Computing H/D-Exchange Speeds of Single Residues from
Data of Peptic Fragments
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ABSTRACT

Determining the hydrogen-deuterium exchange speeds gfesin
residues from data for peptic fragments obtained by FT-ICS M
is currently mainly done by manual interpretation. We pdevi
an automated method based on combinatorial optimizatiooreM
precisely, we present an algorithm that enumerates aliljessx-
change speeds for single residues that explain the obsdatawf
the peptic fragments.

1. INTRODUCTION

Hydrogen-deuterium exchange (HDX) is a chemical reaction i
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methods have their advantages and drawbacks. A major @isadv
tage of mass spectrometry is that one obtains exchange alata f
peptic fragments and assigning exchange rates to singtuess
has to be done by manual interpretation.

We provide an automated method to resolve this problem. More
precisely, we present an algorithm that enumerates alitgessx-
change rates for single residues that explain the obseratedad
the peptic fragments. As the number of possibilities isroftery
large, we combine sets of assignments to equivalence slagseh
are easily interpreted such that the number of equivalelasses
is typically very small.

The assignment of exchange rates to single residues from the

which a covalently bonded hydrogen atom is replaced by a deu- data of the peptic fragments is a combinatorial problem. dden

terium atom, or vice versa. Usually the examined protonsatée
amides in the backbone of a protein. The method gives infooma
about the solvent accessibility of various parts of the make and
thus the tertiary structure of the protein.

we applied methods from combinatorial optimization to.&, we
show how to formalize the problem into an integer linear paog
and propose a method to solve the problem.

The paper is organized as follows. In Section 2, we review the

In modern times HDX has primarily been monitored by the meth- biochemical background of the underlying problem, moigour
ods: NMR spectroscopy and mass spectrometry. Each of theseresearch on this problem. Before giving an integer lineagmm

for the combinatorial problem in Section 4, we make a forneal d
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tional complexity of the problem and in Section 7, we show som
experimental results of our algorithm. Finally, we give argtton-
clusion.

2. BIOCHEMICAL BACKGROUND

Determination of protein-protein interaction is best anptished
by X-ray crystal diffraction and NMR [9] because both method
provide the highest resolution of the sites of interacti@n the
downside, both methods require large (milligram) quagsitf pro-
tein. Other techniques rely on chemical or photo-inducedtiens



with MS analysis [5, 3] to reveal functional groups that arpased to an exchange rate as a color. For each fragrten) € F and

to the solvent. These methods also suffer from physicatditioins. each colork € S, we are given the numbé@ﬁj) of residues with
Another method utilizes hydroxyl radical reactions wittkyal color k within the fragment(s, j). The corresponding vectof is

C-H bonds. The OH tends to react mainly with surface-exposed referred to as the right hand side for coler In our experimental

residues providing a good footprint of the solvent exposethse data, we consider exactly three different colors (slow, inmagand

of the protein(s) [2, 6]. The modification is covalent andstfie- fast), i.e.K = 3.

versible, but each modification can potentially change trear- We have to compute an assignment {1, ...,n} — & which

mation of the protein, thus skewing results. assigns a color to each residue. This assignment has tactespe
Exchange of labile hydrogens for deuteriums (HDX) as a probe knowledge on the peptic fragments, i..: {1,...,n} — S such

of protein surface accessibility does not change the cordtion thatb‘(“i 5 = Wi <1< j: () =k} for all given fragments

of the protein. Advantages over NMR and X-ray crystallogwap ~ (; j) € F and all possible colork € S.

structural determination are the ab|l|ty to work at low centration In real Setting we will have errors in the data from our ex.peri

and high molecular weight. ments. Hence we want to compute all assignments that miaimiz
The experiment is initiated by dilution of the protein s@at  the total sum of errors, i.e. the assignments minimizing

into a biological buffer made wittD.O. Solvent accessible hy-

drogens are exchanged with deuterium. The exchange is lqe@nc ST et

(greatly slowed) by dropping the pH to between pH 2.3 and fiH 2. kES (i,j)EF

and lowering the temp to approximately G. The protein complex X X ) ‘

is digested with a protease that is active under quench tionsli ~ Whereeg; ;) = [b(; ;) —[{i <1 <j: () = k}].

