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Motivation

Description logics — used for KR in databases/ontologies

Provide a logical basis for modeling and reasoning about:
e objects
e classes of objects (concepts)

e relationshops between objects (links, roles)

Wide variety of description logics (various degrees of expressivity)

This talk: Tractable description logic: ££, L™ and extensions
[Baader'03-] used e.g. in medical ontologies (SNOMED)



Motivation

Description logics — used for KR in databases/ontologies

Focus: Tractable description logic: ££, EL" and extensions [Baader'03-]
used e.g. in medical ontologies (SNOMED)

-
Main contributions of this paper:

e Alternative proof of tractability of ££, £L£T based on a notion of locality
— a hierarchical reduction to SAT in the case of ££
— reduction to SAT of ground Horn formulae in the case of ££T

e Identify tractable extensions of ££ and £L£T

— with n-ary roles and/or numerical domains.




Overview

e Introduce ££ and ££1 and the deduction problems
(subsumption w.r.t. a TBox resp. CBox)

e Algebraic semantics

TBox/CBox subsumption +— u.w.p. for SLat U Mon(X)(UAX)
e Local theories and local theory extensions

e Locality results for SLat U Mon(X)(UAXx)

e Tractable extensions of ££,ELT
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EL: Generalities

Concepts: e primitive concepts N

e complex concepts (built using concept constructors 1, 3r)

Roles: Ngr

Interpretations: 7 = (DZ, -1) e Cc Ncw— CtCD?

oerc Ng — rt C DL x D

Constructor name Syntax Semantics

conjunction CinG Clz N Céz

existential restriction | 3r.C {x|3y((x,y) € rt and y € C%)}




EL: Generalities

Concepts: e primitive concepts N

e complex concepts (built using concept constructors 1, 3r)
Roles: Ngr

Interpretations: 7 = (DZ, -2) e Cc Ncw— CtCD?

oerc Ng — rt C DT x D

a N
Problem:

Given: TBox (set 7 of concept inclusions C; C D;) and concepts C, D

Task: test whether C C+ D,

i.e. whether for all Z if C* C Df then C* C D?

VG C D eT
- J

Decidable in PTIME [Baader02] (graphs/simulation, transl. to Datalog, ...)




EL : Example

Primitive concepts:

Roles:

protein, process, substance

catalyzes, produces

Terminology:
(TBox)

enzyme = protein M dcatalyzes.reaction
catalyzer = dcatalyzes.process

reaction = process "l dproduces.substance

Query:

enzyme L catalyzer?




Algebraic semantics for £L

Translation of concept descriptions to terms:

C —  C for any concept name C
Gné — C1|_|C2:El/\62
r.C +— 3r.C=£f(C)

-

Algebraic semantics for £L.

Assume that N¢ = {cy, ..., cn}. The following are equivalent:

(1) CCr D

(2) BAOUJh({f; | r € Ng}) [EVa,..., cn((/\ Ci<Dj) - C<
CLED;eT

(3) SLatUMon({f, | r € Nr}) k= Vei,..., cn((/\ Ci<Dj) - C<
CGLD;eT




Algebraic semantics for £L

Translation of concept descriptions to terms:

C —  C for any concept name C
Gné — C1|_|C2:El/\62
r.C +— 3r.C=£f(C)

-

Algebraic semantics for £L.
Assume that N¢c = {ci1, ..., cn}. The following are equivalent:
(1) CCr D

(3) SLatUMon({f, | r€ Ng}) EVa,...,a((/\ Ci<D;) — C<D)
CLCD;eT

10




EL: Algebraic semantics

Primitive concepts: protein, process, substance

Roles:

catalyzes, produces

Terminology:
(TBox)

enzyme = protein M dcatalyzes.reaction
catalyzer = dcatalyzes.process

reaction = process 'l dproduces.substance

Query:

enzyme L catalyzer?

SLat U Mon |=enzyme = protein 1 catalyzes-some(reaction) A
catalyzer = catalyze-some(process) A
reaction = process N produces-some(substance)

= enzyme L catalyzer

.

