Estimating Crossing Fibers: A Tensor Decomposition Approach
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Abstract —Diffusion weighted magnetic resonance imaging is a unique tool for non-invasive investigation of major nerve ber tra cts.
Since the popular diffusion tensor (DT-MRI) model is limited to voxels with a single ber direction, a number of high angu lar resolu-
tion techniques have been proposed to provide information about more diverse ber distributions. Two such approaches are Q-Ball
imaging and spherical deconvolution, which produce orientation distribution functions (ODFs) on the sphere. For analysis and visu-
alization, the maxima of these functions have been used as principal directions, even though the results are known to be biased in
case of crossing ber tracts. In this paper, we present a more reliable technique for extracting discrete orientations from continuous
ODFs, which is based on decomposing their higher-order tensor representation into an isotropic component, several rank-1 terms,
and a small residual. Comparing to ground truth in synthetic data shows that the novel method reduces bias and reliably reconstructs
crossing bers which are not resolved as individual maxima i n the ODF. We present results on both Q-Ball and spherical deconvolution

data and demonstrate that the estimated directions allow for plausible ber tracking in a real data set.

Index Terms —DW-MRI, Q-Ball, spherical deconvolution, ber tracking, h igher-order tensor, tensor decomposition.
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1 INTRODUCTION

Diffusion-weighted magnetic resonance imaging (DW-MRI) [28] is a
common tool for in vivo investigation of the human central nervous
system. In particular, taking several diffusion-weighted images in dif-
ferent directions allows for conclusions about the orientation of coher-
ently organized nerve ber tracts. Under the assumption of a single
coherent tract per voxel, the diffusion tensor (DT-MRI) model [8$h
proven suf cient to infer the dominant ber direction. Unfortunately,
in cases of partial voluming as well as for crossing, touching, fanning
or bending ber con gurations, the diffusion tensor may become de-
generate (i.e., have two larger eigenvalues of similar magnitude, such
that the principal direction is ill-de ned) or have an apparently well-
de ned principal direction which is no longer aligned with any real
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ber direction (cf. Figures 1 (a) and (b)).
To gain more information about such voxels, techniques with
higher angular resolution have been proposed. Two of them are

Fig. 1. The maxima of a Q-Ball may provide biased or misleading esti-
raates of the underlying ber structure. Decomposing its ten sor repre-
%Sptation results in much more reliable estimates of ber cr ossings.

Ball imaging [37] and spherical deconvolution [36], which use a more

exible orientation distribution function (ODF) to indicate multimodal

ber distributions. When interpreting such data, it is desirable to estglirection estimated from the Q-Ball pro le is not better than the one
mate the principal bers within a voxel that led to a given ODF. Unfrom traditional DT-MRI. Such effects are known [36] and have been
fortunately, this is an under-determined inverse problem. As a simplemonstrated in high detail [42].

ad-hoc solution, it has become common to treat the maxima of theExtracting individual bers from an ODF requires assumptions
ODF as approximate principal directions, both for assessing the acatrout the shape of single ber peaks. For example, from the ODF
racy of reconstruction schemes [36, 19, 42, 16] and for visualizatiém Figure 1 (b) alone, it is not clear whether the voxel contains two
through glyphs [21, 16], orientation plots [16], color maps [33], anbr more) crossing tracts or only a single one which causes a broad

ber tracking [18, 22, 33].

peak, e.g., because of fanning structures. On the other hand, it has

However, there are many situations in which the number and olieen demonstrated that even a multimodal ODF does not necessarily

entation of ODF maxima deviate from the real tracts: In the case

indicate multiple tracts, but may be due to strong bending [37]. In

crossing bers, one important reason for this is the fact that each siiis paper, we explicitly address the case of crossing bers, which are
gle ber bundle leads to an ODF peak of nite width. In the jointassumed to each cause a narrow peak in the ODF. Then, estimating
ODF, these peaks interfere, and the maxima of the resulting distribbers amounts to nding a set of such peaks whose sum approximates
tion no longer coincide with the modes of the original peaks. This fathie observed ODF. We do this by converting the spherical harmonic
is demonstrated in Figure 1 (a), which shows a Q-Ball of a synthetieries which is commonly used to describe ODFs into a higher-order

65 ber crossing for which inferring principal directions from ODF
maxima underestimates the included angle by approximatelyR&-

tensor representation and decomposing it into rank-1 tensors, which
model the individual peaks. In synthetic test cases, this yields more

ducing the angle to 55Figure 1 (b)) even leads to a single maximumaccurate results than a simple maximum extraction (cf. right-hand side
which is not aligned with any of the ber directions. In this case, thef Figures 1 (a) and (b)). In real data, it provides plausible andbrepr
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ducible results. For example, Figure 1 (c) presents a Q-Ball from a
voxel in which transcallosal bers are known to intersect the corona
radiata [18]. Unlike a maximum search, our method estimates two
bers, whose orientations agree with the expected directions.

The remainder of this paper is organized as follows: Section 2
provides the necessary background on high angular resolution diffu-
sion imaging and higher-order tensors, and Section 3 discusses related
work. Section 4 motivates our choice of rakkpproximations for ad-
dressing the ber extraction problem and presents the resulting algo-
rithm. Finally, Section 5 demonstrates the advantages of our approach
both on synthetic and real data, before Section 6 concludes the paper.



