Hierarchical and modular reasoning In
complex theories

Viorica Sofronie-Stokkermans
Max-Planck-Institut ®r Informatik

Saarbeicken, Germany

Tutorial CADE 22, August 3, 2009



Motivation

Long-term goal of research in computer science
- use computers as 'intelligent assistants' in

e.g. mathematics, engineering (and other elds)

Main problem
- complex description of problems to be solved

/! complex systems, complex encoding



Examples of application domains

MATHEMATICS

Tasks

- construct proofs
- check proofs

Theories
- numbers
- polynomials

- functions over
numeric domains

- algebras

Example:

)
L )

f
C+(g 9~ 2))

Similar:

Lipschitz functions

RILE DI ) F (L L )

vxjf(x) f(c)) 1 Jx ¢
vxjg(x) g(c) 2 jx ¢
vx jt(x)+g(x) f(c) g(c) ( 1+ 2) jx ¢

- free functions; (piecewise) monotone functions

- functions de ned according to a partition of
their domain of de nition, ...




Examples of application domains

MATHEMATICS VERIFICATION
Tasks Tasks
- construct proofs - reactive and
- check proofs hybrid systems
- safety / lifeness
- programs
Theories - correctness
- termination
- numbers
- polynomials

- functions over
numeric domains

- algebras

In nite state systems (software, real time, hybrid)

- simulation/testing cannot guarantee absence of errors
7! need symbolic methods

Solution: - Build 'formal model' of the system;
- Prove that properties are 'consequences of the model’

J



Examples of application domains

MATHEMATICS

VERIFICATION

Tasks

- construct proofs
- check proofs

Theories

- numbers
- polynomials

- functions over
numeric domains

- algebras

Tasks

- reactive and
hybrid systems

- safety / lifeness

- programs
- correctness
- termination

Theories
- numbers

- data types

- functions over
numeric domains

Example: Does BubbleSort  return
a sorted array?
int [] BubbleSort (int[] a) f
int i,j,t;
for(i:==ja L,i>0i=1 1)f

for(j =0;)<1i;)=]+1) f
if (aj] > alj +1]) ft = a]jl;
afj] :== afj +1];
aj +1] := tg;
gg return ag




Examples of application domains

MATHEMATICS

VERIFICATION

Tasks

- construct proofs
- check proofs

Theories
- numbers
- polynomials

- functions over
numeric domains

Tasks

- reactive and
hybrid systems

- safety / lifeness

- programs
- correctness
- termination

Theories
- numbers

- data types

fLinctinne nvor

Example: Does BubbleSort  return
a sorted array?
int [| BubbleSort (int[] a) f
int 1,j,t;
for(i:==jJa L;i>0;i:=1 1)f

for (j :=0;)<i;):=]+1) f
it (alj] > a]j +1]) Tt := afj];

~

Generate veri cation conditions and prove that they are valid

Predicates:
sorted(a, |, u):

partitioned( a, 11, uz, l2, Uz):

Yi,j(l i j ul
Vi,j(le 1 ug Iz j uz! afi] afj])

afj] .= afj +1J;
a[j +1] .= tog;

ali] alj])




Examples of application domains

MATHEMATICS

VERIFICATION

Tasks

- construct proofs
- check proofs

Theories

- numbers
- polynomials

- functions over
numeric domains

- algebras

Tasks

- reactive and
hybrid systems

- safety / lifeness

- programs
- correctness
- termination

Theories
- numbers

- data types

- functions over
numeric domains

Example: Controllers (safety)

||||||

L :=in(out(L))

L:=in(L)

RBC

N
N
N
N
N
N

- )
[— [F— [Fr—

in,out : R!

braking + reaction
distance

R pos, pod : Z |

R




Examples of application domains

MATHEMATICS

VERIFICATION

DATA BASES

Tasks

- construct proofs
- check proofs

Theories
- numbers
- polynomials

- functions over
numeric domains

- algebras

Tasks
- programs

- correctness
- termination

- reactive/hybrid
systems

- safety / lifeness

Tasks

- test consistency

- answer queries
- limit search

Theories
- numbers

- data types

- functions over
numeric domains

Theories
- First-order logic
- Datalog

Complex theories
- numbers

- functions




Examples of application domains

MATHEMATICS

VERIFICATION

DATA BASES

Tasks

- construct proofs
- check proofs

Theories
- numbers
- polynomials

- functions over
numeric domains

- algebras

Tasks
- programs

- correctness
- termination

- reactive/hybrid
systems

- safety / lifeness

Tasks

- test consistency

- answer queries
- limit search

Theories
- numbers

- data types

- functions over
numeric domains

Theories
- First-order logic
- Datalog

Complex theories
- numbers

- functions

complex systems(MAS, reactive systems w. embedded software, databases)




Examples of application domains

MATHEMATICS VERIFICATION DATA BASES

Tasks Tasks Tasks

- construct proofs - programs - test consistency
- check proofs - correctness - answer queries
- termination - limit search
- reactive/hybrid ( _ , )
Theories systems Veri cation tasks
- safety / lifeney  can often be solved as follows:
- numbers :
: Theories
- polynomials :
- numbers - encode problems as logical formulag
- functions over _ data tvpes : : - .
numeric domains yp - test entailment/satis ability/validity
- functions over \ y

- algebras numeric domains J l - functions J

complex systems(MAS, reactive systems w. embedded software, databases)

10



Complexity

Combinations of theories
Distributed databases
Distributed systems

Datal Complex data: 7! long formulae
7! need e cient algorithms

Data may change in time

Dynamics in time

Evolution in time: reactive systems: discrete
hybrid systems: discr./cont.

Interaction

complex proof tasks

11



A source of complexity: Complex encoding

15 order logic is undecidable: cannot build an 'all-purposerggram

+  often fragments of theories occurring in applications areedidable

{ theories do not occur alone: need to consider combinationktbeories

+  often provers for the component theories can be combined eiently

Our goal:

|dentify theories (and extensions/combinations thereof)
which are decidable (with low complexity) and

Important in applications

12



Another source of complexity: Dynamics

{ Safety properties 7! potential non-termination of veri cation methods
{ Restrict to simpler problems (invariant checking, bounded model checking)
use abstraction (in the description of systems, or in the dat used)

+  Often encoding into decidable fragments of theories possile

’ )
Our goal:
E cient reasoning in theories important in veri cation

Veri cation of safety properties:
- Invariant checking / Bounded model checking
- Abstraction: data, description of systems

Parametric veri cation: derive relationships between
parameters which guarantee safety. Interactio

\ \, J
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Overview

We plan to make a survey of recent developments in the eld andprovide
several examples.

Plan of the tutorial

Reasoning in standard theories

Reasoning in complex theories

theory extensions
combinations of theories

Examples of applications

Mathematics
Veri cation
Description logics/Ontologies

Important: identify decidable/tractable fragments

14



Reasoning about standard datatypes

Numbers - natural numbers, integers, reals, rationals

Data structures - theories of lists
- theory of acyclic lists
- theory of arrays
- theories of sets, multisets

Algebraic theories - (total/partial) orderings
- lattices, semilattices
- distributive lattices
- Boolean algebras
- groups, rings, elds, ...

15



Reasoning in theory extensions

Numbers

Data structures

Algebraic theories

- integers, reals, rationals

- theories of lists
- theory of acyclic lists
- theory of arrays
- theories of sets

of integers, reals, :::
of integers, reals, :::
of integers, reals, :::
of integers, reals, :::

+ functions (free, rec. def.) e.g : length, card

- (total/partial) orderings
- lattices, semilattices

- distributive lattices

- Boolean algebras

- elds

with monotone functions
with operators
with operators
with operators
with operators

16



Modularity

Modular (i.e. black-box) composition of decision procedas is highly
desirable { for saving time and resources.

17



|dea

Hierarchic Reasoning
T1: 1-theory; To T 1

° To: o-theory.

0

Example:
f R
R

Can we use a prover forTg as a blackbox to prove theorems inT,?

R mon.

18




|dea

Hierarchic Reasoning Example:
T1: 1-theory; To T 1 0 1 f:R! R mon.

@ To: o-theory. R

Can we use a prover forTg as a blackbox to prove theorems inT,?

\_

Modular Reasoning Example:
To: -theory. lists(R arrays(R
T T - 0. 0 y (R) [ ys(R)
T;: i-theory; To T 0 i .

Can we use provers forT, To> as blackboxes to prove theorems inT{ [T »?
Which information needs to be exchanged between the prover3

19




Structure

Reasoning in standard theories
Preliminaries:Logic, theories, models
Decidable logical theories and theory fragments
Tractability
Reasoning in complex theories
Modular reasoning in combinations of theories
disjoint signature
non-disjoint signature
Hierarchical reasoning in theory extensions

Applications

20



Structure

Reasoning in standard theories

Preliminaries:Logic, theories, models

Decidable logical theories and theory fragments

Tractability

Reasoning in complex theories

Modular reasoning in combinations of theories
disjoint signature
non-disjoint signature

Hierarchical reasoning in theory extensions

Applications

21



Reminder: Signature, terms

A signature: = (,Pred) xes an alphabet of non-logical symbols, where
Is a set of function symbols f with arity n 0, (written f/n),
Pred is a set of predicate symbolsp with arity m 0, (written p/ m).

If n =0 then f Is also called aconstant (symbol).
If m =0 then p is also called apropositional variable.

Example 1: 1 =(ff/2, g/1, c/0g,fP/2Q)
Example 2: - =(f+/2, s/1,0/0 g,f /2Q)

By T (X) we denote the set of -terms (over the set X of variables).
A term not containing any variable is called a ground term.