Mon : VC,D(C C D — catalyze-some(C) C catalyze-some(D))
VC,D(C C D — produces-some(C) C produces-some(D))
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ELT: generalities

Concepts: e primitive concepts N

e complex concepts (built using concept constructors 1, 3r)

Roles: Ngr

Interpretations: Z = (DZ, -2) e CeNcw— CtCD?
oerc Np — rt C DL x Dt

[ Problem:

Given: CBox C = (7, RI), where 7T set of concept inclusions C; C D;;
Rl set of role inclusions ros C torrC t

concepts C, D

Task: test whether C C+ D,

I.e. whether for all Z if C,.I C D,.I and rfos?Ct? then CZICDZ
VC;ED,’ET VrosL t € RI

_J
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EL7: Example

Primitive concepts:

Roles:

protein, process, substance

catalyzes, produces, helps-producing

Terminology:
(TBox)

Role inclusions:

enzyme = protein M dcatalyzes.reaction

reaction = process "l dproduces.substance

catalyzes o produces L helps-producing

Query:

enzyme [ protein M Jhelps-producing.substance 7

13



Algebraic semantics for ££7

Translation of concept descriptions to terms:

C C for any concept name C
GG C1|_|C2:El/\62
r.C +— 3r.C=£f(C)

l

l

RI  +—  Ax(RI) = {Vxfi(fs(x)) < fi(x) | ros C t € RI}

Algebraic semantics for ££7

(1) CCc¢ D
(2) SLatUMon({£,|reNg})UAX(RI) = Ve

Assume that N¢ = {cy, ..., cn}. T.fae forany ELTC Box C = (7, RI)




EL7T : Algebraic semantics

Primitive concepts: protein, process, substance

Roles: catalyzes, produces, helps-producing

Terminology: enzyme = protein 'l dcatalyzes.reaction

(TBox) reaction = process [l dproduces.substance

Role inclusions: catalyzes o produces L helps-producing

Query: enzyme [ protein M Jhelps-producing.substance 7

SLat U Mon U Ax(RI) [Eenzyme = protein I catalyzes-some(reaction) A
reaction = process N produces-some(substance)

= enzyme L protein M helps-producing-some(substance)
Mon : VC,D(C C D — catalyze-some(C) C catalyze-some(D))
VC,D(C C D — produces-some(C) C produces-some(D))

Ax(RI) : Vx(catalyzes-some(produces-some(x)) < helps-producing(x))
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Efficient reasoning in the algebraic models

e TBox subsumption in £L£ +— uniform word problem w.r.t. SLat U Mon(X)
e CBox subsumption in ££1 +— uniform word problem SLat U Mon(X) U Ax,

where Ax consists of axioms of the type:
Vx(f(x) < g(x)) and  Vx(f(g(x)) < h(x))

The uniform word problem for SLat U Mon(X)(U Ax): decidable in PTIME

Explanation: Local theories / local theory extensions

16



Overview

e Introduce ££ and ££1 and the deduction problems
(subsumption w.r.t. a TBox resp. CBox)

e Algebraic semantics

TBox/CBox subsumption +— u.w.p. for SLat U Mon(X)(UAX)
e Local theories and local theory extensions

e Locality results for SLat U Mon(X)(UAXx)

e Tractable extensions of £L£, LT
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Local theories

Local theories [McAllester & Givan’92; Ganzinger'01]

IC set of equational Horn clauses

ICis  local, if for ground clauses G,

KUG =L iff K[G]UG =L

McAllester, Givan '92, '93] Local theories capture PTIME



Local theories

Local theories [McAllester & Givan’92; Ganzinger'01]

IC set of equational Horn clauses

ICis  local, if for ground clauses G,

KUGELIiff  K[GIUG =L

[Ganzinger'01]

IC local theory Emb?lC)?O]
em

[Sko
[McAllester et al-’92'N / [Evans’'53,Burris'95]

Horn theory of IC in PTIME
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Local theories

Local theories [McAllester & Givan’92; Ganzinger'01]

IC set of equational Horn clauses

ICis  local, if for ground clauses G,

KUG =L iff K[G]UG =L

Example:
e Axiomatization of lattices [Skolem 1920]

Locality: every poset embeds into a lattice (Dedekind-MacNeille completion)

e Similar results for axiomatizations of semilattices

e Several other examples (algebra [Burris95]; verification: theories of lists ...)
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Local theories

Local theories [McAllester & Givan’92; Ganzinger'01]

IC set of equational Horn clauses

Compl: Pol. in size of G

ICis  local, if for ground clauses G,

KUGELIiff  K[GIUG =L

Ex: G : f(c)=f(d)
Mon¢[G] : c<d — f(c)<f(d)

WV closure operation on ground terms.