(such as pepsin) and on-line liquid chromatography is pevécl
directly to the FT-ICR MS. Deuterium incorporation is mamed 4. MATHEMATICAL MODEL

by the increase in mass of each peptic fragment as the dautero iy e formulate the idealized problem above as an intiear

added. program. More precisely, we show an integer linear progrdrose

The data sets produced are large and each spectrum has hungqipie solutions correspond to the feasible assignnuértslors
dreds of overlapping peptic fragments. From this data, the €  asidues.

change r_ate is easily dete_rmined_for the same pepticfrggmmm Letr : {1,...,n} — S be an assignment of colors to residues
the protein and the protein/protein complex. [4]. When jofphg- and for eacht € S let z* € {0,1}" be a set of binary variables
ments are not directly comparable, but are overlappinguf€id.) and letz = (z")ses € {0,1}57. Let furthermorez? = 1 if
manual interpretation must be performed to assign excheatge (i) = k andz® = 0 otherwise. Notice that all assignments sat-
to single residues. HDX data analysis is the greatest botitd in isfy 3° #F = 1foralli € {1,...,n} as every residue has
these experiments, thus automated data analysis is necessa exactlykce)ﬁe color assigned. Furthermore evflyl }-assignment
tox € {0, 1} satisfying}", _szF = 1foralli € {1,...,n}

Overlapping Myoglobin Peptic Peptides .
pringEved preTep corresponds to an assignment.

= e R An {0, 1}-assignment: corresponds to a feasibte iff further-
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Assume now, we want to compute an assignment with minimum
number of errors. Notice that we want to minimize a sum of abso
lute values. We use a standard trick to formulate such a @nobl
as an integer linear program. Assume we have a varirafglefor
every colork € S and every fragment:, j) € F whose value
should be the error of the assignmerfor the colork and the frag-
ment (i, j). Hence we want to minimiz&_, s> ; €ins)-

It suffices to formulate conditions ogfi,j) that enforce it to be at
least the error. As we minimize, the value will not be lardeart
the error in an optimal solution. To enfor@éi,j) to be at least
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Figure 1: Overlap of peptic fragments as seen in an HDX of
the modd protein myoglobin. The table on the right shows
the total number of amide hydrogens exchanged in each pep-
tide and the number of amide hydrogens predicted to be ei-

ther slow, medium or fast as predicted by maximum entropy the error, the two linear constraintg, ;) > S @ — b5 and

method (MEM) evaluation of the H/D exchange rate distribu- eé“i’j) > 37 af+ b‘(“i’j) are sufficient.

tion [8]. Hence the integer linear program, we are looking at is
Furthermore, we are interested in all such assignments, eas w min Zkes Z@,j)ef 61(2},]’)

want to determine protein conformation, protein/proteiteiac- s.t. e’(j-,j) >3 af - b’(“iﬁj) forallk € S, (i,j) € F

tion, and protein/ligand interactions. This data will befus in the efm') > Z{:i xF + bﬁ;,j) forallk € S, (i,j) € F

design and synthesis of small molecules to be used as theti@pe S res =1 foralll1<l<n

agents. z € {0,115

3. MATHEMATICAL ABSTRACTION We refer to this integer linear program laasic-ILP.

In an idealized setting, we are considering the followinglgem.

We are given a sequeng€g, . . ., n) of residues, a set 5. SOLUTION OF THE MATHEMATICAL

FA{l,....) 1<i<j<n} MODEL

We implemented our approach using the C++-Library St
of peptic fragments, and a set of possible exchange Sites mp Hr anp tsing rary

{1,...K}. We denote a fragmertt, ..., ) by (i,7) and refer “ww. npi - sb. npg. de/ SCI L




solve integer linear programs. SCIL uses the libraries LEBAd
SCIP. SCIP uses CPLEXor SoPleX as solver for linear pro-
grams. The underlying solution method is branch-&-bounkictv
is described in detail in [7].