22



Reminder:

Literals and clauses

Atoms (atomic formulas) over

are formed according to this syntax :

A,E?1 o= P(s1,...,Sm) , p/m2
] (s t) (equation)
Literals:
L = A (positive literal)
] . A (negative literal)
Clauses
cC,D = ? (empty clause)

J L1 _ Ly,

k 1 (non-empty clause)

23



Reminder: General First-Order Formulas

F (X) Is the set of rst-order formulas over de ned as follows:

F,.GGH = ? (falsum)
J > (verum)
J A (atomic formula)
] . F (negation)
] (F "™ G) (conjunction)
J (F _G) (disjunction)
J (F! G) (implication)
j (F$ G) (equivalence)
] VX F (universal quanti cation)
J dx F (existential quanti cation)

24



Conventions

In what follows we will use the following conventions:
constants (0-ary function symbols) are denoted with a, b, c, d, ...

function symbols with arity 1 are denoted
f,g,h,.. if the formulae are interpreted into arbitrary algebras
+, ,S,... If the intended interpretation is into numerical domai ns

predicate symbols with arity O are denotedp,q,r,s, ...

predicate symbols with arity 1 are denoted
P,Q,R,... if the formulae are interpreted into arbitrary algebras
, <,> if the intended interpretation is into numerical domains

variables are denotedx, vy, z, ...

25



Reminder: -structures, valuations

-structures A = (A, ffa : AAD T Agss
Valuation in a  -structure A = (A, ffa0i2

extends in a canonical way to terms

fPa A¥P)gps preq)

, fPAOP2 Pred):

- X |

A

26



Reminder:

-structures, valuations

-structure A = (A, ffy : AT |

Valuation in a  -structure A =(A,ffagi2
extends in a canonical way to terms:

Agio ,fPa

AP)gp5 preq)

FPAOP2pPred): (X1 A

[ Example: =( ff/2, g/1, c/0g,fP/2q)

fa 1 A%

ga Al A ga(@) = b,ga(b) = a,
ca= az2A,

Py, A? PA = f (b, a)g.

Valuation in A. X I f
(A, )(F(9(x),y)) = fa(gal (X)),

a,bg with

A =(fa,bg,ffa,0a,ca0,fPaQ)

A fa(aa) = fa(ab)= a fa(b,a) = fa(b,b) = b,

(x)=4a, (y)=0b
(y)) = fa(ga(a),b)= b

27



Reminder: -structures, valuations

-structure A = (A, ffa : AAD 1 Agio ,fPA  AZP)gps pred)

Valuation in a -structure A = (A, ffa0i2 ,fPaAOpopreg): X! A
extends in a canonical way to terms and formulae:
[ Example: =( ff/2, g/1, c/0g,fP/2q) A =(fa bg, ffa, da, Cag,fPag) |
fa 1 A1 A fa(a @)= fa(a b)= a, fa(b,a) = fa(b,b) = b,
ga tA LA ga(d) = b,ga(b) = a
ca= az2A,
Pa A? P = f(b,a)g.
Valuation in A . X If abg with (x)=a (y)=10b
L (A, )F(9(x), y)) = fa(ga( (X)), (¥)) = fa(9a(a).b)= Db )
(A, )VXP(f(g(x),x),c)) = minf(Aq., [x7'd])P(f(g(x),x),c)j d2f a, bgg
= min f Pa(fa(9a(a), @), ca), Pa(fa(ga(b), b), ca)g
= min f Pa(fa(b, @), a), Pa(fa(a, b), @)g = min(1,0) = 0

28



Reminder: -structures, valuations

-structure A = (A, ffa : AAD 1 Agin ,fPA  AP)gps preq)

Valuation in a  -structure A = (A, ffa0i2 ,fPaOpopreg): X! A
extends in a canonical way to terms and formulae:

s Example: =( ff/2, g/1, c/0g,fP/2Q) A =(fa,bg,ffa,ga,cag,fPaQ)

fa:AZ1 A fa(aa) = fa(ab)= a fa(b,a) = fa(b,b) = b,

ga tA LA ga(d) = b,ga(b) = &
cCa= a2 A,

Pa A? Pa = f(b,a)g.
Valuation in A . X !f abg with (x)=a (y)=Db
(A, )(F(9(x),y)) = falgal (x)), (y)) = fa(ga(a),b) = b

(A, ) ExXP(f(g(x),x),c)) = maxf(Ai, [x7'd])P(f(g(x), x),c)]jd2f a bgg
= maxfPa(fa(ga(a), &), ca), Pa(fa(ga(b), b), ca)g

maxf Pa(fa(b, a), a), Pa(fa(a, b), a)g = max(1,0) =1

29



Reminder: Satis ability, Validity, Entailment

(A, )FFI (A, )F)=1

Aj=Fi (A, )F)=1forall X! A

Validity Fisvaldi FFiI (A, )F)=1forall Aandall : X! A
Satis ability F is satisablei ( A, )(F)=1forsome A and :X! A

Note: F valid | . F IS unsatis able
Entailment:;
FEG i ( VAV X! Aif (A, )FF then (A, )FQG).
NE G i ( VAY X! Aif (A, )FF forall F2N then (A, )EG).
Note: FF G |1 F”: G unsatisable i FA: GF?

Validity/Satis ability/Entailment are undecidable in r st-order logic

30



Reminder: Satis ability, Validity, Entailment

(A, )FFI (A, )F)=1

Aji=Fi (A, )F)=1forall X! A

Validity Fisvaldi FFiI (A, )F)=1forall Aandall : X! A
Satis ability F is satisablei ( A, )(F)=1forsome A and :X! A

Note: F valid i - F is unsatis able

Entailment:;
FFE G i ( VAV X! Aif (A, )FF then (A, )FQG).

{ N

In applications, when testing validity/satis ability/en tailment we want to test
it w.r.t. a specic class of models (e.g. only those satisfying a set of axioms)

... associated with the theory corresponding to the application.
Hm

31




Logical theories

Syntactic view
Axiomatized by a setF of (closed) rst-order -formulae.

the modelsof F: Mod(F)= fA2 -alg jAj= G, forall G in Fg

F Th(Mod( F)) (typically strict)

Semantic view M Mod(Th(M )) (typically strict)

given a clasdM of -structures

the rst-order theory of M : Th(M )= fG 2 F (X) closedj M | = Gg

Th(Mod( F)) the set of formulae true in all models ofF
represents exactly the set of consequencesfrof

32




Examples

1. Groups. =( fe/0,

F

(group axioms)

2,1il149,;)

8

3 VX, y,z x (y 2)
- VX X 1(x

3 (x)

" VWX X e

Mod(F ): the class of all groups; F

2. Linear integer arithmetic.

Z+ :(Z’O1S’+1

= ( f0/0, s/1,+/2 g,f

(X y)
e N\

X N\

Th(Mod( F))

Z
1(X) X

e X

12 Q)

) the standard interpretation of integers.

fZ+g Mod(Th(Z+))

X

e

33



Examples

3. Uninterpreted function symbols. = (,Pred)
M = -alg: the class of all -structures

The theory of uninterpreted function symbols is Th( -alg)
the family of all rst-order formulae which are true in all -

4. Lists. =( fcar/l,cdr/l,cons/2 g,;)

8

3 car(cons(x,Vy)) X
F = 5 cdr(cons(x, Vy)) y

" cons(car(x), cdr(x)) X

Mod(F ): the class of all models of F

Thiists = Th(Mod( F)) theory of lists (axiomatized by F)

structures.

34



Decidable theories

= (,Pred) be a signature.

f

M : class of -structures. T =Th( M ) is decidable
i
there is an algorithm which, for every closed rst-order formula , can
decide (after a nite number of steps) whether isin T or not.

F : class of (closed) rst-order formulae.

The theory T = Th(Mod( F)) is decidable
i
there is an algorithm which, for every closed rst-order formula , can
decide (in nite time) whether F j=  or not.

35



Examples

Undecidable theories

Peano arithmetic

Axiomatized by: Vx: (x+1 0) (zero)
xVy(x+1 y+1! x vy (successor)
FIO]™ (WX (F[x]! F[x+1]) ! VxF[X]) (induction)
Vx(x+0 Xx) (plus zero)
X,y (x +(y +1) (x+vy)+1) (plus successor)
vx,y(x 0 0) (times zero)
vx,y (x (y +1) X y+ X) (times successor)

3 y+5 > 2 yexpressedadz(z60""3 y+5 2 y+ 2)

Intended interpretation: (N,f0,1,+, g,f , g )
(does not capture true arithmetic by Gedel's incompleteness theorem)

Th((Z,f0,1,+, g,fg )
Th( -alg)



Examples

In order to obtain decidability results:
Restrict the signature

Enrich axioms

Look at certain fragments

37



Examples

In order to obtain decidability results:
Restrict the signature
Enrich axioms

Look at certain fragments

Decidable theories

Presburger arithmetic decidable in SEXPTIME [Presburger'29]
Signature: (f0,1,+g9,f , g ) (no )

Axioms f (zero), (successor), (induction), (plus zero), (plus successor) g

Th(Z+) Z+ =(2,0,s,+, ) the standard interpretation of integers.

38



Examples

In order to obtain decidability results:
Restrict the signature
Enrich axioms

Look at certain fragments

Decidable theories

The theory of real numbers (with addition and multiplicatio n)
IS decidable in 2EXPTIME [Tarski'30]

39



Examples

In order to obtain decidability results:
Restrict the signature
Enrich axioms

Look at certain fragments

40



Problems

T . rst-order theory in signature ; L class of (closed) -formulae

Given inL,isitthecasethatT  ?