IC is W-local, if for ground clauses G,

KUG =L iff KIV(G)|UuG =L

Compl: Pol. in size of W(G)

7o C K is stably local, if for ground clauses G,
ThUKUG ELiffhoukleluG =L

Compl: Pol. in size of G

Ex: G : f(c)=f(d)

Monl®l:c < d — f(c)<f(d)
f(c)<d — f(f(c))<f(d)

21



Local theory extensions

Local theory extensions [Ganzinger,VS,Waldmann'04, VS’'05]

IC set of equational clauses; 7g theory;, 71 = 7o UK

To C Kis local, if for ground clauses G,
ToUKUGELIffTyUK[G]UG =L

WV closure operation on ground terms. [lhlemann, Jacobs. VS'08]

7o C K is W-local, if for ground clauses G,
ToUKUG E=LiffTloUK[V(G)]UG =1L

Stably local theory extensions are defined similarly.
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Reasoning in local theory extensions

Locality: 70 UK UG =L iff TpUK[V(G)]UG =L

Problem: Decide whether 75 U C[W(G)]U G =L

Solutions:

1: Use SMT (Zo+UIF): completeness guaranteed only if K[W(G)] ground

2: Hierarchical reasoning [VS'05]

reduce to satisfiability in 7g: applicable in general; sound and complete

— parameterized complexity
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Locality and ££, L7

Problem: Determine if a theory (or a theory extension) is local

Solution: Embeddability of partial models into total models

71 W-local extension of 7 Emb(7q, 71)

extends [Ganzinger'01, GSW'04, VS'05, VS,lhlemann’'07, Ihlemann,Jacobs,VS’'08]
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Locality and £L,EL7

Problem: Determine if a theory (or a theory extension) is local

Solution: Embeddability of partial models into total models

71 W-local extension of 7 Emb(7q, 71)

extends [Ganzinger'01, GSW'04, VS'05, VS,lhlemann’'07, Ihlemann,Jacobs,VS’'08]

This criterion provides a large number of examples:
e Mathematics: ext. with monotone functions; Lipschitz functions, ...
e Verification: Theories of pointer structures, lists, records, arrays.

e Kryptography: Encode/decode with given key
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Locality and ££, L7

Problem: Determine if a theory (or a theory extension) is local

Solution: Embeddability of partial models into total models

71 W-local extension of 7 Emb(7o, 71)

extends [Ganzinger'01, GSW'04, VS'05, VS, lhlemann’'07, Ihlemann,Jacobs, VS'08]

e P is a weak partial model of a Horn clause C = A L; — L if
for each valuation 3, if all terms in C are defined then C is true in P.

e P is an Evans partial model of a Horn clause C = A L; — spt if
for each valuation 3, if all terms in the premises are defined then
- either all terms in L are defined and L true in P
- if s=f(s’) and s’, t defined then f(s’) defined in P and f(s’)pt true

L - s’ is undefined, or s and t are undefined.
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Locality and ££, L7

Problem: Determine if a theory (or a theory extension) is local

Solution: Embeddability of partial models into total models

71 W-local extension of 7 Emb(7q, 71)

extends [Ganzinger'01, GSW'04, VS'05, VS,lhlemann’'07, Ihlemann,Jacobs,VS’'08]

Examples of local theory extensions related to £ .L:

Fact: Every semilattice with partial functions, monotone on their (finite) domain of
definition (weakly) embeds into a semilattice with total monotone functions.

Consequence: SLat C SLat U Mon(X) is a local theory extension
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Locality and ££, L7

Problem: Determine if a theory (or a theory extension) is local

Solution: Embeddability of partial models into total models

71 W-local extension of 7 Emb(7q, 71)

extends [Ganzinger'01, GSW'04, VS'05, VS,lhlemann’'07, Ihlemann,Jacobs,VS’'08]

%

Examples of local theories related to ££, £EL£7:

There exists a presentation SL of the theory of semilattices such that:

Fact: Every weak partial model of SL U Mon(X) (weakly) embeds into a total one
Consequence: SL U Mon(X) is a local theory

Fact: Every Evans partial model A of SL U Mon(X) U Ax such that:
for every f(g(x)) < h(x) € Ax if ha(a) is defined then ga(a) is defined.
Consequence: SL U Mon(X) U Ax(RI) is W-stably local,
(W adds f;(u) to the set of terms whenever f;(u) isinitand ros C t € Rl )
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£ L: Hierarchical reasoning

Primitive concepts: protein, process, substance

Roles:

catalyzes, produces

Terminology:
(TBox)

enzyme = protein M dcatalyzes.reaction
catalyzer = dcatalyzes.process

reaction = process 'l dproduces.substance

Query:

enzyme L catalyzer?

