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Preface
This volume contains the paperspresented at the workshopCEDAR 2008:Com-
plexity, Expressibility, and Decidabilit y in Automated Reasoning,held in Syd-
ney, on August 10th, 2008,a�liated with the International Joint Conferenceon
Automated Reasoning(IJCAR 2008).

The goal of CEDAR wasto bring together researchersinterested in problems
at the interface betweenautomated reasoningand computational complexity, in
particular in:

{ identifying (fragments of) logical theories which are decidable, resp. have
low complexity, and analyzing possibilities of obtaining optimal complexity
results with uniform tools;

{ analyzing decidability in combinations of theories and possibilities of com-
bining decisionprocedures;

{ e�cien t implementations for decidable fragments;
{ application domains where decidability resp. tractabilit y are crucial.

With the development of computer sciencethese problems are becoming ex-
tremely important. In the last years, for instance, automated reasoning tech-
niques found a large number of practical applications ranging from knowledge
representation (reasoning in non-classical logics, reasoning in large databases
and ontologies) to program veri�cation and veri�cation of reactive, real time
or hybrid systems. In this context, complexity, expressibility and decidability
issuesbecamecrucial: Although predicate logic, set theory, or number theory
are undecidableor not even recursively enumerable, in many of the applications
areasmentioned above only special fragments needto be considered,which are
decidableand sometimeseven have a low complexity.

The programme of CEDAR 2008 re
ects these important directions in the
study of complexity, expressibility and decidability in automated reasoning,and
displays a good balancebetweentheoretical results and applications (decidabil-
it y and complexity in description logics and set theory, automated reasoningin
complex theories with applications to veri�cation). The programme includes
an invited talk by Carsten Lutz \T emporal Description Logics - A Survey"
and an invited talk (join t with PAAR'2008) by AlessandroArmando \Software
Model Checking: new challengesand oppurtunities for Automated Reasoning".
We thank the programme committee and the additional refereesfor the referee-
ing e�orts.

Sydney, August 2008

Franz Baader, Silvio Ghilar di
TU Dresden Univ ersit�a degli Studi di Milano
Miki Hermann Ulrike Sattler
LIX (CNRS, UMR 7161), Ecole Polytechnique Univ ersity of Manchester
Vioric a Sofr onie-Stokkermans
Max-Planck-Institut f•ur Informatik, Saarbr•ucken

The workshoporganizersgreatly bene�ted from using EasyChair.
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Soft ware Mo del Checking: New
Challenges and Opp ortunities for

Automated Reasoning

AlessandroArmando

AI-Lab, DIST, Univ ersit�a di Genova, Italy

Abstract. SoftwareModel Checking is emergingasoneof the leading
approachesto automatic program analysis.State-of-the-art software
model checkers exhibit levels of automation and precisionoften su-
perior to thoseprovided by traditional software analysistools. This
successis due to a large extent to the use of Satis�abilit y Modulo
Theory (SMT) solversto support reasoningabout complexand even
in�nite data structures (e.g. bit-vectors, numeric data, arrays) ma-
nipulated by the program being analysed.In this talk I will survey
the opportunities and challengesposedto Automated Reasoningby
this new application domain.
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Temporal DescriptionLogics|A Survey

Carsten Lutz
Institute for Theoretical Computer Science

TU Dresden,Germany
lutz@tcs.inf.tu-dresden.de

Abstract. Description logics(DLs) are successfullyusedin a variety of appli-
cations. In particular, this includesthe useof DLs asan ontology languageand
for reasoningabout conceptualdatabasemodelssuch asER diagramsand UML
classdiagrams. In many of theseapplications, there is a need to extend DLs
with a temporal component. Notably, medicalontologiessuch asSNOMED CT
often compriseconceptswhosefaithful modelling requiresto capture also tem-
poral aspects. An exampleis SNOMED CT's concept\concussionwithout loss
of consciousness",which describesa concussionafter which the patient has re-
mained consciousuntil the time of examination. Temporal expressivity is also
requiredwhen the DL approach to reasoningabout conceptualdatabasemodels
is lifted from traditional databasesto temporal ones. Theseobservations have
led to an extensive and varied literture on temporal DLs (TDLs).

In this talk, I will survey a family of TDLs that is obtained by combining
DLs with temporal logics such as LTL and CTL. I will start with the basic
members of this family, which allow the application of temporal operators to
DL concepts,only. In this basic case, the interaction between the temporal
component and the DL component of the TDL is limited, and very transparent
decisionprocedurescan be obtained. I will then discussmore powerful combi-
nations that are obtained by allowing the application of temporal operatorsalso
to TBox statements and roles. In the former case,reasoningis still decidable,
but decisionprocedureare more involved (and interesting). In the latter case,
reasoningis undecidableand I will discussa number of ways that have been
proposedto circumnavigate this problem. Finally, I will put temporal DLs into
the perspective of so-calledmonodic fragments of temporal �rst-order logic.
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PTIME Description Logics with Functional
Constrain ts and their Extensions

David Tomany;z and Grant Weddelly

yD. R. Cheriton School of Computer Science,Univ ersity of Waterloo, Canada
zFaculty of Computer Science,Free Univ ersity of Bozen-Bolzano, Italy

Abstract. We review and extend earlier work on the logic CF D, a de-
scription logic with universal restrictions over functional roles and that
allows terminological cycles. In particular, we consider the problem of
reasoning about concept subsumption and the problem of computing
certain answers for a family of attribute-connected conjunctiv e queries,
showing that both problems are in PTIME. We then consider the e�ect
on the complexity of these problems after adding a concept constructor
that expressesconcept union, or after adding a concept constructor for
the bottom class.Finally , we show that adding both constructors makes
both problems EXPTIME-complete.

1 In tro duction

In order to provide better guarantees on performance, there has been a resur-
genceof interest on ontology languagesfor which reasoningserviceshavePTIME
complexity. The latest working version of the OWL web ontology standard [11]
is evidencefor this: the current draft proposesso-calledpro�les that incorpo-
rate the description logics EL++ [1] and DL-Lite [2], each of which has PTIME
complexity for its concept subsumption problem. In our earlier work [8], we
have intro duced a description logic called CF D based on a concept language
that allows universal restrictions over functional roles, and for which the logical
implication problem alsohasPTIME complexity even in the presenceof termino-
logical cycles.Moreover, CF D included a generalform of functional dependency
that could be usedto express,among other things, identi�cation constraints.

In this paper, wereview and extend the earlier work on CF D, �rst considering
the problem of reasoning about concept subsumption with respect to a CF D
TBox, and then considering the problem of computing certain answers for a
large subclass of conjunctive queries with respect to a CF D knowledge base
consistingof both a TBox and ABox. In both cases,we considerthe e�ect on the
complexity of theseproblemswith respect to the addition of conceptconstructors
for expressingconceptunion and the bottom (unsatis�able) class.In particular,
in Sections2 and 3, we show the following for CF D with respect to a TBox that
may contain terminological cycles.

1. Determining if a particular concept subsumption, called a posed question, is
logically implied by the TBox is in PTIME. The proof is basedon a reduction
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of the problem to a Horn formulation over a �nite universe.This is a much
simpler approach than the procedure outline in [8], and one that enablesa
more transparent consideration of extensionsto CF D that follow.

2. This implication problem becomescoNP-complete if one adds a concept
constructor that expressesconcept union to CF D.

3. The implication problem is PSPACE-complete if, alternativ ely, one adds a
concept constructor for the bottom class.

4. Finally, the problem is EXPTIME-complete if oneaddsconceptconstructors
for both concept union and bottom.

We also considerextending the expressivenessof posedquestionsto allow prim-
itiv e negation, disjunction, and general negation, and show the e�ect of these
extensions on the complexity of the implication problem, in particular when
measuredonly in the sizeof the posedquestion.

We then consider the problem of computing certain answers to a family of
attribute-connected conjunctive queriesover an arbitrary CF D knowledgebase.
Such queriesare more generalthan thosethat can be folded into a singleconcept
description (in standard description logics), and include, for example, queries
with existential restrictions that correspond to foreign-key joins. In particular,
by appealing to results in [7], we show how all of the above complexity bounds
for the conceptsubsumption problem for CF D and its extensionstransfer to this
secondproblem.

The remainder of this section intro ducesCF D, in particular, the de�nitions
related to the logical implication problem for inclusion dependenciesthat are
neededfor an understanding of the results in Sections2 and 3. Additional def-
initions concerning ABox reasoningare left to the start of Section 4 in which
we considercertain answer computation. We concludein Section5 and 6 with a
discussionof related work and with summary comments.

1.1 The Description Logic CF D

A formal de�nition of the syntax and semantics and of the logical implication
problem of CF D follows. Note that CF D itself is basedon attributes (also called
features) instead of the more common caseof roles (which are easily accommo-
dated by rei�cation [12]).

De�nition 1 (The logic CF D) Let F and A be disjoint sets of (names of)
attributes and primitiv e concepts,respectively.

A path expressionis a word in F� ; we denote the empty word by Id and con-
catenation by \ :". We use\ Pf" to denote path expressions.

We de�ne derived concept descriptions by the grammar on the left-hand-side
of Figure 1. A concept produced by the \ C : Pf1; : : : ; Pfk ! Pf" production of
this grammar is called a path functional dependency (PFD). In addition, any
occurrenceof this constructor must adhereto one of the following two forms:

1. C : Pf1; : : : ; Pf : Pf i ; : : : ; Pfk ! Pf and
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Synt ax Semantics: Defn of \ (�) I "

C ::= A
j C1 u C2 (C1) I \ (C2) I

D ::= C
j D 1 u D 2 (D 1) I \ (D 2) I

j 8 Pf :C f x : (Pf) I (x) 2 (C) I g
j C : Pf1 ; :::; Pfk ! Pf f x : 8 y 2 (C) I :V k

i =1 (Pf i ) I (x) = (Pf i ) I (y) ) (Pf) I (x) = (Pf) I (y)g

E ::= C
j ? ;
j E1 u E2 (E1) I \ (E2) I

j 8 Pf :E f x : (Pf) I (x) 2 (E ) I g
j (Pf1 = Pf2) f x : (Pf1) I (x) = (Pf2) I (x)g

Fig. 1. Synt ax and Semantics of CF D.

2. C : Pf1; : : : ; Pf : Pf i ; : : : ; Pfk ! Pf :f for an attribute f 2 F.

An inclusion dependencyC is an expressionof the form C v D. (Note the dis-
tinction of conceptdescriptions that can appear on the left- and right-hand sides
of C.) A terminology (TBox) T consistsof a �nite set of inclusion dependencies.
A posedquestion Q is an expressionof the form E1 v E2.

The semantics of expressionsis de�ned with respect to a structure (� ; �I ), where
� is a domain of \ob jects" and (:) I an interpretation function that �xes the in-
terpretation of primitiv e conceptsA to be subsetsof � and attributes f to be
total functions (f ) I : � ! � . The interpretation is extended to path expres-
sionsby interpreting the empty word (Id ) as the identit y function �x:x and the
concatenation as function composition, and to derived concept descriptions C,
D and E as de�ned on the right-hand-side of Figure 1.

An interpretation satis�es an inclusion dependencyC v D (resp. a posedques-
tion E1 v E2) if (C)I � (D )I (resp. (E1)I � (E2)I ).

The logical implication problem asksif T j= Q holds; that is, for a posedquestion
Q, if Q is satis�ed by any interpretation that satis�es all inclusion dependencies
in T .

There are two things to note about the grammar of CF D. First, every inclusion
dependencyin a TBox T can be equivalently written in the form A1 u : : :u Ak v
D for A i a primitiv e concept. We appeal to this fact in presenting a PTIME
procedurefor the implication problem in the next section,and when we consider
adding the bottom class to CF D in Section 3. Second,although the grammar
doesnot allow a PFD to appear directly in posedquestions,the following lemma
establishesthat an indirect check for the logical implication of such conceptscan
be easily simulated.
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Lemma 2 Let T be a CF D terminology and E1 v E2 : Pf1; : : : ; Pfk ! Pf be
a posed question in a description logic that extends CF D with the production
\ E ::= E : Pf1; :::; Pfk ! Pf". Then there is a posed question Q in CF D such
that T j= E1 v E2 : Pf1; : : : ; Pfk ! Pf i� T j= Q:

Proof (sketch): We de�ne

Q � 8f :E1 u 8g:E2 u (
k

u
i =1

(f : Pf i = g: Pf i )) v (f : Pf = g: Pf)

where f and g are attributes not occurring in T . Any counterexample to the
posed question must contain two objects o1 and o2 that agreeon all Pf i and
disagreeon Pf. Adding an additional object o such that f (o) = o1 and g(o) = o2

yields an counterexample to T j= Q. The other direction is immediate since a
counterexample to T j= Q is already a counterexample to the original posed
question. 2

2 The Polynomial Case

We begin our analysisof CF D by �rst showing that its logical implication prob-
lem is in PTIME. Our proof is basedon an encoding of a given problem in terms
of a collection of Horn clauses.The reduction intro ducesterms that correspond
to path expressions,and is based on an observation that the number of such
terms that are required is polynomial in the sizeof the problem itself.

De�nition 3 (Expansion Rules) Let T and Q be a CF D terminology and
a posedquestion, respectively.

We denote CON(T ; Q) the set of all subconceptsin appearing in T and Q and

PF(T ; Q) = f Pf : Pf0 j Pf a pre�x of a path expressionappearing in Q;
Pf0a path expressionappearing in T or Id g:

We useCC to denote unary predicates for all C 2 CON(T ; Q), and E to denote
a binary predicate, all ranging over the universePF(T ; Q).

The expansionrules for a given terminology T , R(T ), are de�ned as follows:

E(Pf1; Pf1)
E(Pf1; Pf2) ! E(Pf2; Pf1)
E(Pf1; Pf2) ^ E(Pf2; Pf3) ! E(Pf1; Pf3)
E(Pf1; Pf2) ! E(Pf1 : Pf; Pf2 : Pf) for all f Pf1 : Pf; Pf2 : Pfg � PF(T ; Q)
E(Pf1; Pf2) ^ CC (Pf1) ! CC (Pf2)

CC1 u C2 (Pf) ! CC1 (Pf) and CC1 u C2 (Pf) ! CC2 (Pf)
C8 Pf 0 :C (Pf) ! CC (Pf : Pf0) for Pf1 : Pf0 2 PF(T ; Q)
C(Pf 1 = Pf 2 ) (Pf) ! E(Pf : Pf1; Pf : Pf2)
CC:Pf 1 ;::: ;Pf k ! Pf 0 (Pf) ^ CC (Pf0) ^ (

V
0<i � k E(Pf : Pf i ; Pf0: Pf i ))

! E(Pf : Pf0; Pf0: Pf0)

CA 1 (Pf) ^ : : : ^ CA k (Pf) ! CD (Pf) for all (A 1 u : : : u Ak v D) 2 T
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A goal for each concept E is a set of ground assertionsde�ned as follows:

GE =

8
>>>>>><

>>>>>>:

f CA (Id )g for E a primitiv e concept
f C? (Id )g for E = ?
f E(Pf1; Pf2) for E = (Pf1 = Pf2)
GE1 [ GE2 for E = E1 u E2

f CC (Pf0: Pf) j CC (Pf) 2 GE0g[
f E(Pf0Pf1; Pf0: Pf2) j E(Pf1; Pf2) 2 GE0g for E = 8 Pf0:E0

Given two concept descriptions E1 and E2, we say that

R(T ) [ f CE1 (Id )g j= GE2

if GE2 � M for every ground model M of R(T ) over PF(T ; Q) that contains
CE1 (Id ).

Our PTIME result for the CF D implication problem followsby a simplecheck for
goalsoccurring in a ground model for expansionrules generatedby a polynomial
sizedcollection of path expressions.

Theorem 4 Let T be a CF D terminology and Q a posed question of the form
E1 v E2. Then

T j= Q i� R(T ) [ f CE1 (Id )g j= GE2 or
R(T ) [ f CE1 (Id )g j= C? (Pf) for some Pf 2 PF(T ; Q):

Proof (sketch): If E1 (syntactically) contains ? then the concept E1 is unsatis-
�able and thus the subsumption holds for any T 2 and T . The rules then infer
(trivially) that C? (Pf) 2 M for somePf 2 PF(T ; Q) whereM is the least model
of R(T ) [ f CE1 (Id )g.

Otherwise, if R(T ) [ f CE1 (Id )g 6j= GE2 then there must be a model M of R(T ) [
f CE1 (Id )g such that G 62M for someG 2 GE2 . We construct an interpretation
I M such that I M j= T but I M 6j= Q. The interpretation I M contains an object o
for each equivalenceclassde�ned on the set PF(T ; Q) by the interpretation of E.
The classmembership of theseobjects is determined by the membership of the
corresponding path in the interpretations of the CC predicates in M. Note that
due to the syntactic restriction imposedon PFDs, this is su�cien t to satisfy all
PFDs in T as any precondition or a non-trivial consequenceof a PFD can only
manifest on somepath belongingto PF(T ; Q) and beginning at the distinguished
object o. To completethe construction of I M wesimply attach a unique complete
tree F� to each leaf node (i.e., a node that is missing successors).Nodesof these
complete trees belong to all primitiv e descriptions in I M and thus satisfy T .

Conversely, assumeR(T ) [ f CE1 (Id )g j= GE2 but T 6j= Q. Then there must be an
interpretation I and an object o 2 � such that I j= T and o 2 (E1)I � (E2)I .
Thus there is a model M I of R(T ) such that CE1 (Id ) 2 M I . In this model
the element Id 2 PF(T ; Q) serves as the counterpart of the object o and the
interpretations of the predicates CC and E is extracted from I by navigating
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all (pairs of) path functions in PF(T ; Q). However, as o 62(E2)I , it must be
the casethat M I is a strict subset of the least model of R(T ) [ f CE1 (Id )g; a
contradiction. 2

Since the expansion rules are Horn clausesover a �nite universe PF(T ; Q) of
polynomial size,we have the following:

Corollary 5 Let T and Q denote a terminology and posed question in CF D.
Then the implication problem T j= Q is decidable in PTIME.

Proof (sketch): The least model of R(T ) [ f CE1 (Id )g can be constructed using
a bottom-up construction of the least �x-p oint of the rules in time polynomial
in jT j + jQj . 2

In practice, elements of this set can be constructed on demand by using addi-
tional Horn rules in such a way that only path expressionsneededto con�rm
subsumption or non-subsumption are generated.

3 In tractable Extensions

In this section,we considerthe consequencesof various extensionsto CF D. The
�rst three subsectionsconsider extensions to the right-hand-sides of inclusion
dependenciesillustrated in Figure 2. In particular: Subsection3.1 that follows
considersthe addition of concept union, the following subsection considersan
alternativ e addition of a constructor for the bottom class, and Subsection3.3
considersthe addition of both constructors. Finally, in Subsection3.4, we con-
sider consequencesof various extensionsto a posedquestion.

Synt ax Semantics: Defn of \ (�) I "

D ::= . . . all productions of CF D and
j D 1 t D 2 (D 1) I [ (D 2) I in CF D t and CF D t ;?

j ? ; in CF D? and CF D t ;?

Fig. 2. Extensions of Syntax and Semantics of CF D Terminologies.

3.1 The Coverage Case: CF D t

To handle disjunction in right-hand sidesof inclusion dependencies,we extend
the expansionrules as follows:

Rt (T ) := R(T ) [ f CC1 t C2 (Pf) ! CC1 (Pf) or CC2 (Pf)g:

This rule is added to the expansion rules used for the polynomial case.The
intuition behind using this rule is to non-deterministically �nd a model with an
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object that belongsto the left-hand side of the posedquestion but which does
not belong to the right-hand side.

Theorem 6 Let T be a CF D t terminology and Q a posed questionof the form
E1 v E2. Then

T j= Q i� GE2 � M or C? (Pf) 2 M for Pf 2 PF(T ; Q)

in each minimal model M of Rt (T ) [ f CE1 (Id )g:

Proof (sketch): The proof is similar to the proof of Theorem 4 augmented with
a non-deterministic application of the above rule. Thus non-subsumptioncan be
detected using polynomially many non-deterministic guesses. 2

Corollary 7 Let T and Q denote a terminology and posed question in CF D t .
Then the implication problem T j= Q is decidable and coNP-complete.

Proof (sketch): To obtain the upper bound we non-deterministically apply the
rule \ CC1 t C2 (Pf) ! CC1 (Pf) or CC2 (Pf)" during the construction of a minimal
(but no longerunique) model of Rt (T )[ f CE1 (Id )g that yields an counterexample
to T j= Q using a construction similar to Theorem 4. Thus non-implication can
be solved by polynomial number of guessesand is in NP.

