore, we can connect b to b’ with an edge and ignore b
from then on.) For each b € B, we define I(b), (b), 2%, 2% and o}, just as in the proof of Lemma 2.
Note that the definitions imply that x%’ is the first point of intersection between b and [(b), while
2% is the second point of intersection between r(b) and b. The segments o; again form a set of
r-monotone curves whose interiors do not cross. Assuming the contrary, say that the interiors of
op, and oy, intersect at a point (xg,yo). If this is the first intersection between the curves fp, and
fpy, and for x < xg, fi, () < fi,(x), then xé” > xg, contradicting the assumption that the interiors
of oy, and oy, intersect at (zo,yo). Similarly, (xg,y0) cannot be the second point of intersection
between the two curves either. The rest of the proof is identical to the proof of Lemma 2. O

The next theorem follows from Lemma 3 and Theorem 4.
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Figure 3: A chord of s; lies inside s9 and vice-versa.

Theorem 10. The primal hypergraph induced by a finite family of pseudo-parabolic halfplanes B
and a set of points P in the plane admits an e-net of size O(L).

Unfortunately, there is no duality (similar to the one used for pseudo-lines) known for a set of
pseudo-parabolas and a set of points in R?. Therefore, a different technique is required in order
to prove the existence of an e-net of size O(%) for the dual hypergraph defined by a family of
pseudo-parabolic halfplanes and a set of points in the plane. We will, in fact, derive it from a more
general result proved in the next section (see Remark 3).

6.4 k-admissible Regions in R?

Consider now a family of regions in R?, each of which is bounded by a closed Jordan curve. We will
call it a family of k-admissible regions (for k even), if for any two s1, so of the regions, the Jordan
curves bounding them cross (two Jordan curves cross when at a certain point a curve passes from
one side of another curve to the other) in [ < k points, (for some even 1), and both s1\ s2 and s\ 1
are connected regions. A family of 2-admissible regions is also called a family of pseudo-disks.

Let S be a family of k-admissible regions, and P a finite set of points in R?. For any Q C P,
we will show that there is a plane multigraph G (a crossing-free drawing of planar graph which
may contain multiple edges between two vertices), such that the subgraph of G induced by the
set of points contained in any of the regions s € S, is connected. The graph will be given as the
union of connecting graphs for each s € S: For a region s € S, we call a plane connected graph
Gs = (Q(s), Es), where Q(s) = Q N s, an s-connecting graph if the drawing of the edges in Fy is
strictly contained in s. Moreover, we say that a set of edges F properly connects a region s € S, if
there is a subset E’ C E, such that the graph G’ = (Q(s), E’) is an s-connecting graph.

In the following, whenever we refer to an edge, we will also refer to its drawing. We say that an
edge e pierces a region s, if s\ e has at least two disconnected components and not all the points
of @ N s lie in the same component. A chord of a region s is a Jordan arc with the endpoints lying
on the boundary 0s of s and the interior lying in the strict interior of s. If ¢ is a chord of s, then
s\ ¢ consists of exactly two disconnected regions.

Lemma 4. Let s1,s9 € S. Let ¢1 be a chord of s1 that lies in the interior of so and co be a chord
of so that lies in the interior of s1. Then ¢1 and co cross at an even number of points.

Proof. Fig. 3 shows a simple example which gives the intuition behind the lemma. We now prove
it formally.

Since ¢p is a chord of sq, it splits s; into two parts A and B. The chord c¢; lies in the interior of
s9 and s; \ s2 has at most one connected component. Therefore, exactly one of A, B is contained
in the interior of sy. (If both A, B lie in s9 then s; does not contain any point of ds3, and hence
it cannot contain a chord of sy either.) Assume that B is not contained in sp. Since ¢y is a chord
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obstacle

Figure 4: Chord and obstacle segments of an edge w.r.t. a region.

of so, the endpoints of ¢y are on dsy. Also, A is contained in the strict interior of s and therefore
does not contain any points of dso. Hence, both endpoints of co must lie in B, i.e. they are both
on the same side of ¢; inside s;. This immediately implies that ¢; and ¢y may only cross an even
number of times. O

The following lemma indicates how to construct the aforementioned plane multigraph.

Lemma 5. For any S’ C S and any given set of pairwise non-crossing “compulsory” edges E,
such that no edge e € E. pierces any of the regions in S’, there is a plane multigraph graph
G =(Q,EUD), such that E.U D properly connects every s € S'.

Proof. Let S" = {s1, 82, -+ ,54}. We will use induction on the cardinality d of S’.