2 BACKGROUND Both Q-Ball imaging and spherical deconvolution result in func-

This section provides a brief review of the background on high afions on the sphere, yet with different semantics: While a Q-Ball ori-

gular resolution diffusion imaging and higher-order tensors which ftationdistribution functions de nes the probability of a spin dis-
necessary to understand the remainder of the paper. placement, an orientaticshensityfunction from spherical deconvolu-

tion yields a ber fraction. The proposed method is applicable to both
2.1 High Angular Resolution Diffusion Imaging types of functions, since they share the problem of separating the con-

Classical diffusion tensor imaging is based on the Stejskal-TandgPutions of individual peaks in the case of crossing bers. For sim-
equation [34]. It describes measured signal inter&gy) in the pres- PlICIty, we use the term “orientation distribution function” (ODF) for
ence of a diffusion sensitizing gradient in directignas a function P0th methods throughout this paper.

of unweighted intensity, the apparent diffusion coef cient (ADC)

D(g), and an acquisition constaiat 2.2 Spherical Harmonics and Higher-Order Tensors

Both spherical deconvolution and modern Q-Ball reconstruction tech-
Hg) = Se b D(g) (1) nigues use spherical harmonics, which form an orthonormal basis fo
complex functions on the unit sphere, much like the Fourier series

Diffusion tensor imaging [5] assumes tHafg;) is adequately de- offers an orthonormal basis over an interval in Cartesian space. The
scribed by a quadratic for(g;) = giT Dgi, where the 3 3 diffusion  spherical harmoni¥™ for orderl and phase factan | is given as
tensorD is estimated from at least six measurements in non-collinear s
directionsg;, plus an unweighted measurementgf Validation stud- 2+1(1 m)! .
ies (e.g., [29, 13]) have indicated that in voxels with a single predomi- Y"(qg;f)= a ﬁﬂm(cosq)e'mf (4)
nant ber orientation, the direction of highest ADC (i.e., the principal p (I+m
eigenvector oD), is well-aligned with this ber direction.

To deal with voxels in which the single ber assumption does n
hold, it has been proposed to model the apparent diffusiviXigg) in
amore exible way, using spherical harmonics [17, 2] or, equiviyen
higher-order tensors [30]. However, such approaches do iy ea

dzyherele is an associated Legendre polynomial arglthe imaginary
unit. Since ODFs are real-valued and exhibit antipodal symmetry, we
employ the restricted basis used in [16]. Fer 0;2;4;:::;] andm=

h;ii 00000 ::(h2+ h+ 2)=2+ mand

reveal ber directions, because maxima in the ADC pro le no longer 8p_ m .
align with them in the case of ber crossings [38]. In fact, apparent 2 2RgY) if h m<O
diffusivity maxima do not even provide a usable approximation of ber Yj = S Pg? if m=0 (5)

directions: In the case of a 9@rossing, maxima are offset by 45
Q-space methods [10] allow more direct conclusions about possible

ber directions. They describe the spin displacement within the exp&fhere Re and Img denote real and imaginary parts, respectivelg For

imental diffusion timed by a displacement vectarand reconstruct gpherical harmonics series up to even otdeéfis results in(l + 1)(I +

the voxel-averaged probability densiyr) of these vectors. Q-space 2)= terms.

imaging exploits the fact tha(r) is related to the attenuated signal * Higher-order tensors can be used to provide an alternative represen

2 Img(Yy") ifo<m h

§(q) via the Fourier transforrf : tation of functions on the sphere. In this work, we treat oldensors
P(r) = F [S(q)] ) D in a given orthonormal Cartesian coordinate system as quantities
whose elements are addressed|bipdices. The employed tensors
S(q) is now given as a function of the diffusion wavevectpe &€ supersymmetric, i.e., their elemetsg,:.., are invariant under ar-

1 ; _ ; .« bitrary permutations of indicel :::ij. A function D(g) on the unit
(2p) “gay, whereg is a nucleus-speci ¢ constanti andg are dif here is given by their induced homogeneous form. For an order-

fusion time and gradient direction as above. While a Cartesian sa@‘? > 9 S ;
pling of g-space, followed by a discrete Fourier transform has be q,psorD in dimensiom = 3, it reads:
performed to obtaif® (e.g., [41]), this procedure is infeasible for rou-

tine investigation. Moreover, for practical analydtsis integrated in D(g) =
radial direction to obtain an orientation distribution function (ODF) i
y (u) of directionsu on the unit spherek(k = 1), which discards

much of the acquired information. To ensure antipodal symmetry, we use only even orbHeffenso-

Q-Ball imaging [37] remedies both problems: It uses the Funkial representations are equivalent to spherical harmonics in the sens
Radon transform, a mapping from the sphere to the sphere, whiblat any functiorD in the form of Equation (6) can be re-written as a
treats each point as a pole and assigns the integral over the associitedr combination of spherical harmoni€= & ¢;Y;, with Yj from
equator to it. Q-Ball imaging exploits the fact that the Funk-RadoBquation (5), and vice versa [30]. A matrix that relafgs,,..; to c;
transform of the measuremet8g), which are taken with xed diffu- is found by writingg in spherical coordinates and solving
sion timed (i.e., on a ball in g-space), provides a good approximation Z,2
to y (u). Q-Ball reconstruction is greatly simpli ed by working in a _Tep ) . .
spherical harmonics basis, which allows for an analytic solution of the C% tl0 as0 D(9(g:f)) Yj(q:f) singdqdf @)
Funk-Radon transform [3, 19, 16].