Common restrictions on L

Pred = ; f 2L)JT j= ¢
L=f VXA(x) ] A atomicg word problem
L=fVx(A1" :::*An! B) ) Aj, B atomicg uniform word problem Thyuom
L=fV¥XxC(x) | C(x) clauseg clausal validity problem — Thy
L=fV¥x (X)) (X)unguantied g universal validity problem Thy
L=f3dxA1" :::MAn ) A; atomicg uni cation problem Thg

L=fVx3dxA1" :::MAp ] Aj atomicg uni cation with constants Thyg

41



T -validity

T rst-order theory In signature ; L class of (closed) -formulae

Common restrictions on L

Pred = ; f 2L)T )=

9

L=1Vx(A1" :::MAn! B) | Aj, B atomicg uniform word problem — Thy,,
L=fVxC(x) ) C(x) clauseg
L=fVvx (x)] (X)unquantiedg universal validity problemThy

clausal validity problem Thv,CI

Remarks:

T -validity for Thy , decidablel T -validity for Thy, decidable

For convextheories:
T -validity for Thy .. decidablei T -validity for Thy , decidable.

42



Convex theories

De nition A rsf.order -theory T iIs o-convex( o ) |
wheneverT [ Ai!  Bj,whereAq,:::, Ay are -atoms,
and By, :::,Bndre p-atoms N

there existsk 2f 1,:::,mgsuchthat T A; ! By,
i=1

.

Examples: LI (Q) { theory of rational numbers with linear arithmetic:

1. LI(Q) Is convexwith respect to equality atoms, I.e.
fLIQF A! —t tlthenLI(Q F A! t t?forsomek
i j i=1
2. L1 (Q) Is not convex with respect to inequality atoms:
LIQQF X y_y x but Q6 x yandQ6&y x.

3. Theories axiomatized by sets of Horn clausesre convex
4. Any theory T such that Mod(T ) closed under productsis convex



T -validity vs. T -satis ability

T -validity: Let T be a rst-order theory in signature
Let L be a class of (closed) -formulae

Given iIn L, Iis itthe case thatT  ?

Remark: T 1 T [: unsatis able

Every T -validity problem has a duall -satis ability problem:

s

T -satis ability: Let T be a rst-order theory in signature
Let L be a class of (closed) -formulae
L =f | 2Lg

Given in:L ,iIsitthe casethatT [ Is satis able?

44



T -validity vs. T -satis ability

Common restrictions on L / L

L L
f VXA(X) | A atomicg faAx: A(x) J A atomicg
fVYX(A1N i MAp! B)J Aj,B atomicg fax(A1™ i MApM B) ) Aj, B atomicg
fv¥x LjjL; literalsg fEIxV L2 j L? literalsg
fvx (x)j (x)unquantiedg fax 9%x)j 9x) unquantied g

validity problem for universal formulae ground satis ability problem

45



T -validity vs. T -satis ability

Common restrictions on L / L

L L
f VXA(X) | A atomicg faAx: A(x) J A atomicg
fVYX(A1N i MAp! B)J Aj,B atomicg fax(A1™ i MApM B) ) Aj, B atomicg
W V
fv¥x LjjL; literalsg fax  L2j LY literalsg
fvx (x)j (x)unquantiedg fax 9%x)j 9x) unquantied g
validity problem for universal formulae ground satis ability problem

In what follows we will focus on the problem of checking the sdis ability
of conjunctions of ground literals

46



SMT tools

SAT problems

Given: conjunction  of prop. clauses
Task: check if satis able

Method: DPLL
deterministic choices rst
unit resolution
pure literal assignment
case distinction (splitting)
heuristics
selection criteria for splitting
backtracking
con ict-driven learning

47



SMT tools

SAT problems

Given: conjunction  of prop. clauses
Task: check if satis able

Method: DPLL
deterministic choices rst
unit resolution
pure literal assignment
case distinction (splitting)
heuristics
selection criteria for splitting
backtracking
con ict-driven learning

SMT problems

Given: conjunction  of clauses
Task: check iIf fF17?

Method: DPLL(T)
Boolean assignment found
using DPLL
... and checked for T -satis ability
the assignment can be partial
and checked before splitting
usual heuristics are used:

non-chronological backtracking
learning
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SMT tools

SAT problems SMT problems
Given: conjunction  of prop. clauses | Given: conjunction of clauses
Task: check If satis able Task: check iIf fF17?
Method: DPLL Method: DPLL(T)
deterministic choices rst Boolean assignment found
unit resolution using DPLL
pure literal assignment ... and checked for T -satis ability
case distinction (splitting) the assignment can be partial
heuristics and checked before splitting
selection criteria for splitting usual heuristics are used:
backtracking non-chronological backtracking
con ict-driven learning learning

Systems implementing such specialized satis ability problems Yices, Barcelogic Tools,
CVC lite, haRVey, Math-SAT,... are called (S)atis ability (M)odulo (T)heory solvers.

49



T -satis ability vs. Constraint Solving

The eld of constraint solvingalso deals with satis ability problems
But:

In constraint solvingone is interested if a formula is
satis able in a given, xed modelof T.

In T -satis ability one is interested if a formula is
satis able in any modelof T at all.

50



Useful theories

Many example of theories in which ground satis abllity is
decidable:

The empty theory (no axioms)UIF ()
linear (rational or integer) arithmetic
theories axiomatizing common datatypes (lists, arrays)

algebraic counterparts of modal logics
(Boolean algebras with operators)

51



The theory of uninterpreted function symbols

Let =(, ) be arbitrary
Let M = -alg be the class of all -structures

The theory of uninterpreted function symbols is Th( -alg) the family
of all rst-order formulae which are true in all -algebras.

In general undecidable

Decidable fragment:

the class Thy( -alg) of all universalformulae which are true In
all -algebras.

dual problem:ground satis ability

52



Uninterpreted function symbols

Theorem. The following are equivalent:

(1) testing validity of universal formulae w.r.t. UIF is decidable

(2) testing validity of (universally quanti ed) clauses w. r.t. UIF is decidable

(3) testing validity of (universally quanti ed) Horn claus es w.r.t. UIF is decidable

\.

Proof: The equivalence of (1) and (2) follows from the fact that any
universal formula is equivalent to a conjunction of (universally quanti ed)
clauses.

The equivalence of (2) and (3) follows from the fact that UIF i s convex (it
Is closed under products).

53



Uninterpreted function symbols

It is therefore su cient to give an e cient decision procedu re for testing
the validity of universal Horn clauses.

(" )
Theorem. The following are equivalent:

(1) UIF F VX(s1(X) ta(X)" 7~ s(X)  t(X)! s(X) t(X))

(2) There is no model (in a signature ¢ = ( [ C, ) containing additional
constants from a countably in nite set C) of UIF which is a model of

s(c) t(C) * i " x(€) () * s(T) 6 t(T).

G J

Satis ability of conjunctions of ground literals is decida ble (in PTIME)
Methods: Ackermann's translation, Congruence closure, Union/Find.
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Linear (rational or integer) arithmetic

Syntax
Signature =( f0/0, s/1,+/2 g,f /2, < /2(Q)

Terms, atomic formulae { as usual
Example:
3 X1+2 Xo 5 x3 abbreviation for
(Xp+ Xg+ X1) +( X2+ X2) (Xg+ Xg+ X3+ X3+ X3)

Formulae: conjunctions of atomic formulae
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Linear arithmetic

Problem: check satis ability of conjunctions of atomic formulae in | inear
arithmetic over a numerical domain D

Complexity: D = R: PTIME; D = Z: NP-hard
Methods

The simplex method (D = R)

Integer linear programming (D = Z)

use branch-and-bound/cutting planes

The Fourier-Motzkin method (D = R)
use variable elimination
The Omega test (D = Z)

use variable elimination
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Theories axiomatizing common datatypes

Example 1: McCarthy's theory of arrays.

Sorts: a (arrays), | (index) and e (elements)

Functions: write : a

AXioms:
read(write(a, 1,e), 1)
16 | ! read(write(a,i,e),])

a=>b

$

el a, read :a 1!

e
read(a,j)
Vi(read(a,i) = read(b,1))

- the full rst-order theory of arrays is undecidable
- the ground satis ability problem is decidable (in NP)

Methods: e.g. superposition

e
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Useful theories

Example 2: The theory of acyclic lists

Axioms:

car(consfx,y) =

cons(car(x), cdr(x)) =

X

cdr(consix,y) = vy
X

t(x) 6 X

t contains only cons

The full rst-order theory is decidable (but non-elementay)
Satis ability of conjunctions of ground literals decidal® (in PTIME).

Methods: superposition / instantiation
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Tractabllity

Main issue: Reduce the search space

Here:
Datalog

Local theories
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Example 1: Deductive Databases

Deductive database

Inference rules:

Facts:

Query:

60



Example 1: Deductive Databases

Deductive database Example:reachability in graphs
1 S(x) R(x) E(X,y)
Inference rules:
R(x) R(y)
Facts: S(a), E(a,c), E(c,d), E(d, c), E(b, c)
R(d)

/ S(a), E(a, c), E(c,d), E(d,c), E(b,c)



Example 1: Deductive Databases

Deductive database Example:reachability in graphs
1 S(x) R(x) E(X,y)
Inference rules:
R(x) R(y)
Facts: S(a), E(a,c), E(c,d), E(d, c), E(b, c)
R(d)

/ S(a), E(a, c), E(a,d), E(c,d), E(b,c),
R(a)



Example 1: Deductive Databases

Deductive database Example:reachability in graphs
1 S(x) R(x) E(X,y)
Inference rules:
R(x) R(y)
Facts: S(a), E(a,c), E(c,d), E(d, c), E(b, c)
R(d)

/ S(a), E(a, c), E(a,d), E(c,d), E(b,c),
R(a), R(c)



Example 1: Deductive Databases

Deductive database Example:reachability in graphs
1 S(x) R(x) E(X,y)
Inference rules:
R(x) R(y)
Facts: S(a), E(a,c), E(c,d), E(d, c), E(b, c)
R(d)

/ S(a), E(a, c), E(a,d), E(c,d), E(b,c),
R(a), R(c), R(d)



Example 1: Deductive Databases

Deductive database 7! Datalog (Horn clauses, no function symbols)

Inference rules: rS(X) I R(X) R(f(z) NE(X,Y) ! R(Y%

set K of Horn clauses

Facts: F(a), E(a,c), E(c,{g), E(d,c), E(b, ci

set F of ground atoms

i)

ground atom G

Fi=x G i K[Fj=G i K[F[: GE?



