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ABSTRACT

We prove an optimal generalization of the centerpoint theor
given a setP of n points in the plane, there exist two points (not
necessarily among input points) that hit all convex objeotsgain-
ing more thanin /7 points of P. We further prove that this bound
is tight. We get this bound as part of a more general procefure
finding small number of points hitting convex sets o¥&tyielding
several improvements over previous results.
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1. INTRODUCTION

The centerpoint theorem is one of the fundamental combinato
rial results in discrete geometry, with applications inmedric al-
gorithms [4, 9, 11], large-scale computing [8], multivagialata
analysis [5] and several others. It states the following:

Centerpoint Theorem [10, 6]. Given a setP of n points in the
plane, there exists a pointsuch that any convex object containing
more thar2n /3 points of P containsc 1. Furthermore, this bound
is tight.

In this paper we look at a generalization of the above statéme
to more than one point. For example, is it possible to find two

1This theorem can be equivalently stated as: there existing go
such that any halfspace containingontains at least/3 points of
P.
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pointsc; andces in the plane such that any convex object contain-
ing at leastn/2 points must contain either; or c2? We present
a general procedure that gives the following results: omehia
all convex objects containing more thé&n/7 points with 2 points.
Furthermore, we prove that this bound is tight. Similar hssare
derived for larger number of points. In particular, we shdwatt

if each convex object contains more thzim /41 points, then five
points suffice. This improves a natural way of adding five fxjg]
which gives the worse /2-bound: find two lines (using the ham-
sandwich theorem [6]) which partition the point set into rfoe-
gions withn /4 points in each. Add the intersection point of the
lines along with the centerpoints of the four regions.

Related results

Aronov et al. [2] prove that all convex objects containing greater
thanbn /8 points of P can be hit by two points. They also construct
inputs where regardless of how one picks the two pointsetaer
ists a convex object containing at le&st/9 points that is not hit.

In this paper, we improve both their results to get the opltiesult

of 4n /7. We similarly improve their results for all small numbers
of points (see Section 3 for specific improvements).

Our problem is related to two other areas of work. In the weak
e-net problem [1, 3, 7], given a parameter> 0 and a point set
P, one would like to compute a small set of (not necessarilythp
points that hit all convex objects containing at leaspoints of P.
Clearly, fore > 2/3, the centerpoint is the desired weaket. Our
work can be seen as computing small wealets.

The other related area of work is the so-cal&allai-typeprob-
lems [6], an example of which is the following: Given a set of
closed disks in the plane such that every pair intersects vgh
the smallest number of points needed to hit all these diskdRid
case, the answer which is both necessary and sufficient,is fo
our problem, we are looking to hit considerably more genebal
jects (convex objects), with the added constraint that osefikes
n input points, and each convex object has to contain a canstan
proportion of these points.

2. MAIN THEOREM

We first present some definitions. Given aBet {p1, ...
of n points inR?, define the following:

e(P,Q) = min{e||CNQ| # OV convex set& s.t. |[CNP| > en}

and lete;(P) = ming |g|=; €(P, Q). Sete; = supp €;(P). In
other words, given any’, consider the set of all convex objects
containinge; n points of P. Then they can be hit bypoints. These

7 points are said to formwaeake;-net for P. From the centerpoint
theorem, it follows that; = 2/3.
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Figure 1: Illustration of Theorem 2.1

For a pointp, letz(p) andy(p) denote itsz- andy-coordinates.
For a convex object, let z(C) (resp. y(C)) denote the smallest
z-coordinate (resp.y-coordinate) of a point irC, i.e. y(C) =
minpec y(p)-

We now present our main result.

THEOREM 2.1. Given a setP of n points inR2, and two inte-
gersc > 0 andd > 0,

e (1+€q)

€ 2d 1§7
R = 14 ea-e

where we defingy = 1.

ConstructionLeta,b € [0, 1] be two reals to be fixed later.

Let H = {hi,..., hi} be the set of all halfspaces which con-
tain more tharun points of P. DefineH? = {(h;,h;) | |P N
(hi N hj)| > bn, whereh;, h; € H} to be the set of all pairs of
halfspaces ir{ whose intersection contains at lebstpoints of P.
Take the pair, saj; andh.., such that

1. (hi, hy) € H?

2. hiNh, has the highest lowest-intersection point of any pair of
halfspaces itH?, i.e.,y(hi N h;) = max,, jyer2 y(hi N

h;)
Now construct and return the S9t= {s} UQ. U Q; U Q,, where
1. s = y(h; N hy) is the lowest point common thy, andh,.

2. Q. is aec-net for the point seP \ (P N h; N h,) usingc
points.

3. Qi is aeq-net for the point seP \ (P N h;) usingd points,
and @, is aeq-net for the point sef \ (P N h,) usingd
points.