To obtain the lower bound, we reduce 2+2-SAT to non-implication T 6j= Q in
CF D t . 2

3.2 The Disjoin tness Case: CF D ?

We now show that the logical implication problem for CF D becomesPSPACE-
complete if the bottom class is allowed in inclusion dependencies.This is also
accomplishedby appealing to our construction in Section 2, expanding in par-
ticular on the issueof \completing" the construction of counterexample inter-
pretations.

De�nition 8 (Satis�able A tomic T yp e) Let T bea CF D? terminology and
T a �nite set of primitiv e concepts.We say that T is satis�able with respect to
T if there is an interpretation I T such that I T j= T and (uA 2 T A)I 6= ; .

If I T exists, then it can be made into a tree interpretation.

Lemma 9 Let T be a CF D? terminology and T a �nite set of primitive con-
cepts.The problemof determining if T is satis�able with respect to T is decidable
and in PSPACE.

Note that it is easyto construct terminologies (using only u and 8f :) in which
a contradiction is found only after exponentially many steps (of f ). We use a
reachabilit y search algorithm to detect these situations. Since the graph of all
atomic typesT is exponential in the sizeof the terminology, the reachabilit y of
an unsatis�able atomic type starting from T can be determined in PSPACE.
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Theorem 10 Let T be a CF D? terminology and Q a posed questionof the form
E1 v E2. Then T j= Q i�

1. C? (Pf) 2 M for somePf 2 FjT j+max ( jE1 j ;jE2 j ) , or
2. the set f A 2 CON(T ; Q) j CA (Pf) 2 M ; A primitiv eg is not satis�able with

respect to T for somePf 2 FjT j+max ( jE1 j ;jE2 j ) , or
3. GE2 � M .

hold in the minimal model M of R(T ) [ f CE1 (Id )g:

Proof (sketch): The construction of a counterexample follows the construction
in the proof of Theorem 4. However, the completion of the interpretation by
in�nite trees now depends on the existenceof such trees and must be checked
using Lemma 9. 2

Note that the �rst two conditions check whether E1 is empty with respect to T ;
emptinessimplies subsumption vacuously. This observation can be also usedfor
checking for concept satis�abilit y with respect to a TBox.

To show hardnessfor PSPACE, wereducethe (deterministic) Linear Bounded
Automaton Acceptance [5,6] to the implication problem in CF D? . The construc-
tion follows a similar construction for Datalog1S [4]. Considera linearly-bounded
deterministic automaton A with an alphabet � , a tape of sizen, a set of states
Q, a transition relation � , a start state qs , and a set of �nal states F . We use
an attribute f to model the progression of A's computation, with each step
characterized by the following primitiv e concepts:

{ Ta
i states that the tape cell i contains the symbol a 2 � ;

{ Hi states that the head of A is located on the tape cell i ;
{ �Hi states that the head of A is not located on the tape cell i ;
{ Sq states that A is in state q 2 Q.

Note that �Hi is an auxiliary concept only, and it is not necessaryto explicitly
require disjointnessfrom Hi , etc. The constraints

Hi v �Hj ; for all 0 < i 6= j � n

su�ce to link the behaviour of �Hi to Hi for the purposesof modeling the compu-
tations of A. For each transition in � wede�ne the following inclusion constraints
to describe the computation steps:

Hi u Sq u Ta
i v 8f :(H i +1 u Sq0 u Ta0

i ); for (q; a) ! (q0; a0; R) 2 �; i < n
Hi u Sq u Ta

i v 8f :(H i � 1 u Sq0 u Ta0

i ); for (q; a) ! (q0; a0; L ) 2 �; i > 1

Finally, the following assert that a tape cell will not change if the head is not
positioned above:

�Hi u Ta
i v 8f :Ta

i ; for all 0 < i � n:

What remainsis to encode the �nal state(s) and in turn the acceptancecondition
for A. As our goal is to model acceptanceby non-satis�abilit y, we encode the
�nal states by denial constraints of the form

Sq u H1 v ? ; for all q 2 F: (1)
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For a given automaton A, we denote the collection of the above constraints by
TA . We encode the starting con�guration of the automaton as a posedquestion
QA as follows:

QA = Ta1
1 u : : : u Tan

n u H1 u Sqs v ? ;

where a1; : : : ; an is the content of the tape: the string to be acceptedby A.

Theorem 11 Let A be linearly-bounded deterministic automaton asabove.Then
TA j= QA if and only if A accepts.

Proof (sketch): Satis�abilit y of the concept T a1
1 u : : : u Tan

n u H1 u Sqs with
respect to TA implies that there is a (possibly in�nite) run of A from its initial
state that never enters any of the �nal states; henceA cannot accept.

Conversely, assumethat A acceptsafter k steps(i.e., enters a state q 2 F with its
headover the leftmost tape cell), but TA 6j= QA . In this case,we can construct a
minimal model I from the run of A that satis�es TA with the denial constraints
(1) removed and in which there is is an object o such that:

{ o 2 (T a1
1 u : : : u Tan

n u H1 u Sqs )I , and
{ (f k )I (o) 2 (Sq u H1)I for someq 2 F and k � 0.

SinceA is deterministic, there is only one such run and this run corresponds to
the minimal model I . However, this will contradict one of the inclusion depen-
denciesSq u H1 v ? 2 T . 2

An interesting observation is that all constraints used in the construction are
essentially Horn. Hence,were T a1

1 u : : : u Tan
n u H1 u Sqs satis�able with respect

to T disregarding the Sq u H1 v ? denial constraints, we could rely on the
existenceof a unique least model of such theory. This naturally corresponds to
the automaton A being deterministic.

The combination of Lemma 9 and Theorems10 and 11 yields the following.

Corollary 12 Let T and Q denotea terminology and posed questionin CF D? .
Then the implication problem T j= Q is decidable and PSPACE-complete.

3.3 The Bo olean Complete Case: CF D t ;?

We now show that adding both disjointness and coverageconstraints leads to
EXPTIME completeness.In particular, we show how to simulate axioms of the
form

8f 1:A1 u 8f 2:A2 v 8f 3:A3: (2)

Considerthe following auxiliary inclusion dependenciesrelating to primitiv econ-
cepts occurring in a logical implication problem for CF D:

{ De�ne T as a top-replacement concept and pairs of A i and �A i as disjoint
partitions of the simulated top (and similarly for B i and �Bi ):

A i u �A i v ? ; T v A i t �A i ; A i v T; �A i v T
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{ Propagate the top-replacement concept acrossall attributes:

T v 8f :T for all f 2 F:

Then the pair of inclusion dependencies

�B1 v 8f 2: �A2 t 8f 3: �A3 and B1 v 8f 1:A1

simulates the dependency(2) above, and, as a consequence,the decision prob-
lem is EXPTIME-hard [12]. To obtain a matching upper bound, we note that
CF D t ;? is a fragment of DLF DE� that was shown EXPTIME-complete [7].
The later logic is Boolean-completeand thus might be more convenient to use.

3.4 Extensions to the Posed Questions

In this �nal subsection,we consider two ways that the structure of posed ques-
tions for a CF D implication problem might be extended.

Primitiv e Inequalities and Negations. Extending the grammar for the
posed questions by primitiv e negations, i.e., negated primitiv e concepts, : A,
and primitiv e inequalities, (Pf1 6= Pf2), still enjoys PTIME complexity bound
for the logical implication problem.

Theorem 13 Let T be a CF D terminology and Q = E1 v E2 that allows
primitive negations and/or inequalities. Then T j= Q is decidable in PTIME.

Proof (sketch): We replaceQ with a (linearly-sized) set of questionsthat do not
usenegationsnor inequalities. The result then follows from Theorem 4. 2

Similar PTIME results can be obtained for the intractable extensionsof CF D,
however only when complexity is measuredsolely in jQj , i.e., under the data
complexity assumption.

Primitiv e Inequalities and Disjunction or Full Negation. Adding dis-
junctions to posedquestions with primitiv e negations and/or allowing general
negationsin posedquestionsleadsto an increasein data complexity.

Theorem 14 Let T be a CF D terminology and Q = E1 v E2 with disjunctions
and inequalities. Then T j= Q is decidable and coNP-complete.

Proof (sketch): The lower bound follows from the observation that Q alone
can encode the SAT problem, and can be obtained by a non-deterministic guess
of a posed question without negations and disjunctions followed by a test for
non-subsumption under T . The result then follows from Theorem 4. 2

Again, the coNP-completenessresult can be lifted to the intractable extensions
of CF D under the data complexity assumption.

The complexity results for CF D and its extensionsare summarizedin Figure 3:
the superscripts denote the extensions allowed in the terminology T and the
subscripts the extensionsin the posedquestionsQ.
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T =Q CF D, CF D6= ;( : ) CF D6= ;t , CF D :

CF D in P/ in P in P/coNP-complete
CF D t coNP-complete/in P coNP-complete/coNP-complete
CF D? PSPACE-complete/in P in PSPACE/coNP-complete
CF D t ;? EXPTIME-complete/in P EXPTIME-c/coNP-complete

Fig. 3. TBox and Posedquestion Complexit y Results for CF D and Extensions.

4 Query Answ ering

In this section,we considerthe problem of computing certain answersto a family
of conjunctive queriesover an arbitrary CF D knowledge base that augments a
CF D TBox with a ABox.

De�nition 15 (The ABox consistency pr oblem for CF D) Let N be a set
of (namesof) individuals disjoint from F and A. An ABox A consistsof a �nite
set of assertionsof the form C(a) or f (a) = b, for C a conceptdescription, f 2 F
and f a; bg � N.

An interpretation satis�es an ABox assertionC(a) (resp. f (a) = b) if (a) I 2 (C)I

(resp. (f )I ((a)I ) = (b)I ).

The ABox consistencyproblem asksif T [ A is consistent; that is, if there exists
an interpretation that satis�es all inclusion dependenciesin T and all assertions
in A .

We write Pf(a) = b as shorthand for the equivalent set of primitiv e ABox asser-
tions with \single use" intermediate individuals.

Prop osition 16 ([7]) Let T be a CF D t ;? terminology. Then

1. for every ABox A there is a concept E such that T [ A is not consistent if
and only if T j= E v ? ; and

2. for every equational concept E there is an ABox A such that T j= E v ? i�
T [ A is not consistent.

This proposition is a special caseof a result for DLF DE� [7], and we will usea
similar representation of the ABox in the proof of Theorem 18 below. Note that,
for CF D and CF D t , inconsistencycannot be derived. The expansionrules from
De�nition 3, however, still allow us to construct (a representation) of a minimal
model(s) of the TBox and ABox that we shall use to show whether or not a
particular tuple of ABox individuals is a certain answer to query with respect
to a given TBox and ABox.

Conjunctiv e Queries. The equational constructs in CF D posedquestionsal-
low us to characterize certain conjunctive queriesas equational concepts.This
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provides a straightforward approach to query answering over ABoxes. Unfortu-
nately, the equational construct is not powerful enoughto capture all conjunctive
queries.

De�nition 17 A conjunctive query Q is an expressionof the form

q(x i 1 ; : : : ; x i k )  
� ^

Cl (x i )
�

^
� ^

f l (x i ) = x j

�

where Cl and f l are CF D concepts and attributes, respectively. We call the
variables x i 1 ; : : : ; x i k distinguished.

A query graph for a conjunctive query Q is a directed graph with variables x i

of Q playing the role of nodes that are connectedby (directed) edges(x i ; x j )
whenever f i (x i ) = x j is an atom in the query Q.

We say that a conjunctive query Q is attribute-connected if every variable in
the query graph of Q is reachable from a distinguished variable.

Although attribute-connected conjunctive queriesdisallow someforms of arbi-
trary conjunctive queries,they do admit non tree-shaped queriesthat cannot be
folded into concept descriptions in common description logics.

We assumea standard de�nition of query answering under constraints uti-
lizing the certain answer semantics, i.e., the ground instantiation of the head
of the query is entailed by the underlying theory T extended with the query Q
consideredto be a universally quanti�ed implication.

Theorem 18 Let T be a CF D terminology, A an ABox, Q a attribute-connected
conjunctive query, and � a substitution ha1=xi 1 ; : : : ; ak =xi k i for a1; : : : ; ak ABox
objects. Then there are equational concepts EA , E� , and EQ such that

T [ A j= Q� ( ) T j= EA u E� v EQ :

In addition, EA , E� , and EQ can be e�ectively constructed from A and Q.

Proof (sketch): Let A be an ABox expressingassertionsabout the set of indi-
viduals f a1; : : : ; al g. We associate an equational concept EA as follows:

EA =
�

u
C( a i )2A

8hi :C
�

u
�

u
f (a i )= a j 2A

(hi :f = hj )
�

where the attributes h1; : : : ; hl do not occur in T [ A nor in Q. Intuitiv ely, these
attributes represent the individual ABox objects.

For an attribute-connected query Q, let Pf j
i be a path that leads from a distin-

guishedquery variable x i to the variable x j in the query graph of Q. At least one
such path that starts from somedistinguished variable x i must exist for every
variable x j (0 < j � n) in Q (for the distinguished variables,the path canbe Id ).
We de�ne the concept E� to capture the substitution � = ha1=xi 1 ; : : : ; ak =xi k i
as follows:

E� = u
0<j � n

(hi : Pf j
i = x j ):
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To determine whether Q� is a certain answer to Q (under T [ A) we create an
equational concept EQ as follows:

EQ =
�

u
C( x i )2 Q

8x i :C
�

u
�

u
f (x i )= x j 2 Q

(x i :f = x j )
�

Now consider a situation in which T 6j= EA u E� v EQ : The counterexample
interpretation I can be easily seento be a model of T [ A in which the ABox
objects ai are interpreted by hi (o) for o 62(EQ )I . Then however,

T [ A 6j= Qhh1(o)=xi 1 ; : : : ; hk (o)=xi k i

as otherwise we would have o 2 (EQ )I by the de�nition of EQ .

Conversely, if T [ A 6j= Q� , there must be an interpretation I such that I j=
T [ A but in which the tuple (a1; : : : ; ak ) substituted for the distinguished vari-
ables of Q by � does not make Q true in I . We now simply add a new object
o 62� to I and interpret the attributes h1; : : : ; hk on this object by hi (o) = ai

for 0 < i � k. It is easyto seethat the extended interpretation is still a model
of T and that o 2 (EA u E� )I � (EQ )I ; this follows from the de�nitions of EA ,
E� , and EQ . 2

This result allows transferring complexity bounds derived in Sections2 and 3
for the implication problem in CF D and its extensions to answering of path-
connectedconjunctive queriesover an ABox under the certain answer semantics.

Also, a similar approach can be usedto determine subsumption for feature-
connected queries. Note however, that the restriction to connected queries is
essential to maintain decidability in the presenceof inequalities [3].

5 Related Work

In earlier work, we have shown that removing the boundary conditions imposed
on right-hand-sidesof PFDs in CF D makesits implication problem EXPTIME-
complete [9], and leads to undecidability of both the implication problems and
ABox consistencyproblems for CF D t ;? [7,13]. The conditions distinguish, for
example, PFDs of the form C : f ! Id and C : f ! g from PFDs of the
form C : f ! g:h. The strategic advantage of these conditions is that chase
procedurescan employ a simple saturation strategy for PFDs that will \�re"
them unconditionally, a processthat would otherwise not terminate. (We rely
on this in Section 2.)

Observe that the boundary conditions imposed on PFDs in CF D are still
satis�ed by PFDs that correspond to arbitrary keys or functional dependencies
in the senseof the relational model. Indeed, we have found that the conditions
do not appear to hinder any modeling utilit y of CF D for ontologies that occur
in practice. Moreover, any minimal relaxation of the boundary conditions, such
as allowing PFDs of the form C : f ! g:f , will already lead to undecidability
[13].
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It is easyto seethat allowing path agreements in terminologiesmakesthe im-
plication problem for CF D undecidable(by virtue of a straightforward reduction
of the uniform word problem [10]). And it is interesting that: 1) the following
two restricted caseshave decidabledecisionproblems:

{ allowing arbitrary PFDs in terminologies, or
{ allowing path agreements in the posedquestion;

but that 2) the combination of thesetwo casesleadsto undecidability [7].
Finally, we note that CF D serves as a third option for a PTIME dialect

for description logic to both EL++ [1] and DL-Lite [2], each of which also has
PTIME complexity for various reasoningservices.

6 Summary

We have reviewed and extended earlier work on CF D, a dialect of description
logic with universal restrictions over functional roles that allows terminological
cycles in a given TBox. Notably, CF D includes a concept constructor that can
capture a general form of functional constraint that can in turn be used to ex-
press,among other things, TBox constraints for capturing object identi�cation.

CF D compliments existing dialects such asEL++ and DL-Lite with PTIME
reasoningprocedures.In particular, we have shown that both the concept im-
plication problem and the problem of computing certain answers for a CF D
knowledgebasefor an important family of conjunctive querieshave PTIME pro-
cedures.We have also consideredthe e�ect on the complexity of theseproblems
with respect to the addition of conceptconstructors for expressingconceptunion
and the bottom class,showing for each possibleextension that the complexity
becomesprogressively more intractable. Finally, we consideredextending the
expressivenessof posedquestions to allow primitiv e negation, disjunction, and
generalnegation,and haveshown the e�ect of theseextensionson the complexity
of the implication problem when measuredin the sizeof the posedquestion.
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Kno wledge Base Completion
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Abstract. In our previous work we have developed a method for com-
pleting a Description Logic knowledge base w.r.t. a �xed interpretation
by asking questions to a domain expert. Our experiments showed that
during this processthe domain expert sometimes gives wrong answers
to the questions, which causethe resultant knowledge base to have un-
wanted consequences.In the present work we consider the problem of ex-
plaining the reasonsof such unwanted consequencesin knowledge base
completion. We show that in this setting the problem of deciding the
existence of an explanation within a speci�ed cardinalit y bound is NP-
complete, and the problem of counting explanations that are minimal
w.r.t. set inclusion is #P-complete. We also provide an algorithm that
computes one minimal explanation by performing at most polynomially
many subsumption tests.

1 In tro duction

Description Logics(DLs) [BCM + 03] are a successfulfamily of logic-basedknowl-
edgerepresentation formalisms that are usedto represent the conceptualknowl-
edgeof an application domain in a structured and formally well-understood way.
They are employed in various application domainssuch asnatural languagepro-
cessing,con�guration, databases,and bio-medical ontologies,but their most no-
table successso far is due to the fact that DLs provide the logical underpinning
of OWL, the standard ontology languagefor the semantic web [HPSvH03].

As a consequenceof this standardization, several ontology editors support
OWL [HTR06,OVSM04,KPS+ 06], and ontologieswritten in OWL are employed
in more and more applications. As the sizeof theseontologies grows, tools that
support improving their quality become more important. The tools available
until now useDL reasoningto detect inconsistenciesand to infer consequences,
i.e., implicit knowledge that can be deduced from the explicitly represented
knowledge. These approaches address the quality dimension of soundnessof
an ontology, both within itself (consistency)and w.r.t. the intended application
domain (no unwanted consequences).In our previous work [BGSS07], we have
considered a di�eren t quality dimension: completeness. We have developed a
method that, givena DL knowledgebase(KB) describingan application domain,

? Supported by German Research Foundation (DF G, BA 1122/12-1)



Explaining User Errors in Description Logic Knowledge Base Completion 21

supports the knowledge engineer in checking whether the KB contains all the
relevant information about the domain, namely: are all the relevant

{ subclass/superclassrelationships that hold in the domain captured by the
KB?

{ individuals existing in the domain represented in the KB?

Clearly, such questionscannot be answeredby an automated tool alone. In order
to check whether a given relationship betweenclasses|whic h does not already
follow from the KB|holds in the domain, one needsto ask a domain expert,
and the same is true for questions regarding the existence of individuals not
represented in the KB. The method developed in the aforementioned work sup-
ports the knowledgeengineerin checking whether the KB captures all relevant
information about the application domain, and extending it appropriately if this
is not the case. The method achieves this by asking the knowledge engineer
questions of the form \ is it true that instances of the classesC1; : : : ; Cn are
also instancesof the classesD 1; : : : ; Dm ?". The knowledgeengineeris expected
to either con�rm it, in which casea new axiom of the application domain has
been discovered and it is added to the KB, or to reject it, in which caseshe is
asked to provide a counterexample.The method is basedon attribute exploration
[Gan84], which is a novel knowledgeacquisition algorithm developed in Formal
Concept Analysis (FCA) [GW99]. The useof attribute exploration ensuresthat,
on the one hand, during KB completion the interaction with the expert is kept
to a minimum, and on the other hand, the resultant KB is complete in a certain
well-de�ned sense.

