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— —

Residuation condition

p,qE T if and only if phEqg—r
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Motivation. Premise combination

Structural rules

Lo, AF A

v, AF A
(Weakening)

[4] o [¢] < [¢]
($1,02), 93 F A

¢1,(d2,93) - A
(Regrouping)

associativity of o

I—7¢777D7A|_A r7¢7¢7AI_A
LY, 0, AFH A o, AF A
(Exchange) (Contraction)

[#] o [¥] < [¢] o [¢] [¢] < [¢] o [¢]

rFA A AAFFB

AT A FB
(Cut)

< partial order; o monotone



Definitions

(M, <) poset; o,—: M2 — M
— IS the left residuation associated with o if aob<ciffa<b-—c.

— is the right residuation associated with o if boa<ciffa<b— c.



Definitions

(M, <) poset; o,—: M2 — M
— IS the left residuation associated with o if aob<ciffa<b-—c.

— is the right residuation associated with o if boa<ciffa<b— c.

(M,<,o,—) left residuated semigroup if
— (M,o0) semigroup; o monotone in all arguments

— — left residuation associated with o




Definitions

(M, <) poset; o,—: M2 — M
— IS the left residuation associated with o if aob<ciffa<b-—c.

— is the right residuation associated with o if boa<ciffa<b— c.

(M,<,0,—,1) left residuated monoid if
— (M, o0,1) monoid; o monotone in all arguments

— — |eft residuation associated with o




Definitions

(M, <) poset; o,—: M2 — M
— IS the left residuation associated with o if aob<ciffa<b-—c.

— is the right residuation associated with o if boa<ciffa<b— c.

M. < 1 left residuated monoid if
( y > 0y =, ) rToYy=1yYyox Ve e M

— (M, o0,1) monoid; o monotone in all arguments

— — |eft residuation associated with o




Definitions

(M, <) poset; o,—: M2 — M
— IS the left residuation associated with o if aob<ciffa<b-—c.

— is the right residuation associated with o if boa<ciffa<b— c.

M. < 1 left residuated monoid if
( y > 0y =, ) rToYy=1yYyox Ve e M

— (M, o0,1) monoid; o monotone in all arguments
r<1VereM

— — |eft residuation associated with o




Definitions

(M, <) poset; o,—: M2 — M

— IS the left residuation associated with o if aob<ciffa<b-—c.

— is the right residuation associated with o if boa<ciffa<b— c.

(M,<,0,—,1) left residuated monoid if
— (M, o0,1) monoid; o monotone in all arguments

— — |eft residuation associated with o

rxoy=yox Ve M
r<1VereM

BCC-algebras



Definitions

(M, <) poset; o,—: M2 — M

— IS the left residuation associated with o if aob<ciffa<b-—c.

— is the right residuation associated with o if boa<ciffa<b— c.

(M,<,0,—,1) left residuated monoid if
— (M, o0,1) monoid; o monotone in all arguments

— — |eft residuation associated with o

rxoy=yox Ve M
r<1VereM

BCC-algebras

(M,V,o,—) left residuated semilattice if

— (M, V) semilattice; o join-hemimorphism in both arguments

— — |left residuation associated with o.




Definitions

(M, <) poset; o,—: M2 — M

— IS the left residuation associated with o if aob<ciffa<b-—c.

— is the right residuation associated with o if boa<ciffa<b— c.