A third way of estimating ber orientations from high angular resosymbolically for eachj, which is simpli ed by software like Maple
lution measurements is spherical deconvolution [36]: Itis based on theMathematica. Working with tensor representations of orientation
assumption that the signal attenuation from a single, well-organizetribution functions will allow us to relate the problem of decom-
ber population can be described by an axially symmetric respongmsing them into individual peaks to recent work on low-rank tensor
function R(g) which is assumed constant over the whole brain anghproximations in multilinear algebra.
for all types of bers. Then, the measured sig&gd); ) is expressed  In the following section, we will use the standard tensor scalar prod-
as the convolution of a ber orientation density functibgq; f ) with  ucthA ;Bi = &i,8&i, & Ay Biyi and the corresponding
R(q), whereq andf are polar and azimuth angles, respectively: normkA k= DA AT

3 3
a a Diiipi i 9, G (6)
li2:1 i|:1

T oy

Sq;f)= F(q:f) R(Q) () 3 RELATED WORK

After Shas been measured, the response fun®imestimated from Several previous works [1, 38, 27, 9, 32, 8] have us¢ensor mod-
voxels which are thought to contain a single ber tract. The ber disels to resolve crossing ber con gurations. Similarly, a recent work
tribution F is then obtained by spherical deconvolution. used Bayesian inference to estimate the parameters of a mixture of



Bingham distributions [24]. In both cases, the measured signalrigy not exist, since the set of tenséf3 jrankD) kg is generally

modeled directly, using several second-order tensors. Our work dift closed. In other words, for rakde 1 and ordet > 2, there exist

fers from this conceptually in that we extract discrete directions frosequence® (" of rankk tensors whose limid has some ranR > k,

pre-computed Q-Ball or spherical deconvolution models. Moreovenaking it impossible to de ne a best rafdapproximation oD [15].

we build on completely different mathematical methods, since we useEven though a decomposition into a minimal numBesf rank-1

rankk higher-ordertensors to approximate existing models. In practerms is known to exist and is referred to alternatively as “canoni-

tice, our approach proved to deal reliably even with three- ber crossal decomposition” or “parallel factor analysis”, ef cient algorithms

ings (cf. Sections 5.3 and 5.5), while ketensor models have beenfor computing it are currently only available for tensors of dimension

presented so far which can estimate more than2 crossing tractsin n= 2 or orderl 3 and thus are not applicable to our problem [12].

a stable manner. Despite these discouraging insights, we propose a stable and ef cient
Our method is based on a higher-order tensor decomposition. digorithm that employs rank-approximations to successfully decom-

the context of diffusion tensor processing, higher-order tensors hgose tensor representations of ODFs.

previously been analyzed by Basser and Pajevic [6] using spectral de

composition and by Kindimann et al. [25] based on invariance gradl-2 Finding Rank-1 Approximations

ents and rotation tangents. However, both works are concerned wijfir algorithm involves computing the best rank-1 approximation to a

fourth-order covariance tensors that arise from the DT-MRI moui| a higher-order tensor, which is equivalent to maximizing the absolute

do not address high angular resolution techniques. value of its homogeneous form on the unit sphere. There exists a

higher-order power method for this task, which generalizes the power

4 TENSOR DECOMPOSITION FOR INFERRING FIBER DIREC- oo for nding the largest eigenvector of a matrix [14]. Unfortu-

TIONS nately, its supersymmetric variant is only guaranteed to converge for

Section 4.1 will introduce the fundamental idea of our approach, atshsors whose induced homogeneous form is either non-negative or

the formal model used to separate individual ber contributions. Thenon-positive [26]. While Q-Ball ODFs are non-negative by de ni-

Section 4.2 describes how to nd rank-1 tensor approximations, whigion, neither the residuals which occur in our algorithms nor results

is an important task within our method. Finally, Section 4.3 provideisom spherical deconvolution have this property. Therefore, we em-

the complete algorithm and a listing in pseudocode. ploy a gradient descent technique with Armijo stepsize, as described
) ) in [40]. Even though a similar xed stepsize algorithm has previously
4.1 Rank-1 Tensors as Fiber Terms and Rank-k Approxi- been used for ber tracking in Q-Ball data [22], the adaptive stepsize
mations for Estimating Crossings proved critical to guarantee convergence in our experiments.
An order{ rank-1 tensoD is one that can be written as the outer ) ) )
product ofl vectorsv! v ie., 4.3 A Practical Algorithm to Resolve Crossings
1 The goal of our algorithm will be to decompose the higher-order tensor
Dijiy:ii = Vilviz2 V!l (8) representation of the ODF into an optional isotropic part, several rank-

e . . 1 terms which represent individual ber peaks, as well as a smatl+es
for all indices. From this, the rank ofat_ensor is de ned as the smallq%“‘ which covers noise and factors outside the model. The isotropic
numbemRsuch that the tensor can be written as a suRaink-1terms  part is needed in case of Q-Ball data to capture the “ambient” part of
[20]. Unlike in the matrix case & 2), where column rank, row rank, the diffusion, which cannot be assigned to any speci ¢ ber compart-
and outer product rank all coincide, there exist other notions of @énefent. For spherical deconvolution data, it may be omitted.