In order to find all solutions within a given error bouadwe
add the constrain}_, . s>, e e’(“i’j) < e to the integer lin-

ear program and hence are faced with the problem of computing

all feasible solutions of an integer linear program. We ds with

a branching-approach similar to the branch-&-bound apprake-
scribed above. We solve the linear relaxation. If the linesaix-
ation if infeasible, we stop the search on this branch. I&thlation
is integral, we store it (if we haven’t found this solutiontlyelf
there is a binary variable which is not fixed so far (i.e. ndttee
0 or 1), we pick one such variablef and solve the two subprob-
lems where we fix the variable tor 1 recursively. Notice that it
is possible that we branch on a variable which already has-an i
tegral value. In this case, the solution of the linear retiaxaof
the subproblem will be the same as in problem itself. Newdets,
we will terminate, as there are only a finite number of vagalib
branch on.

In our experiments, it turns out that finding a single soluti®
very fast, whereas finding all solutions takes quite some {isee
Table 1 in Section 7). The reason is mainly that the number of
solutions is quite large. This is as there are quite largeryats
such that no fragment starts or ends within an interval. 72dte
the partition of{1, ..., n} into a minimal number of intervals, such
that for each element gf € P and each fragmenf € F either
p C forpn f = 0. Notice that for an assignment we can
get further assignments with the same total error, if we peerthe
colors within these intervals, i.e.ifj € p forp € P andr is
a feasible assignment tharl with 7’'(i) = = (j),7'(j) = 7(4)
andr’(l) = w(l) for I # 4,5 is a feasible assignment. We call
two assignments equivalent, if one can be obtained by ther bth
iteratively applying this rule.

Hence we modify our integer linear program in order to enumer
ate equivalent solutions only once. FHore S andp € P, we
replace the binary variablés});c, by a single integer variablﬁj
with yy := 37, @ . Moreover, letA be the| 7| x |P| matrix, i.e.
forevery f € F andp € P, the corresponding entry is given by

w1 ifpCf
7= Y0 otherwise.

In matrix notation the constraints are then of the form
7Ayk + e > _pk
Ayk + ek > bE
for all k € S. Hence our integer linear program gets
min 350 b
kES fEF
. Ayk + ok > _p*
Ayk + ok > e
> y'="P
kes
y > 0, integer

forallke S
forallke S

s.t.

@)
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whereP is the vector that contair|p| for each componen € P.
We refer to this integer linear program asproved-ILR We
compute all solutions within a certain error bound by folilogy

basically the same approach as described above. The nurhber o

solutions is just a fraction of the number of solutions of dhiginal
integer linear program (see Section 7).

6. COMPUTATIONAL COMPLEXITY

We first consider the case with two colors. That is, we have the
constrainty,, + y2 = |p| for all p € P. This allows us to simplify
the linear program considerably. We repl@ﬁe: Ip| — v, and

omit the superscript of thg-variables in the following. This yields

Ay+e* > F —b?
—Ay+e > —F+b?

—Ay+e' > b
Ay+e' > b

whereF is the vector of fragment sizes. We may get rid of half of
the constraints by the following observation. het= max{b*, F—
b*} andb := min{b', F + b*} where the maximum is taken com-
ponent-wise. Ley be an arbitrary feasible solution with minimum
total errory_ ;. - e} + e%. We may consider the contribution of
each fragment independently for that particulaWe may rename
the error variables' ande? component-wise according tcandb,

i.e.
1 1
e _ e
ef 1= { £ ey = { g
€r €r

For eachf € Fwithb; < afy < by, we havee} +e} = by —by.
If afy > by, we gete} + €7 = 2ey + by — by. Analogously, we
gete; +e7 = 2e; + by — by if a7y < by. Hence, it is sufficient
to optimize the following linear program

min Zef+éf
ferx
—Ay+e>—b

if by = b}
otherwise

if by = b}
otherwise

)

S.t.

®)

which is integral ifb andb are integral since the constraint matrix
is totally unimodular. The corresponding dual LP is given by

max _bel+ETf2_PTf3
_ATf1+ATf2_f3§0
0<f?<1

0<f?

s.t.

4)

which is equivalent to (multiplying the objective functiday —1
and introducing slack variables)

_ min bel_BTf2+PTfI3
_ATf1+ATf2_f3+f4:0
0<f?<1

O§f3’4

s.t.