(M,<,0,—,1) left residuated monoid if
— (M, o0,1) monoid; o monotone in all arguments

— — |eft residuation associated with o

rxoy=yox Ve M
r<1VereM

BCC-algebras

(M,V, N, o,—) left residuated lattice if

— (M, V,N) lattice; o join-hemimorphism in both arguments

— — |left residuation associated with o.
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LLogics based on Heyting algebras

e algebraic models: Heyting algebras with operators
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Examples

positive logics [Dunn 1995]

SLO
LO e (modal) intuitionistic logic

e GOdel logics [Godel 1930]

e SH,,SHK, logics [Iturrioz 1982]
RDO e Post logics and generalizations

HAO e modal logic, dynamic logic, ...

e relevant logic RL [Urquhart'96]

BAO o fuzzy logics

GOodel, tukasiewicz, product

e BCC and related logics

o Lambek calculus; linear logic ...
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Fma(Var)
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meaning function
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Algebraic models Kripke-style models

D

(C) A R
E

(i) E(K) C P(K) algebra of subsets of K

(i) 1: A — E(D(A)) injective homomorphism

Kripke-style models (K,m) KeR;m:Var — E(K) CP(K)

r

a T
Theorem If A, R satisfy (C)(i,ii) then A= ¢ iff R = ¢.




Algebraic and relational semantics

Algebraic models Relational models
D
(C) A R
E
(i) E(K) algebra of relations

(ii) 1: A - E(D(A)) injective homomorphism

Relational models (K, f) K eR,; f:Var — E(K)

a

a a
Theorem If A, R satisfy (C)(i,ii) then AR ¢ iff R = ¢.
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Representation theorems

Natural Dualities: V = ISP(P)

A = Homge (D(A), P) P 'alter-ego’ of P
/ \D(A):Homv(Av P)
Stone 1940: Bool = ISP(B>) Priestley 1972: Dg1 = ISP(L»)
B — P(D(B)) L — OF(D(L))
np(z) ={F € D(B) |z € F} np(z) ={F e D(L) |z € F}

Semilattices: SL = ISP(S>)
(S, N) = (SF(D(S)),N)
ns(z) ={F € D(S) |z € F}

Lattices: ny : (L,A,V) — (SF(D(L)),N,V)
np(z) :={F e D(L) |z € F}
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Example 3. Semilattices

NN AN



Example 4. Lattices

PP <P
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Boolean algebras with operators General Idea:

e Jonsson and Tarski (1951) e A— D(A) topological space

with additional structure
Distributive lattices with operators

e Goldblatt (1986), VS (2000)
e A = ClosedSubsets of D(A)
Lattices (with operators)

e Urquhart (1978) closed wrt: topological structure

e Allwein and Dunn (1993) order structure

e Dunn and Hartonas (1997)

e operators — relations on D(A)

e Hartonas (1997)

“Gaggles”, “tonoids” Dunn (1990, 1993)
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E E
D(A) iff
E(X)
Example zoy<ziffr <y —z
o has type —|—1,—|—1—>—|—1 Ro(Fl,FQ,F3) iff Fl OF2 QF3

— has type +1,—-1——1

R (Fy, F>, F3) iff F; — FQC C F§

R (F1, F>, F3) iff Ro(F3,F1,F>)
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Algebraic and Kripke-style semantics

D

SLO Q) A R
LO :

(i) E(K) C P(K)
algebra of subsets of K

(ii) i : A = E(D(A))
/\ (K,m), m: Var — E(K)

(K,m) =, ¢ iff = € m(e)

RDO
HAO
BAO
Priestley representation
U na: A— OF(D(A))

SLO,LO Representation for

(semi)lattices

na:A— SF(D(A))




Logic Algebraic Kripke-style |meaning functions
models models
Positive m : Var — OF(X)
(L, VN0, 1L, {f}res) (X, <, {R}Rex)
Post-style HAOs- m : Var — OF(X)
(L,V, N =50, 1L, {f}pes (X, <, {R}gex)
BAOy BAOy m : Var — P(X)
(B,V, N, 0,1, 7,{f}fes)| (X, {R}Rex)
t ukasiewicz RDO RSp m : Var — OF(X)
-style (L,V,A,0,1,0,—) (X, <, Ro)
m : Var — SF(X)
(S,N,0,1,0,—) (X, A, Ro)
(S,V,A,0,1,0,—) (X, A, Ro)
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Class u.w.p. References