Our experiments with a protot ype implementation of the KB completion
method showed that during completion the knowledge engineersometimesin-
tro duces errors to the KB by con�rming questions that actually are not true
in the application domain. As a result, the completed KB has unwanted conse-
quences.In the present work we investigate the problem of �nding explanations
of such unwanted consequences,i.e., subsetsof the axioms addedto the KB dur-
ing completion, from which theseunwanted consequencesfollow. While looking
for explanations, we do not considerthe whole completedKB, but only a subset
of it containing the axioms added during the completion. In [BPS07], Baader
et. al. have investigated axiom pinpointing in the DL EL + in a similar setting
where the explanations are searched only within a subsetof the KB. They have
shown that even for the propositional Horn fragment, in this setting the prob-
lem of deciding the existenceof an explanation within a speci�ed cardinalit y
bound is NP-complete, and there can be exponentially many explanations that
are minimal w.r.t. set inclusion. In our setting, the axioms addedto the KB dur-
ing completion are propositional Horn as well. However, the di�erence is that
they are not arbitrary propositional Horn axioms. They are of a restricted syn-
tactical form such that the resulting set of axioms form a canonical basecalled
the Duquenne-GuiguesBase[GD86]. We show herethat the intractabilit y result
in [BPS07] still holds under this restriction, and the problem of counting min-
imal explanations is #P-complete. Moreover, despite these negative results we
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Name of constructor Syntax Semantics

negation : C � I n C I

conjunction C u D C I \ D I

concept de�nition C � D C I = D I

general concept inclusion C v D C I � D I

concept assertion C(a) aI 2 C I

role assertion r (a; b) (aI ; bI ) 2 r I

Table 1. Conjunction, negation, GCIs, and ABox assertions.

provide an algorithm that computesone minimal explanation by performing at
most polynomially many subsumption tests.

2 Description Logics

In DLs, one formalizes the relevant notions of an application domain by concept
descriptions. A concept description is an expressionbuilt from atomic concepts
which are unary predicates, and atomic roles, which are binary predicates, by
using the concept constructors provided by the particular DL languagein use.
The set of atomic conceptsis usually represented with NC , and the set of atomic
rolesis usually represented with NR . In the present paper, wedo not �x a speci�c
set of constructors sinceour results apply to arbitrary DLs as long as they allow
for the constructors conjunction and negation (seethe upper part of Table 1).

Typically, a DL knowledgebaseconsistsof a terminological box (TBox ) which
de�nes the terminology of an application domain, and an assertionalbox (ABox )
which contains facts about a speci�c world. In its simplest form, a TBox is a
set of concept de�nitions of the form A � C that assignsthe concept name
A to the concept description C. The concept namesoccurring on the left-hand
side of a concept de�nition are called de�ned concepts, and the others are called
primitive concepts. We call a �nite set of general concept inclusion (GCI) axioms
a general TBox. A GCI is an expressionof the form C v D, where C and D are
two possibly complex conceptdescriptions. It states a subconcept/superconcept
relationship between the two concept descriptions. An ABox is a set of concept
assertionsand role assertions(seethe lower part of Table1). A conceptassertion
C(a) means that the individual a is an instance of the concept C, and a role
assertionr (a; b) meansthat the individuals a and b are related via the r relation.

The semantics of conceptdescriptions,TBoxes,and ABoxesis given in terms
of an interpretation I = (� I ; �I ), where � I (the domain) is a non-empty set,
and �I (the interpretation function ) maps each concept name A 2 NC to a set
A I � � I , each role name r 2 NR to a binary relation r I � � I � � I , and each
individual name a 2 N I to an element aI 2 � I . Concept descriptions C are
also interpreted as sets C I � � I which are de�ned inductiv ely, as seenin the
semantics column of Table 1 for the constructors conjunction and negation. An
interpretation I is a model of the TBox T (the ABox A) if it satis�es all its
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concept de�nitions and GCIs (assertions) in the senseshown in the semantics
column of the table. In caseI is a model of both T and A, it is also called a
model of the KB (T ; A). If there is such a model wesay that the KB is consistent.

Given a KB (T ; A), conceptdescriptionsC; D , and an individual namea, the
traditional inferenceproblems subsumptionand instance are de�ned as follows:
C is subsumed by D w.r.t. T (C v T D) if C I � D I holds for all models I
of T ; and a is an instance of C w.r.t. T and A (T ; A j= C(a)) if aI 2 C I

holds for all models of (T ; A). Given a TBox T and a GCI C v T D, we call a
T 0 � T an explanation of C v D if C v T 0 D. For most DLs, subsumption and
instance problems are decidable,and there exist highly optimized DL reasoners
such as FaCT++ [TH06], RacerPr o [HM01], and and Pellet [SP04] that can
solve theseproblems for very expressive DLs on large practical KBs.

3 DL Kno wledge Base Completion

Intuitiv ely, a KB is supposedto describe an intended model. For a �xed set M of
\in teresting" concepts,wesay that a KB is complete if it contains all the relevant
knowledgeabout subconcept/superconceptrelationships that hold betweenthese
concepts in the intended interpretation. To be more precise, if a subsumption
relationship holds in the intended interpretation then it should follow from the
TBox, and if it does not hold in the intended interpretation, then the ABox
should contain a counterexample. More formally, let us say that the element
d 2 � I of an interpretation I satis�es the subsumption relation C v D if d 62C I

or d 2 D I , and that I satis�es this relation if every element of � I satis�es it.
In addition, let us call the individual name a a counterexamplein (T ; A) to the
subsumption relation C v D if T ; A j= C(a) and T ; A j= : D (a), and say that
A refutes C v D if A contains a counterexample to this subsumption relation.
Basedon these,completenessof a DL KB is de�ned as follows:

De�nition 1. Let (T ; A) be a consistent DL KB, M a �nite set of concept
descriptions, and I a model of (T ; A). Then (T ; A) is M -complete(or complete
if M is clear from the context) w.r.t. I if the following statementsare equivalent
for all subsetsL; R of M , where uL stands for

d
C 2 L C:

1. uL v uR is satis�ed by I ;
2. uL v T uR holds;
3. (T ; A) does not contain a counterexampleto uL v uR.

In [BGSS07], we have developed a KB completion method that is basedon
Formal ConceptAnalysis (FCA) [GW99]. FCA is a �eld of mathematicsbasedon
the lattice-theoretic formalization of the notions of a concept and a conceptual
hierarchy. Our method usesthe well known knowledgeacquisition algorithm of
FCA, namely attribute exploration [Gan84]. Given a KB (T ; A) and a set of
concept descriptions M , at each iteration our method producesa subsumption
statement uL v uR (where L; R � M ) that is not refuted by A. It �rst asksthe
DL reasonerwhether this subsumption relation already follows from T . If not
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then this knowledgeis missing in the KB and a domain expert is asked whether
this subsumption relation holds in the application domain. The questionaskedto
the expert is of the form: " in your application domain, is it true that instancesof
uL are also instances of uR?". We assumethat the domain expert has enough
information about the application domain to be able to answer such questions.
If sheanswers \ yes" then a new axiom of the application domain, i.e., an axiom
that doesnot yet follow from the knowledgebase,hasbeendiscoveredand a new
GCI uL v uR is added to T . If sheanswers \ no" then sheis asked to extend A
(either by adding a new individual, or by modifying an existing individual) such
that A contains a counterexample to uL v uR. The iteration continuesuntil all
such questionsare answered.Onceall such questionsare answered, the resulting
KB will be complete in the sensethat is intro duced in De�nition 1 (for details
of the completion algorithm see[BGSS07]).

One important point here is that the KB completion algorithm does not
naively enumerate all possiblesubsumption relations uL v uR that are not re-
futed by A. This would mean too many unnecessaryquestions to the expert.
The algorithm producesthe questionsin a certain lexicographic order such that
the interaction with the expert is kept to a minimum. More precisely, the al-
gorithm asks the expert the minimum number of questions that have a \ yes"
answer, i.e., questionsthat result in a new GCI in the TBox. In FCA terminol-
ogy, such a set of axioms is called a Duquenne-GuiguesBase [GD86]. It is well
known that among all setsof axioms that have exactly the sameconsequences,
the Duquenne-GuiguesBase contains the smallest number of axioms. That is,
no set of axioms with smaller cardinalit y can have the sameset of consequences
as the Duquenne-GuiguesBase.The axioms of a Duquenne-GuiguesBase,thus
the questions that had a \ yes" answer during a completion process,have the
following property which is going to be usedin Section 4 (for more information
on the Duquenne-GuiguesBaseand its properties see[GW99]):

Lemma 1. Let T be a set of GCIs that is a Duquenne-GuiguesBase on the
�nite set of concepts M . Then every GCI uL v uR in T where L; R � M
satis�es the following:

1. L is closed w.r.t. T 0 := T n fu L v uRg, which means that for every uL 0 v
uR0 2 T 0, L 0 � L implies R0 � L .

2. L [ R is closed w.r.t. T n fu L v uRg.

Basedon the algorithm presented in [BGSS07]we have implemented a �rst
experimental version of the method as an extension called InstExp 1 to the
Swoop ontology editor [KPS+ 06]. Our �rst experiments with InstExp showed
that during completion, unsurprisingly the expert sometimesmakeserrors when
answering the questions. In the simplest case,the error makes the KB incon-
sistent, which can easily be detected by DL reasoning and the expert can be
noti�ed about it. However, in this casean explanation for the reasonof inconsis-
tency is often neededto understand and �x the error. The situation gets more

1 available under http://lat.inf.tu- dresden.de/~ sertk aya/ Inst Exp
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complicated if the error doesnot immediately lead to inconsistencybut the ex-
pert realizesin the later steps,or only after completion that shehas accepteda
wrong GCI in oneof the previoussteps.In this case,the completedKB will have
unwanted consequences.In the next section we are going to investigate axiom
pinpointing in the KB completion setting. We are going to look for methods for
explaining user errors intro duced to the TBox during KB completion.

4 Axiom pinp oin ting in KB Completion

In [BPS07] Baader et. al. have consideredaxiom pinpointing in the DL EL + in a
setting wherethe TBox consistsof two kinds of axioms, namely the trusted ones
whosecorrectnessis no longer doubted, and the refutable oneswhosecorrectness
is not yet for sure.Trusted axiomsform the so-calledstatic part of the TBox, and
the others form the refutablepart. The static part of the TBox is assumedto be
always present, and axiomsexplaining a certain consequenceare searchedonly in
the refutable part of the TBox. In our KB completion scenariowe have a similar
setting. We assumethat the axioms in the initial TBox, which we have at the
beginning of completion, are trusted i.e., they have no unwanted consequences.
However, as mentioned before, during completion sometimes by mistake the
domain expert con�rms questions that actually are not true in the application
domain, which intro duce errors to the TBox. In this case the completed KB
will have unwanted consequences.Therefore we considerthe GCIs added to the
TBox during completion as refutable ones,and for �nding explanations we do
not considerthe whole TBox but only a subsetof it that contains the GCIs that
have beenaddedby the domain expert. Namely, the GCIs that have beeneither
con�rmed by the DL reasoneror by the domain expert during completion.

One important point here that di�ers from [BPS07] is that, the GCIs that
havebeencon�rmed (either by the DL reasoner,or by the domain expert) during
completion form a Duquenne-GuiguesBase.Thus the GCIs in this set have the
restricted syntactical form satisfying the property in Lemma 1. This is the main
distinguishing feature of our work. In [BPS07] Baader et. al. have consideredthe
complexity of axiom pinpointing in the DL EL + for the setting described above.
They have shown that even for the propositional Horn fragment, the problem
of deciding the existenceof an explanation within a speci�ed cardinalit y bound
is NP-complete, and there can be exponentially many explanations that are
minimal w.r.t. set inclusion. Here we show that in our KB completion scenario,
despite the restricted form of the GCIs in the TBox, the above problem remains
intractable. First we give an exampleshowing that a GCI can have exponentially
many explanations that are minimal w.r.t. set inclusion.

Example 1. Consider the TBox

T := f X u B i � 1 v Pi u Qi ; Y u Pi v B i ; Y u Qi v B i j 1 � i � ng:

It is not di�cult to seethat none of the left-hand sidesis contained in another
left-hand sideor in the union of left- and right-hand sidesof another axiom, i.e.,
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it obeys the property mentioned in Lemma 1. Moreover its size is linear in n,
and it has 2n minimal subsetsthat explain the axiom B0 u X u Y v Bn since
for each i , 1 � i � n, B i can be generated by the axiom Y u Pi v B i or by
Y u Qi v B i .

Now we show that the problem of checking the existenceof an explanation
within a speci�ed cardinalit y bound still remains NP-complete despite the re-
stricted form of the GCIs in the TBox. In the following, for a set of concept
namesL , uL denotesthe conjunction

d
C 2 L C.

Problem: minimum cardinality explana tion
Input: A set T of GCIs satisfying the properties in Lemma 1, sets L and R of
concept namesoccurring in T such that uL v T uR, a natural number n.
Question: Is there an explanation of uL v T uR in T with cardinalit y lessthan
or equal to n, i.e., is there a set of GCIs T 0 � T such that uL v T 0 uR and
jT 0j � n?

Theorem 1. minimum cardinality explana tion is NP-complete.

Proof. The problem is in NP. We can nondeterministically guessa subsetT 0 of
T with cardinalit y n, and in polynomial time check whether uL v T 0 uR. This
test can indeed be done in polynomial time by using the linear time result for
propositional Horn clausesin [DG84] sinceour GCIs, whoseleft- and right-hand
sidesboth consistof only conjunctions of conceptnames,can be written asHorn
clauses.

In order to show NP-hardness,we are going to give a reduction from the
NP-complete problem ver tex co ver [GJ90]. Recall that a vertex cover of the
graph G = (V; E) is a set W � V such that for every edgef u; vg 2 E, u 2 W
holds, or v 2 W holds. The problem ver tex co ver is de�ned as follows:

Problem: ver tex co ver
Input: Graph G = (V; E), a natural number n.
Question: Is there a vertex cover of G of size lessthan or equal to n?

Consideran instanceof the ver tex co ver problem given by G = (V; E), where
V = f v1; : : : ; vl g, E = f e1; : : : ; ek g, and edgeei = f vi 1; vi 2g. For every vertex
v 2 V we intro duce a concept name Xv , for every edge ei ; 1 � i � k, we
intro duce a concept name Qi , and �nally two more additional concept namesA
and B. Using theseconcept nameswe construct the following set of GCIs:

T := f Xv v
l

f i j v 2 ei g

Qi j v 2 V g [ f A u
l

1� i � k

Qi v B g:

Note that none of the GCIs in T contains the left-hand side of another GCI in
its left-hand side or in the union of its left- and right-hand sides. That is, T
satis�es the property mentioned in Lemma 1. In addition to T , we construct the
following GCI that follows from T :

 : A u
l

v2 V

Xv v B :
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Obviously, this construction can be done in polynomial time. AssumeW � V is
a vertex cover of G. Then the following subset of T constructed by using W is
an explanation of  :

T 0 := f Xw v
l

f i jw 2 ei g

Qi j w 2 W g [ f A u
l

1� i � k

Qi v B g:

It is not di�cult to seethat
d

w2 W Xw v T 0
d

w2 W

d
f i jw 2 ei g Qi . SinceW is a

vertex cover, it contains at least onevertex from every edgeei , 1 � i � k. Thus,d
w2 W

d
f i jw 2 ei g Qi �

d
1� i � k Qi , which implies

d
w2 W Xw v T 0

d
1� i � k Qi ,

which in turn implies that A u
d

v2 V Xv v T 0 A u
d

1� i � k Qi v T 0 B. Thus, we
have shown that T 0 is an explanation of  . Note that if the sizeof W is n, then
T 0 contains exactly n + 1 axioms. Thus if G has a vertex cover of size lessthan
or equal to n, then  hasan explanation in T of sizelessthan or equal to n + 1.
The other direction of the claim is shown easily in the similar way. 2

In applications where one is interested in all explanations that are minimal
w.r.t. set inclusion, it might be useful to know in advance how many of them
exist. Next we consider this counting problem. It turns out that it is hard for
the counting complexity class#P [Val79a], i.e., it is intractable.

Problem: #minimal explana tion
Input: A set T of GCIs satisfying the properties in Lemma 1, and setsL and R
of concept namesoccurring in T such that uL v T uR.
Output: Number of all minimal explanations of uL v T uR in T , i.e.,
jfT 0 � T j u L v T 0 uR and 8T 00( T 0: u L 6vT 00 uRgj .

Theorem 2. #minimal explana tion is #P -complete.

Proof. The problem is in #P. Given a set of GCIs T that has the property in
Lemma 1, another GCI uL v T uR and a set T 0 � T , we can in polynomial
time verify whether uL v T 0 uR using the method mentioned in the proof of
Theorem 1.

In order to show #P-hardness, we are going to give a parsimoniousreduction
from the #P-complete problem #minimal ver tex co ver , which is the problem
of counting the minimal vertex covers of a given graph. It has been shown to
be #P-complete in [Val79b]. In our reduction we are going to use the same
construction used in the proof of Theorem 1, i.e., from a given graph G we
construct the sameset of GCIs T , and the sameGCI  as in Theorem 1. What
we need to show here is that this construction establishesa bijection between
minimal vertex covers of G and minimal explanations of  in T .

First we show that it is injective: assumeW � V is a minimal vertex cover
of G, then the following set of GCIs is a minimal explanation of  in T :

T 0 := f Xw v
l

f i jw 2 ei g

Qi j w 2 W g [ f A u
l

1� i � k

Qi v B g:

In the proof of Theorem1 we have already shown that T 0 is an explanation. Here
we needto show that it is minimal aswell. If W is minimal, then removal of any
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Algorithm 1 Computing one minimal explanation
1: Input: The set of axioms T obtained from completion, and sets of concept names

L and R s.t. uL v T uR.
2: T 0 := T
3: for all t 2 T 0 do
4: if uL v T 0nf t g uR then f if T 0 n f tg is still an explanationg
5: T 0 := T 0 n f tg
6: end if
7: end for
8: return T 0

vertex w from W will result in a Y ( W such that vi 1 62Y and vi 2 62Y for some
edgeei . This implies that removal of the corresponding GCI Xw v

d
f i jw 2 ei g Qi

from T 0 will result in a T 00such that Qi doesnot appear on the right-hand side
of any of the GCIs, which meansthat T 00cannot explain  , i.e., T 0 is minimal.

Now we show that it is surjective: assumeT 0 is a minimal explanation. Then
every Qi , 1 � i � k, occurs at least once on the right-hand side of someGCI
of the form Xw v

d
f i jw 2 ei g Qi where w 2 W , becauseotherwise T 0 cannot

explain  . Moreover, removal of any GCI of this form from T 0 results in a set of
GCIs that is not an explanation. That is, removal of any w from W results in a
Y ( W such that vi 1 62Y and vi 2 62Y for somei , i.e., W is minimal. 2

Despite thesenegative results, it is not di�cult to �nd oneminimal explana-
tion with at most polynomially many subsumption tests. We can just start with
the whole set of axioms obtained from the completion process,iterate over these
axioms and eliminate an axiom if the remaining onesstill have the consequence
in question. It is formally described in Algorithm 1. Obviously, the algorithm
terminates sincethere are only �nitely many GCIs in T 0, and it is correct since
the resulting T 0 still explains uL v uR, but none of the axioms in T 0 can be
removed without destroying this property.

5 Concluding remarks

In [BPS07] it was shown that given a set of minimal explanations, the problem
of checking whether there exists a minimal explanation that is not contained in
the given set is NP-complete. This means that, unless P = NP the set of all
minimal explanations cannot be computed in output polynomial time [JPY88],
i.e., polynomial in the sizeof the input and the output. We do not know whether
this is also the casein our setting for GCIs with restricted form. As future work,
on the theoretical side we are going to consider this problem of computing all
minimal explanations in the knowledgebasecompletion setting. On the practi-
cal side, we are going to implement Algorithm 1 into our KB completion tool
InstExp .