Example 1: Deductive Databases

Deductive database 7! Datalog (Horn clauses, no function symbols)

Inference rules: F(x) I R(X) R(f(z) NE(X,Y) ! R(Y%

set K of Horn clauses

Facts: F(a), E(a, c), E(c,{g), E(d,c), E(b, ci

set F of ground atoms

2]

ground atom G

S(a) S(xX)! R(x)
R(a) E(a,c) R(x)" E(x,y)! R(y)
R(c) E(c,d) R(x)" E(x,y)! R(y)

EX: R(d)
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Example 1: Deductive Databases

Deductive database 7! Datalog (Horn clauses, no function symbols)

Inference rules: rS(X) I R(X) R(f(z) NE(X,Y) ! R(Y%

set K of Horn clauses

Facts: F(a), E(a,c), E(c,g), E(d,c), E(b, ci

{
be

set F of ground atoms
ground atom| Necessary: instances ofRulescontaining

ground. terms inFacts,
S(a) S(x)! R(x)

R(a) E(a,c) R(x)™ E(x,y)! R(y)
R(c) E(c,d) R(x)" E(x,y)! R(y)

EX: R(d)
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Example 2: A theory of doubly-linked lists

Reasoning about doubly-linked lists cf. also[Necula, McPeak 2005]

L

et

C

Butr

1

A a

L

Vp (p & null A p.next 6 null !

Vp (p & null » p.prev & null !

A

p.next.prev = p)
p.prev.next = p)

)

A océnull A c.nexténull A dénull A d.nexténull » c.next=d.next* c6 d | ?
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Example 2: A theory of doubly-linked lists

Reasoning about doubly-linked lists cf. also[Necula, McPeak 2005]

(cénull A c.nexténull ! c.next.prev=c) (c.nexténull » c.next.nexténull ! c.next.next.prev=_c.next)
(dénull A d.nexténull! d.next.prev=d) (d.nexténull » d.next.nexténull! d.next.next.prev=d.next)

Aocenull A c.nexténull A dénull A d.nexténull » c.next=d.next* c6 d | ?
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Local Theories

K set of Horn clauses:

K islocal, if for ground Horn clauseC, Kj= C

KIC]E C

always

locality
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Local Theories

K set of Horn clauses:

K islocal, if for ground Horn clauseC, Kj= C |

KIC]E C

Local theories[Givan, McAllester'92]capture PTIME
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Local Theories

K set of Horn clauses:

K islocal, if for ground Horn clauseC, Kj= C i1 K[C]E C

Local theories[Givan, McAllester'92]capture PTIME

Many examples (also for the equational case)

. 8
- theory of free function symbols 3 s(x)= y! p(y)= x
- theory of successor / predecessogr p(y)= x! s(xX)=vy
- theory of lists with cons, car,cdr = S(x) = s(y) ! x=y

- a theory of lattices[Skolem 1920]
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Locality, tractabllity

K set of Horn clauses:

K islocal, if for ground Horn clauseC, Kj= C

KIC]E C

K loca theon_I_
T
[McAllester et al.'92,'93] TTTTTTTT**

[Basin, Ganzinger96] Horn theory ofK in PTIME

Saturation
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Locality, tractability, embeddabillity

K set of Horn clauses:

K islocal, if for ground Horn clauseC, Kj= C i1 K[C]E C

( = always

=) locality

K[C]”: C has model) K[: C has model.
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Locality, tractability, embeddabillity

K set of Horn clauses:

K islocal, if for ground Horn clauseC, Kj= C i1 K[C]E C

[Ganzinger'01] |
K loca theoH( émb(K)

[McAllester et al.'92,'93] TTTTTTT** k‘d(kkkkkkkks|<0|em 20]

_ [Evans'53,Burris'95]
[Basin, Ganzinger96] Horn theory ofK in PTIME

Saturation
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Example: A theory of doubly-linked lists

Reasoning about doubly-linked lists cf. also[Necula, McPeak 2005]

2 )

L

et
~_

(cénull M c.nextén|
(dénull A d.nextér

. . | c.next.next.prev= c.next
Extensions which also take theelements of P )

the list: analogous?
» cénull * 171 Reasoning in complex theories cé6d F

I d.next.next.prev=d.next)

?
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Overview

Reasoning in standard theories
Preliminaries:Logic, theories, models
Decidable logical theories and theory fragments

Tractability

Reasoning in complex theories

Modular reasoning in combinations of theories
disjoint signature
non-disjoint signature

Hierarchical reasoning in theory extensions

Applications
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Reasoning in combinations of theories

Here: L = fV¥XC(x) ] C(x) clauseg
We focus on the following (equivalent) problems:
T -validity of clauses

T -satis ability of (existentially quanti ed) conjunctions of literals

whereT iIs a combination of theories
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Problems

-

\_

The combined decidability problem

Fori=1,2 let T; be a rst-order theory in signature
assume theT;-validity problem
for universal formulaeis decidable

L
Let T; T, be a combination ofT; and T,

Question:
Is the T1  T»-validity problem for universal formulaelecidable&

_J

79



Problems

-

\

The combined decidability problem

Fori=1,2 let T; be a rst-order theory In signature
assume theT; ground satis ability problem
IS decidable

L
Let T; T, be a combination ofT; and T,

Question:
Is the T1 T, ground satis ability problem decidabl&
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Goal: Modularity

\_

Modular Reasoning Example:
To: -theory. lists(R arrays(R
T T T 0 0 y (R) [ ys(R)
Ti: j-theory; To T 0 i .

Can use provers forT, T> as blackboxes to prove theorems inT{ [T 27
Which information needs to be exchanged between the prover3
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The combined decidability problem

L
Main issue: How iIsT; T»> de ned?

Here: put together the axioms

Syntactic view: T1+ To = T1[T 2 F | ,(X)

MOd(Tl[T 2): fA 2 ( 1[

2)-algjAj= G, forall Gin Ty [T 290

where 1[ 2=( 1,Predy)[ ( 2,Predy)=( 1[ 2,Predi[ Predy)
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The combined decidability problem

L
Main issue: How iIsT; T»> de ned?

Here: put together the axioms

Syntactic view: T1+ To = T1[T 2 F | ,(X)
Mod(T:[T2)=fA2 ( 1[ 2)-algjAj= G, forall Gin T[T 29

where 1[ 2=( 1,Predy)[ ( 2,Predy)=( 1[ 2,Predi[ Predy)

Semantic view:Let M ; = Mod( T;),1 =1,2

M1+ Mo=1fA2 ( 1] 2)-alngji2Mifori:1,29
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The combined decidability problem

L
Main issue: How iIsT; T»> de ned?

Here: put together the axioms

Syntactic view: T1+ To = T1[T 2 F | ,(X)
Mod(T:[T2)=fA2 ( 1[ 2)-algjAj= G, forall Gin T[T 29

A?2 MOd(Tl[Tz) I AZ2M 1+ M

Semantic view:Let M ; = Mod( T;),1 =1,2
Mi+M2=fA2 ( 1[ 2)-algjA; 2Mfori=1,2¢g
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Combinations of theories

De nition.

A theory is consistent if it has at least one model.

Question: Is the union of two consistent theories always consistent?

Answer: No. (Not even when the two theories have disjoint signatures

Example:

1=( 1,;), »=(fc/O, d/0g,;), c,d62
T, =f3ax,y,z(x6y » X6z " y6 z)g
T,=fv¥x(x ¢ _ x d)g

A2 Mod(T) i JjA] 3.
B2 Mod(T) i JjA] 2.
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Combinations of theories

Fori=1,2 let T; be a rst-order theory In signature
s.t. the ground satis ability problem for T; is decidable

Question: Is the ground decidability problem fofT; [ T 2 decidable?
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Combinations of theories

Fori=1,2 let T; be a rst-order theory in signature
s.t. the ground satis ability problem for T; is decidable

Question: Is the ground decidability problem fofT, [ T 2 decidable?

In general: No (restrictions needed for a rmative answer)

a B

Theorem [Bonacina, Ghilardi et.al, IJCAR 2006]
There are theoriesTq, T2 with disjoint signatures and decidable ground satis-
ability problem such that ground satis ability in  T1 [T 2 Is unsatis able.