LEMMA 2.1. Qis aa-net for P, and has size + 2d + 1.

PROOF The size ofQ) is obvious, and we show that it is an
net for the value required in the statement of the theoremfinate
need the following crucial fact.

CLAIM 2.1. LetC’ be a convex object which does not contain
s and intersectsy; N h,.. Then, eithedP N C' N k| < bn or
[PNC' N he| < bn.

PrROOF. For contradiction, assume thétintersects botth; and
h,- in more thanbn points of P. SinceC’ does not contais, by
the Separation theorem [6], there exists a halfsgdcsuch that
C' C A/, andh’ does not contair. SinceC’ intersectsh; N h.., i)
h' intersectsh; N h,., and i) A’ contains more thaan points of P,
andiii) [P N R Nkl >bnand|PNA Nh| > bn.

Note that anyh’ which satisfies condition i) above must have
eithery(h' N hy) > y(hi N hy) ory(h' N he) > y(hs N hy) (See
Figure 1). Otherwise, if." intersectsh; N h,., and intersects both
hi; andh,. belowy(s), thenkh’ must contairs, a contradiction. Say
y(h' Nhi) > y(hy N hy) = y(s). But then, from conditions ii) and
iii) above, we get a contradiction to the fact tihatandh,. were pair
with the highesy(-) value by looking at the pait’ andh;. [

We now show that any convex obje&t containingan points must
contain a point of by one of these cases:

1. C’ containss, so is hit byQ.

2. C’ does not interseét; N h... Since| PN (h,Nh,)| > bn,C’
containsan points from the remaining sét\ (P Nh; Nh.),
which has sizé€1 — b)n. If an > e.(1 — b)n, thenC’ is hit
by Qe.

3. C’ does not contais and yet intersectd; N h,.. Then, by
Claim 2.1, eithec’Nh; < bnorC’' Nh, < bn. Then it must
contain at leastn — bn points from eithet? \ (P N h;), or
P\ (PNhy). If an—bn > eq(1 — a)n, thenC' is hit either
by Q; or Q.

Therefore, if

an > e.(1—bn and an —bn > eq(l —a)n 1)
then any convex set is hit i§. Solving (1) yields

€ (14 €q)
€c+1+eq-e’

completing the proof of Lemma 2.1 and hence Theorem 2.1.

€ct2dr1 S a=

Remark: The above method actually gives another elementary
proof of the centerpoint theorem in any dimension. The pfoof
two dimensions, as in the method of Theorem 2.1: consideedH
spaces containing more tha&mn /3 points, and take the pair with
the highest lowest-intersection point (i.e., highgsy value). This

is the required point, since any convex object not contgitins
point cannot intersect the intersection of the halfspaCésirh 2.1),



(b)

Figure 2: (a) One of the seven (bold) triangles contains a point of the weak e-net (b) One of the four triangles jzk, gxh, dve or asc
contains a point of the weak e-net (c) jyi contains a point of theweak e-net

which contains more than/3 points of P. Hence, such a convex
object can only contain the remaining pointsf of which there
are fewer thar2n /3. This follows from Theorem 2.1 by setting
¢ =d = 0togete; = 2/3! The proof ford-dimensions is exactly
the same: consider sets dfhalfspaces, each of which contains
more tharndn/(d + 1) points and choose the set with the highest
lowest-intersection point (w.r.t. any dimension).

3. CONSEQUENCESOFMAIN THEOREM

Improving upon previous work [2], we completely resolve the
point case.

COROLLARY 3.1. Given a setP of n points inR2, the set of
all convex objects which contain more th&n/7 points of P can
be hit bytwo points (i.e.,e2 < 4/7). Furthermore, there exist
arbitrarily large point sets such that the set of all convéxexts
containing4n /7 points cannot be hit by two points.

PROOF The upper bound follows from Theorem 2.1 by setting
c=1,d=0.

For anyn, we construct a point sét of sizen such that for any
two given pointsp andq in the plane there is a convex set which
avoids both the points and contaifis/7 points of P.

Consider the vertices of a regular heptagon each repragenti
a set ofn/7 points contained in a sufficiently small disk. Let
a,b,c,d e, f andg be the sets in clockwise order. Our detis
the union of these sets.

If one of the pointy or ¢ is arbitrarily close to one of the sets,
say the set, then the other point cannot hit the convex hulls of the
setshUucUdUe, dUeU fUgandf U gUaUbsimultaneously

since they don’t have a common intersection. Now, assunte tha

neitherp nor ¢ is arbitrarily close to any of th& sets. Consider
the linel passing through the poingsandgq. If [ does not pass
through any of th& sets then one of the closed halfspaces defined
by [ contains4 of the sets whose convex hull is not hit by eitlper

or p. Otherwise, one of the closed halfspaces definetdmontains

3 of sets and they along with one of the sets whiplasses through
define a set odn /7 points whose convex hull is not hit by either
org.