For d = 1, let I be the set of points in the plane contained in the interior of s; and which do not
lie in the interior of any of the edges in E.. Since no edge in E,. pierces s1, all points in Q(s) belong
to a connected component I7 of I;. Therefore, there is a plane multigraph G1 = (Q, E. U Dy),
such that the edges in D are strictly contained in I} (and therefore in the strict interior of s1) and
E. U D, properly connects sj.

Assume now that for d = > 1 and any compulsory set of pairwise non-crossing edges F, which
do not pierce any of s € S’ there is a plane multigraph G; = (Q, E. U E;), with E. U E; properly
connecting s1, s2, .., 5;. For d =1+ 1, let E] be the subset of edges in Ej that do not pierce s;41.
Any edge e € E;\ E] is split by ds;41 into a set of segments. The segments that are contained in s
and are not chords of s;;1 will be called obstacles (see for example Fig. 4). Note that one endpoint
of each obstacle lies on 0s;;1 and the other is one of the endpoints of the edge containing that
obstacle. (Assuming general position, no point in ), and therefore no edge endpoint, lies on the
boundary of any region.) Let I;;1 be the set of points in R? which are contained in the interior
of s;41 and which do not lie in the interior of any of the edges in E. U E] or the interior of any of
the obstacles. Note that no edge in E. U E] or an obstacle pierces s;+1. Moreover, since no two
obstacles cross, any common point two of them may share will be an edge endpoint belonging to
I111NQ(s141). Thus, all points in Q(s;41) belong to a connected component I, ; of I;; 1. Therefore,
there is a set D’ of edges contained in I;; such that the plane multigraph G;1; = (Q, E.UE;UD’)
properly connects s;41.

We claim that no edge e € D’ pierces any of sq,---,s;. For contradiction, assume that some
e € D' pierces some s;, i < [. Then, e contains a chord c of s; that splits s; into two disconnected
components, each containing points from Q. Since E.U Ej properly connects s;, there must be an
edge ¢’ € E. U Ej, whose endpoints belong to different components of s; \ ¢. This implies that e’
crosses ¢ an odd number of times. Since e is an edge in the plane graph Gy, €' cannot be an edge

12



in Gi41. Therefore, ¢’ € E; \ E], meaning that ¢’ pierces s;11. All the intersections between e’ and
¢ happen at segments of €’ which are chords of s;,1, since we excluded the interiors of the obstacles
from I;; 1. Hence, there is one segment ¢’ of ¢’ which is a chord of s;y; and has an odd number of
intersections with ¢. Moreover, ¢’ lies in the interior of s; since it is contained in €/, and similarly
c lies in the interior of s;41. This contradicts Lemma 4 and therefore e cannot be piercing s;.

Therefore, none of the edges in E.UE]UD’ pierce any of s1, s2,-- - , 57, and moreover E.UE;UD’
properly connects s;;1. Using the induction hypothesis for regions s1,--- ,s; with E.U Ej U D as
the new compulsory set of edges, we obtain a plane multigraph whose edge set properly connects
51,82, " Si41- U

Lemma 6. Given a family S of k-admissible regions and a set of points P in the plane, there is
a planar graph Gg = (Q, Eq) for any Q C P, such that for any s € S, Q(s) induces a connected
subgraph.

Proof. The required planar graph is obtained by applying Lemma 5 for the family S and the set
Q, with E. = () as the compulsory set of edges and replacing multi-edges with single edges in the
resulting plane multigraph. O

Remark 2. Since planar graphs are 4-colorable [5], the above Lemma implies that the primal
hypergraph defined by a set of points and a set of k-admissible regions in the plane is 4-colorable.
(The colorability of dual hypergraphs induced by geometric objects has been studied in [22].)

Lemma 6 and Theorem 4 imply:

Theorem 11. The dual hypergraph H*(P,S) defined by a family S of k-admissible regions and a
set P of points in the plane admits an e-net of size O(%)

Showing the existence of a 0(% log %) size e-net for the primal hypergraph H(P,S) is an open
question. However, we prove the existence of an e-net of size O(%) when S is a family of 2-admissible
regions (pseudo-disks).

Lemma 7. Let S be a family of pseudo-disks and P a set of points in R?. Then, for any R C S
there is a graph Gr = (R, ER), such that |Eg| < 24|R|, and such that for any p € P, if p is
contained in d pseudo-disks from R, then there are at least id — 1 edges among those pseudo-disks.

Proof. For a point p € P, we denote by R(p) C R the set of pseudo-disks in R that contain p and
we define the degree d(p) of p as d(p) = |R(p)|.