. S

ldea: Construct T, such that ground satis ability is decidable, but it is
undecidable whether a constraint 1 is satis able in an in nite model of Tj.
(Construction uses Turing Machines). Let T> having only in nite models.
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Combination of theories over disjoint signatures

The Nelson/Oppen procedure

Given: Tq, T2 rst-order theories with signatures 1, »
Assume that 1\ > =; (share only )
P; decision procedures for satis ability of ground formulae w.r.t. T;

quanti er-free formula over [ 2

Task: Check whether s satisable w.r.t. T1[T >

Note: Restrict to conjunctive quanti er-free formulae
7! DNF( )
DNF ( ) satisable in T | one of the disjuncts satisable in T
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Example

[Nelson & Oppen, 1979]

Theories

R  theory of rationals
L theory of lists
E theory of equality (UIF)

R — f ) +1 ’ 01 1g
L = fcar, cdr, congy
. free function and predicate symb ols
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Example

[Nelson & Oppen, 1979]

Theories

R  theory of rationals R = ,+, ,0,1g

L theory of lists L = fcar,cdr, congy

E theory of equality (UIF) . free function and predicate symb ols
Problems:

1. R[LIE] = Vx,y(x y”*y x+car(cons(0, x)) » P(h(x) h(y)) ! P(0)
2. Is the following conjunction:

c d~d c+car(cons(0,c) » P(h(c) h(d)) ™ : P(0)

satisable in R[L[E ?
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An Example

R L E
f ,+ ,0,1g f car, cdr, congy F[ P
AXxioms X+0 X car(cons(x,y)) X
X X 0 cdr(cons(x,y)) VY
(univ. +is A,C at(x)_cons(car(x), cdr(x)) x
guantif.) ISR, T,A . at(cons(x, Y))
X Yy_ Yy X
X y! x+z y+z
Is the following conjunction:
c d~d c+car(cons(0,c) ™~ P(h(c) h(d)) ™ : P(0)
satisable in R[L[E ?
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Step 1: Puri cation

Given: conjunctive quanti er-free formula over 1[ 2

Task: Find 1, 2s.t. jisapure j-formulaand ;7 > equivalent with

f(s,:::,80)  o(tg,:::,tm) 7V u f(sg,:::,sn)Mu g(ty,:::,tm)
f(s,:::,80) 6 g(tg,:::,tm) 7' u f(sy,:::,sn)™Vv g(ty,:::,tm)A U6 v
C)P(::,s,:00) 7 CHPG,u )M uU s
PG, st] i) 7 CGH)P(G, st 7 ul i )Mu t

wheret  f(tq,:::,th)

Termination: Obvious

Correctness: 1™ o2 and are equisatis able w.rt. T1[T »
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Step 1: Puri cation

C

d

FAN

d

c + car(cons(0, c)) ™ P(h(c)

h(d)) * :

P(0)
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Step 1: Puri cation

c d~d c+ car(cons(l{Q} ,c)) " P(szC? Hgi) " P(I{Q})
—— 2 )
R L :
g c1  car(cons(cs, C)) P(c2)
d c+c )
& o o cz  h(c)
N ¢4 h(d)
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Step 1: Puri cation

c d~d c+ car(cons(l{Q} ,c)) " P(NZC? Hg?) " P(I{Q})

—fr= ) B
C1 Co
R L E
d cy  car(cons(cs, C)) P(c2)
d c+ ¢ . P(cs)
C2 C3 Cq4 ¢z h(c)
cs O ca h(d)

satis able satis able satis able
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Step 2: Propagation

c d~d c+ car(cons(l{Q} ,c)) " P(lhgg mgﬁ) " P(I{Q})

| {z } 12z
C1 Co
R L E
d cy  car(cons(cs, C)) P(c2)
d c+ ¢ . P(cs)
C2 C3 Cq4 ¢z h(c)
cs O ca h(d)

deduce and propagate equalities between constants entaittby components

96



Step 2: Propagation

c d~d c+ car(cons(l{Q} ,c)) " P(szC? Hgi) " P(I{Q})
—— 2 )
R L :
g c1  car(cons(cs, C)) P(c2)
d c+c )
& o o cz  h(c)
N ¢4 h(d)
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Step 2: Propagation

© and excartcons( el " PO PP " PGE)

| {z.
Cs
| {z } 12 2y
C1 Co
R L E
d cp  car(cons(cs, C)) P(c2)

d c+ ¢ . P(cs)
Cc C3 C4 cz h(c)
Cs 0) Cyq h(d)
C1 Cs Ci GCs



Step 2: Propagation

© and excartcons( el " PO PP " PGE)

| {z.
Cs
| {z } 12 2y
C1 Co

R L E

d cp  car(cons(cs, C)) P(c2)
d c+ ¢ . P(cs)
C2 C3 C4 cz h(c)
Cs 0) Cyq h(d)
C1 GCs C1 Cs c d
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Step 2: Propagation

c d~d c+ car(cons(l{Q} ,c)) " P(NZC? Hg?) " P(I{Q})

| (z } =z}
C1 C2

R L :

g c1 car(cons(cs, c)) P(c2)
d c+c P
e . C3 h(c)
N ¢4 h(d)
Ci  Cs CI GCs c d
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The Nelson-Oppen algorithm

conjunction of literals

Step 1. Purication T1[T o[ 7' (Te[ 2)[ (T2 2):
where ; is a pure ;-formulaand 17" 2 is equisatis able with

Step 2. Propagation.

The decision procedure for ground satis ability for T, and T» fairly
exchange information concerning entailed unsatis ability
of constraints in the shared signature

l.e. clauses over the shared variables.

until an inconsistency is detected or a saturation state is reache.
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The Nelson-Oppen algorithm

conjunction of literals

Step 1.

Step 2.

Purication T1[T o[ 7' (Te[ 2)[ (T2 2):
where ; Is a pure ;-formulaand 1" 2 is equisatis able with

not problematic; requires linear time

Propagation.

The decision procedure for ground satis ability for T1 and T, fairly
exchange information concerning entailed unsatis ability

of constraints in the shared signature

l.e. clauses over the shared variables.

until an inconsistency is detected or a saturation state is reache.

not problematic; termination guaranteed
Sound: if inconsistency detected input unsatis able
Complete: under additional assumptions
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Implementation

conjunction of literals

Step 1. Purication: T1[T o[ 7' (T[] 2)[ (T2 2),
where ; is a pure ;-formulaand 17" 2 is equisatis able with

Step 2. Propagation: The decision procedure for ground satis ability
for T, and T» fairly exchange information concerning entailed
unsatis ability of constraints in the shared signature
l.e. clauses over the shared variables.

until an inconsistency is detected or a saturation state is reache.

How to implement Propagation?
Guessing:guess a maximal set of literals containing the shared
variables; check it for T; [ ; consistency.
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Implementation

conjunction of literals

Step 1. Purication: T1[T o[ 7' (T[] 2)[ (T2 2),
where ; Is a pure j-formulaand 17" » Is equisatis able with

Step 2. Propagation: The decision procedure for ground satis abllity
for T1 and T, fairly exchange information concerning entailed
unsatis ability of constraints in the shared signhature
l.e. clauses over the shared variables.

until an inconsistency is detected or a saturation state is reache.

How to implement Propagation?
Guessing:guess a maximal set of literals containing the shared
variables; check it for T; [ ; consistency.

Backtracking: identify disjunction of equalities between shared variabés
entailed by T; [ i; make case split by adding some of these
equalities to 1, 2. Repeat as long as possible.
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Implementation of propagation

Guessing variant

Guess a maximal set of literals containing the shared varied; check
it for T;[ ;i consistency.

Advantage: Whenever constraints are represented as Boolean
combinations of atoms, one may combine heuristics of SMT sefs
with speci c features of the theories to be combined to prodie the
right arrangement e ciently.
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Implementation of propagation

Backtracking variant

ldentify disjunction of equalities between shared variadd entailed by
T, [ i; make case split by adding some of these equalities t@, ».
Repeat as long as possible.

Advantages:
- it works on the non-disjoint case as well

- can be made deterministic for combinations of convex thees
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Complexity

Main sources of complexity:
()  transformation of the formula in DNF

(i)  propagation
(a) decide whether there is a disjunction of equalities between variables

(b) investigate di erent branches corresponding to disjunctions
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Complexity

Main sources of complexity:

()  transformation of the formula in DNF

(i)  propagation

T is convex | for every quanti er-free formula

W
F i X

yi implies

F X

y; for some .

7! No branching
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Complexity

Main sources of complexity:
()  transformation of the formula in DNF

(i)  propagation

T is convex | for every quanti er-free formula

W
F X yiimplies F x vy forsomej.

7! No branching

Theorem. Let T; and T> be convexand stably innite ; 1\ 2=
If satis ability of conjunctions of literals in T; is in PTIME

Then satis ability of conjunctions of literalsin T1 [T 2 is in PTIME
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Complexity

In general: non-deterministic procedure

Theorem. Let Ty and T> be convexand stably innite ; 1\ 2=

If satis ability of conjunctions of literals in T; is in NP

Then satis ability of conjunctions of literals in T{ [T 2 is in NP
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Completeness

Example: E, E,

F(g(x), g(y)) x| k(x) Kk(x)
f(g(x), h(y)) vy

non-trivial non-trivial
g(c) h(c)”™ k(c)6c
g(c) h(c) k(c)6 c
satis able in E; satis able in E;

no equations between shared variablesiNelson-Oppen answers \satis able"
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Completeness

Example: = E,

F(g(x), g(y)) x| k(x) Kk(x)
f(g(x). h(y)) vy

non-trivial non-trivial
g(c) h(c)” k(c)bc
g(c) h(c) k(c)6c
satis able in E; satis able in E;

no equations between shared variablesiNelson-Oppen answers \satis able"

A model of E1 satises g(c) h(c) 1| de 2 A s.t. g(e) = h(e).
Then, forall a2 A: a= fa(g(a), g(e)) = fa(g(a), h(e)) = e

g(c) h(c)”™ k(c)6c unsatis able
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Completeness

Another example
T1 theory admitting models of cardinality at most 2
T, theory admitting models of any cardinality
fr2 1,122 5 suchthat T; 6 Vx,y fi(x)= fi(y).