COROLLARY 3.2. GivenP, the set of all convex objects which
contain more thar8n /15 points of P can be hit bythree points
(i.e.,e3 < 8/15). Furthermore, there exist arbitrarily large point

sets such that the set of all convex objects contaifitngl1 points
cannot be hit by three points.

PROOF The upper bound follows from Theorem 2.1 by setting
¢ = 2,d = 0. The lower bound construction is as follows.

For anyn, we construct a point seé® of sizen such that for
any three given points in the plane there is a convex set icomga
5n/11 points of P which avoids all the three points. Figure 2(a)
shows such a point set. Each of thiepoints in the figure represents
a setofn/11 points contained in a sufficiently small disk.

Assume that there are three points which hit all convex s@ts c
taining5n/11 points of P. We first show that these points cannot
be arbitrarily close to any of th&l sets in the point set. Observe
that if all the three points are arbitrarily close to one & th sets
in the point set, then they cannot hit the convex region fatimg
the rest of the8 sets. Also, if two of the pointp, ¢ andr are ar-
bitrarily close to one of the sets, then the rest of @reets can be
used to define two convex sets containiing/11 points each and
sharing only one of thé1 sets. A single point hitting both these
sets should be arbitrarily close to the shared set implyiagdll the
three points are arbitrarily close to one of the sets. If anlg of the
points is arbitrarily close to a set, say the Betve take the rest of
the 10 sets and consider the convex sétggh, fghij andjabcd.
Since two points hit all the three sets, one of the points lshbe
contained in the regiohz fg. Now, consider the setsijab and
bedef. The third point must hit both these regions and therefore
must be arbitrarily close to the siet

Assuming that none of the points is arbitrarily close to ofihe
11 sets, we show that if there exists a set of three points whish h
all convex sets containingn/11 points from P then one of those
points is contained in one of the bold triangles shown in FEd(a).

Consider the four convex sej&abe, abede, de fgh andghijk
(see Figure 2(b)) containing: /11 points each. In order to hit all
the four regions, one of the three points must be in one the fou
trianglesjzk, gzh, dve or asc. If there is a point in one of the
trianglesjzk, gzh or dve, we are done. So, assume that there is a
point in the trianglezsc. There cannot be two points in this region
since then the remaining one point cannot hit the disjoigiores
ahijk andcde f g simultaneously.

If the point inasc is in one of the triangleatb or buc (see Fig-
ure 2(c)), we are done again. So, we assume that it is in themreg
stbu. But then, the regionsbijk, fghij andbede f must be hit by
the other two points, and one of those must be in the triajgle
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Figure3: (a) efijr containsa point of theweak e-net (b) Either abt and e fw contain one point each or buc and ijy contain one point
each. (c) abt, e fw and hxg contain one point each. Hence cdijk cannot be hit.

(see Figure 2(c)).

The second author would like to thank Raimund Seidel and Hans

Hence, one of the bold triangles shown in Figure 2(a) must con Raj Tiwary for helpful suggestions.

tain one of three weaknet points.

Assume that the triangléxzg contains one of the points (the
other cases are analogous). Since the regidadk, ¢fijk and
defij must be hit by two points, the regiafyijr must contain
one of the points (see Figure 3(a)). Now, since the regidagk
and abcde must be hit by one point (see Figure 2(a)), the region
abcs contains a point.

Also, since the regionabijk andbcde f must be hit (see Fig-
ure 3(b)), either the regiongt ande fw contain one point each or
the regionduc andijy contain one point each. Since the cases are
symmetric, let us assume that the regiahsande fw contain one
point each.

But then, the regiordijk does not contain any point (see Fig-
ure 3(c)) although it containsn /11 points of P. Hence, it is not
possible to hit all the convex regions containiig/11 points of P
using3 points. [

Aronov [2] show thate, < 4/7. We actually are able to hit sets
containingdn /7 points by just two points (Corollary 3.1). Fer,
Theorem 2.1 yieldd6/31, again improving upon Aronov et al.'s
result. Improving upon a result of Alon et al. [1], Aronov ét[2]
showed that if each convex set contain/@ points, then they can be
hit by five points. Theorem 2.1 yields an improvement (set 2,
andd = 1).

COROLLARY 3.3. ¢4 < 16/31.

COROLLARY 3.4. €5 < 20/41.

4. CONCLUSIONS

We presented a general technique for computing small number
of points that hit all convex sets containing pointsfaf This then
gives an optimal generalization to two points, and imprd@sds
of previous work for larger number of points. One intriguiogen

problem is whether the bound can be closed for the thred-poin [10]

case. Our work leaves a gap/(1 < es < 8/15), and it would be
nice to get an optimal bound there.
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