©)

We will show next that this LP is a Minimum Cost Circulation
Problem. To this end, led/ be the matrix of the equality con-
straints, i.e.

M= (—AT AT I I



Figure 2. Example of a fragment graph with |[P| = 7. The
corresponding fragmentsare (1, 3), (2, 5), (3,6), and (5, 7).

Note that this matrix has the column-wise consecutive-qmep-
erty. By row operations like in Gaussian elimination, we easily
transformM such that each column contains exactly arend one
—1, as follows. We add the dummy constraint= 0 at the end
and subtract from each row its predecessor. The resultingxna
sayM, can be considered as the node-arc-incidence matrix of a di-
rected graph. Since the right hand side remains unchangedetv
a Minimum Cost Circulation problem on a graph wjifh|+ 1 nodes
andO(|P| + |F]|) arcs [1]. As a matter of fact, we have for each
variabley, two arcs corresponding to the constraint v, < |p|
and for each fragmert, j) the arcs(é,j + 1) and(j + 1,¢) as
depicted in Figure 2.

We may use any algorithm that solves the Minimum Cost Cir-
culation problem, e.g. Cycle Canceling or Successive 8bbRath
(see [1] for further reference). Both approaches have tubian-
tages. The former always maintains a feasible circulaiienwe
start with the zero flow and augment flow along negative cycles
in the residual network until no negative cycle remains.c8ithe
residual network with respect to an optimal circulation sloet
contain a directed negative circuit, we can find node paiti
i.e. a corresponding dual solution, using the Bellman-Fadgb-
rithm in O(|P| - |F|) time. The difference between the potential
of two neighboring nodes then yields the value of the cooadp
ing y-variable. The errors are determined straight forwarchéfé
is a solution without error this approach yields a solutiaithim
the running time of Bellman-Ford. On the other hand, the 8sicc
sive Shortest Path algorithm maintains similar node paksuch
that the arc-weights remain non-negative. Since the tetss is
bounded byP| in our case, the running time of that algorithm is
O(|P| - |F| + P2 1og[P]).

For three or more colors the complexity is open. The totally
unimodularity of the constraint matrix is destroyed, i.eere are
instances with fractional vertices, e.g. the one from Fegiwith
the appropriate right hand sides. Moreover, there is aranmast
which has a positive error, but the value of the LP is 0. Hehee t
integrality gap is infinite. If the number of colors is not fikeut
part of the input, the problem is NP-complete.

7. EXPERIMENTS

We applied our branch-&-bound solution method to several re
instances and to randomly generated instances, as we ordyaha
limited number of real instances at hand.

Instance Basic-ILP Improved-ILP
n |F| |P| €|T(One) T(Al) #-SolT(One) T(All) #-So
28 16 1219 0.02 418.75 102600 0.02 0.13 11
57 34 2810 0.05 >3600> 300000 0.02 0.32 G
57 50 37 3% 0.06 215.13 8568 0.04 4.32 62
37 17 16 9 0.03 2084.12 4529131 0.01 0.22 18
Table 1: We give the characteristics of the instance, i.e. the

number of residues (n), the number of fragments (F), num-
ber of intervals (P), and the minimal error of an solution ().
For the basic and the improved ILP formulation, we give the
solution timesin seconds and the number of solutions found.

used in protein structure prediction tools and for manugbéttion.

To evaluate the running time of our approach more closely, we
created the random instances as follows. We generated arsagu
of a given number of residues. For each residue, we randomly
chose a color with a biased coin. We have chosen a probability
of 0.6 for slow, and 0.2 for medium and fast, which reflect appr
imately the numbers we observed in the real instances. Then w
generated random fragments, i.e. we chggec {1,...,n} with
¢ < j atrandom and repeated thig2 times. In our experiments,
we usen = 50, 100, 150, 200, 250, 300, 500, 1000. Note that the
actual numbers of variables for the Improved-ILP is lowenth.
However, it is only a slight difference due to our random ckoi
of the fragments. We computed for each fragment the numbers o
residues having a certain color and added a random Gausssn n
on these numbers to reflect the errors in the measuremente Sin
those artificial instances are generated by a rather simptiehof
real measurements, we have to be careful about a quarditatal-
ysis. We generated one series of instances without noiséheeel
further series with gaussian noise of mé&aand different standard
deviations.