In relational databases[Mai83], the notion of Duquenne-GuiguesBaseoccurs
asthe minimum cover of a givensetof functional dependencies,i.e., the minimum
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(w.r.t. cardinalit y) set of functional dependenciesfrom which the given set of
functional dependenciesfollow. It is well known that obtaining a minimum cover
from a given set of functional dependenciesF can be done in time polynomial
in the size of F [Mai80]. A corresponding algorithm in the FCA setting has
been given in [Rud07]. At this point one might think that our results here can
be obtained simply by using the polynomial time algorithm in [Rud07] and the
NP-hardness result in [BPS07]. However, this is not the case. If the original
set of GCIs T contains an explanation for a certain consequence,the minimum
cardinalit y set of GCIs obtained from T by using the algorithm in [Rud07] also
contains an explanation, but it is not possible to know the cardinalit y of this
explanation.
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Abstract. We show that a collection of three-sorted set-theoretic formulae, denoted
3LQS R and which admits a restricted form of quanti�cation over individual and set
variables, has a solvable satis�abilit y problem by proving that it enjoys a small model
property, i.e., any satis�able 3LQS R -formula  has a �nite model whose size depends
solely on the size of  itself.

1 In tro duction

Computableset theory is a research �eld active sincethe late seventies. Its initial
goalwasthe designof e�ectivedecisionproceduresto beimplemented in theorem
provers/veri�ers, for larger and larger collectionsof set-theoretic formulae (also
called syllogistics). During the years,however, due to the production of several
decidability results of a purely theoretical nature the main emphasisshifted to
the foundational goal of narrowing the boundary betweenthe decidableand the
undecidablein set theory.

The main results in computable set theory up to 2001have beencollected
in [8,9]. We alsomention that the most e�cien t decisionprocedureshave been
implemented in the proof veri�er �tnaNova [12,13] and within one of versions
of the systemSTeP [2].

The basicset-theoreticfragment is the so-calledMulti-Lev el Syllogistic(MLS,
for short) which involvesin addition to variablesvarying over the von Neumann
universe of sets and to propositional connectives also the basic set-theoretic
operatorssuch as[ , \ , n, and the predicates=, 2, and � . MLS wasproved de-
cidable in [11] and extendedover the yearsin several ways by the introduction
of various operators, predicates,and restricted forms of quanti�cation.

Most of the decidability resultsin computableset theory dealwith one-sorted
multi-level syllogistics,namely collection of formulae involving variablesof one
kind only, ranging over the von Neumannuniverseof sets.On the other hand,
few decidability results have beenfound for multi-sorted strati�ed syllogistics,
where variables of several kinds are allowed. This, despite of the fact that in

? Work partially supported by MIUR project \L arge-scale development of certi�e d mathematical
proofs" n. 2006012773.A former version of the paper has been presented at CILC 2007.
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many �elds of computer scienceand mathematics often one dealswith multi-
sorted languages.

An e�cien t decisionprocedurefor the satis�abilit y of the Two-Level Syllogis-
tic language(2LS), a versionof MLS with variablesof two sorts for individuals
and setsof individuals, has beenpresented in [10]. Subsequently, in [5], the ex-
tension of 2LS with the singletonoperator and the Cartesianproduct operator
has been proved decidable.The result has been obtained by embedding 2LS
in the classof purely universal formulae of the elementary theory of relations.
Tarski's and Presburger'sarithmetics extendedwith setshave beenstudied in
[7]. The three-sortedlanguage3LSSPU (Three-Level Syllogistic with Singleton,
with Powersetand generalUnion) hasbeenproved decidablein [6]. More specif-
ically, 3LSSPU has three types of variables, ranging over individuals, sets of
individuals, and collectionsof setsof individuals, respectively, and involves the
singleton, powerset, and generalunion operators, in addition to the operators
and predicatespresent in 2LS.

In this paper we present a decidability result for the satis�abilit y problem
of the set-theoretic language3LQSR (Three-Level Quanti�ed Syllogistic with
Restricted quanti�ers), which is a three-sorted quanti�ed syllogistic involving
individual variables, varying over the elements of a given nonempty universeD,
set variables, ranging over subsetsof D, and collection variables, varying over
collectionsof subsetsof D.

The languageof 3LQSR admits a restricted form of quanti�cation over in-
dividual and set variables. Its vocabulary contains only the predicate symbols
= and 2. In spite of that, 3LQSR allows to expressseveral constructs of set
theory. Among them, the most comprehensive one is the set former, which in
turn allows to expressother operators like the powersetoperator, the singleton
operator, and so on.

We will prove that 3LQSR enjoys a small model property by showing how
one can extract, out of a given model satisfying a 3LQSR -formula  , another
model of  of bounded�nite cardinality. The construction of the �nite model is
inspired to the algorithms described in [10], [5], and [6].

The paper is organizedas follows. In Section2, we introduce the language
3LQSR and we illustrate its expressiveness.Subsequently, in Section3 the ma-
chinery neededto prove the decidability result is provided. In particular, a gen-
eral de�nition of a relativized 3LQSR-interpretation is introduced,togetherwith
someuseful technical results. In Section4, the small model property for 3LQSR

is established,thus solving the satis�abilit y problem for 3LQSR . Finally, in Sec-
tion 5, we draw our conclusions.
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2 The language 3LQS R

We present the language3LQSR of our interest asfollows. We beginby de�ning
in Section2.1 the syntax and the semantics of a more generalthree-level quan-
ti�ed language,denoted 3LQS, which contains 3LQSR as a proper fragment.
Then, in Section2.2, we characterize3LQSR by meansof suitable restrictions
on the usageof quanti�ers in formulae of 3LQS. Finally, in Section 2.3, we
illustrate with several examplesthe expressivenessof 3LQSR .

2.1 The more general language 3LQS

Syntax of 3LQS . The three-level quanti�ed languagelanguage3LQS involves

(i) a collectionV0 of individual or level0 variables,denotedby lower caseletters
x; y; z; : : :;

(ii) a collection V1 of set or level1 variables,denotedby �nal upper caseletters
X ; Y; Z; : : :;

(iii) a collectionV2 of collection or level2 variables,denotedby initial upper case
letters A; B ; C; : : :.

The atomic formulae of 3LQS are de�ned as follows:

(1) level 0 atomic formulae:
� x = y, for x; y 2 V0;
� x 2 X , for x 2 V0; X 2 V1;

(2) level 1 atomic formulae:
� X = Y, for X ; Y 2 V1;
� X 2 A, for X 2 V1; A 2 V2;
� (8z1) : : : (8zn )' 0, with ' 0 a propositional combination of level 0 atoms

and z1; : : : ; zn variablesof level 0;
(3) level 2 atomic formulae:

� (8Z1) : : : (8Zm )' 1, where' 1 is a propositional combination of level 0 and
level 1 atoms, and Z1; : : : ; Zm are variablesof level 1.

Finally, the formulae of 3LQS are all the propositional combinations of atoms
of level 0; 1, and 2.

Semantics of 3LQS . A 3LQS-interpretation is a pair M = (D; M ), where

{ D is any nonempty collection of objects, called the domain or universe of
M , and

{ M is an assignment over variablesof 3LQS such that

� M x 2 D, for each individual variable x 2 V0;
� M X 2 pow(D), for each set variable X 2 V1;



34 Domenico Cantone and Marianna Nicolosi Asmundo

� M A 2 pow(pow(D)), for all collection variablesA 2 V2.1

Let

- M = (D; M ), a 3LQS-interpretation
- x1; : : : ; x l 2 V0,
- X 1; : : : ; X m 2 V1,
- A1; : : : ; An 2 V2,
- u1; : : : ; ul 2 D,
- U1; : : : ; Um 2 pow(D),
- A 1; : : : ; A n 2 pow(pow(D)).

By

M [x1=u1; : : : ; x l=ul ; X 1=U1; : : : ; X m=Um ; A1=A 1; : : : ; An=A n ] ;

we denotethe interpretation M 0 = (D; M 0) such that

M 0x i = ui ; for i = 1; : : : ; l
M 0X j = Uj ; for j = 1; : : : ; m
M 0Ak = A k ; for k = 1; : : : ; n

and which otherwisecoincideswith M on all remaining variables.Throughout
the paper we use the abbreviations: M z for M [z1=u1; : : : ; zn=un ] and M Z for
M [Z1=U1; : : : ; Zm=Um ].

De�nition 1. Let ' be a 3LQS-formula and let M = (D; M ) be a 3LQS-
interpretation. We de�ne the notion of satis�abilit y of ' with respect to M
(denoted by M j= ' ) inductively as follows

1. M j= x = y i� M x = M y;
2. M j= x 2 X i� M x 2 M X ;
3. M j= X = Y i� M X = M Y;
4. M j= X 2 A i� M X 2 M A;
5. M j= (8z1) : : : (8zn )' 0 i� M [z1=u1; : : : ; zn=un ] j= ' 0, for all u1; : : : ; un 2

D;
6. M j= (8Z1) : : : (8Zm )' 1 i� M [Z1=U1; : : : ; Zm=Um ] j= ' 1, for all U1; : : : ; Un 2

pow(D).
Propositional connectives are interpreted in the standard way, namely

7. M j= ' 1 ^ ' 2 i� M j= ' 1 and M j= ' 2;
8. M j= ' 1 _ ' 2 i� M j= ' 1 or M j= ' 2;
9. M j= : ' i� M 6j= ' . 2

Let  bea 3LQS-formula, if M j=  , i.e. M satis�es  , then M is saidto be
a 3LQS-model for  . A 3LQS-formula is said to be satis�able if it hasa 3LQS-
model. A 3LQS-formula is valid if it is satis�ed by all 3LQS-interpretations.

1 We recall that, for any set s, pow(s) denotes the powerset of s, i.e., the collection of all subsetsof
s.
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2.2 Characterizing 3LQS R

3LQSR is the subcollection of the formulae  of 3LQS such that, for every
atomic formula (8Z1); : : : ; (8Zm )' 1 of level 2 occurring in  and every level 1
atomic formula of the form (8z1) : : : (8zn )' 0 occurring in ' 1, the condition2

: ' 0 !
n̂

i =1

m_

j =1

zi 2 Z j (1)

is a valid 3LQS-formula (in this casewe say that the atom (8z1) : : : (8zn )' 0 is
linked to the variablesZ1; : : : ; Zm ).

Condition (1) guaranteesthat, if a given interpretation assignsto z1; : : : ; zn

elements of the domain that make ' 0 false, such values are contained in at
least one of the subsetsof the domain assignedto Z1; : : : ; Zm . As shown in
the proof of statement (ii) of Lemma 4, this fact is used to make sure that
satis�abilit y is preserved in the �nite model. As the examplesin Section 2.3
illustrate, condition (1) is not particularly restrictive.

The following question arises:how one can establishwether a given 3LQS-
formula is a 3LQSR -formula? Observe that condition (1) involvesno collection
variables and no quanti�cation. Indeed, it turns out to be a 2LS-formula and
thereforeonecould usethe decisionproceduresin [10] to test its validit y, since
3LQS is a conservative extensionof 2LS. We mention also that in most cases
of interest, aswill be shown below in detail, condition (1) is just an instanceof
the simple propositional tautology : (A ! B) ! A, and therefore its validit y
can be establishedjust by inspection.

Finally, we observe that though the semantics of 3LQSR plainly coincides
with the onegivenabove for 3LQS-formulae,neverthelesswe will refer to 3LQS-
interpretations of 3LQSR -formulae as 3LQSR-interpretations.

2.3 Expressiv eness of the language 3LQS R

Several constructs of elementary set theory are easily expressiblewithin the
language3LQSR . In particular, aswill be shown below, it is possibleto express
with 3LQSR -formulaea restricted variant of the set former, which in turn allows
to expressother signi�cant set operators such as binary union, intersection,set
di�erence, the singletonoperator, the powersetoperator and its variants, etc.

More speci�cally, atomic formulae of type X = f z : ' (z)g can be expressed
in 3LQSR by the formula

(8z)(z 2 X $ ' (z)) ; (2)

2 Compared to the restriction on quanti�ers given in the version of the paper presented at CILC
2007, namely : ' 0 !

V m
j =1

V n
i =1 zi 2 Z j , the condition intro duced in this version of the paper is

slightly weaker.
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(1) X = Y , X � Y (5) : (X = Y ), : (X � Y )
(2) X = Y \ Z , X = Y [ Z (6) x 2 X
(3) X = Y (7) : (x = y)
(4) X = 0, X = 1 (8) x = y

Table 1. 2LS literals.

provided that after transforming it into prenex normal form one obtains a for-
mula satisfying the syntactic constraints of 3LQSR . In particular, this is always
the casewhenever ' (z) is any unquanti�ed formula of 3LQSR .

The sameremark appliesalso to atomic formulae of type A = f Z : ' (Z )g.
In this case,in order for a prenexnormal form of

(8Z )(Z 2 A $ ' (Z )) (3)

to be in the language3LQSR , it is enoughthat

(a) ' (Z ) doesnot contain any quanti�er over level 1 variables,and
(b) all quanti�ed variablesof level 0 in ' (Z ) are linked to the variable Z .

In what follows we introduce the strati�ed syllogistics 2LS, already men-
tioned in the introduction, and 3LSSP (Three-Level Syllogistic with Singleton
and Powerset), and describe their formalization in 3LQSR . Then we show how
to expresssomeother set-theoreticalconstructs.

Tw o-Lev el Syllogistic. 2LS is a fragment of the elementary theory of sets
admitting individual variables, x; y; z; : : :, set variables, X ; Y; Z; : : :, and the
constants 0 and 1 standing respectively for the empty set and the domain of
the discourse.Terms and formulae of 2LS are constructedout of variablesand
constants by meansof the set operators of union, intersection and set comple-
mentation, the binary relators =, 2 and � , and the propositional connectives.

2LS has beenproved decidablein [10] by a procedurethat, taking as input
a conjunction ' of literals of the forms illustrated in Table 1, stopswith failure
in case' is unsatis�able, otherwisereturns a model for ' .

Every literal from Table 1 can readily be expressedas a formula of 3LQSR .
Indeed,X = Y is an atomic formula of level 1 of 3LQSR , whereasX � Y can
be expressedby the quanti�ed atomic formula (8z)(z 2 X ! z 2 Y) of level 1.
X = Y [ Z can be translated into the formula (8z)(( z 2 Y _ z 2 Z) $ z 2 X )
and X = Y \ Z into (8z)(( z 2 Y ^ z 2 Z) $ z 2 X ). X = Y can be expressed
by (8z)(z 2 X $ : (z 2 Y)). Literals of type X = 0 and X = 1 are translated
in the atomic formulae of level 1 (8z): (z 2 X ) and (8z)(z 2 X ), respectively.
Literals of 2LS of type (6); (7); and (8) are just atomic formulae of 3LQSR of
level 0.
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(1) A = B , A � B (4) A = 0, A = 1
(2) A = B \ C, A = B [ C (5) : (A = B ), : (A � B )
(3) A = A (6) X 2 A

Table 2. 3LS literals.

(1) X = f xg (2) A = f X g (3) A = pow(X )

Table 3. Literals with singleton and powerset set operators.

Three Level Syllogistic with Singleton and Powerset. 3LSSP is the
sublanguageof 3LSSPU not involving the set theoretic construct of general
union. It can be obtained from 2LS by extending it with a new sort of variables
A; B ; C; : : :, ranging over collectionsof sets.Furthermore, besidesthe usual set
theoretical constructs, 3LSSP involves the set singleton operator f�g and the
powersetoperator pow.

3LSSP can plainly be decidedby the decisionprocedurepresented in [6] for
the whole 3LSSPU.

All formulae in Tables2 and 3 are readily expressibleby 3LQSR-formulae.
For instance,A = B can be translated into the 3LQSR -formula (8Z)(Z 2 A $
Z 2 B) of level 2, whereasA � B can be formalized as (8Z)(Z 2 A ! Z 2 B).
The literals A = B \ C and A = B [ C can be translated into (8Z)(Z 2 A $
(Z 2 B ^ Z 2 C)) and (8Z)(Z 2 A $ (Z 2 B _ Z 2 C)), respectively. A = B
can be expressedby (8Z)(Z 2 A $ : (Z 2 B)). Literals of type A = 0 and
A = 1 can be expressedby the formulae (8Z): (Z 2 A) and (8Z)(Z 2 A),
respectively. Literals of type (6) are just atomic 3LQSR-formulae of level 1.

The singleton of level 1, X = f xg, is expressedby the atomic formula
(8z)(z 2 X $ z = x) of level 1, whereasthe singleton of level 2, A = f X g,
is translated into the formula (8Z)(Z 2 A $ Z = X ) of level 2. Finally, the
powersetof a set X , A = pow(X ), is translated into the formula ' � (8Z )(Z 2
A $ (8z)(z 2 Z ! z 2 X )). It is easyto check that ' satis�es the restriction
on quanti�ers introducedin Section2.2. In fact, putting ' 0 � (z 2 Z ! z 2 X )
and consideringthat the generalexpression

V n
i=1

Wm
j =1 zi 2 Z j in this casejust

reducesto z 2 Z , we have that the condition : ' 0 !
V n

i=1

Wm
j =1 zi 2 Z j is instan-

tiated to : (z 2 Z ! z 2 X ) ! z 2 Z , which is an instanceof the tautological
schema: (A ! B) ! A.

Other constructs expressible in 3LQS R . Other constructs of set theory
are expressiblein the 3LQSR formalism.
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For instance,the literal A = pow� h(X ), wherepow� h(X ) denotesthe collec-
tion of all the subsetsof X having at most h distinct elements, canbe expressed
in 3LQSR as

(8Z)(Z 2 A $ ((8z)(z 2 Z ! z 2 X )^
(8z1) : : : (8zn+1 )(

V n+1
i=1 zi 2 Z ! : (

V n+1
i=1

V n+1
j =1 ;j 6= i : (zi = zj ))))) :

Likewise,A = pow= h(X ), wherepow= h(X ) denotesthe collection of subsetsof
X with exactly h distinct elements, can be expressedin an analogousway.

In the formalization of A = pow� h(X ) given above, the restriction on quan-
ti�ers of Section2.2 is satis�ed. This can easilybe veri�ed for both conjuncts

' 1 � (8z)(z 2 Z ! z 2 X ), and
' 2 � (8z1) : : : (8zn+1 )(

V n+1
i=1 zi 2 Z ! : (

V n+1
i=1

V n+1
j =1 ;j 6= i : (zi = zj ))).

The veri�cation of the validit y of condition (1) for ' 1 is identical to the one
shown for the formula consideredin the previousparagraph.Thus we just check
its validit y for ' 2.

One just needsto put ' 0 �
V n+1

i=1 zi 2 Z ! : (
V n+1

i=1

V n+1
j =1 ;j 6= i : (zi = zj )) and

observe that
V n

i=1

Wm
j =1 zi 2 Z j is just

V n+1
i=1 zi 2 Z . Thus : ' 0 !

V n
i=1

Wm
j =1 zi 2

Z j is just the formula

: (
n+1^

i =1

zi 2 Z ! : (
n+1^

i =1

n+1^

j =1 ;j 6= i

: (zi = zj ))) !
n+1^

i =1

zi 2 Z

which againis plainly an instanceof the propositional tautology : (A ! B) ! A.
The Cartesianproduct A = X 1 
 : : : 
 X n can be formalizedby the 3LQSR -

formula

(8Z)(Z 2 A $ ((8z1) : : : (8zn )(
V n

i=1 zi 2 Z !
V n

i=1 zi 2 X i )^
(8z1) : : : (8zn+1 )(

V n+1
i=1 zi 2 Z ! : (

V n+1
i=1

V n+1
j =1 ;j 6= i : (zi = zj ))))) :

Even in this case,condition (1) on quanti�ers is satis�ed as well. This can
be checked for both the conjuncts

(8z1) : : : (8zn )(
V n

i=1 zi 2 Z !
V n

i=1 zi 2 X i ), and
(8z1) : : : (8zn+1 )(

V n+1
i=1 zi 2 Z ! : (

V n+1
i=1

V n+1
j =1 ;j 6= i : (zi = zj )))

just as in the previousexamples.
Another interesting variant of the power set is the pow� (X 1; : : : ; X n ), which

denotesthe collection

f Z : Z �
n[

i =1

X i and Z \ X i 6= ; ; for all 1 � i � ng
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introducedin [4]. The literal A = pow� (X 1; : : : ; X n ) is expressedin 3LQSR by

(8Z)(Z 2 A $ ((8z)(z 2 Z ! z 2
Wn

i=1 z 2 X i ) ^
V n

i=1 : (8z)(z 2 Z ! : z 2 X i )) :

Also with this formula one can verify that the restriction on quanti�ers is
satis�ed by checking the subformulae:

(8z)(z 2 Z ! z 2
Wn

i=1 z 2 X i ),
(8z)(z 2 Z ! : z 2 X i ), for i = 1; : : : ; n.