tensor rank [14], but they are not relevant to our problem. The proposed algorithm works iteratively: Initially, the full input
The homogeneous fori(g) of a symmetric rank-1 tensor ODF is assigned to the residuRl. Any subsequent step reduces the
residual normkR k, until convergence is reached. First, the isotropic
D(sv)=s V—z—Y (9  part ofR is found by computing the mean of its homogeneous form,
| terms m= mear{R ), and multiplying it with the isotropic tensdr whose

homogeneous form is identically one. Since the spherical harmonic

de ned from a scalas and a real unit vector provides a sharp, non- y9 s a constant function, closed formulas for batiland!  are found
oscillating, non-negative, axially symmetric peak of heightv. Its  from the matrix that relates spherical harmonic coef cients to tensor
sharpness grows with ordgrre ecting the higher angular resolution components [31].
provided by tensors of higher order. We choose symmetric rank-1 ten The key part of the problem is to nd a rarfk-approximation of
sors as suitable and computationally convenient models of the narr@w whereF is the desired number of ber trac;. Since no algo-
peaks into which we would like to decompose the ODF. It is safe {thms for this are known and a global optimum may not even exist, our
make this choice, since other analytic, heuristic, or empirical modelrategy is to do an iterative local optimization, which repeatedly opti-
of a single ber ODF can be converted to the assumed rank-1 tensfjzes each rank-1 term, while keeping all others xed. When adding
model in a simple preprocessing step. Examples of this will be givefnew term, this involves a rank-1 approximation apgfoxof R , as
inSections5.1and5.2. _ described in Section 4.2. To improve an existing rank-1 tErman

The best rank-1 approximatidfi(s;v) of a tensoD in the sense approximation oR + F  is sought. In this case, we start a gradient
of minimizing the residual norrkD Lb(s v)k is given by the vec- descent at the previous optimumdenoted re név;R + F ;). This
tor v which maximizes the absolute value of its homogeneous f@rmprocedure is repeated until the residual norm no longer changes sig-
and the scalas= D(v) [14]. When modeling ber peaks as rank-1ni cantly. The nal result may not be an unconstrained optimum, but
tensors, the current practice of selecting ODF maxima can thus beigiocally optimal in the sense that it cannot be improved by changing
terpreted as nding an optimal t for each tract independently fromany term individually. Experimental results indicate that this weak no-
the others, and the bias caused by this in case of crossing bers cartiba of optimality is suf cient to provide a remarkable enhancement
considered a consequence of the fact that the sunmohf-orthogonal, over simple maximum extraction, which does not take into account
locally optimal rank-1 approximations generally does not yield an ojnterference between ber terms at all.
timal rankk approximation [26]. A nal, non-trivial question is how many bers one should look for

The idea behind the proposed method is to improve a ber esti a given ODF. Previous authors (e.qg., [2, 24, 8]) have appezhtiis
mate by re ning the corresponding rakdensor approximation of the with computationally costly statistical methods. To allow for a faster
ODF. This takes into account the interference between non-orthogotratking process, our algorithm employs a simple heuristic that was
peaks, which is ignored by simple maxima extraction. Unfortunateligund effective in noisy synthetic data: A ralk-+ 1) approximation
there are no methods which nd the best ranlapproximation for is accepted if it reduces the residual norm to at lgas, 2 [0; 1] times
generak and tensors of ordér> 2. In fact, an optimal approximation the residual norm of the rank-approximation (i.e., its contribution to



INPUT AND PARAMETERS

Oin orientation distribution function to be analyzed
Frmax maximum number of bers to extract
OuTPUT
i nal berterm i
IMPORTANT VARIABLES
F i(”) ber termi at inner iteratiom
v vector part ofF
F current number of ber terms
R;R™  current residual, residual before inner iteration
CONSTANTS
I isotropic tensor of constant value one
e small scalar value greater than zero

R:=R®:= 0 F:=1n:=1;
repeat / outer iteration
repeat // inner iteration
if Ojpis a Q-Ball ODF then
R := R mearfR) | ;//improve isotropic estimate
end
for i:= 1:::F do //improve all F ber terms
it F"is defined then
F ™D = rene(v™;R + F ™),
R=R+F" ™Y,
else
F ™Y = approxR);
R=R F™Y,
end
done

n:=n+1;RM:=R;
untl  kRMk> (1 €) kR Dk test convergence
if acceptF i(n)) then // acceptF ber terms

for i:= 1:::F do / store output candidates
£=F ",
done
F=F+1,
end

until  F > Fpaxor not acceptF ()

Table 1. Pseudocode of the proposed algorithm for estimating ber

tracts. All used functions are explained in the text.
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Fig. 2. In a Q-Ball model (I = 4) of a synthetic two- ber crossing, the
decomposition (black) estimates bers with less bias and in a far wider
range than maximum extraction (red).