= fi(c1)6fa(cz) N fa(c1)6f2(c3) " fa(c2)6 f2(c3)
1 = fi1(c1)6 fi(c2) 2 = fa(c1)6fa(cg) N fa(c2)6 fa(cs)
The Nelson-Oppen procedure returns \satis able"

Ti[T 2F VX, y,z(fa(x)6 fa(y) * fa(x)6f2(z) N fa(y)6 f2(2)
I (X6 y*"x6 zNy6 z)

fi(c1)6 f1(co) N fr(cp)6fa(cz) N fo(cp)6 fa(c3) unsatis able
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Completeness

Cause of incompleteness
There exist formulae satis able in nite models of bounded cardinality

Solution: Consider stably in nite theories.

T is stably in nite 1 for every quanti er-free formula

satisablein T i satis able in an in nite model of T.

Note: This restriction is not mentioned in [Nelson Oppen 1979]

Introduced by Oppen in 1980.

114



Completeness

Guessing versionC set of constants shared by 1, »

N N

R equiv. relation assoc. with partition of C 7! ar(C,R) = c dn c6 d
R(c,d) . R(c,d)

Lemma. Assume that there exists a partition of C s.t. ; A ar(C,R) is T;-
satisable. Then 1™ 5 is Ty [T »-satis able.
Idea of proof: Let A; 2 Mod(T;) s.t. Aj= ~ar(C,R). Then Ca = dAl i Ca,= dAZ'

Leti:fca, Jc2 Cg!f ca,jCc2 Cg,i(ca) = ca, well-de ned; isomorphism.
Stable in nity: can assume w.l.0.g. thatA 1, A ; have the same cardinality

Leth:A;!A  bijection s.t. h(cAl) = Ca, :’ ‘:
Use h to transfer the 1-structure on A ».

Theorem. If Tq, To are both stably in nite and the shared signature is empty
then the Nelson-Oppen procedure transfers decidability ofground satis ability

from Ty, Toto T{ [T 2.
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Extensions of the Nelson-Oppen procedure

relax the stable in niteness requirement

relax the requirement that the theories have disjoint sigtizres

Main idea;:

Find situations in whichT; models of i,1 = 1,2 can be
\amalgamated"toa T, [T 2 model of 1~ 5.
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Extensions of the Nelson-Oppen procedure

relax the stable in niteness requirement

[Tinelli,Zarba'03] One theory \shiny" (for each satisf. constraint we can
compute a nite k s.t. the theory has models of every cardinality k)

relax the requirement that the theories have disjoint sigtizres

[Ghilardi'O4] Model theoretical conditions. Presented in what follows.

Main idea;:

Find situations in whichT; models of i,1 = 1,2 can be
\amalgamated"toa T, [T 2 model of 1~ 5.
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Theories with non-disjoint signatures

T, theory with signature 1, To theory with signature ».

The common subsignature o= 1\ 2 is not assumed to be empty.

Question: Under which condition can the Nelson-Oppen combination
scheme be used in this situation and provides a decision pr&cure?
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Theories with non-disjoint signatures

Step 1: Purication { can be done as in the disjoint case

Step 2: Propagation { need to ensure that only a nite number of formulae
over the shared signature needs to be propagated.
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Theories with non-disjoint signatures

Step 1: Purication { can be done as in the disjoint case

Step 2: Propagation { need to ensure that only a nite number of formulae
over the shared signature needs to be propagated.

The simplest way of avoiding non-termination in Step 2 is to make the following
assumptions (cf. [Ghilardi'04]):

Al: T, and T, contain a o-theory To which is locally nite , i.e. has the property
that for any nite set X of variables only nitely many (-terms with variables
in X (up to Tp-equivalence) exist.

A2. Representative terms for equivalence classes computable

Implementation: Propagation can still be implemented by

{ guessing(guess maximal set of representative (-literals over shared constants), or

{ backtracking (make case-split on disjunctions of g-literals over the shared constants
which are not entailed by the puri ed formulae).

120



Theories with non-disjoint signatures

Step 1: Purication { can be done as in the disjoint case

Step 2: Propagation { need to ensure that only a nite number of formulae
over the shared signature needs to be propagated.

Soundness:clear (as in the disjoint case)
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Theories with non-disjoint signatures

Step 1: Purication { can be done as in the disjoint case

Step 2: Propagation { need to ensure that only a nite number of formulae
over the shared signature needs to be propagated.

Completeness: need to impose additional conditions on the theories
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Theories with non-disjoint signatures

Main idea in proof of completeness for the Nelson-Oppen proc edure:

given Ti-models A; of ; {constructa T1 [T 2-model A of 1/ .

Stable in nity guarantees that this is possible.

7

Observations [Ghilardi'04]:
{ the condition that T, is stably in nite means:
every model of T; embeds into an in nite model
{ theory of an in nite model: model completion of the theory o f equality
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Theories with non-disjoint signatures

Main idea in proof of completeness for the Nelson-Oppen proc edure:

given Ti-models A; of ; { constructa T1 [T 2-model A of 1/ .

Stable in nity guarantees that this is possible.

r

.

Observations [Ghilardi'04]:
{ the condition that T; is stably in nite means:
every model of T; embeds into an in nite model
{ theory of an in nite model: the model completion T, of the theory Tg

7! Generalization: We make the following assumptions:

A3: Tp Is universal and has a model completionTl, .

A4: Every model of Tj embeds into a model of T; [T , , for i =1, 2.
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Theories with non-disjoint signatures

Main idea in proof of completeness for the Nelson-Oppen proc edure:
given Ti-models A; of ; { constructa T1 [T 2-model A of 1/ .

Stable in nity guarantees that this is possible.
Observations [Ghilardi'04]:
{ the condition that T; is stably in nite means:
every model of T; embeds into an in nite model
{ theory of an in nite model: the model completion T, of the theory Tg

\. ™)
1. every model of To embeds
into a model of T,

2. T, allows QE

A3: Tp is universal and has a model completiorr, . )((Ia\/(llll[liv: M(ZM “)/lgg(n%)léte)

A4: Every model of T; embeds into a model of T; ['f o, fori=1,2.

7! Generalization: We make the following assumpt

J
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Theories with non-disjoint signatures

Al: T1 and T, contain a locally nite o-theory Tq (for any nite set X of variables

only nitely many o-terms with variables in X (up to Tp-equivalence) exist).

A2. Representative terms for equivalence classes computable

A3: To is universal and has a model completionT, .

A4: Every model of T; embeds into a model of T; [T ,, for i =1, 2.

s

Theorem [Ghilardi'O4] Under assumptions Al1{A4 on the theories T1 and
T», the Nelson-Oppen procedure transfers decidability of grand satis ability
from Ty, Toto T1 [T 2.
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Theories with non-disjoint signatures

Al: T1 and T, contain a locally nite o-theory Tq (for any nite set X of variables
only nitely many o-terms with variables in X (up to Tp-equivalence) exist).

A2. Representative terms for equivalence classes computable
A3: To is universal and has a model completionT, .

A4: Every model of T; embeds into a model of T; [T ,, for i =1, 2.

Theorem [Ghilardi'O4] Under assumptions Al1{A4 on the theories T1 and
T», the Nelson-Oppen procedure transfers decidability of grand satis ability
from Ty, Toto T1 [T 2.

Proof: All steps of the algorithm are satis ability preserving 7! soundness
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Theories with non-disjoint signatures

Al: T, and T, contain a locally nite o-theory Tq (for any nite set X of variables
only nitely many o-terms with variables in X (up to Tp-equivalence) exist).

A2: Representative terms for equivalence classes computable.
A3: To is universal and has a model completionT, .

A4: Every model of T; embeds into a model of T; [T ,, for i =1, 2.

Theorem [Ghilardi'O4] Under assumptions Al1{A4 on the theories T1 and
T», the Nelson-Oppen procedure transfers decidability of grand satis ability
from T, Toto T1 [T ».

Proof: Al, A2 ensuretermination of propagation
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Theories with non-disjoint signatures

Al: T1 and T, contain a locally nite o-theory Tq (for any nite set X of variables
only nitely many o-terms with variables in X (up to Tp-equivalence) exist).

A2: Representative terms for equivalence classes computable
A3: Ty is universal and has a model completionT, .

A4: Every model of T; embeds into a model of T; [T , , fori =1, 2.

Theorem [Ghilardi'O4] Under assumptions Al1{A4 on the theories T1 and

T», the Nelson-Oppen procedure transfers decidability of grand satis ability
from Ty, Toto T1 [T 2.
Proof: Information exchange 7! saturation
dT; -models A; sharing common structure A .
Ad:A VA JA . 2 Mod(Ti [T )
A3: To is universal! A2  Mod(Top)

Ty [ ( A)is a complete theory

Robinson's Joint consistency theorem: °(A1)[ °(A ) consistent
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Examples

The Nelson-Oppen style procedure presented above yields aedision
procedure for the ground satis ability problem w.r.t. T, [T » for:

Example: Ti=Th( BAO( ;)) (Boolean alg. with operatorsin ;,i =1, 2),
1\ 2= ;. To: the theory of Boolean algebras (satis es A1, A2).

A3: The model completion T, of the theory of Boolean algebras is
the theory of atomless Boolean algebras.
A4: every Boolean algebra with operators in ; embeds into an atomless
Boolean algebra with operators in j,
Applications:
Combinations of modal logics

e.g. for reasoning about knowledge and belief in multi-ageh systems

Combinations of description logics
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Examples

The Nelson-Oppen style procedure presented above yields aedision
procedure for the ground satis ability problem w.rt. T{ [T > for:

Example: T1 = LI(Q) be linear arithmetic T, be the theory of total orders
with a strictly monotone function f. (ground satis ability decidable)
The theories T1 and T, share the theory Tg be the theory of total orders.

Al and A2: Obvious.
A3 Tpo: universal;, model completion: theory of dense total orders

A4 T, T 1;every model of T, embeds into dense partial order with monotone f.