We start by constructing a set P’ C P as follows: Let pi,ps,--- ,pn be all the points of P in
decreasing order of their degrees. Insert p; into P’ if and only if, for every p; € P’ with j < ¢, we
have |R(p;) N R(pj)| < ;d(pi)-

Using Lemma 6 for P’ and R, we get a planar graph G’ = (P’, E') such that for each s € R, the
points in P'(s) = {p € P’ : p € s} induce a connected subgraph. Therefore, for any region s € R,
it holds that mg > ns — 1, where ny is the number of points of P’ contained in s and my is the
number of edges among those points. Summing over all s € R, we get:

D ng <) mg+|R| (8)

sER SER
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Since for any py,ps € P’, the sets R(p1) and R(p2) share fewer than £ min{d(p1),d(p2)} pseudo-
disks, we have:

1 .
st < Z 1 min{d(p1), d(p2)}.
s€R (p1,p2)€E’
Combining this with the fact that > . pns = > cpr d(p), Inequality (8) gives

1 .
> dlp) < i > min{d(p),d(p2)} + |R|
pEP! (p1,p2)€E’
3
peP’

where for the last inequality we are using the fact that since G’ is planar, there is a way to orient
the edges in E’ so that the out-degree of every node in P’ is at most 3 (see [8]). By rearranging,
we get:

> dp) < 4[R|. (9)

peEP’
Now we will construct G in such a way that for every p € P’, R(p) induces a connected subgraph.
Consider some p € P’ and the family R(p) of pseudo-disks that contain it. Using Lemma 2.11 of [1],
we obtain a combinatorially equivalent family of pseudo-disks that are all star-shaped with respect
to p. From this, by performing an angular sweep using a ray emanating from p, (and having initial
orientation such that it doesn’t pass through any of the intersection points among the pseudo-disks)
we get a combinatorially equivalent family of pseudo-parabolas. Applying Lemma 3 gives a graph
Gp = (R(p), Ep), with |Ep| < 6|R(p)| = 6d(p), while for any ¢ € P, the pseudo-disks in R(p) N R(q)
induce a connected subgraph of Gy,

The union of the graphs G, for all p € P’ gives the graph G = (R, Upep' Ep). Due to the way
that P’ was constructed, for any p € P\ P’ there is some p’ € P’, such that |[R(p’) N R(p)| > 1d(p).
Therefore, since the pseudo-disks of R(p’) N R(p) induce a connected subgraph in G,/, there are
at least id(p) — 1 edges among the pseudo-disks that contain p. On the other hand, if p € P/,
then there are at least d(p) — 1 edges among the pseudo-disks in R(p). We conclude the proof by
observing that the total number of edges in G is at most 6(3_,c pr d(p)) < 24|R| (using (9)). O

From Lemma 7 and Theorem 4 we get:

Theorem 12. The primal hypergraph H(P,S) defined by a family S of pseudo-disks and a set P
of points in the plane admits an e-net of size O(%)

Remark 3. Since pseudo-parabolic halfplanes are a special case of pseudo-disks, Theorem 12 implies
that the primal hypergraph defined by a family of pseudo-parabolic halfplanes and a set of points in
the plane, also admits an e-net of size O(L).

Remark 4. Note that the definition of pseudo-disks that we used here is different than the one
used in [18] where the family of pseudo-disks is required to be such that there is exactly one pseudo-
disk passing any three non-collinear points. We do not make such an assumption and hence our
result is stronger than the one in [18]. Moreover, Theorem 12 cannot be proved using the framework
developed in [10], since their technique is applicaple only to dual hypergraphs (in the sense in which
we have used the term in this paper, see Section 3) induced by geometric objects.
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7 Conclusions

We described a technique that reduces the problem of constructing small e-nets for a hypergraph
H = (X, S), to constructing a small graph on a subset S’ C S of the hyperedges so that the
subset S’(z) C S’ of hyperedges containing a vertex x have Q(|S(x)|) edges among them. In
the applications we considered the required graphs were obtained by easy constructive methods.
However, the technique can be easily extended to allow the edges of the graph to have weights. In
this case, we require that the total weight of the graph is small and at the same time the weight of
the subgraph induced by S’(z) is (]S’(z)]). Such extensions may allow probabilistic techniques to
be used for showing the existence of the required graph. As mentioned before, we are still far from
properly characterizing hypergraphs that admit e-nets of size o( % log %) It remains open whether
hypergraphs induced by halfspaces and points in higher dimensions (> 3) also admit e-nets of size

o(%log 1).
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