5.1 Synthetic Q-Ball Data

We have generated synthetic diffusion-weighted MRl measurements
S(gi) according to Equation (1), using two Gaussian compartments
with egual volume fractions and fractional anisotropy £A0:87
(FA= " 3=2kD mear{D)Ik=kDk [7]). This model is commonly
used to simulate crossing ber populations for validation purposes
([37, 19, 42]). As measurement parameters, we selected 60 gradi-
ent directions based on electrostatic repulsion [23] atevalue of
b= 3000smn? (as in [36, 19, 16], among others). Rician noise at
two levels (SNR = 40 and SNRB = 20) was added to the sign&&g;).
Note that SNR refers to the signal-to-noise ratio in the unweighted
data. The resulting SNR in diffusion-weighted images is lower and
depends on the exact gradient direction and ber setup. For exam-
ple, in a simple one- ber experiment, SR 40 leads to an effective
SNR between 22 (perpendicular to the ber) and 0.25 (along the ber).
Starting from 90, we decreased the angle between the simulated tracts
in steps of 5, until our method failed to resolve them reliably. For
each ber con guration and each noise level, we took 1000 samples.
In a rst experiment, we estimated Q-Balls of order 4 from the
synthetic data, using the analytic solution of the Funk-Radon trans-
form and Laplace-Beltrami regularization with smoothing parameter
| = 0:004 [16]. For comparison with the decomposition results, we
computed the discrete maxima of the resulting ODFs using a re ned
icosahedral tesselation of the sphere and improved their accuracy via
gradient descent (cf. Section 4.2). In case of more than two maxima,
we selected the largest ones. In the decomposition, wBggt= 2.
The included angle of the estimated bers was computed and com-
pared to the ground truth. Figure 2 presents mean and standard devia-
tion of the reconstruction error for maximum nding (red, circles) and
tensor decomposition (black, crosses). As previously reported [42]
maxima exhibit a clear bias starting at around ,8@hich is greatly

explaining the ODF in terms of ber peaks is reasonably large) anméduced in the decomposition results. Moreover, the decomposition
if the ratio max(kF i(ﬂ) K)=min; (kF i(ﬂ) k) of the largest to the smallest reliably reconstructs crossings fa_r beyond the p(_)int at which t_he_ in(_ji-
ber term is below a second thresholfago (i.e., the smallest ber vidual maxima ha\_/e merged. This can be exple_uned by the 3|m|Iar|t'y
term is not assumed to be noise). Otherwise, we output the previ@ighe decomposition to a deconvolution: Effectively, the decomposi-
rank+ approximation and terminate the algorithm. tion nds a discrete set of delta distributions whose convolution with
Based on the experiments in Section 5.4, wegsgi, = 4 for the the kernel de ned by the homogeneous form of a rank-1 tensor ap-
transition from a single- ber to a two- ber model argjy;io = 3 for go- proximates the Q_-Ball. . .
ing from two to three bersgnormwas xed empirically algnorm= 0:9 It has been p_onnte_d out [19] that the effective angular resolution of
for synthetic datagnom = 0:98 for real data. Additionally, the user 2nalytic Q-Ball imaging is affected both by the measurement process
may specify a maximum numbEkax of ber tracts. For easier repro- and the reconstruction: The angular resolution of diffusion measure-

duction, Table 1 summarizes the algorithm as annotated pseudocoféENts is limited by the employesivalue. Additionally, truncating the
spherical harmonic expansion introduces a point spread function in the

reconstruction, which becomes narrower for increasing drdétthe

latter effect dominates, it should be appropriate to decrease the width
First, we will concentrate on experiments on synthetic data, whiaii the assumed ber peak, as is done when modeling it as an brder-

allow us to validate our method against ground truth. On synthetiank-1 tensor. Unfortunately, the results on Q-Balls with otder6

data, we contrast Q-Ball reconstruction (Section 5.1) with spheridd®@NRy = 40) in Figure 3 (a) suggest that this is not the case: Com-

deconvolution (Section 5.2), and con rm that our algorithm reliablyared to Figure 2 (a), the bias of the decomposition (black) is much

reconstructs three- ber crossings (Section 5.3) and remains stable bigher, indicating that an order-6 rank-1 tensor is a less suitable model
der varying volume fractions (Section 5.4). Then, we turn to a reaf a single ber peak than the wider order-4 rank-1 tensor.

dataset, and demonstrate that tensor decomposition gives clear advais proposed in Section 4.1, we can reduce this bias by mapping a
tages over maximum extraction for ber tracking (Section 5.5). more suitable mode¥® to the modeM? assumed by our algorithm.