Lattices PTIME Skolem (1920), Burris (1995)
ResLatMon decidable Blok, Van Alten (1999)
ResLatIntMon decidable Blok, Van Alten (1999)
BCK_, decidable Blok, Van Alten (1999)

Modular Lattices

undecidable

Freese (1980), Herrmann (1983)

Doy
DLOs, RDO5
DLSgr\/,d

subclasses

co-NP complete
EXPTIME
decidable

undecidable

Bloniarz et al.(1987)
VS (1999, 2001)
Andreka

Urquhart (1995)

Heyting Algebras
HASgr\/’d

DEXP

undecidable

VS (1999)
Kurucz, Nemeti et al. (1993)

Boolean Algebras
ResBoolMon
BoolSgry 4
BoolSgry

co-NP complete
undecidable
undecidable
decidable

Cook (1971)
Kurucz, Nemeti et al. (1993)
Kurucz, Nemeti et al. (1993)
Gyuris (1992)
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Resolution-based methods

Advantages

e direct encoding

e restricted (hence efficient) calculi
— ordering, selection
— simplification/elimination of redundancies

e allow use of efficient implementations
(SPASS, Saturate)

e iN Many cases better than equational reasoning
AC operators — logical operations



Automated Theorem Proving: DLOs

Theorem | DLOs |= ¢ < ¢ iff

the following conjunction is unsatisfiable:

(Dom) r<z;, az<yy<z—z<z
Re(z1,...,Zn,x),x™Xey = Re(x1,...,2n,y) If f €z

(Her) r <y, Pe(x) = Pe(y)

(Ren)(0,1) —FPy(x) Py (z)
(/\) Pel/\€2 (33) ~ Pel (x) A P€2 (ZC)
(V) Pel\/62 (z) & Peq (z) V Peo ()

..... en)(w) < (Jzq,... 320 S Zsl...sn—>€
(Pey (1)L Ao A Pep (n)*™ A Rp(21,...,7n,T))

(N) Jee X : Py, (c) A ~Py, (c)




Automated Theorem Proving: DLOs

Theorem | DLOs |= ¢ < ¢ iff

the following conjunction is unsatisfiable:

(Dom)

(Her)

(Ren)(0,1) —~Fy(x) Py (z)
(/\) Pel/\€2 (33) <~ Pe]_ (33) A P€2 (33)
(V) Pel\/ez (z) & Peq (z) Vv Peo ()

(Z) Pf(e]_ ..... en )(x) <~ 3331, c . EICC'n, f c Zglu_gn—>g
(Pey (1)L Ao A Pep (zn)*™ A Rp(21, ..., Tn,T))




Automated Theorem Proving: HAOs

Theorem | HAOs = ¢ = 1 iff

the following conjunction is unsatisfiable:

(Dom) r<z, az<yy<z—z<z
Re(z1,...,2n,x),x™Xey = Re(zq,...,2n,y) if f €z

(Her) r <y, Pe(x) = Pe(y)

(Ren)(0,1) —~Fy(x) Py (z)
(/\) Pel/\€2 (33) <~ Pe]_ (33) A P€2 (33)
(V) Pel\/ez (z) & Peq (z) V Peo ()

(Z) Pf(e]_ ..... en)(x) <~ 3331, c. EICCn f - Zglu.gn—>g
(Pey (1)L Ao A Pep (zn)*™ A Rp(z1, ..., Tn,T))

(=) Peq—es (@) & Vy(y =2 2 A Pey (y) = Pesy (y))

(N) Je € X 1 =Py(c)




Automated Theorem Proving

Class of algebras Complexity

(refinements of resolution)

DLOs EXPTIME
RDOs EXPTIME
BAOs EXPTIME
HA DEXPTIME
HAOs ?

RSOs,RLOy [
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Questions

Automated theorem proving
e wWhat presentation is better?
— logical calculus/semantics
— what semantics: algebraic, Kripke or relational?
e wWhich methods for ATP are better?
— resolution
— tableaux

— natural deduction