3 Relativized in terpretations

We introduce the notion of relativized interpretation, to be usedtogether with
the decisionprocedureof Section4.2 to construct, out of a model M = (D; M )
for a 3LQSR-formula  , a �nite interpretation M � = (D � ; M � ) of boundedsize
satisfying  aswell.

De�nition 2. Let M = (D; M ) be a 3LQSR -interpretation. Let D � � D , d� 2
D � , and V0

1 � V1. We de�ne the relativized interpretation Rel(M ; D � ; d� ; V0
1) of

M with respect to D � , d� , and V0
1 to be the interpretation (D � ; M � ), where

M � x =
�

M x ; if M x 2 D �

d� ; otherwise
M � X = M X \ D �

M � A = ((M A \ pow(D � )) n f M � X : X 2 V0
1g) [ f M � X : X 2 V0

1; M X 2 M Ag:

2

The de�nition of relativized interpretation given above is inspired by the con-
struction of the �nite model described in [10], [5], and in [6]. We spend some
words on the intuition behind the de�nition of M � A. Analogously to M � X ,
M � A is obtained from the intersection of the interpretation of A in M with
the power set of the �nite domain D � . However, such operation may leave in
M A \ pow(D � ) somesets J such that J = M � X but M X =2 M A. Such J 's
have to be removed from the restricted interpretation of A in order to guarantee
that satis�abilit y of  is preserved. Further, there alsomay be someM X 2 M A
such that M � X =2 M A \ pow(D � ). Again, to let the restricted model preserve
satis�abilit y of  , such M � X have to be addedto the interpretation of A in the
restricted model.

For easeof notation, we will often omit the referenceto the element d� 2 D �

and write simply Rel(M ; D � ; V0
1) in placeof Rel(M ; D � ; d� ; V0

1).
The following satis�abilit y result holds for unquanti�ed atomic formulae.
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Lemma 1. Let M = (D; M ) be a 3LQSR-interpretation. Also, let D � � D ,
d� 2 D � , and V0

1 � V1 be given. Let us put M � = Rel(M ; D � ; d� ; V0
1). Then the

following holds.

(a) M � j= x = y i� M j= x = y, for all x; y 2 V0 suchthat M x; M y 2 D � ;
(b) M � j= x 2 X i� M j= x 2 X , for all X 2 V1 and x 2 V0 such that

M x 2 D � ;
(c) M � j= X = Y i� M j= X = Y, for all X ; Y 2 V1 suchthat if M X 6= M Y

then (M X �M Y) \ D � 6= ; ;
(d) if for all X ; Y 2 V0

1 such that M X 6= M Y we have(M X �M Y) \ D � 6= ; ,
then M � j= X 2 A i� M j= X 2 A, for all X 2 V0

1, A 2 V2.3

Pro of.
Cases(a), (b) and (c) areeasilyveri�ed. We prove only case(d). To this end,

assumethat for all X ; Y 2 V0
1 such that M X 6= M Y wehave(M X �M Y)\ D � 6=

; . Let X 2 V0
1 and A 2 V2. If M X 2 M A, then obviously M � X 2 M � A. On the

other hand, if M X =2 M A, but M � X 2 M � A, then we must necessarilyhave
M � X = M � Z, for someZ 2 V0

1 such that M Z 2 M A. But then, asM X 6= M Z,
from our hypothesiswe would obtain M � X 6= M � Z, which is a contradiction.

3.1 Relativized in terpretations and quanti�ed atomic form ulae

Satis�abilit y results for quanti�ed atomic formulae are treated as shown in the
following. Let us put

M z;� = Rel(M z; D � ; V0
1)

M � ;z = M � [z1=u1; : : : ; zn=un ]

M Z;� = Rel(M Z ; D � ; V0
1 [ f Z1; : : : ; Zmg)

M � ;Z = M � [Z1=U1; : : : ; Zm=Um ]:

The following lemmasprovide useful technical results to be employed in the
proof of Theorem 1 below. In particular, Lemmas 2 and 3, which are simply
stated without proof, are usedto prove Lemma 4.

Lemma 2. Let u1; : : : ; un 2 D � and let z1; : : : ; zn 2 V0. Then, for every x 2 V0

and X 2 V1 we have:

(i) M � ;zx = M z;� x,
(ii) M z;� X = M � ;zX .

3 We recall that � denotes the symmetric di�erence operator de�ned by s�t = (s n t) [ (t n s).
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Lemma 3. Let M = (D; M ) be a 3LQSR-interpretation, D � � D , V0
1 � V1,

Z1; : : : ; Zm 2 V1 n V0
1, U1; : : : ; Um 2 pow(D � ) n f M � X : X 2 V0

1g.
Then the 3LQSR -interpretations M � ;Z and M Z;� coincide.

Lemma 4. Let M = (D; M ) be a 3LQSR -interpretation. Let D � � D , d� 2 D � ,
V0

1 � V1 be given,and let M � = Rel(M ; D � ; d� ; V0
1). Further, let (8z1) : : : (8zn )' 0

and (8Z1) : : : (8Zm )' 1 be atomic formulaeof level1 and 2, respectively, suchthat
M x 2 D � , for every x 2 V0 occurring in ' 0 or in ' 1. Then we have

(i) if M j= (8z1) : : : (8zn )' 0, then M � j= (8z1) : : : (8zn )' 0;
(ii) if M j= (8Z1) : : : (8Zm )' 1, then M � j= (8Z1) : : : (8Zm )' 1, provided that

� (M X �M Y) \ D � 6= ; , for every X ; Y 2 V1 with M X 6= M Y, and that
� there are u1; : : : ; un 2 D � suchthat M [v1=u1; : : : ; vn=un ] 6j= ' 0, for every

(8z1) : : : (8zn )' 0 not satis�ed by M , and occurring in ' 1
Z1 ;:::;Z m
X 1 ;:::;X m

, with
X 1; : : : ; X m variablesin V0

1.

Pro of.

(i) Assumeby contradiction that there exist u1; : : : ; un 2 D � such that M � ;z 6j=
' 0. Then, there must be an atomic formula ' 0

0 in ' 0 (either of kind x = y or
x 2 X ) that is di�erently interpreted in M � ;z and in M z.
Let us suppose �rst that ' 0

0 is the atom x = y and, without loss of gen-
erality, that M � ;z 6j= x = y. By Lemma 2, we have M z;� x 6= M z;� y. Since
M z;� x = M zx, M z;� y = M zy, and, by hypothesis,M zx = M zy, we obtain a
contradiction.
Now let ussupposethat ' 0 is the atom x 2 X and, without lossof generality,
assumethat M � ;z 6j= x 2 X . By Lemma 2, we have M z;� x =2 M z;� X , that is
M zx =2 M zX \ D � , again a contradiction.

(ii) Assume,by way of contradiction, that M � 6j= (8Z1) : : : (8Zm )' 1. Hencethere
exist U1; : : : ; Um 2 pow(D � ) such that M � ;Z 6j= ' 1.
Without lossof generality, assumethat Ui = M � X i , for 1 � i � k (k � 0) for
somevariablesX 1; : : : ; X k in V0

1, and that Uj 6= M � X for all k + 1 � j � m
and for all variablesX in V0

1.
Let �' 1 be the formula obtained by simultaneously substituting Z1; : : : ; Zk

with X 1; : : : ; X k in ' 1, and let M � ;Z k = M � [Zk+1 =Uk+1 ; : : : ; Zm=Um ]. Fur-
ther, let M Z 0

be a 3LQSR -interpretation di�ering from M Z only in the
evaluation of Z1; : : : ; Zk (M Z 0

Z1 = M X 1; : : : ; M Z 0
Zk = M X k).

Now we can distinguish two cases.

If k = m, then M � ;Z k and M � coincideand a contradiction can be obtained
by showing that the implications

M � ;Z 6j= ' 1 ) M � 6j= �' 1 ) M 6j= �' 1 ) M Z 0
6j= ' 1

hold. Hence,against the hypothesis, we get that M 6j= (8Z1) : : : (8Zn )' 1.
The �rst implication, M � ;Z 6j= ' 1 ) M � 6j= �' 1, is plainly derived from the
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de�nition of �' 1. The secondone, M � 6j= �' 1 ) M 6j= �' 1, can be proved by
showing that M � and M interpret each atomic formula �' 0

1 occurring in �' 1

in the samemanner.
If �' 0

1 is an atomic formula of level 0 or an atomic formula of level 1 of type
X = Y and X 2 A, the proof follows directly from Lemma 1.
If �' 0

1 is an atomic formula of level 1 of type (8z1) : : : ; (8zn )' 0, the im-
plication M j= (8z1) : : : (8zn )' 0 ) M � j= (8z1) : : : (8zn )' 0 follows from
statement (i) of the lemma, whereasM � j= (8z1) : : : (8zn )' 0 ) M j=
(8z1) : : : (8zn )' 0 can be proved by contradiction as follows. Assume that
M 6j= (8z1) : : : (8zn )' 0. Then, by hypothesis,there are u1; : : : ; un in D � such
that M [z1=u1; : : : ; zn=un ] 6j= ' 0 and, by Lemma 1, M � [z1=u1; : : : ; zn=un ] 6j=
' 0 contradicting our hypothesis.
The last implication, M 6j= �' 1 ) M Z 0

6j= ' 1, is deducedby the de�nition
of �' 1 and of Z 0.

If k < m, the schemaof the proof is analogousto the previouscase.However,
sinceM � ;Z k and M � do not coincide, the single stepsare carried out in a
slightly di�erent manner. Thus, for the sake of clarity we report the proof
below.
In order to obtain a contradiction we prove that

M � ;Z 6j= ' 1 ) M � ;Z k 6j= �' 1 ) M Zk 6j= �' 1 ) M Z 0
6j= ' 1

hold.
The �rst implication M � ;Z 6j= ' 1 ) M � ;Z k 6j= �' 1 can be immediately
deducedfrom the de�nition of �' 1 and of M � ;Z k . The secondimplication
M � ;Z k 6j= �' 1 ) M Zk 6j= �' 1 can be proved by showing that every atomic
formula �' 0

1 in �' 1 is interpreted in M � ;Z k and in M Zk in the sameway.
The proof is straightforwardly carried out using Lemmas3 and 1 in case �' 0

1

is an atomic formula of level 0, or an atomic formula of level 1 of type X = Y
and X 2 A.
If �' 0

1 is an atomic formula of level 1 of type (8z1) : : : (8zn )' 0, we �rst show
that M Zk j= (8z1) : : : (8zn )' 0 implies that M � ;Z k j= (8z1) : : : (8zn )' 0.
If M Zk j= (8z1) : : : (8zn )' 0, by (i) of the present lemma we have that
M Zk ;� j= (8z1) : : : (8zn )' 0 and,by Lemma3, that M � ;Z k j= (8z1) : : : (8zn )' 0.
Now, let us show that M � ;Z k j= (8z1) : : : (8zn )' 0 implies that M Zk j=
(8z1) : : : (8zn )' 0.
Assumeby contradiction that M Zk 6j= (8z1) : : : (8zn )' 0. Then there exist
u1; : : : ; un 2 D such that M Zk [z1=u1; : : : ; zn=un ] 6j= ' 0. In particular, by the
condition : ' 0 ! ^ n

i=1 _ k+ m
j = k+1 zi 2 Z j , wederive that u1; : : : ; un areelements of

D � . This allowsusto apply Lemma1 and to obtain that M Zk ;z;� 6j= ' 0. Then,
by Lemma 2 we obtain M Zk ;� ;z 6j= ' 0 and henceM Zk ;� 6j= (8z1) : : : (8zn )' 0.
Thus, Lemma 3 yields M � ;Z k 6j= (8z1) : : : (8zn )' 0 contradicting the hypoth-
esis.
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Finally, the third implication, M Zk 6j= �' 1 ) M Z 0
6j= ' 1 is directly derived

from the de�nition of �' 1 and of Z 0.

4 The satis�abilit y problem for 3LQS R -form ulae

In this sectionwe solve the satis�abilit y problem for 3LQSR , i.e. the problem of
establishingfor any given formula of 3LQSR whether it is satis�able or not, as
follows:

(a) �rstly , we reducee�ectively the satis�abilit y problem for 3LQSR -formulae to
the satis�abilit y problem for normalized3LQSR -conjunctions (thesewill be
de�ned preciselybelow);

(b) secondly, we prove that the collection of normalized 3LQSR -conjunctions
enjoys a small model property.

From (a) and (b), the solvabilit y of the satis�abilit y problem for 3LQSR follows
immediately. Additionally , by further elaborating on point (a), it could easilybe
shown that indeedthe wholecollectionof 3LQSR -formulaeenjoys a small model
property.

We must stress, however, that such an approach allows only to establish
the decidability of 3LQSR-formulae and doesnot suggestany practical decision
procedure:this will be the subject of further research.

4.1 Normalized 3LQS R -conjunctions

Let  be a formula of 3LQSR and let  D N F be a disjunctive normal form of
 . Then  is satis�able if and only if at least one of the disjuncts of  D N F is
satis�able. We recall that the disjuncts of  D N F are conjunctions of level 0; 1,
and 2 literals, i.e. level 0; 1, and 2 atomsor their negation.In view of the previous
observations, without lossof generality, we can supposethat our formula  is
a conjunction of level 0; 1, and 2 literals. In addition, we can also assumethat
no bound variable in  can occur in more than onequanti�er or can occur also
free.

For decidability purposes,negative quanti�ed conjuncts occurring in  can
be eliminated as explained below. Let M = (D; M ) be a model for  . Then
M j= : (8z1) : : : (8zn )' 0 if and only if M [z1=u1; : : : ; zn=un ] j= : ' 0, for some
u1; : : : ; un 2 D, and M j= : (8Z1) : : : (8Zm )' 1 if and only if
M [Z1=U1; : : : ; Zm=Um ] j= : ' 1, for some U1; : : : ; Um 2 pow(D). Thus, each
negative literal of type : (8z1) : : : (8zn )' 0 can be replacedby : (' 0)z1 ;:::;zn

z0
1 ;:::;z0

n
, where

z0
1; : : : ; z0

n arenewly introducedvariablesof level 0. Likewise,each negative literal
of type : (8Z1) : : : (8Zm )' 1 can be replacedby : (' 1)Z1 ;:::;Z m

Z 0
1 ;:::;Z 0

m
, whereZ 0

1; : : : ; Z 0
m

are newly introducedvariablesof level 1.
Hence,we can further assumethat  is a conjunction of literals of the fol-

lowing types:
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(1) x = y, : (x = y), x 2 X , : (x 2 X ), X = Y, : (X = Y), X 2 A, : (X 2 A);
(2) (8z1) : : : (8zn )' 0, wheren > 0 and ' 0 is a propositional combination of level

0 atoms;
(3) (8Z1) : : : (8Zm )' 1, where m > 0 and ' 1 is a propositional combination of

level 0 and level 1 atoms, where atoms of type (8z1) : : : (8zn )' 0 in ' 1 are
linked to the bound variablesZ1; : : : ; Zm .

We call such formulae normalized 3LQSR-conjunctions.

4.2 A small model prop ert y for normalized 3LQS R -conjunctions

In view of the precedingdiscussionwe can limit ourselvesto considerthe satis-
�abilit y problem for normalized3LQSR-conjunctionsonly.

Thus, let  be a normalized 3LQSR -conjunction and assumethat M =
(D; M ) is a model for  .

We show how to construct, out of M , a �nite 3LQSR -interpretation M � =
(D � ; M � ) which is a model of  . We proceed as follows. First we outline a
procedure to build a nonempty �nite universe D � � D whose size depends
solelyon  and can be computeda priori . Then, a �nite 3LQSR -interpretation
M � = (D � ; M � ) is constructedaccordingto De�nition 2. Finally, we show that
M � satis�es  .

Construction of the univ erse D � . Let us denote by W0, W1, and W2 the
collectionsof the variablesof level 0, 1, and 2 present in  , respectively. Then
we computeD � by meansof the proceduredescribed below.

Let  1; : : : ;  k be the conjuncts of  . To each conjunct  i of the form
(8Z i 1) : : : (8Z im i )' i we associate the collection ' i 1; : : : ; ' i` i of atomic formulae
of type (2) present in the matrix of  i and call the variables Z i 1; : : : ; Z im i the
argumentsof ' i 1; : : : ; ' i` i . Then we put

� = f ' ij : 1 � i � k and 1 � j � ` i g:

For every pair of variables X ; Y in W1 such that M X 6= M Y, let uX ;Y be
any element in the symmetric di�erence of M X and M Y and put � 1 = f uX Y :
X ; Y in W1 and M X 6= M Yg.

We initialize D � with the set f M x : x in W0g [ � 1. Then, for each ' 2 � of
the form (8z1) : : : (8zn )' 0 having Z1; : : : ; Zm asarguments and for each ordered
m-tuple (X i 1 ; : : : ; X i m ) of variables in W1, if M ' Z1 ;:::; Zm

X i 1 ;:::;X i m
= false we insert in

D � elements u1; : : : ; un 2 D such that

M [z1=u1; : : : ; zn=un ]' 0
Z1 ;:::; Zm
X i 1 ;:::;X i m

= false ;

otherwisewe leave D � unchanged.
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It is clear that after that a formula ' 2 � of the form (8z1) : : : (8zn )' 0 with
arguments Z1; : : : ; Zm has beentreated, the sizeof D � can increaseby at most
njV1jm . This givesa bound of O(j jq+2 ) on the �nal sizeof D � , whereq is the
maximal length of quanti�ers pre�xes over level 1 variablespresent in  .

Correctness of the relativization. Let us put M � = Rel(M ; D � ; W1). We
have to show that, if M j=  , then M � j=  .

Theorem 1. Let M be a 3LQSR-interpretation satisfyinga normalized 3LQSR -
conjunction  . Further, let M � = Rel(M ; D � ; W1) be the 3LQSR -interpretation
de�ned according to De�nition 2, where D � is constructed as described above,
and let W1 be de�ned as above. Then M � j=  .

Pro of.
We have to prove that M � j=  0 for every literal  0 in  . Each  0 is of one

of the three kinds introducedin Section4.1.By applying Lemma1 or 4 to every
 0 in  (accordingto the type of  0) we obtain the thesis.

Notice that the hypothesesof Lemma 1 and of Lemma 4 are ful�lled by the
construction of D � outlined above:

{ M x 2 D � , for every variable x 2 V0. Furthermore, (M X �M Y) \ D � 6= ;
for every X ; Y 2 V1 such that M X 6= M Y (one just needsto substitute the
genericset of individual variablesV0 with W0 and V1 with W1);

{ for every atomic formula of type (8z1) : : : (8zn )' 0 occurring in an atomic
formula of level 2 and such that M 6j= (8z1) : : : (8zn )' 0, there are u1; : : : ; un

elements of D � such that M [z1=u1; : : : ; zn=un ] 6j= ' 0.

From the above reduction and relativization steps, it is not hard to derive
the following result:

Corollary 1. The fragment3LQSR enjoys a small model property (and there-
fore its satis�ability problemis solvable).

5 Conclusions and future work

We have presented the three-sortedstrati�ed set-theoreticfragment 3LQSR and
have given a decision procedure for its satis�abilit y problem. The algorithm
provided hereservesonly for the purposeof proving the decidability of 3LQSR

and is not by any meansan e�cien t procedure.
We are currently working on the construction of a more e�ective tableau-

baseddecisionprocedurefor 3LQSR in the 
a vour of [3,1].
We further intend to study extensionsof the 3LQSR fragment. In particular

we intend to investigateon the possibility of weakening the restriction on quan-
ti�ers given in Section2.2 or even removing it at all. We alsoplan to extend the
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languagesoasit canexpressalsothe construct of generalunion, thus beingable
to subsumethe theory 3LSSPU. Another extensionwhich we intend to inves-
tigate concernsn-sorted languagesinvolving also constructs to expressordered
n-uplesof individuals.
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Abstract. Local reasoning allows to handle SMT problems involving
a certain class of universally quanti�ed formulas in a complete way by
instantiation to a �nite set of ground formulas. We present a method to
generate this set incrementally , in order to provide a more e�cien t way
of solving these satis�abilit y problems. The incremental instantiation
is guided semantically , inspired by the instance generation approach to
�rst-order theorem proving. Our method is sound and complete, and
terminates on both satis�able and unsatis�able input after generating a
subset of the instances neededin standard local reasoning.

1 In tro duction

Handling quanti�ed formulas is one of the big challengesin satis�abilit y mod-
ulo theories today [10]. Current approachesto solve problems involving quanti-
�ers [7] are usually re�nements of the heuristical instantiation intro duced with
the Simplify prover [3]. A drawback of theseapproachesis that completenessis
sacri�ced: even for unsatis�able problems, termination cannot be guaranteed.