~

Question:
Similar results for (Presburger arithmetic [ monotone functions)?

For combinations of theories sharing the theory of real numlers?
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Overview

Reasoning in standard theories
Preliminaries:Logic, theories, models
Decidable logical theories and theory fragments
Tractability
Reasoning in complex theories
Modular reasoning in combinations of theories
disjoint signature

non-disjoint signature

Hierarchical reasoning in theory extensions

Applications
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Example: Strict monotonicity

R[ Z[ Mon(f) ] fa< b"f(a{)Z: f(b)+1)}j:?

G

Mon(f) Vi,j(b< bt () < 1())

Problems:

A prover for R[ Z does not know about f

A prover for rst-order logic may have problems with the reals and integers
SMT provers may have problems with the universal quanti ers

Non-disjoint combination; properties in [Ghilardi'04] may not hold

Our goal: reduce search:consider certain instances Mon¢)[G]
without loss of completeness
hierarchical/modular reasoning:

reduce to checking satis ability of a set of constraints over R[ Z

7
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Local theory extensions

Our solution: Local theory extensions[Ganzinger,VS,Waldmann'04, VS'05]

K set of equational clauses; Tg theory; T1 = Tp[K

~

(Loc) To T 1 islocal, if for ground clausesG,
To[K[ GFE? 1 To[K [G][ G has no (partial) model

Various notions of locality, depending of the instances to e considered
e.g. stable locality [Ganzinger'01, VS'05], order locality [Basin,Ganzinger'96}

new generalizations of locality: [Ihlemann,Jacobs,VS'08]
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Example: Strict monotonicity

R[ Z[ Mon(f) [ fa< b"f(a{)Z: f(b)+1)}j=?

G

Base theory (R[ Z) | Extension

a<b f(a)= f(b)+1
Vi,j(i<j! f(i)<f())
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Example: Strict monotonicity

R[ Z[ Mon(f) [ fa< b"f(a{)Z: f(b)+1)}j=?

G

Extension is local 7! replace axiom with ground instances

Base theory R[ Z2)

Extension

a<b

f(a)= f(b)+1
a<b! f(a) < f(b)
b<a! f(b)<f(a

Solution 1:
SMT (R[ Z[ UIF)
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Example: Strict monotonicity

R[ Z[ Mon(f) [ fa< b"f(a{)Z: f(b)+1)}j=?

G

Extension is local 7! replace axiom with ground instances

Add congruence axioms. Replace pos-terms with new constaist

Base theory R[ Z2)

Extension

a<b

f(a) = f(b)+1

a<b! f(a) < f(b)
b<a! f(b)<f(a)
a=Db! f(a) = f(b)

Solution 2:
Hierarchical reasoning
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Example: Strict monotonicity

R[ Z[ Mon(f) [ fa< b"f(a{)Z: f(b)+1)}j=?

G

Extension is local 7! replace axiom with ground instances

Replacef -terms with new constants

Add de nitions for the new constants

Base theory R[ Z2)

Extension

a<b

a=by+1
a< b! a< b
b< a! bi< a

a= b ] = bl
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Example: Strict monotonicity

R[ Z[ Mon(f) | fa< b " f(a}{) = f(b)+1), 7
Z }
G
Extension is local 7! replace axiom with ground instances

Replacef -terms with new constants

Add de nitions for the new constants

Base theory (R[ Z) | Extension

a<b a; = f(a)
a;= b1 +1 b1 = f(b)
a<b! a;< b
b<al! bi< g

a=nb! a; = bl

139



Reasoning In local theory extensions

Locality: To[K[ GE? i To[KI[G][ GE?

Problem: Decide whetherTo[K [G][ G F?
Solution 1: Use SMT (To+ UIF): possible only ifK[G] ground

Solution 2: Hierarchic reasoningVS'05]
reduce to satis ability in To: applicable in general

7! parameterized complexity
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Hierarchical reasoning

4 )
Theorem: Assume that Tg T o[K is local. The following are equivalent:

(1) To[K[ G is satis able
(2) To[K [G][ G has a (partial) model in which all terms in G are de ned

(3) To[K o[ Go[ Con[G]o has a (total) model, where Con[G]g is the set
of instances of the congruence axioms corresponding td:

NN
Con[G]o=f ¢ = dj! c=djf(cy,:::,cn)=c,f(dg,:::,dn)=d 2 Dg
i=1

(Ko[ Go[ D be obtained from K[G][ G by puri cation)
\_ J

Consequence: Hierarchical reduction to a satis ability test in Ty
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Hierarchical reasoning

(

Theorem: Assume that Tg T(o [ K_is local. The following are equivalent: w
(1) To[K[ G is satis able
(2) To[K [G]] G has a (parti

\

R[ Mon(f) [ fa< bAf(a?Z: f(b)+1)}j:?

(3) To[K o[ Go[ Con[G]g G
of instances of the congl G [ Mon(t)
AN a<b
Con[G]o=f ¢ = dj! f(a)= f(b)+1
i=1 vx(x y! f(x)  f(y)
(Ko[ Go[ D be obtainew S E— , J

- J

Consequence: Hierarchical reduction to a satis ability test in Ty
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Hierarchical reasoning

-
Theorem: Assume that Tg T(o [ K_is local. The following are equivalent: w N
(1) To[K[ G is satis able

N = = ?
(2) TolK [G][ G has a (parti| <L Mon(t)[fa<b?f(@=f(d)+1) F:
(3) To[K o[ Go[ Con[G]o S
of instances of the congi G [ Mon(1)[C]
a<b
NN
Con[G]o=f ¢ = dj! f(a)= f(b)+1
=1 a b! f(a f(b)
(Ko[ Go[ D be obtaine bal f(b) f(a)
- \ Y,

Consequence: Hierarchical reduction to a satis ability test in Ty
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Hierarchical reasoning

(

\

Theorem: Assume that Tg T(o [ K_is local. The following are equivalent: w N
(1) To[K[ G is satis able;
N = = ?
(2) TolK [G][ G has a (parti| <L Mon()[fa<b?f(@=f(d)+1) F:
(3) To[K o[ Go[ Con[G]g — G
of instances of the congy _DPenitions | Go[ Mon(f)[Glo[ Con(Glo
a; = f(a) a< b
A
Con[Glo=f ¢ =d! ¢ P=1(b) | @a=Db+1
=1 a b ! ai bl
(Ko[ Go[ D be obtaine v &l o &
\_ a=Db! a=Db y

Consequence: Hierarchical reduction to a satis ability test in Tp.

144



Recognizing local theory extensions

Problem: Determine whether a theory extension is local

Our solutions:

1. Semantic method: Embeddability of partial models into total models

[Ganzinger, VS, Waldmann'04, VS'05]
[VS,Ihlemann'07]

T, local extension of To 60 /émb(To, T1)

2. Proof theoretical method: Test saturation under ordered resolution
[Basin,Ganzinger'96,'01] test locality; generate local presentation if poss.
[VS'07]: theory extensions
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Recognizing local theory extensions

Problem: Determine whether a theory extension is local

Our solutions:

1. Semantic method: Embeddability of partial models into total models

[Ganzinger, VS, Waldmann'04, VS'05]
[VS,Ihlemann'07]

T, local extension of To 60 /émb(To, T1)

Theorem:

Let To be a theory with signature gand = o[ 1.
Let K set of 1-at, 1-linear clauses.

If every weak partial model of To [ K with totally de ned ¢ functions weakly
embeds into a total model of To [K ,
then To [K Is a local extension ofTy.
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Recognizing local theory extensions

Problem: Determine whether a theory extension is local

Our solutions:
1. Semantic method: Embeddabllity of partial models into total models

[Ganzinger, VS, Waldmann'04, VS'05]
[VS,Ihlemann'07]

T, local extension of To G0 /émb(To, T1)
( A
Results: Extensions with new functions +

- de nitions [VS'05,'06]
- (piecewise) boundedness/monotonicity [VS, Ihlemann'07]
- Injectivity, strict monotonicity (add. asmpts.) [Jacobs,VS'07]
- Lipschitz conds./continuity/derivability [VS'08]
Theories of data structures [Ihlemann,Jacobs,VS'08]

L J
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Combinations of complex theories

Given: A (possibly non-disjoint) combination of theories

Example: lists(R) [ (R)

Problem: Are combinations of local extensions of a theoryTy again local?

Answer: [VS'07] Very often.

(under very mild conditions on component theories and on shaed theory)
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Combinations of local extensions

For at and linear extensions:Emb,, ) Loc and Loc) Emb,

Comp P} A, same support(s) of base sort(s).

Case 1:To[K ; satisfy Comp. Then so doe3, [K 1 [K 2.

SO

partial model total To [ K 1-model To[K 1[K 2

o —C
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Combinations of local theory extensions

For at and linear extensions:Emb,, ) Loc and Loc) Emb,

Case 1:To[K ; satisfy Comp. Then so doe3y [K 1 [K 2.
Case 2:To [ K 2 satisfy Comp,To [ K 1 satisfy Emb.

partial model total To [ K 1-model To[K 1[K 2
p. model of K, If all vars. inK> below ext. functions
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Combinations of local theory extensions

Case 1:To[K ; satisfy Comp. Then so doe3y [K 1 [K 2.