First, we evaluated the running times to find one optimaltsmiu
(see Figure 3). As one can see, the noise has a growing dffect t
more variables we consider. At a first glance, this log-ltg-pug-
gests a power law behavior. Hence, we fitted a power function f
each series. For the sake of illustration, we only show treagtt
line representing the best fit of a power function to runninges
of the instances without noise. However, it demonstratas ttie
measurement points tend to follow a slight curvature to dfe |
Moreover, the exponent of this fit is rough?yl and for the other
series it tends towards with growing noise. Though integer lin-
ear programming is exponential in general, this is appéigrant
the case in the considered range< 1000. It seems that the run-
ning times are dominated by solving linear programs. Sih¢e t
involves solving systems of equations, we assume a cubjmpel
mial for a further fit of the running times. In fact, the curtat one
can see in Figure 3, which corresponds to the measuremethts wi
the most noise, nicely fits the data.

The effect of the noise on the running times becomes more appa
rant when we enumerate all optimal solutions (see Figur©4p

The real instances had between 28 and 57 residues and betweenreason for this is that the higher the minimum error the mqre o

16 and 50 fragments. The solutions with a minimal number of
errors could be computed in less than 0.1 seconds for adinnss.
All (non-equivalent) solutions with a minimal number of ens,

timal solutions exist at this value. Moreover, the numbeoofi-
mal solutions also grows with increasing number of varigbléhe
straight lines in the log-log-plot show fits of power funetowith

between 6 and 62 in number, could be computed in less than 5exponents ranging fror.2 to 4.3 roughly. However, the distribu-

seconds, where the running time greatly depends on the muhbe
solutions (see Table 1). Computing all solutions using theid
ILP takes much longer as with the improved-ILP.

The results for the real instances are very promising astiad s
number of easily interpretable classes of equivalent gwisican be

tion of the running times is too broad to get a significant tesith
the limited number of measurements.

Anyways, it would be more interesting to have more real world
instances than the randomly generated ones to evaluateathoth
and future work such as generalizing the combinatorial @ggr
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Figure 3: Runningtime of the Improved-1L P approach.

10000 :

100

running time in seconds

0.01

reduced number of variables

Figure4: Timetoenumerate all solutionswith minimum error.
The lowest of the four straight lines corresponds to the mea-
surementswithout noise.

to more than two colors. However, gathering the experiniefatz
involves a considerable effort. For the sake of comple®nes
briefly explain the applied techniques in the following.

The entire HDX experiment was automated with a LEAP robot
(HTS PAL, Leap Technologies, Carrboro, NC). Automation of
the experiment reduces human error and reduces deuteritmg-fo
drogen back-exchange. All time points where interlaced jzard
formed in triplicate to ensure experimental reproducésbilfter
digestion, the protein digest was injected from gil0loop to ei-
ther a 1 mm x 50 mm C5 column (Phenomenex) or a Pro-Zap Pro-
sphere HP C18 HR 1.5u 10 mm x 2.1 mm (Alltech). A rapid gra-
dient 2% B to 95% B in 1.5 min (A: acetonitrile/H20O/formic dci
5/94.5/0.5, B: acetonitrile/H2O/formic acid 95/4.5/0\sas used
to elute peptides. The eluent was post-column split ancsetdiby
microelectrospray ionization into a custom built 14.5 T LFQ-
ICR mass spectrometer. Data was analyzed by an in-housgsenal
package (Sasa 2007 paper, submitted).

8. CONCLUSION

We proposed an approach to assign exchange rates to sisiglee®
from data of peptic fragments based on integer linear progriag.
The resulting algorithm is very efficient. Furthermore weega

combinatorial algorithm for the case of two exchange speeds

In the case of three or more different exchange speeds, the co
plexity of the problem remains open. Furthermore, we wamixto
tend the combinatorial approach for three exchange speebisa
that it is able to enumerate all solutions even faster, wbalkd be
important as the sizes of the problems will probably inceéaghe
future.
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