Local reasoning[11]givesa method to handle a certain classof quanti�ed for-
mulas in a completeway by instantiating them to a �nite set of ground instances.
As this set grows with the number of ground terms appearing in the given prob-
lem, generating all instancesat oncebecomesine�cien t or even intractable for
large problems.

We intro duce a method to generate the neededinstances incrementally , in
a systematical way that allows termination without generating the full set of
instances in both the satis�able and unsatis�able case,while preserving com-
pleteness.The idea is basedon the instantiation-based theorem proving methods
intro duced by Ganzinger and Korovin [4{6]: we keep a candidate model which
satis�es the ground part of the current problem, and only add instances that
evolve this candidate model, either strengthening or refuting it.

The remainder of the paper is organizedas follows: in Section2 we intro duce
the logical terminology used throughout this paper, as well as the underlying
methods of instantiation-based theorem proving and local reasoning. In Sec-
tion 3, we intro duce our basic approach, together with proofs of correctness.
This approach is re�ned in Section4, resulting in broader applicabilit y. We con-
clude the paper with remarks on ongoing work, including implementation.
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2 Instance Generation and Lo cal Reasoning

This section intro ducesnecessaryterminology and givesa short intro duction to
the methods that form the basisof our approach. For more detailed descriptions,
including theoretical background, we refer to Ganzinger and Korovin [4{6] for
instantiation-based theorem proving and to Sofronie-Stokkermanset al. [11,12,
9,8] for local reasoning.

2.1 Logical Prerequisites

We use the usual symbols, notation and terminology of (either sorted or un-
sorted) �rst-order logic with standard de�nitions.
Form ulas and instances. Weusex; y to denotevariables,a; b;c;d for constants
and f ; g as non-constant function symbols. L and K denote literals, C and D
clauses,and F formulas. We considerall formulas to be in clausal normal form,
represented as a set of clauses,where all variables in a clause are implicitly
universally quanti�ed. Clausesarecalledaxioms if they contain variables,ground
clausesotherwise. We denote setsof axioms by K, setsof ground clausesby G.

If F is a formula and � a substitution, then F � is an instance or instanti-
ation of F . It is a ground instance if it is variable-free, otherwise it is a partial
instantiation . A variable renaming is an injective substitution mapping variables
to variables.Two formulas F1 and F2 are variants of each other if there is a vari-
able renaming � such that F1� = F2. If F2 is an instance of F1, then F1 is a
generalization of F2. Let F be a set of formulas. F1 is a most speci�c generaliza-
tion of F2 with respect to F if F1 is a generalization of F2 and for every F3 2 F
such that F3 is both an instanceof F1 and a generalizationof F2, F3 is a variant
of F1. For a formula F , let st(F ) be the set of ground subterms appearing in F .
Theories and mo dels. Consider a (many-sorted) signature � = (S; � ; Pred),
whereS is a set of sorts, � is a setof function symbols and Preda set of predicate
symbols (with given arities). In a many-sorted framework, every variable has a
sort s 2 S. A � -structure assignsconcrete, non-empty sets of elements to all
sorts s 2 S and concretevaluations to every f 2 � and P 2 Pred. A theory T
can be de�ned by a set of axioms or a set of models. If T is de�ned by axioms,
then a given � -structure M is a model of a theory T if every axiom of T is
satis�ed by M . If a formula F is true in all models of T , we write j= T F . A
formula F2 is a consequence of F1 (modulo T ), written F1 j= T F2, if F2 is true
in every model of T which also satis�es F1. If no model of T satis�es F , we
write F j= T � , where � represents the empty clause.Validit y (modulo T ) of a
formula F in a � -structure M is depicted by M j= T F .

2.2 Instance Generation Metho ds

Resolution-based instance generation (I G) is an instantiation-based calculus for
�rst-order logic, intro ducedby Ganzingerand Korovin [4]. Later, they presented
extensionsof the calculusto �rst-order logic with equality [5] and to instantiation
modulo background theories [6]. The calculuswe present in the following is close
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to the last one, but subsumesall three versions.Like in the original papers, I G
works in an unsorted framework.1

Pro of Pro cedure. Given a set of clausesF , I G checks satis�abilit y of F mod-
ulo a background theory T (which may be the empty theory) by interleaving
ground satis�abilit y checks with instantiation of clauses.Let ? denote both a
distinguished constant and a substitution mapping all variables to this constant.
Then, I G repeats the following two stepsuntil termination:

(1) Ground satis�abilit y check. If F ? j= T � , the procedureterminates and
states unsatis�abilit y of the input. Otherwise, generate a model M such that
M j= T F ? .

(2) Instance generation. Consider a selection function selwhich selectsfrom
every clauseC 2 F a literal L 2 C such that M j= T L? . Then, instancesare
generatedaccording to the following inferencerule:

I G
(L 1 _ D1) : : : (L n _ Dn )
(L 1 _ D1)� : : : (L n _ Dn )�

where each L i is selectedby sel, and � is a substitution such that
L 1� ^ : : : ^ L n � j= T � .

Note that (variants of) the same clause C 2 F may be used several times as
an input, and thus can be instantiated several times. We consider a clause C
redundant with respect to F if there is a clause D 2 F which is a variant of
C.2 If all inferencesbased on sel only produce instances which are redundant
with respect to F , we call F saturated under I G (with respect to the selection
function sel). If F is saturated under I G, the procedure terminates and states
satis�abliliy of the input. Otherwise, after an inferencestep which adds at least
one non-redundant clauseto F , we go back to (1) .

Example 1 (taken from [5]). Let T be the theory of equality, and

F = f f (g(x)) = c _ g(g(x)) 6= a; g(y) = y; f (a) 6= cg:

The satis�abilit y check shows that F ? is satis�able. Suppose the underlined
literals are selectedby sel. A substitution that makesthe selectedliterals unsat-
is�able is � = [a=x;a=y]. The new set of clausesis obtained by applying � to the
old clausesand adding the resulting instances:F 0 = F [ f f (g(a)) = c _ g(g(a)) 6=
a; g(a) = a; f (a) 6= cg. F 0? is unsatis�able and the procedureterminates.

Finding substitutions. Thus far, we have not speci�ed how the substitution
� for the inference is computed, or how to prove that such a � does not exist.

1 Even though we will work in a sorted framework later, we will seethat we do not
have to add explicit sort information to the instance generation part.

2 Ganzinger and Korovin intro duced a formal notion of redundancy, based on impli-
cation of ground instances of clausesby smaller clauseswrt. an ordering. For the
moment, we only use this simpler de�nition.
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For a given theory, a procedure that �nds such a substitution if one exists is
called answer-complete. E.g., uni�cation is an answer-completeprocedurefor the
empty theory, and paramodulation is answer-completefor the theory of equality.
In general,answer computation is undecidable.

Correctness. An IG-derivation is a sequenceof sets F0 ` F1 ` : : : ` Fn such
that for 0 � i � n � 1, Fi ? is T -satis�able and Fi +1 is the result of an I G-
inferenceon Fi .

The following results have beenproved by Ganzinger and Korovin [4{6]: Let
F0 ` F1 ` : : : ` Fn be an I G-derivation. If Fn ? j= T � , then F0 j= T � . If Fn is
T -sati�able and saturated under I G, then F0 is T -satis�able. I G is refutationally
complete if every persisting inferenceis eventually taken, and if the background
theory T has a universal axiomatization and an answer-completeprocedure for
�nding unsatis�able instances.

2.3 Reasoning in Lo cal Theory Extensions

Hierarchic reasoning in local theory extensions, or in short: local reasoning, has
been intro duced by Sofronie-Stokkermans [11]. In this section we present the
method, which allows us to solve satis�abilit y problems in local extensionsof
decidablebackground theories.

Lo cal theory extensions. Consider a sorted background theory T with signa-
ture � 0 = (S0; � 0; Pred). In the following, we will allow formulas which are not
restricted to this signature, but may contain additional function (and constant)
symbols given by a set � 1, which may in turn intro duce additional sorts, given
by S1. If F and G are formulas in the signature � = (S0 [ S1; � 0 [ � 1; Pred),
we will reasonin T � 1 , the extension of T with free function symbols from � 1

(and the corresponding free sorts S1). Whenever � 1 (and S1) are clear from the
context, we will write F j= T G instead of F j= T � 1 G.

A theory extension of a basetheory T is given by a set K of axioms with a
set of additional function symbols � 1 (and possibly new sorts S1), and denoted
by T � T [ K. We will use T [ K to denote the extended theory, which treats
symbols from � 1 according to the axioms in K. Non-constant function symbols
f 2 � 1 are called extension symbols, terms f (t) are extension terms. Note that
F j= T [K G is equivalent to K [ F j= T G.

In the following, we only consider theory extensionsT � T [ K such that
every C 2 K is � 1-linear : there are no constant or function symbols below an
extensionsymbol in C, all extension terms which contain the samevariable are
(syntactically) equal, and no extension term contains two occurrencesof the
same variable.3 Furthermore, we require that all variables in a clause C 2 K
have at least one occurrencein an extension term.

For a set G of ground clauses(in signature � , but possibly with additional
constant symbols), and a � 1-linear set of axioms K, let

3 This restriction is neededto prove localit y of an extension and is alsousedthroughout
previous papers [11,8]
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K[G] = f C� j C 2 K and f (t)� 2 st(G) for each extensionsubterm f (t) of Cg:

For the fragment we consider,an extension T � T [ K is local if it satis�es
condition (Loc):

(Loc) For every set G of ground clauses,G j= T [K � , K[G] [ G j= T � ,

where by our convention from above j= T meansj= T � 1 , with � 1 containing the
additional function and constant symbols from K and G.

Examples. In previous papers [11,12,9,8], several theory extensionshave been
proved to be local.4 Most of them satisfy our additional restriction, including:

{ monotone functions over several theories with a partial or total ordering,
{ strictly monotone functions mapping from a partially or totally ordered set

into a denselyordered one,
{ Lipschitz functions, i.e. real-valued functions satisfying the Lipschitz condi-

tion at a given point,
{ injective functions, if domain and codomain allow them,
{ guarded boundednessconditions of the form

n̂

i =1

(� i (x) ! si (x) � f (x) � t i (x)) ;

where the � i are mutually exclusive and the si ; t i are terms in the base
theory such that � i (x) ! si (x) � t i (x) for all i; x (where x is the vector of
all variables occurring in the given clause).

Hierarc hic reasoning in lo cal theory extensions. Let T � T [ K be a local
theory extension. We can check the satis�abilit y of a set G of ground clauses
modulo the extendedtheory T [ K in two simplesteps(for details and the general
approach cf. [11]):

Step 1: Use locality. By the locality condition, G j= T [K � i� K[G] [ G j= T � .
Note that becausein every clausein K, all variables occur in extension terms,
K[G] is a set of ground clauses.

Step 2: Reduction to testing satis�ability in T . There are two ways to check
whether K[G][ G j= T � (where� 1-symbolsare treated asfreefunction symbols):
i) removing the extensionfunctions by Ackermann's reduction, and then solving
a satis�abilit y problem in T , or ii) treating the problem with a combined decision
procedurefor T and EUF. See[1] for a comparisonof the approaches.

In the following we assumethat a given SMT solver for ground satis�abilit y
problemsin the background theory T canalsosolveground problemsin EUF[ T .

Example 2. SupposeT is any theory with a partial ordering (lik e real or integer
arithmetic) and we consider its extensionwith a monotone function f , i.e.

K = f x � y ! f (x) � f (y)g:

4 The proof is done by hand and requires to show that certain partial models can be
extended to total models.



52 Swen Jacobs

We want to check whether the following ground goal G is satis�able with respect
to the extended theory T [ K:

G = f a � b; : (f (a) � f (b)) g:

By locality of the extensionT � T [ K, we know that

G j= T [K � , K[G] [ G j= T � ;

where K[G] = f a � a ! f (a) � f (a); a � b ! f (a) � f (b)

b � a ! f (b) � f (a); b � b ! f (b) � f (b) g:

K[G] [ G j= T � can be checked with any prover for SMT(EUF [ T ).

Com binations and chains of extensions. If we want to treat an extension
K which is not known to be local wrt. the basetheory, we have two possibilities
which may still allow us to treat them within the local reasoningframework:

If we have K = K1 [ K2, and both T � T [ K1 and T � T [ K2 are
local extensions,then T � T [ K1 [ K2 may again be a local extension itself.
Sofronie-Stokkermans[12] identi�ed circumstanceswhere this is the case.

Otherwise,wemay havethe casethat T � T [ K1[ K2 is not a local extension,
but both T � T [ K1 and T [ K1 � T [ K1 [ K2 are local extensions.This means
we can extend the basetheory T to the extended theory T [ K1 [ K2 in two
steps.This approach can be generalizedto an arbitrary number of steps.We call
such a repeated extension a chain of extensions, and will have a more detailed
look at reasoningin chains of extensionsin Section 4.

3 An Incremen tal Approac h to Lo cal Reasoning

In the last section we have intro duced local reasoning, which givesus a decision
procedurefor satis�abilit y problemsin local extensionsof theories.Theoretically,
this meansthat the procedureis guaranteed to terminate on both satis�able and
unsatis�able input, given unlimited resources.As in practice neither time nor
spaceare unlimited, we are looking for methods to treat local theory extensions
more e�cien tly . In Section3.1, we intro ducelocal instance generation, a method
which generatesinstancesof local axiomsincrementally , in a semantically guided
way inspired by the instance generation approach. In Section 3.2, we give some
exampleshow local reasoningcan bene�t from this approach, and in Section3.3
we show that the method is sound and complete.

3.1 Lo cal Instance Generation (LIG)

We present a re�nement of I G, which usesknowledge about locality in order
to obtain a decision procedure. Furthermore, axioms and ground clausesare
stored seperately, and only the ground part determines the candidate model |
selection on axioms is �xed by a heuristic. For reasoningon ground clauseswe
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usean SMT solver, which should allow incremental addition of constraints and
must be able to return a model for a set of satis�able clauses.

Separation of axioms and ground goal. In LI G, we keep axioms K and
ground clausesG in di�eren t sets, on which we de�ne a selection function sel.
For a set of clausesF , let sel(F ) = f sel(C) j C 2 F g. Then, as in I G, sel(G) is
basedon a T -model of G. We de�ne sel(K) so that for every C 2 K, sel(C) is
the literal L 2 C which contains the highest number of variables, preferably so
that variables occur below extension symbols. This selection is chosenin order
to enforcefast instantiation to the ground level, as explained below. In contrast
to sel(G), sel(K) remains �xed throughout the saturation process.

Pro of Pro cedure. Given a set of axioms K and a set of ground clausesG, LI G
checks satis�abilit y of G modulo a locally extendedtheory T [ K by interleaving
satis�abilit y checks (modulo T ) with instantiation of axioms in K. The following
two stepsare repeated until termination:

(1) Ground satis�abilit y check. We give G to an SMT solver. If G j= T � ,
then the procedureterminates and statesunsatis�abilit y of the input. Otherwise,
the solver returns a model M such that M j= T G.
(2) Instance generation. Considera selectionfunction selwhich is de�ned on
G such that M j= T sel(G), and on K as described above. Then, instancesare
generatedaccording to the following inferencerule, where premisesand conclu-
sionsare separatedinto axioms (left-hand side) and ground clauses(right-hand
side). Generatedaxioms are added to K, ground clausesto G.

LI G
F j G0

F1� j F0�

where:
(i) F is a set of (variants of) clausesfrom K and G0 � G,
(ii) � is a substitution such that sel(F )� is a set of ground literals,
(iii) all clausesin F � are generalizationsof clausesin K[sel(G)],
(iv) F1 � F and F0 � F such that F1� consists of axioms, F0� of

ground clauses,with F1 \ F0 = ; and F1 [ F0 = F , and
(v) sel(F )� ^ sel(G0) j= T � (where literals in sel(F )� and sel(G0) are

conjunctively connected)

As in I G, several variants of a clause C 2 K may be instantiated in one in-
ference.The notions of redundancy and saturation apply as before. If (K; G) is
saturated under LI G, the procedure terminates and states satis�abilit y of the
input. Otherwise, de�ne selon new axiomsasdescribed above and return to (1) .

Finding substitutions. Opposedto the generalcase,we can restrict the search
for substitutions to a �nite set: the following lemma shows how side conditions
(ii) and (iii) can be ensured.

Lemma 1 Let F = f (L 1 _ D1); : : : ; (L n _ Dn )g and G0 be premisesof an LI G-
inference. For 1 � i � n, let sel(L i _ D i ) = L i , and let L i be a set of literals
such that L i � (L i _ D i ), and all variables from (L i _ D i ) appear in extension
terms in L i . Then, for any substitution � , the following two are equivalent:
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(1) � satis�es conditions (ii) and (iii) of the LI G inference rule.
(2) � instantiates variables in the L i to ground terms such that all ground ex-

tension terms in L i � are in st(sel(G)) .

Proof : Suppose(1) holds. Then by (ii), every L i � is ground, which meansvari-
ablesin L i are instantiated to ground terms. By (iii), all (L i _ D i )� are general-
izations of clausesin K[sel(G)], which meansthey are either in K[sel(G)] or they
can be instantiated to a clausein K[sel(G)]. In any way, by de�nition of K[G],
they can only contain ground extension terms that are in st(sel(G)). Thus, this
holds also for every subsetof every (L i _ D i )� , implying (2).

Now suppose(2) holds. Then (ii) holds becausevariables in all L i are instan-
tiated to ground terms. K is � 1-linear, sofor every (L i _ D i ), all extensionterms
containing the samevariable are syntactically equal. As L i contains all variables
in extension terms, all non-ground extension terms in (L i _ D i ) n L i must be
equal to someterm in L i . As all ground extensionterms in L i � are in st(sel(G)),
somust be all ground extensionterms in (L i _ D i )� . By de�nition of K[sel(G)],
every (L i _ D i )� is a generalization of a clausein K(sel(G)), satisfying (iii). �

The lemma suggeststhat in order to ensureconditions (ii) and (iii) of the
inferencerule, we may watch for every clauseC 2 K a set of literals L � C such
that in L , all variables from C occur in extension terms. Then we only needto
consider substitutions � mapping variables of L to ground terms such that all
ground extension terms in L � are in st(sel(G)).

Special cases. The following special casesmake search for a substitution easier,
and are the reasonwhy sel is prede�ned on K (and doesnot depend on a model
of K? , as it would in I G). For any C 2 K:

{ if all variables from C occur in sel(C), then any conclusionC� of an LI G-
inferencewill be ground.

{ if furthermore all variables appear below extension terms in sel(C), then it
is su�cien t to considerL = f sel(C)g.

Sort information. Note that we do not have to add explicit sort information
to the LI G inference rule, as the restriction to clausesin K[G] ensuresthat
variables will only be instantiated with terms of the right sort.

Unsatis�able cores. In order to minimize the number of generatedinstances,
one should eliminate premisesof an inference which are not neededto satisfy
condition (v) of the LI G rule. If sel(F )� ^ sel(G0) j= T � , then a decision pro-
cedure for T can be used to compute an unsatis�able core of sel(F ) ^ sel(G0),
i.e. smallest subsetsF 0 � sel(F ); G0 � sel(G0) such that F 0 ^ G0 j= T � . Only
inferencesfor which the set sel(F ) is itself an unsatis�able core should be used,
additional premises(and conclusions)can be dropped.

3.2 Examples: Beha viour of LI G

In the following examples,we compare the behaviour of LI G to the standard
local reasoningapproach from Section2.3.We do not include a comparisonto I G
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since we in general do not have an answer-completeprocedure for the theories
we consider.

For all examples,consider the samebackground theory and extension as in
Example 2, i.e. T has a partial ordering and K = f x � y ! f (x) � f (y) g.

Example 3. Let G = f a � b; : (f (a) � f (b)) g. Then, as seenin Example 2,
standard local reasoninggeneratesa set of clausesK[G], with jK [G]j = 4.

When using LI G, we have sel(K) = f f (x) � f (y) g and sel(G) = G (as
we only have unit clausesin G). To satisfy the side conditions of the LI G rule,
we search for a substitution instantiating one or several variants of f (x) � f (y)
such that the resulting ground instancesare unsatis�able in the model given by
sel(G), and the resulting terms (starting with f ) already appear in sel(G).

In the worst casethis meansthat we produce the whole set L = sel(K)[G],
containing 4 instancesof the literal f (x) � f (y). The only unsatis�able core of
L ^ sel(G) is f f (a) � f (b); : (f (a) � f (b)) g. Thus, LI G will produce the
instance a � b ! f (a) � f (b) with its �rst inference and add it to G, which
makesG unsatis�able.