5 RESULTS
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Fig. 3. Larger bias in a Q-Ball model of order | = 6 indicates that rank-1  Fig. 4. Compared to Figure 3 (b), spherical deconvolution with order
tensors are a less suitable peak model in this case. A heuristic sharp- | = 6 reduces bias of the decomposition method (black) further.
ening transformation reduces the problem.
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This is done by deconvolving the ODF wikh®, followed by a convo-

lution with M2, In the spherical harmonic basis, this is a simple oper:

ation: An axially symmetric modeVl is described by a single scalar

valuemy, per harmonic ordeh and the result of convolving it with a

spherical harmonic series with coef ciertgis given byc? =m, cj,

whereh is the harmonic order afj (cf. Section 2.2). T B s 5 o B R —
As a proof of concept, we |él° be the order-4 rank-1 tensor, which crossing angle (ground truth) crossing angle (ground truth)

gave usable results in the previous experimbfitis the order-6 rank- (a) ordert = 4 (b) orderl = 6

1 tensor. Then, the values® andn§ are found as the spherical har-_ _ _ _

monic coef cientsc; of the corresponding rank-1 tensors. The resul -'gh' 5. IThree- belr crossings are rehalbly resolved by decom posing

ing conversion factors, = md=mg by which thec; are multiplied SPherical deconvolution ODFs, even at low orders.

are given asn, = [ 5=7;5=6; 105=77; 1] for h=[ 0; 2; 4; 6], respectively.

Note that sincev§ = 0, we do not perform a deconvolution on har- ) )

monic orderh = 6. Figure 3 (b) shows that this heuristic sharpenin§-3 Three-Fiber Crossings

reduces the bias both for the decomposition and for maximum ndinazesohling crossings of three ber bundles has proven dif cult for
From this experiment, we conclude that reliably extracting bergany previous approaches: Tuch [38] reported tagnsor estima-

from Q-Ball ODFs generally requires explicit modeling of the singléion becomes unstable fér= 3. Bergmann et al. [9] discuss general

ber response, e.g., via an additional deconvolution step. Since usikgbut only present results fér= 2. Both Kreher et al. [27] and Peled

an empirical estimate of the appropriate deconvolution kernel woudd al. [32] explicitly restrict themselves to the two- ber case.

be conceptually very similar to spherical deconvolution, we will con- To investigate this more dif cult case, we generated additional data
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centrate on the latter technique in the remainder of this work. which uses three Gaussian ber compartments. The respective prin-
) ) cipal axes were chosen such that their endpoints form an equilateral
5.2 Spherical Deconvolution triangle on the sphere and any pair of them includes aagl&gain,

The similarity between tensor decomposition and spherical decongWas decreased gradually, starting from 9All other measurement
lution which has been discussed above does not imply that one coBffameters were chosen as above. ODFs were reconstructed using
replace the other. Existing methods for spherical deconvolution yielgherical deconvolution with ordefrs: 4 andl = 6.
continuous ODF, and we will show that decomposing it still has advan- Figure 5 shows that the rarkapproximation remains stable for
tages over taking maxima when discrete directions are desired. On Kire 3 and allows one to resolve three- ber crossings even at low orders
other hand, it has been emphasized that the ber distribution descritied relatively small angles (SNR= 40). At the higher noise level
by the ODF holds more information than just the principal directionNRo = 20,1 = 6), it remained possible to reliably reconstruct three-
(e.g., evidence on the amount and orientation of ber spread) [36] a ber crossings down t@ = 40 (data not shown).
there have been initial attempts to exploit it [33]. In all our experiments, we have found that under low noise (S8R

For our experiments, we have implemented spherical deconvolutif), models of order= 6 could reliably represent angles which were
as described in [36]. When setting the response fun®jame explic- impossible to reconstruct from noisier data (§\R20). From this
itly speci es the shape of the peak that will result from the deconvébservation, we conclude that under realistic measurement conditions,
lution of a training sample. For this, Tournier et al. use a truncatdtpise rather than model complexity will be the limiting factor for an-
spherical harmonic representation of a delta distribution (cf. appendiklar resolution already at order 6.
of [35]). As an alternative, we employed the peak described by a rank L , .
1 tensor, whose spherical harmonic coef cieotsre found as above. >.4  Estimating Volume Fractions and Fiber Number

Compared to truncated delta peaks, the non-oscillating rank-1 pedkstest the stability of our method under varying volume fractions,
gave smoother ODFs and their non-negativity reduced the undesiveel xed a two- ber crossing at 60and gradually decreased the vol-
non-physical negative lobes in the resulting ODFs. They also prome fraction of the weaker tract, until reconstruction failed (spherical
duced best results with our decomposition, which explicitly assumedsconvolution, SNR= 20,1 = 6). Both relative magnitude of max-
the rank-1 model. When nding maxima at order 6, the ringing ima and relative magnitude of the ber termd; weakk=(KF weak +
in the truncated delta peak leads to a bias which oscillates for varyikg strrondk), gave usable estimates of relative volume fractions (cf. Fig-
crossing angles, but remains tolerable over a wider range. For ordeg 6 (a)). Even more importantly, maximum extraction found the
| = 4, the ringing is so strong that a rank-1 tensor also gives more aweaker ber in less than 50% of the cases already for rati: @:7,
curate maxima. To be as fair as possible to both methods, presentdiile the decomposition still worked below2: 0:8. However, the
results use rank-1 peaks for the decomposition and maximum extratzndard deviation of the estimated angle became so high that we do
tion atl = 4, truncated delta peaks for maximum ndinglat 6. Fig- not report it for smaller values (Figure 6 (b)). A three- ber crosgsi
ure 4 presents results from spherical deconvolution of the same dat&@swith one dominant tract at ratio®: 0:2 : 0:2 was still correctly
above, withl = 6. Again, the decomposition (black) exhibits less biaseconstructed by the decomposition in 85% of the cases.
and is applicable in a wider range than maximum extraction (red). In a nal experiment on synthetic data, we validated the heuristic



(a) Error in estimated VF

(a) Tractography from DT-MRI

(b) Error in estimated angle

Fig. 6. Under varying volume fractions (VF), ODF decomposition (black
crosses) reconstructs the weaker tract over a wider range than maxi-
mum nding (red circles).