SLat U Mon |=enzyme = protein 1 catalyzes-some(reaction) A
catalyzer = catalyze-some(process) A
reaction = process N produces-some(substance)

= enzyme L catalyzer

.

Mon : VC,D(C C D — catalyze-some(C) C catalyze-some(D))
VC,D(C C D — produces-some(C) C produces-some(D))
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£ L: Hierarchical reasoning

enzyme = protein I catalyzes-some(reaction) A

catalyzer = catalyze-some(process) A

SLat U MonA _
reaction = process N produces-some(substance) A
enzyme [Z catalyzer
G
G A Mon

enzyme = protein I catalyzes-some(reaction) A
catalyzer = catalyze-some(process) A

reaction = process N produces-some(substance) A

enzyme [Z catalyzer

VC,D(C C D — catalyze-some(C) C catalyze-some(D))
VC,D(C CE D — produces-some(C) C produces-some(D))
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£ L: Hierarchical reasoning

enzyme = protein [ catalyzes-some(reaction) A

catalyzer = catalyze-some(process) A | N

SLat U MonA _
reaction = process I produces-some(substance) A

enzyme < catalyzer

-

Solution 1: Use DPLL(SLat + UIF)

G A Mon[G]

enzyme = protein I catalyzes-some(reaction)

catalyzer = catalyzes-some(process)

reaction = process M1 produces-some(substance)

enzyme < catalyzer

reaction [> process — catalyzes-some(reaction) [> catalyzes-some(process), >e€ {<, >, =}




£ L: Hierarchical reasoning

-
enzyme = protein I catalyzes-some(reaction) A
catalyzer = catalyze-some(process) A
SLat U MonA _ Y ( ) = L
reaction = process N produces-some(substance) A
enzyme < catalyzer
- G

Solution 2: Hierarchical reasoning

Base theory (SLat)

Extension

enzyme = protein I ¢;
catalyzer = o
reaction = process M ¢c3

enzyme ¥ catalyzer

reaction > process — ¢ > o D€ {<,>, =}

c; = catalyzes-some(reaction)
c, = catalyzes-some(process)

c3 = produces-some(substance)

Test satisfiability using any prover for SLat (e.g. reduction to SAT)
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£L7: Hierarchical reasoning

e W-stable locality result
V(G) =st(G)U{fa(d) | f(d) € st(G), fi(fa(x)) < f(x) € Ax(RI)} U ...

— need to take into account more ground terms

( N
Example:
st(G) = {enzyme, protein, reaction, catalyzer, substance

catalyzes-some(reaction), helps-producing(substance) }

Ax(RI): catalyzes-some(produces-some(x)) < helps-producing(x)




£L7: Hierarchical reasoning

e W-stable locality result
V(G) =st(G)U{fa(d) | f(d) € st(G), fi(fa(x)) < f(x) € Ax(RI} U ...
— need to take into account more ground terms

a )

Example:

st(G) = {enzyme, protein, reaction, catalyzer, substance

catalyzes-some(reaction), | helps-producing(substance) | }

Ax(RI): catalyzes-some(| produces-some(x) |) < | helps-producing(x)

helps-producing(substance) € st(G) = produces-some(substance) € V(G)

\_ J

.. and (by stable locality) more instances
— all instances of SLUMonUAx(RI) with subst. with codomain V(G)
e still in PTIME



Other examples of local theories

Similar locality results also for n-ary monotone functions:
e SLat C SLat U Mon(X) is a local theory extension

e There exists a presentation SL of the theory of semilattices
such that SL U Mon(X) is a local theory
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Other examples of local theories

Similar locality results also for n-ary monotone functions:
e SLat C SLat U Mon(X) is a local theory extension

e There exists a presentation SL of the theory of semilattices
such that SL U Mon(X) is a local theory

... and for many-sorted domains [Sofronie, lhlemann 2007]
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Extensions of £L

Extensions of ££ with n-ary roles and numeric domains

Example 1: Concepts + maps associating numbers to concepts

Models:
Set-theoretic: (P(D), R, {N, MaxCost} U {f; },cny)

MaxCost : P(D) — R, monotone.