We can seethat the search for a substitution is reducedto the level of literals,
and the resulting clause instance contributes to the proof of unsatis�abilit y of
K[G] [ G. As a result, the SMT procedure does not have to search through a
number of candidate modelswhich is in the worst caseexponential in the sizeof
K[G]. The following examplesshow that this e�ect is even bigger if G contains
information that doesnot contribute to the proof of unsatis�abilit y.

Example 4. Let G = f a � b; : (f (a) � f (b)) ; c � d; f (c) � d; : (d � f (d)) g.
Standard local reasoninggeneratesthe set K[G], consisting of all instances

of the monotonicity axiom with all combinations of substituting x and y with
a; b;c;d. I.e., jK [G]j = 42 = 16.

As above, in LI G we have sel(K) = f f (x) � f (y)g and sel(G) = G. With
the larger G, L = sel(K)[G] contains 16 instances of f (x) � f (y). The only
unsatis�able core of L [ G is again f f (a) � f (b); : (f (a) � f (b))g, and we
produce the sameinstance as above, making G unsatis�able.

Example 5. Let G consist of the ground clauses

(Ci ) ai � bi _ ci � di ; for 1 � i � n

(D i ) f (ai ) � f (bi ) _ f (ci ) � f (di ); for 1 � i � n

(E) : (a1 � b1) _ : (f (a1) � f (b1))

(F ) : (c1 � d1) _ : (f (c1) � f (d1))

Then K[G] consistsof all instancesof the monotonicity axiom with all com-
binations of substituting x and y with the ai ; bi ; ci ; di , i.e. jK [G]j = (4n)2.

In LI G, sel(K) is asabove,and sel(G) may be arbitrary , but the secondliteral
has to be selectedeither in E or in F (becausethe selectionon C1 contradicts
the �rst literal in either E or F ). Thus, sel(G) contains n literals from the D i

with occurrencesof either f (ai ) and f (bi ), or f (ci ) and f (di ), for 1 � i � n.
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Furthermore, we have either sel(E ) = : (f (a1) � f (b1)) or sel(F ) = : (f (c1) �
f (d1)) (but not both, becauseof sel(D 1)), which means that either f (a1) and
f (b1) or f (c1) and f (d1) are in st(sel(G)). Overall, st(sel(G)) contains 2n + 1
extension terms and in search for a substitution we have to generate(2n + 1)2

instancesof the literal f (x) � f (y), in the worst case.
Depending on sel, we will either �nd that f f (a1) � f (b1); : (f (a1) � f (b1))g

or f f (c1) � f (d1); : (f (c1) � f (d1))g is the only unsatis�able core to be found.
After adding the corresponding instanceof the axiom, selwill not changeon most
of G (if the SMT procedure is smart): becauseof the added instance, selhas to
changeon C1; D1; E and F , the rest of G is not a�ected. If the SMT procedure
usesthe samevaluation asbeforeon the rest of the clauses,no additional literals
have to be generatedwhen searching for a substitution in the next step. In this
search, the remaining oneof the two unsatis�able coresfrom abovewill be found,
and the corresponding instance added to G, making it T -unsatis�able.

Thus, we have proved G unsatis�able in T [ K by generatingonly 2 instances
and searching through a maximum of (2n + 1)2 literals, instead of generating
(4n)2 instances.

3.3 Correctness of LI G

In the following, we show that LI G is sound,completeand terminating. An LIG-
derivation is a sequenceof tuples (K 0; G0) ` (K1; G1) ` : : : ` (Kn ; Gn ) such that
G0 is a set of ground clauses,K0 is a local extension of the background theory
T , and for 0 � i � n � 1, Gi is T -satis�able and (K i +1 ; Gi +1 ) is the result of an
LI G-inferenceon (K i ; Gi ).

Theorem 2 (Soundness) Let (K0; G0) ` (K1; G1) ` : : : ` (Kn ; Gn ) be an
LI G-derivation. If Gn j= T � , then K0 [ G0 j= T � .

Proof : All elements of Gn are instancesof clausesin K0 [ G0. Thus, their un-
satis�abilit y implies unsatis�abilit y of K0 [ G0. �

The following lemma is neededfor our proof of completeness:

Lemma 3 (Selection) Let T be an arbitrary theory, K a local extensionof T
and G an arbitrary set of ground clauses.Then, if S is the set of all functions
which select from every clauseC a literal L 2 C, we have

K [ G j= T � , (sel(K[sel(G)]) [ sel(G) j= T � 8 sel2 S):

Proof : In the �rst step of the proof we usethe fact that G j= T � i� sel(G) j= T �
for every sel2 S. This equivalencerelies on the fact that for ground clausesex-
istenceof a model is equivalent to making true at least one literal per clause.

G j= T [K �
, ( sel(G) j= T [K � 8 sel2 S )

(by locality) , ( K[sel(G)] [ sel(G) j= T � 8 sel2 S )
, ( sel(K[sel(G)]) [ sel(G) j= T � 8 sel2 S )

In the last step we can usethe sameargument as in the �rst, sinceK[sel(G)]
is a set of ground clauses. �
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Theorem 4 (Completeness) Let (K 0; G0) ` (K1; G1) ` : : : ` (Kn ; Gn ) be an
LI G-derivation. If Gn is T -satis�able and (Kn ; Gn ) is saturated with respect to
LI G and a given selection function sel, then G0 is (T [ K0)-satis�able.

Proof : Let K0; G0; Kn ; Gn ; sel as de�ned above. By locality, G0 is (T [ K0)-
satis�able i� K0[G0] [ G0 is T -satis�able. We de�ne a selection function sel0

with sel0(Kn [ Gn ) = sel(Kn [ Gn ), and which is de�ned on other clausesin
K0[G0] in the following way: for every C 2 K 0[G0] n Gn , there is at least one
D 2 Kn such that D is a most speci�c generalization of C with respect to
Kn [ Gn . If D � = C, let sel0(C) = sel(D )� (i.e., select the instance of the literal
which is selectedby sel in D). If the most speci�c generalization is not unique,
chooseone.

Now, assumethat G0 j= T [K 0
� , and de�ne (corresponding to Lemma 3)

a set of literals L = sel0(K0[sel0(G0)]) [ sel0(G0). Then, by Lemma 3, we have
L j= T � . For every L 2 L , we haveeither L 2 sel0(Gn ) or there is a (non-ground)
K 2 sel0(Kn ) such that K � = L , whereK is selectedin a clauseD, L is selected
in a clauseC, and D is a most speci�c generalization of C wrt. K n [ Gn . As
sel0(Gn ) is basedon a T -model of Gn and we assumedL j= T � , there must be
at least one such K 2 L n sel0(Gn ).

Thus, there is a substitution � instantiating literals from sel0(Kn ) to the set
is L , which meansthat there is a LI G-inference on K n [ Gn and sel. As K is
selectedin D , which is a most speci�c generalizationof C 2 K 0[G0] wrt. Kn [ Gn ,
we must have D � 62Kn [ Gn , i.e. the inference is not redundant in (Kn ; Gn )
wrt. sel. This contradicts our assumption that (K n ; Gn ) is saturated wrt. sel. �

Theorem 5 (T ermination) For any input (K 0; G0) (where K0 and G0 are as
de�ned above), LI G terminates after a �nite number of inferences.

Proof : LI G-inferencesproduce only clauseswhich are both instancesof clauses
in K and generalizationsof clausesin K[sel(G)], where for every sel, K[sel(G)] �
K[G]. For a given input (K; G), only �nitely many clausesare both instances
of clausesin K and generalizationsof clausesin K[G], and thus there are only
�nitely many possibleLI G-inferences. �

4 Chains of Lo cal Theory Extensions

In Section 2.3, we mentioned that local extensionsof theories can be serialized,
i.e. an extendedtheory can be extendedagain. This approach is especially useful
in the context of veri�cation [9]. We will show that chains of extensionsrequire
a more sophisticated approach to incremental generation than one-time exten-
sions,but also the possiblebene�t is much greater. Section 4.1 intro ducessome
terminology for reasoning in chains of extensions.In Section 4.2 we show how
LI G can be extendedto chains of extensions,followed by examples(Section 4.3)
and a correctnessargument (Section 4.4).
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4.1 Hierarc hic Reasoning in Chains of Extensions

Consider a base theory T0 and a number of clause sets K1; : : : ; Km such that
Tj � Tj +1 = Tj [ K j +1 is a local extension for j = 0; : : : ; m � 1. Then, for every
extension, we can use local reasoning to reduce a given ground goal G from
theory Tj to theory Tj � 1:

G j= Tj � , K j [G] [ G j= Tj � 1 � :

If we de�ne

Gm = G
Gj � 1 = K j [Gj ] [ Gj (for 1 � j � m);

then G j= Tm � , G0 j= T0 � .

We can seethat for incremental generation we cannot use the given LI G
procedure, as that would require for every reduction from Tj to Tj � 1 an SMT
procedure for Tj � 1 to already exist (starting with the reduction from Tm to
Tm � 1). On the other hand, reasoning in chains of extensionscan bene�t very
much from incremental generation of instances,sincethe ground goal Gj grows
polynomially with every reduction. Therefore, we supply a more sophisticated
method LI G� that treats all extensionsat once,but still tries to keepgenerated
instanceson all levels to a minimum.

4.2 Chain-Lo cal Instance Generation (LI G � )

LI G� di�ers from LI G mainly in two points. First, for m successive extensions,
axioms needto be kept in m di�eren t sets.Second,the search spaceis restricted
to the setsof instancesGj de�ned above.

Separation of axioms and ground goal. For a given input (K1; : : : ; Km ; G),
LI G� keepsaxioms from the di�eren t extensionsand ground clausesin separate
sets.The selectionfunction selis de�ned asin LI G, except that we havedi�eren t
extension symbols for each K j . For every j , sel(K j ) consistsof the literals with
the highest number of variables, preferably below extension symbols of K j .

Pro of Pro cedure. Given setsof axiomsK1; : : : ; Km and a set of ground clauses
G, LI G� checks satis�abilit y of G modulo a repeatedly locally extended theory
Tm = T0 [ K1 [ : : : [ Km by interleaving satis�abilit y checks (modulo T0) with
instantiation of axioms from K1 [ : : : [ Km . The following two stepsare repeated
until termination:

(1) Ground satis�abilit y check. We give G to an SMT solver. If G j= T0 � ,
then the procedure terminates and returns unsatis�able. Otherwise, the solver
returns a model M such that M j= T0 G.

(2) Instance generation. Considera selectionfunction selwhich is de�ned on
G such that M j= T sel(G), and on the K j as de�ned above. For the inference
rule, de�ne the following setsof literals:



Incremental Instance Generation in Local Reasoning 59

L m +1 = sel(G)
L j = sel(K j )[

S
j <k � m +1 L k ] (for 1 � j � n)

Then, instancesare generatedaccordingto the following rule, wherepremises
are divided (from left to right) into setsof clausescontaining variants of clauses
from K1 to Km , and �nally clausesfrom G, and conclusionsare divided into sets
of clauseswhich are added to the respective sets (every C� , where C 2 K j , is
added to K j if C� is non-ground, and to G otherwise):

LI G� F1 j : : : j Fm j G0

F 0
1� j : : : j F 0

m � j Fr est �

where (for every 1 � j � m):
(i) Fj consistsof variants of clausesfrom K j , and G0 � G
(ii) � is a substitution such that sel(Fj )� consistsof ground literals,

(iii) F 0
j � consistsof generalizationsof clausesin K j [

S
j <k � m +1 L k ],

(iv) F 0
j � Fj (such that F 0

j � consistsof axioms), Fr est =
S m

j =1 (Fj nF 0
j )

(such that Fr est � consistsof ground clauses),and
(v) sel(F1)� ^ : : : ^ sel(Fm )� ^ sel(G0) j= T0 �

Again, several variants of an axiom may be instantiated in one inference.The
notions of redundancyand saturation apply asbefore.If (K1; : : : ; Kn ; G) is satu-
rated under LI G� , the procedureterminates and statessatis�abilit y of the input.
Otherwise, de�ne selon new axioms as described above and return to (1) .

Search for substitutions. The remarks we made for LI G apply analogously:
for every axiom C, we can watch a set of literals L � C to ensureconditions (ii)
and (iii) of the inferencerule. Then, we only needto considerthosesubstitutions
� which map variables of sel(C) to ground terms such that resulting ground
extension terms (in the extensionK j � C) in L � are in st(L j ). We omit a proof
of this property, which is a straightforward lifting of the proof of Lemma 1.

Special cases, unsatis�able cores. The special casesapply as before,except
that axioms C� have to be added to the set K j which contains C. Unsatis�able
coreshave to be computed over sel(F1)� ^ : : : ^ sel(Fm )� ^ sel(G0).

4.3 Examples: Applications of LI G �

We show someapplications of LI G� , taken from previous work on veri�cation of
systemswith a parametric number of components [9]. Due to spacerestrictions,
we cannot go into the details of its behaviour, but it should be clear that LI G�

will in generalgeneratefewer instancesthan standard local reasoning.How well
LI G� really behaveswill have to be shown by an implementation.

Example 6. Consider as basetheory the combination of linear arithmetic over
reals and integers, R [ Z. The system behaviour (for one step of the system)
is speci�ed by a set of update rules K2, and safety is proved by asserting a
monotonicity condition K1 on function pos, and proving that the negation of
that condition for function pos0, together with someconstraints on the constants
min; max; alarm and n, is unsatis�able in the combined theory R [ Z [ K1 [ K2:
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K1 = f x < y ! pos(x) > pos(y)g
K2 = f (x = 0 ! pos(x) + min � R pos0(x) � R pos(x) + max);

(0 < x < n ^ pos(x � 1) > R 0 ^ pos(x � 1) � pos(x) � R lalarm

! pos(x) + min � R pos0(x) � R pos(x) + max);
(0 < x < n ^ pos(x � 1) > R 0 ^ pos(x � 1) � pos(x) < R lalarm

! pos0(x) = pos(x) + min);
(0 < x < n ^ pos(x � 1) � R 0 ! pos0(x) = pos(x))g

G = f a < b; pos0(a) � pos0(b); n > 1; 0 � min
alarm > 0; max� min < alarmg

Standard local reasoning �rst computes the whole set K2[G], consisting of
8 clauses(x instantiated by a or b in 4 axioms), then the set K1[K2[G] [ G],
consistingof 16 clauses(all combinations of instantiating x; y by a; a� 1; b;b� 1).
The SMT prover Yices reports that out of those24 clauses,only 9 contribute to
the proof of unsatis�abilit y.

In the optimal case,LI G� would only produce exactly those instancesthat
are neededto prove unsatis�abilit y: six instancesfrom K2, and three instances
from K1, but probably somemore. The exact number of generatedground in-
stanceswould depend on the implementation, and alsoon the SMT prover used.

Note also that G contains only constraints that are neededfor proving un-
satis�abilit y. If G contains irrelevant constraints, the gap betweenstandard local
reasoningand LI G� becomeseven bigger (as seenfor LI G in Section 3.2).

Example 7. If the safety property of a system is not an inductiv e invariant, we
may resort to bounded model checking (BMC). Consider a system where an
update can be expressedas a local theory extension, and this theory extension
can be repeated (after proper renaming of extensionsymbols) in order to model
successive updates. Then, LI G� can be usedto prove safety of the systemfor m
stepsby proving

init ^ K1 ^ : : : ^ Km ^ : safej= T0 � ;

where init is the initial condition of the system, K gives the update rules (with
subscript i for the i th step), and safegivesthe safety condition.

Sincewith standard local reasoning,the ground goal (: safein this case)will
blow up polynomially in each step, we should bene�t a lot from an incremental
approach.

4.4 Correctness of LI G �

In the following we state that LI G� is sound, complete, and terminating. De-
tailed proofs are omitted due to spacerestrictions. They are straightforward
liftings of the corresponding proofs in Section 3.3, with K1 [ : : : [ Km replacing
K, G0 replacing K[G], with L =

S
1� j � m +1 L j , and with repeatedapplication of

Lemma 3.
Consider a base theory T0 and successively extended theories Tj +1 = Tj [

K0
j +1 . An LI G� -derivation is a sequenceof tuples (K 0

1; : : : ; K0
m ; G0) ` : : : `

(Kn
1 ; : : : ; Kn

m ; Gn ) such that for 0 � j � m � 1, Tj � Tj [ K0
j +1 is a local theory



Incremental Instance Generation in Local Reasoning 61

extension,and for 0 � i � m � 1, Gi is T0-satis�able and (K i +1
1 ; : : : ; K i +1

m ; Gi +1 )
is the result of an LI G� -inferenceon (K i

1; : : : ; K i
m ; Gi ).

Theorem 6 (Soundness) Let (K0
1; : : : ; K0

m ; G0) ` : : : ` (Kn
1 ; : : : ; Kn

m ; Gn ) be
an LI G� -derivation. If Gn j= T0 � , then G0 j= Tm � .

Theorem 7 (Completeness) Let (K 0
1; : : : ; K0

m ; G0) ` : : : ` (Kn
1 ; : : : ; Kn

m ; Gn )
be an LI G� -derivation. If Gn is T0-satis�able and (Kn

1 ; : : : ; Kn
m ; Gn ) is saturated

with respect to LI G� and a given selection function sel, then G0 is Tm -satis�able.

Theorem 8 (T ermination) For any input (K 0
1; : : : ; K0

m ; G0) (with the K0
i and

G0 as de�ned above), LI G� terminates after a �nite number of inferences.

5 Conclusions and Future Work

We have intro duced two procedureswhich allow incremental generation of the
instances needed for reasoning in local theory extensions and chains of local
extensions, respectively. We have shown that, for the fragments we consider,
both methodsgivedecisionproceduresand canterminate without generatingthe
full set of instancesneededfor standard local reasoning.We conjecture that our
proceduresare(in average)morespace-e�cient than the standard local reasoning
approach. Time-e�ciency will have to be evaluated using an implementation,
which is under way.

The approach we have presented resembles in someparts quanti�er handling
by E-matching in SMT procedures.This holdsspeci�cally for the matching of ex-
tension terms containing variables in watched literals to ground terms appearing
in the model. However, in contrast to SMT we have an additional semantic con-
dition for instantiation. Furthermore, matching in SMT solversis usually modulo
equality, while pure syntactical matching is enoughfor our completenessresult.
It would be interesting to look at a variant of our approach which drops the
semantic condition (and maybe generatesall possible instances at once), and
to check whether we could bene�t somehow from using E-matching instead of
syntactic matching.

Another approach of generatinginstancesof axioms incrementally , guided by
a candidate model, has beenfollowed by Veaneset al. [2] in context of bounded
reachabilit y analysis. Although not explained in much detail, they seemto use
an even stronger semantic condition: only instanceswhich contradict the current
candidate model are generated. Furthermore, their search for substitutions is
guided by all ground terms appearing in the problem, where our approach takes
into account only ground terms which are in the candidate model. A variant
betweenthe two approacheswould thus be to generateonly instancesthat refute
the current model, but restrict the search for substitutions to terms appearing
in the model.

An obvious extension of our work would be to consider other notions of
locality, like stable locality [11]or 	 -locality [8]. This would enlargethe fragment
of local theory extensionswe can handle.
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Abstract. In this paper we presentour work in progresstowards obtain-
ing a Nelson-Oppen style combination for combining quanti�ed theories,
where each individual component theory admits quanti�er elimination.
We intr oducesthe notion of goodmodelfor union theories, for which there
exists a simple quanti�er elimination scheme that uses the elimination
procedures for individual component theories as black boxes. We show
that a good model exists for the union theory of dense linear order and
random graph, and it coincides with the Fra�̈ssé limit of the classof �nite
graph with ordered vertices.

1 Introduction

In 1979,Nelson and Oppen [1] proposed a framework for combining decision
procedures on quanti�er -free formulas: if theories T1 and T2 are stably in�-
nite, over disjoint signaturesand stably in�nite, then one can obtain a decision
procedure for the quanti�er -free fragment of the union theory T1 [ T2, using
the decision proceduresfor T1 and T2 as modules. Ever since the foundational
work of Nelson and Oppen, researchershave beenasking the general question:
under what conditiondo we havea combinationmethodfor arbitrary �rst-order (not
necessarilyquanti�er-free)theories?Recently, a lot of progresseshave been made
to relax the conditions on component theories to be combined [2, 3, 4], as well
as to obtain Nelson-Oppen like results for other combination problems such as
many-sorted logic [5], modal systems[6], and abstract interpr eters [7].