(b) Same from ODF maxima

[ [ SNRy = 40 [ SNRy = 20 ]
Fiber count estimated by our heuristic (c) Same with decomposition (d) ODF pro les
1 2 3 1 2 3
1tract | 1000 0 0 998 2 0
2 tracts 0 1000 0 0 999 1
3tracts| O 0 1000 O 1 999
Number of above-average ODF maxima
1 2 3 1 2 3
1tract | 1000 0 0 992 8 0
2tracts| 163 837 0 203 797 0
3tracts| 88 458 454 | 89 504 407 (e) ODF maxima (f) ODF decomposition

Table 2. In a ber detection experiment, our heuristic prove d to be a
more reliable indicator of ber number than ODF maxima.

Fig. 7. Tensor decomposition (c) allows a deterministic tracking method
to reconstruct the transcallosal bers (TF) from seeds in the corpus cal-
losum (CC). This is neither achieved by a DT-MRI tractography (a), nor
by following maxima in the spherical deconvolution ODFs (b).

which determines the ber number in our algorithm (cf. Section 4.3).

Classi cation was tested on 1000 voxels each with a single ber, two

bers, and three bers, respectively. Directions were chosen umifp  gpherical harmonics and tensor coef cients are all linear operations,
at random such that all included angles were above ab volume  4ne may equivalently interpolate diffusion-weighted images, spheri-
fractions were equal. Under these conditions, our classi cation provgd| harmonic coef cients. or tensor components. For ef ciency, we

reliable, even under noise (cf. Table 2). For comparison, we spec{f¥e component-wise trilinear interpolation of the tensor eld before
the number of ODF maxima whose magnitude is above the ODF Me@Qracting principal directions.

We expect the estimation of both volume fractions and the number\ysith seed points in theorpus callosunthe lateral bers were not

of ber compartments to be more challengipg in the presence of bgg ,nd when following ODF maxima (Figure 7 (b)). When using de-
spread in real data. However, it is reassuring to note that the decqi§mposition results instead, the tract could be reconstructed (c). A
position improves upon maximum extraction also in this respect. ig,al comparison of maxima (e) to decomposition results (f) reveals
5.5 Improvement in Fiber Tracking that the latter separates thg diverging tran_scallosal bers earlier and re
] ) ) ~ constructs their crossing with bers from tiv@ernal capsulenore re-

The real-world dataset used to test our algorithm in practice consisigghy (cf. ellipses in (f)), which facilitates tracking. In the background
of 60 diffusion-weighted images (three averages each) at isotropjca|| gures, a slice of co-registere® data is shown for context.
voxel size 172mm ancb= 1000smn?’. At such lowb-values, only  Figure 8 con rms that this result can be reproduced along a large
very few crossings are resolved as individual maxima in unshadpbengart of thecorpus callosum.Here, only bers which leave a corri-
Q-Ball data, so we used Itered spherical deconvolution for a fair congtor of 20mm around the mid-sagittal plane have been colored to
parison of the decomposition method against maximum extraction. figually emphasize theeanscallosal bers.Note that the DT-MRI re-
in [36], a DT-MRI model was rst estimated and the average fraction&ult in (a) includes a part of thaferior fronto-occipital fasciculugin
anisotropy (FA) of the 300 voxels with highest FA was computed.
Based on this, the deconvolution kertielvas set from the synthetic
signal of a prolate tensor with the same FA, using noise attenuation
vectorb =[1 1 1 Q6] (cf. [36]).

In a rst experiment, we tried to track the latetednscallosal bers
(TF) that run through theorpus callosum(CC) (cf. labels in Fig-
ure 7 (c)). Itis known that DT-MRI tractography (Figure 7 (a)) only
captures the dominant U-shapedllosal radiation(CR) [39]. The
ability to nd the lateral bers with high angular resolution imaging
has previously been demonstrated using simple streamline tracking
along the most collinear ODF maximum on higkvalue diffusion
spectrum data [18] and using probabilistic tractography on sharpened
Q-Balls [4].

We have tried to reproduce the tract using a deterministic highega) Tracts from DT-MRI
order tensor tracking algorithm, similar to [21]. However, we ad-
ditionally allowed for tract splitting in cases where a second maxi-
mum was found within 300f the current tracking direction. Since Q-Fig. 8. Tractography of the full corpus callosum, shown from above.
Ball estimation, spherical deconvolution, and the conversion betwe@nly the decomposition result (c) reliably includes transcallosal bers .