Algebraic: (S, R, {A, MaxCost} U {f; },cn, ) where (S, A)eSLat, f, mon.

MaxCost : S — R monotone
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Extensions of £L

Extensions of ££ with n-ary roles and numeric domains

Example 2: Usual concepts + numerical concepts
Models: (S, P(R), A, {fr}rens) where (S, A) € SLat, f, mon.

In general: Locality — parameterized complexity.

PTIME results e.g. when numerical concepts are interpreted over a
convex fragment of interval arithmetic ( & TBox in similar fragment)

Example: (S, Int(R), A, {f; }reny) where (S, A) € SLat, f, mon.

Int(R) in the Ord-Horn fragment of Allen’s interval arithmetic
(translate to Horn clauses over atoms x < y, x = y).

TBoxes: Ord-Horn clauses
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Extensions of £L

Example 2:  Sorts: con, num; roles price, has-weight-price
Interpretation Z = (D, R, .I)
C — ctco
N — NE Cint(R)
tn* = {x €R|x>n}
Int = {xeR|x < n}
[n.ml* ={xeR|n<x<m}

price priceI CDXR
has-weight-price  +— has—weight—priceI CDXxRXxR

Complex concepts

dprice.Tn = {x | 3k > n: price(x, k)}
the class of all individuals with some price greater than n.

3 has-weight-price.([y, y], lp) = {x | Ay’ =y, Ip’ <p and has-weight-price(x, y’, p’)}
all individuals with weight y for which a price below p exist.
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Extensions of £L

Concepts | car, truck, affordable,C, | ni, Tmq, [ n, Tm
Roles price, has-weight-price, weight
dprice(/n;) C affordable
dweight(Tmy)Mcar T truck
TBox Int ©E [n Tm & Tm
C C car
has-weight-price(Tm, [ n) £ ZJprice(]n)MIweight(Tm)
C C Jhas-weight-price(Tm, | n)
Query C L[ affordable M truck
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Extensions of £L

TBox

dprice(|ny)

dweight(Tmy)Mcar

lm
C

has-weight-price(Tm, | n)

C

affordable
truck
ln Tm & Tm

car

ICT AT AT AT e 1

dprice(] n)M3Aweight(Tm)
dhas-weight-price(Tm, | n)}

Query | C L affordable M truck

Purification; Use locality

Def Coum Cconcept Mon
fprice(lnl) = ln S lnl d1 S affordable lnl S ln — C S C
forice(LN) = ¢ Tm < Tmy | di A car < truck lm>|n—c>c

fweight (Tm1) = dh
fweight(Tm) =d
fh‘W‘p(va \Ln) — €

e<cAd

C < car

C<e

C < affordable A truck

Tm < Tm—d <d
Tm >Tm—dy > d
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Extensions of £

The results established for ££" extend to n-ary roles

Role inclusions can be again modeled by axioms at the algebraic level.

norLr — If(xl,...,x,,)GrlI and
(Xn, - -\ Xnak) € ¥
then (x1,..., Xn—1, Xnt1,---, Xpik) € rt .
frl(X2, « ooy Xn—1, frg(Xn—l—l, “e ,Xn—|—k)) C fr(X2, «e ey Xn—1,Xn+1y - - - ,Xn—|—k)-

Stable locality results can also be proved in this case.
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Conclusions

e Alternative proof of tractability of ££, LT based on a notion of locality
— a hierarchical reduction to SAT in the case of ££

— reduction to SAT of ground Horn formulae in the case of ££T

e Identify tractable extensions of ££ and E£T
— with n-ary roles and/or numerical domains.
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Conclusions

e Alternative proof of tractability of ££, LT based on a notion of locality
— a hierarchical reduction to SAT in the case of ££

— reduction to SAT of ground Horn formulae in the case of £E£7

e Identify tractable extensions of ££ and E£T
— with n-ary roles and/or numerical domains.

Future work:
e Which axioms are preserved when embedding partial into total models
Links with canonical extensions?

e Test our implementation on large £L ontologies for comparisons

e Use results on interpolation/interpolant generation in local extensions
VS IJCAR'06] for studying modularity issues in distributed ontologies
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