In this paper we consider a restricted version of the question: providing
that two theories T1 and T2 both admit quanti�er elimination, does the union
theory T1 [ T2 also admit quanti�er elimination? If it does, can we �nd an
elimination procedure for T1 [ T2, using the elimination proceduresfor T1 and
T2 asmodules?

Supposefor i 2 f1; 2g, Ti is an Li theory and ' i is a conjunction of Li-literals.
To eliminate the existential quanti�er in 9y(' 1(x; y) ^ ' 2(x; y)), it is desirable to
have

T1 [ T2 j= 8x
��

9y ' 1(x; y) ^ 9 ' 2(x; y)
�

$ 9y
�
' 1(x; y)) ^ ' 2(x; y)

� �
: (1)
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However , Condition (1) does not hold in general, as shown by the following
example.

Example 1 (Incompatible Dense Linear Orders) Fori 2 f1; 2g, let Li bethesigna-
ture f< ig, and let Ti betheLi-theoryof denselinear orders.ConsiderA = hA; <1; <2i
where A is the set of rational numbers,and <1, <2 are suchthat for any u; v 2 A,
u <1 v i� v <2 u i� u < v. ObviouslyA is amodelofT1 [ T2. However, for anya 2 A,
A j= 9x (x <1 a), A j= 9x (x <2 a), but A 6j= 9x (x <1 a^ x <2 a).

In this paper we consider only the models of T1[ T2 that satisfy Condition (1).
Using a priority argument, we show that such models do exist for the union
theory of denselinear order and random graph, and hencewe obtain a decision
procedure for the union theory restricted to those models.

Linear orders and graphs are fundamental objects in computer scienceand
mathematics. Dense linear order (countable, without endpoints) is essentially
the structure of rational numbers under natural order. Random graph captures
the almost sure theory of �nite graphs [8], i.e., f� j lim n!1 pn(� ) = 1g, where
pn(� ) is the probability of a graph with n vertices satisfying sentence� . Also
dense linear order (without endpoints) is the Fra�̈ssé limit of the class of all
�nite linear orders and random graph is the Fra�̈ssé limit of the classof all �nite
graphs [9]. We show that by combining the theory of these two Fra�̈ssé limits,
one can obtain the Fra�̈ssé limit for all �nite models of the combined theory
of linear orders and graphs. This itself is an interesting phenomenon in theory
combination and we believe that it deservesfurther investigations.

PaperOrganization Section2 provides basic notions and terminology in model
theory, and intr oduces some notations in our presentation. Section 3 proves
the existence of good models for the union theory of dense linear order and
random graphs. Section 4 provides a further discussion on the properties of
good models. Section 5 concludes with a discussion of complexity and futur e
work.

2 Preliminary

In this section we intr oduce notions and terminology used in this paper. We
assumethe �rst-or der syntactic notions of variables,parametersand quanti�ers,
and semantic notions of structures,satis�ability and validity as in [10].

BasicNotations. We use N to denote the set of natural numbers, and Q the
set of rational numbers. We use u to denote the sequenceu1; : : : ; un (for some
n > 0). We abuse notation a bit by also using u to denote the set that consists
of elements in the sequence.For example, by u 2 S we mean that all elements
in u are contained in S. The meaning should be clear from the context. Also by
(ui)i<! we mean an in�nite enumeration of the form u0; u1; : : :.

By default we use calligraphic letters A ; B; C; : : :, to denote structures and
the capital letters A; B; C; : : :, to denote the corresponding domains. For example,
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a model of graph is denoted by G = hG; EGi . When there is no confusion, we
drop superscripts on function symbols and predicate symbols.

We use A � B to mean that A and B are isomorphic. We use A � B
to mean that A properly embeds into B, i.e., A is isomorphic to a proper
substructure of B. For a structure A and a tuple a 2 A, whenever we use a in
variable substitution, it should be understood that the underlying language is
extended with constantsa, eachof which namesitself in the extended structure
A 0 = (A ; a).

DenseLinearOrder. A denselinearorder(DLO) without endpoints is a linear order
D = hD; <i such that there is no minimal or maximal element and

8x; y 2 D
�
x < y ! 9 z

�
x < z ^ z < y

� �
: (2)

Let LD denote the languageof D and TD the theory of D . It is well-known that TD

is ! -categorical, complete and decidable, and it admits quanti�er elimination.
[9]. In particular , the linear order on rational numbers, denoted by Q = hQ; <Qi ,
is the unique countable model of TD up to isomorphism. In the paper we identify
Q with D .

Lemma 1. For any conjunction of positive LQ-literals � (x; y), where y doesnot
appearin equalities,for any a 2 Q, if Q j= 9y� (a; y), then there are in�nitely many
b 2 Q suchthat Q j= � (a; b).

Proof. Let � (x; y) beaconjunction of positiveLQ-literals, where y doesnot appear
in equalities, and let a be any tuple in Q. Note that � (a; y) states that y is
contained in the intersection of �nitely many open intervals whose boundaries
are elements in a. Since the intersection of �nitely many open intervals is an
open interval, if there is a solution of � (a; y), then by the densenessproperty of
Q, there exist in�nitely many such solutions. ut

RandomGraph. A RandomGraph(RG) is a countable graph G = hG; Ei such that
for any n; m > 0,

8x1 : : : 8xn8y1 : : : 8ym

0
BBBBBB@

n^

i=1

m^

j=1

xi , y j ! 9z

0
BBBBBB@

n^

i=1

E(xi; z) ^
m^

j=1

: E(y j; z)

1
CCCCCCA

1
CCCCCCA : (3)

Let LG denote the languageof G and TG the theory of random graph. Like TD , TG

is ! -categorical, complete and decidable, and it admits quanti�er elimination
[9]. The de�nition is in line with the standard construction of a random graph
whose edgesare de�ned independently on pairs of vertices with probability 1

2.

Lemma 2. For any conjunction of LG-literals � (x; y), where y doesnot appearin
equalities,for any a 2 G, if G j= 9y� (a; y), thentherearein�nitely manyb 2 G such
that G j= � (a; b).
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Proof. Let � (x; y) be a conjunction of LG-literals, where y does not appear in
equalities, and let a = a1; : : : ; an be any tuple in G. Then � (a; y) is of the form

s^

i=1

E(ai; y) ^
n^

j=s+1

: E(aj; y) ^
^

b2P

y , b ^ � 0(a) ; (4)

where P � a, y does not appear in � 0 and s � n. SinceG j= 9y� (a; y), we haveV s
i=1

V n
j=s+1 ai , aj and G j= � 0(a). Now take a �nite setS � G such that S\ a = ; .

Then by (3) we have, for any S0 � S,

G j= 9y

0
BBBBBB@

s^

i=1

(E(ai; y) ^
^

b2S0

E(b; y) ^
n^

j=s+1

: E(aj ; y) ^
^

b2SnS0

: E(b; y)

1
CCCCCCA

; (5)

which tells us that there are at least 2jSj distinct witnesses to
V s

i=1 E(ai ; y) ^V n
j=s+1 : E(aj; y), and henceat least2jSj � jPj solutions to (4). In fact there must be

in�nitely many solutions to (4) becauseS can be arbitrarily large. ut

3 Combining Dense Linear Order with Random Graph

In this section we presenta model of TD [ TG which admits quanti�er elimina-
tion.

Lemma 3. There exists a modelA = hA; <A ; EA i of TD [ TG such that for any
conjunction of positive LD -literals � (x; y), and for any conjunction of LG-literals
	 (x; y), if y doesnot occurin equalityin either� or 	 , then

A j= 8x
��

9y� (x; y) ^ 9y	 (x; y)
�

$ 9y
�
� (x; y) ^ 	 (x; y)

� �
: (6)

Proof. We�rst outline our construction idea for A . Then we presentthe detailed
construction. Finally we prove that A is our desired model.

ConstructionPlan. The dir ection “  ” is obvious as it holds for any models.
The other dir ection is considerably involved. Weconstruct an in�nite ascending
chain of �nite structures, A 0 � A 1 � : : :, whose limit is our desired A , i.e.,
A =

S
i2N A i . The domain A of A consists of tuples of the form (u; v) where

u 2 Q and v 2 G. Mor eover, every u 2 Q and every v 2 G appear in exactly
one tuple in A. Essentially we construct an in�nite ascendingchain of functions
f0 � f1 � : : :, where each fi is a 1 � 1 partial function from Q to G. Let dom( fi)
denote the e� ective domain of fi . For eachi 2 N , fi induces A i = hA i ; <A i ; EA i i
as follows.

A i = f (u; fi(u)) 2 Q � G j u 2 dom( fi) g (7)

<A i = f ((u; v); (u0; v0)) 2 A i � A i j u <Q u0g (8)

EA i = f ((u; v); (u0; v0)) 2 A i � A i j EG(v; v0) g (9)
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Note that the limit of this chain is a bijective function f : Q ! G which induces
A = hA; <A ; EA i in the sameway asde�ned above.

Theessentialconstruction from stagei to stagei+1 is to, for eachtuple a 2 A i ,
�nd witnessesfor formulas of the form 9y(� (a; y)^ 	 (a; y)), providing that both
9y� (a; y) and 9y	 (a; y) hold separately in A i . Obviously, at a single stage we
might not �nd witnessesfor all pairs of formulas of the form (� (x; y); 	 (x; y)) as
therearein�nitely many suchpairs. However , by astandard encoding technique
we make sure that witnesses for every such pair will eventually be discovered
at a certain stage. We present the detailed construction as follows, which is
essentially a priority argument.

Construction. Let (� i)i<! be an enumeration of all �nite conjunctions of positive
LD -literals of the form ' (x; y) where y doesnot appear in equalities, and (	 i)i<!

an enumeration of all �nite conjunctions of LG-literals of the form  (x; y) where
y does not appear in equalities. Note that such enumerations exist since both
LD and LG are countable languages. Let h�; �i : N � N ! N be a pairing func-
tion (i.e., a bijection from N � N to N ), and l : N ! N , r : N ! N be the
corresponding projection functions such that for any n 2 N , hl(n); r(n)i = n. This
pairing function is used to enumerate f(� i ; 	 j) j i; j 2 N g. Also let (ui)i<! be an
enumeration of Q, and (vi)i<! an enumeration of G.

Let f0 = ; and henceA 0 bean empty structure.Suppose fi and A i have been
obtained. We run Algorithm 1 to obtain fi+1 and A i+1.

Algorithm 1 Construction of A i+1.
1: Set fi+1 = fi .
2: Find the �rst unusedelement u 2 (ui)i<! and the �rst unusedelement v 2 (vi)i<! . Mark

u, v asused. Set fi+1 = fi+1 [ (u;v).
3: for all a 2 A i and j � i do
4: if A i j= 9y� l( j)(a; y) ^ A i j= 9y	 r( j)(a; y) then
5: Find the �rst unusedelement u 2 (ui)i<! such that Q j= � l( j)(a;u) and the �rst

unusedelement v 2 (vi)i<! such that G j= 	 r( j)(a; v). Mark u, v as used. Set fi+1 =
fi+1 [ (u;v).

6: end if
7: end for

ProofContinued.Weshow by induction that for eachi 2 N , Algorithm 1 is sound
and terminates, and for eachi 2 N , A i � A i+1, A LD

i � Q, A LG

i � G, and

8 j � i 8a 2 A i

h�
A i j= 9y� l( j)(a; y) ^ A i j= 9y	 r( j)(a; y)

�

) A i+1 j= 9z
�
� l( j)(a; z) ^ 	 r( j)(a; z)

� i
: (10)

Thecasei = 0 is trivial. By Step(2), fi � fi+1 and henceA i � A i+1. By (7)-(9), we
have A LD

i � Q and A LG

i � G. Now A i j= 9y� l( j)(a; y) implies A D
i j= 9y� l( j)(a; y),
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which in turn implies Q j= 9y� l( j)(a; y). Similarly , we have A G
i j= 9y	 r( j)(a; y)

implies G j= 9y	 r( j)(a; y). Therefore, Step (5) can be realized due to Lemma 1
and Lemma 2. The termination of Algorithm 1 follows becausethere are only
�nitely many a 2 A i and j � i. Property (10)holds obviously thanks to Step(5).

Since Step (2) pairs elements in Q with elements in G according to the
enumerations (ui)i<! and (vi)i<! , eventually every element in Q is paired with
one element in G, and vice versa. Therefore, we have A LD � Q and A LG � G,
and henceA is a model of TD [ TG.

Let � � � i and 	 � 	 j for some i; j 2 N , and a be an arbitrary tuple in
A. Suppose that A j= � (a; u) ^ 	 (a; v) for some u; v 2 A. Take k 2 N such that
k > hi; ji , and a; u; v 2 Ak. We have

A j= � (a; u) ^ 	 (a; v) ) A k j= � (a; u) ^ 	 (a; v)

) A k j= 9y� (a; y) ^ 9y	 (a; y)

) A k+1 j= 9y
�
� (a; y) ^ 	 (a; y)

�

) A j= 9y
�
� (a; y) ^ 	 (a; y)

�
ut

We call the models that satisfy Lemma 3 goodmodelsof TD [ TG. Let (TD [
TG)GOOD be the theory of all good models of TD [ TG.

Theorem 2. (TD [ TG)GOOD admitsquanti�er elimination.

Proof. It su� cesto show that one can eliminate 9y from formulas of the form
9y' (x; y) where ' (x; y) is a conjunction of literals. Since LD [ LG contains no
function symbols, any such 9y' (x; y) can be rewritten as

9y
�
� (x; y) ^ 	 (x; y)

�
(11)

where � (x; y) is conjunction of LD -literals, 	 (x; y) is a conjunction of LG-literals.
We further assumethat � (x; y) contains only positive literals as: (x < y) can be
replaced by x = y _ y < x. We also assumethat y does not appear in equalities
(otherwise the elimination of 9y is trivial). Now � (x; y) and 	 (x; y) satisfy the
requirements in Lemma 3. So(11)can be rewritten as

9y � (x; y) ^ 9y	 (x; y) (12)

Now 9y� (x; y) is a pur e LD -formula and 9y	 (x; y) is a pur e LG-formula. We
can carry out the elimination using the elimination procedure for Q and the
elimination procedure for G. ut

Corollary 1. Thedecisionproblemfor(LD [ LG)-formulasin goodmodelsofTD [ TG

is decidable.

Proof. Using the quanti�er elimination described in Theorem 2, one can trans-
form anarbitrary closed�rst-or der (LD [ LG)-formula into anequivalent quanti�er -
freeformula, which must beeither falseor trueas(LD [ LG) hasno constants. ut
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4 Properties of Good Models

In this section we further explore the properties of good models. Let L be a
�nite signature without function symbols. We say an L-structure A is homo-
geneousif every isomorphism between �nite substructures of A extends to an
automorphism of A . Let K be a classof �nite L-structuresand A be a countable
L-structure.We say that A is the Frä�sśelimit of K if A is homogeneousand K is
precisely the classof �nite structuresthat can be embedded into A . The Fra�̈ssé
limit is sometimes referred to asthe universalhomogeneousstructureofageK and
it is unique up to isomorphism [9]. Now let T0

D be the theory of linear orders
and T0

G be the theory of graphs. Let G be the class of all �nite models of the

combined theory T0
D [ T0

G. Note that eachmodel B in G is a �nite graph (B; E; <)
with vertex set B, edge relation E, and linear order < on B.

Theorem 3. LetA bea goodmodelof TD [ TG. Then

1. A is theFrä�sśelimit ofG, and
2. (TD [ TG)GOOD is ! -categoricalandcomplete.

The rest of the section is devoted to the proof of the above theorem. We say
an L-structure H is weaklyhomogeneousif for any �nite L-structures B; C such
that B � C and jCj = jBj + 1, any embedding f : B ! H can be extended to an
embedding g : C ! H. An L-structure is homogeneousif and only if it is weakly
homogeneous [9].

Lemma 4. A is weaklyhomogeneous.

Proof. Let B = (B; EB ; <B); C = (C; EC; <C) be �nite graphs whose vertices are
linearly ordered, B � C and C = B[ fcg. Let B = fb1; :::;bng. Suppose f : B ! A is
an embedding of B into A . Let ai = f (bi) for 1 � i � n. Let � (x; a1; :::;an) be the
conjunction of literals in the set

f ai < x j C j= bi < cg [ f x < ai j C j= c < bi g;

and 	 (x; a1; :::;an) the conjunction of literals in

f E(ai; x) j C j= E(bi ; c) g [ f : E(ai; x) j C j= : E(bi ; c) g:

By the densenessof <A (Property (2)), A j= 9x� (x; a1; :::;an), and by the ho-
mogeneity of EA (Property (3)), A j= 9x	 (x; a1; :::;an). Thanks to the good-
modelproperty of A , we then have A j= 9x(� (x; a1; :::;an) ^ 	 (x; a1; :::;an)),
which means that we can �nd an element a 2 A such that a < fa1; :::;angand
A j= � (a; a1; :::;an) ^ 	 (a; a1; :::;an). Therefore the mapping f [ f(c; a)gis an em-
bedding of C into A . ut

Lemma 5. Any structure in theclassG is embeddableinto A . HenceG is precisely
theclassof �nite structuresembeddableinto A .
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Proof. Let C = (C; E; <) be a �nite graph with vertex set C, edge relation E, and
linear order < on C. Weprove by induction on jCj that Ccanbeembedded into A .
This trivially holds for jCj = 1.Supposethat any structuresin G with n elements
can be embedded into A and jCj = n + 1. Let B = (B; EB; <B) be a substructure of
C such that jBj = n. By induction hypothesis there is an embedding f : B ! A.
By Lemma 4, f can be extended to an embedding g : C ! A. ut

Proof (Theorem3). The �rst statement holds by Lemma 4 and Lemma 5. Since
the Fra�̈ssé limit of any classof �nite structures is unique up to isomorphism,
(TD [ TG)GOOD is ! -categorical, and therefore complete. ut

5 Conclusion and Future Work

In this paper we intr oduced the notion of goodmodeland showed a simple quan-
ti�er elimination schemefor good models of union theories. Using a priority
argument we showed that TD [ TG hasgood models and henceadmits quanti�er
elimination with respect to those good models. Furthermor e, we showed that
(TD [ TG)GOOD is ! -categorical and complete, and it has interesting implications
on T0

D [ T0
G, the combined theory of linear orders with graphs. We showed that

(TD [ TG)GOOD is indeed the theory of the Fra�̈ssé limit for all �nite models of
T0

D [ T0
G. By quanti�er elimination, the almost sure theory of all these �nite

models is decidable.
We conclude with a remark on the complexity of our decision procedure for

(TD [ TG)GOOD. The algorithm proposed in Corollary 1 is essentially a quanti�er
elimination procedure on any (LD [ LG)-formulas. Suppose the input formula
is in prenex normal form and each 8 is replaced by :9: . Let n be the size of
the input formula. We eliminate all existential quanti�ers one-by-one. In each
iteration, we apply the elimination procedure to the inner-most sub-formula of
the form 9y' (x; y) where ' is a quanti�er -free formula in disjunctive normal
form. Then we write each disjunct in the form � (x; y) ^ 	 (x; y), where � is a
quanti�er -freeLD -formula and 	 is a quanti�er -freeLG-formula. The abovecan
be done in time 2O(n) as the conversion to DNF requiresexponential time. The
complexity of the elimination proceduredependson the respectivecomplexities
of the elimination proceduresfor TD and TG. Supposethat the quanti�er elimi-
nations for TD and for TG take time (space) f (n) and g(n), respectively. Then the
complexity of each iteration in our algorithm requiresO(maxf f (n); g(n)g+ 2n).
Let h(n) = maxf f (n); g(n); 2ng. For a formula of size n, there could be at most
n quanti�ers, and hence at most n iterations. A crude analysis shows that the
complexity of our elimination procedure is O(hn(n)). See[11, 12] for discussions
on the complexity of individual quanti�er elimination procedures.

Future Work This is a work in progress towar ds generalizing Nelson-Oppen
combination for combining quanti�ed theories, providing that eachindividual
component theory admits quanti�er elimination. Although our current result
is only limited to good models, we think it is a good starting point for investi-
gating more general schemesfor combining quanti�er elimination procedures.
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Note that our proof of the existenceof good models relies on the “denseness”
property of individual theories, that is, there are in�nitely many witnesses to
existential formulas (Lemmas 1 and 2). However , this property does not hold
for many important theories in computer science,such asPresburger arithmetic
and discreteorders. Therefore,we �rst plan to investigate the necessarycondi-
tions for the existenceof good models and hope this would give usmoreinsights
on quanti�er elimination schemesfor the general models of union theories.
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