(b) Tracts from ODF
maxima

(c) Tracts from ODF
decomposition



(a) ODF pro les (b) Maxima (c) Decomposition

(a) Tracts from maxima (b) Tracts from decomposition

Fig. 10. Reliable tracking through the decussation of the superior cere-
bellar peduncle (dscp) requires tensor decomposition (I = 6).

(d) Tracts from maxima (e) Tracts from decomposition 6 CONCLUSION AND FUTURE WORK

i . . ) ) In many visualization methods for Q-Ball and spherical deconvolution
Fig. 9. Tensor decomposition allows tracking through the triple crossing data, nding the directions of crossing bers from a continuous ori-
of cortico-spinal tract (blue), corpus callosum (red) and superior longi-  entation distribution function (ODF) is a crucial step. In this work,
tudinal fasciculus (green) even atb= 1000and | = 4. we have shown that taking into account the interference between the
signals from different tracts by approximating the ODF as a sum of in-
dividual ber peaks provides estimates of much higher accuracy than
green), which gets connected to the tractography ottipus callo- the current practice of extracting maxima.
sumthrough partial voluming effects. Recently, it has been proposed to go to high harmonic orders (up
The low number of parameters in order-4 models makes them pas{ = 12) in spherical deconvolution, to reduce bias in ber estimates
ticularly attractive for experiments with a relatively low number otind to represent close tracts by individual maxima in the ODF. Since
measurements. Due to the limited measurement time feasible in clithiis increases the number of model parameters above the number of
cal practice, there has been some interest in resolving crossing tracisigasurements which are typically available, it requires a non-linear,
such settings (e.g., [9, 32]). Figure 9 illustrates the advantages of tebnstrained ODF reconstruction, which involves additional, heuristic
sor decomposition for ordér 4. It presents 4 4 voxels from a coro- parameters [35]. In contrast, we have demonstrated that the angular
nal slice of the three- ber crossing betweenrtico-spinal tract(blue), resolution of Q-Ball or spherical deconvolution models is not reached
transcallosal bers(red), andsuperior longitudinal fasciculugyreen). when crossing bers are no longer separated by individual maxima.
Since many peaks have merged (cf. the ODF pro les in (a)), the eRather, a subsequent decomposition step reliably reconstructs bers
tracted maxima in (b) miss one or two of the crossing tracts in masVer a considerable angular range, at greatly reduced bias. Iymur s
voxels. In comparison, the decomposition in (c) reconstructs thefretic experiments, angular resolution was bounded by assumed mea-
more reliably, allowing all three tracts to be tracked through the crossurement noise rather than model resolution already for ordes.
ing region (e), while the rettanscallocal bersare mostly blocked  Addressing the problem of separating crossing bers via tensor de-
at the crossing when using ODF maxima (d). To avoid visual cluttefomposition has been motivated by the great utility of the eigenvec-
tracts have been terminated when leaving a small region of interesttor decomposition in DT-MRI. While higher-order tensors have previ-
In a nal experiment on real data, we have seeded the tractographysly been considered as an alternative to spherical harmonics in the
within thedecussation of the superior cerebellar pedur{dcp), alo-  context of diffusion imaging [30, 31, 21], the proposed connection to
cation in the brainstem where parts of tgperior cerebellar peduncle rank-1 tensors and rarktensor approximations is new. It provides a
(scp) cross to the opposite hemisphere. Due to partial voluming, thiseful way to formalize the problem and allowed us to nd an ef cient
region also contains a part of the adjaceaoiticospinal / corticopon- algorithm for crossing ber estimation, which draws on existing tech-
tine tract (cst/cpt). Figure 10 compares results of maximum trackingiques for rank-1 approximation. It is our hope that the link between
and tensor decomposition in a view from posterior / superior. Agaithe analysis of orientation distribution functions and recent efforts in
the decomposition makes tracking through this complex con guratianultilinear algebra (e.g., [11, 15, 40]) will become even more useful
more reliable. In particular, a part of the cst/cpt is reconstructed.  as more results become available in this interesting area of research.
Evaluating the algorithm against ground truth in synthetic data has
5.6 Efciency shown that it resolves crossing bers more effectively than existing

hods and experiments on real data have given plausible results.

In our experiments, the runtime of the decomposition method was t X L B
the same order as the maximum search, despite the better results. EyeVver, several aspects of the inverse problem in diffusion-weighte

example, decomposing all 254578 ODFs in the real dataset tobls 10/M2ding remain challenging: In many cases, it is dif cult to nd the
for | = 4 185s forl = 6. while maxima extraction took:9s and correct number of bers in a voxel and to tell crossings from diverg
239s, respectively, on a regular 2GHz workstation. Tracking typ|?d ©F bending con gurations. As future work, we plan to quantify

cally took longer with the decomposition, due to the higher number §i€ con dence of ber estimates and to explore both coherence over
bers which were found (e.g., 2s for Figure 7 (b) vs. Bs for Fig- spatial neighborhoods and prior knowledge to increase it.

ure 7 (c)). These results are obtained when taking 321 samples on the
hemisphere to extract discrete local maxima and re ning them usilégcKNOW"E':’GEMENTS
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