Case 2: To[ K 1 satisfy Comp,To [ K 1 satisfy Emb. Then so does
To[K 1[K 2 If all vars. iInK> below ext. functions

Case 3:To[K ; satisfy Emb. Then so doeFy[K 1 [K 2 If
all vars. inK, below ext. functionsand
To closed under directed limits. (zig-zag argument)

Examples: Any extension of a theory with Free, [ Mon ,
Lists(R) [ Mon(R)
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Overview

Reasoning in standard theories
Preliminaries:Logic, theories, models
Decidable logical theories and theory fragments
Tractability
Reasoning in combinations of theories
disjoint signature
non-disjoint signature

Theory extensions

Applications
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Applications

Mathematics

Veri cation

Description logics/Ontologies

Cryptography ( Work in progress; small example in[VS CADE'09])

Main feature: We do not restrict to proof tasks.

consider problems with parameters

the hierarchical reduction to proof tasks in base theory canbe used
- (together with QE): for obtaining constraints on paramete rs which
guarantee (un)satis ability

- for model building

Implementation: H-PILoT will be presented at CADE
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Mathematics

Monotonicity conditions

Boundedness

Injectivity/Inverses

Convexity; Lipschitz conditions; Bounds on slope

Continuity, Derivability
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Examples of local theory extensions

1. Monotonicity conditions

N
Theorem [VS,Ihlemann'07] Any extension of the theory of reals, rationals
or integers, Posets, (Semi)lattices, DLat, Bool with functions satisfying
Mon (f) is local.

N N

121 162

Theorem. [Jacobs,VS'06] The extensionTg T o[ SMon(f) is local if Tg is the
theory of reals (and f : R! R) or the disjoint combination of the theories of
reals and integers (andf : Z! R).

SMon(f) Vi,j(i<] ! f(1)<f(]))
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Examples of local theory extensions

. Monotonicity conditions

~
Theorem [VS,Ihlemann'07] Any extension of the theory of reals, rationals
or integers, Posets, (Semi)lattices, DLat, Bool with functions satisfying
Mon (f) is local. [ R

N N A
Mon (f) Xi i Vi x=yi! f(xg,.,xn) f(

i2 i62

e Y U

Theorem. [Jacobs,VS'06] The extensionTg T o[ SMor .. S
theory of reals (and f : R! R) or the disjoint combina : o f
reals and integers (andf : Z! R). L > )

SMon(f) Vi, j(i<] ! f(1)<f(]))
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Examples of local theory extensions

. Monotonicity conditions

~

Theorem [VS,Ihlemann'07] Any extension of the theory of reals, rationals
or integers, Posets, (Semi)lattices, DLat, Bool with functions satisfying

Mon (f) is local.
N N

Mon (f) Xi i Vi x=yi! f(xg,.,xn) f(
i2 i62

e

Theorem. [Jacobs,VS'06] The extensionTg T o[ SMor
theory of reals (andf : R! R) or the disjoint combina
reals and integers (andf : Z! R).

SMon(f) Vi, j(i<] ! f(1)<f(]))
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Examples of local theory extensions

2.

Boundedness

N\

) ToF YX( i(X)! s(X) ti(X);
() ifi6j, i®" |Fre?.
8
2VX( 1(X)! si(X) f(X) ta(X))
GB(f)= _

g VX( m(X) 1 sm(X) T(X) tm(X))

2VX( 1(X) ! f(X)=t1(X))
Def(f)= _
©VX( m(X) ! F(X)=tm(X))

The extensionsTg T o[ GB(f)and Tog T o[ Def(f) are both local.

(" Theorem. To contains re exive binary predicate , andf 62 .
t1,...tm,S1,...Sm: o-terms; 1,... m: o-formulae s.t.(

\_

A

>

_J
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Examples of local theory extensions

2. Boundedness for monotone functions

~ )
Theorem. Any extension of a theory for which is a partial order (or at least
re exive) with functions satisfying Mon (f) and Bound!(f) is local.

Bound! (f) WXy, i, Xn(F (X1, 000, %) t(Xg,:::,Xn))
where t(X1,:::,Xn) IS @ o-term whose associated function has the same
monotonicity as f in any model.

Similar results hold for strictly monotone functions.
\ J
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Examples of local theory extensions

3. Injectivity axioms [VS'08] (provided cardinality conditions hold)
Inj(f) Vi,ji & j ! f(i) 6 f())).
4. Inverse conditions [VS'08] (Inv(f,g)) Vx,y(y =f(x)! g(y)= x).
If To = Inj( f) and g 62 ¢ then the extensionTg T o[ Inv(f,g) is local.

5. Convexity/Concavity for functions over numerical domains[VS'08]

f(z) 1(x) 1y) 1(x)

Conv'(f) VX,y,z X, y21*x z y!
Z X y X
6. Lipschitz conditions/bounded slope [VS'08]
(L; (co)) vx(jf (x) f(co)j jX cgj) Lipschitz condition at cg
(L;) vX,y(f(x) f(y)j jX yj]) (uniform) Lipschitz condition
(BL; ) vx,y(Ljx yj j f(x) f(y)j jX yj) Dbi-Lipschitz condition

(Bdg(f)) vx,y(y<x! (a(x vy) f(x) f(y) b (x vy)) bounded slope
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Example: Mathematics

Given: f,g : Rl R satisfying the Lipschitz conditions (L; *), (L 4°)

L:h) v, y(if (x)  f(y)i  1x yi);
(Lg*) VX, y(jg(x) a(y)i  2ix yi)

-
Task: Determine whether f + g satis es a Lipschitz condition

and if so with which constant

l.e.. determine under which conditions the following holds

RIL M Lg2F iV'X,Y(J'f(X)+ 9(x) (EZ(Y)+ a(y)l Ix yj;;

f+g

L
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Example: Mathematics

~

\

The following are equivalent:

(1) RIL [ Lg* F X, y(if(x)+ g(x)  (F(y)+ g(y)i ix yi)
(2) R[ L'l I—gz"ilf(C)Jf g(c) (f(OQZ+ g(d)j6 |c dﬁ’ F?

G
(3) R[ (L[ I—gz)[G]“Jlf(C)+ g(c) (f(dzz+ g(d))j6 Jc df F?
(4) R[ G2 ’
Def G°

f(c)=c f(d)=di | L }[Glo:jc1 di 1jc  dj
g(c)=c2 g(d)=do | L, }[Glo:jca dyj 2Jc  d]
G : jct+di c2 dpj6 jc  dj
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Example: Mathematics

The following are equivalent (if 1> 0, > > 0):

(1) RIL [ Lg* F VX, y(f(x)+ g(x)  (F(y)+ g(y)] X
4) R[ GF~

yJ)

Def GV

f(c)=c f(d)=ds | L [Clo:jer dij  ijc  dj
g(c)=c; g(d)= d2 | Lg®[Glo:jc2 doj  2jc dj
Go : jct+di c dyj6 jc  dj

r

(5) E|C,d,C1,d1,Cz,d2(Lf 1[G]o’\ ng[G]oA Go) Is false
(6) > 0~ 1>0" 2> 0" (( 1+ <0 1 2 0)_
(+ 1 207 1 2<0)_(+ 1 220" 1 2 0O)_
»< 0_ 1< 0 ( 1 2< 0™ 1+ , 0)) Is false
(obtained after QE)

. (7) 1+ 2 (obtained after simpli cation)
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Example: Mathematics

The following are equivalent (if 1> 0, > > 0):

1) RIL T Lg? F OXy(f(x)+ g(x)  (F(y)+ a(y)i ix Vi)
4 R[ G°F?

o

( Consequence:If 1 0, 2 0 we have:
| RIL'[ Lg? FLlyyy 1+t 2

(Q—h

C)
o
[S—

r

(5) dc,d, cq,dq, Co, dz(L]c 1[G]0 A ng[G]o N Gp) Is false
6) > 0~ 1> 07 >0 (( 1+ 2<0% ;3 5 0)_
(+ 1 20" 1 2<0)_(+ 1 220" 1 2 0L
»< 0_ 1< 0 ( 1 2< 0™ 1+ , 0)) Is false
(obtained after QE)

() 1+ o (obtained after simpli cation)
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Examples

7. Continuity

We consider the following continuity conditions for a functionf : R! R:

Cont; (cop) V(>0 3 (> 0Mvx(jx coj< 1 f(x) f(cg)j< )))  continuity at cg

Cont; Vx(Cont; (x)) continuity

Any partial function over the reals with a nite domain of de nition extends
to a total continuous function over the reals.

Theorem. R[ Conts(cg) and R[ Cont; are local extensions ofR
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lllustration

?

R[ Cont(f)(co) F L ¢ (Co)-

The following are equivalent:

(1) R[ Cont(f)(co) * GF?
(2) R[ Freef) GRF? where G = jf(c1) f(cg)]> jc1 Coj

(3) R[* Gy D 2 where D : f(c1) = di ™ f(co) = do,
Go = jd1 dgj> jc1 Coj
(4) R[ Go[f c1=co! di= dogF?

It can easily be checked that the last problem is satisable nR ( V > 0).

s

Model generation. From any satisfying valuation for this problem we can
construct a model for R[ (Cont(f)(co)) [: (L; (co)) by noticing that we
extend every partial function to a total continuous functionf : R! R
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Examples

8. Derivability

Consider the following derivability conditions for a (continuous) function f:
Der(f, f%)(co) : V(>0 3 (>0 VUx(jx Coj< ] w f9(co)j< )
Der(f, 9 : vxDer(f , f %)(x)

Der "(f,f1..f™: WxDer "(f,fl:::, £™(x) (f®= f; ' i-th derivative of )

Theorem. R[ Conts(co) [ Der(f,f%(cg) and R[ Cont; [ Der(f,f9) are -
local extensions ofR, where ( T)= T [f f(c)jf%¢c)2 Tg[f f%c)jf(c)2 Tag.

Theorem. R R[ Der "(f,fl...f")(cg) and R R[ Der "(f,fl..f") are "
local extensions, where "(T)= T[f f*c)j0 k niff'(c)2T forsome 0 i ng.
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Veri cation

Problems

Invariant checking, bounded model checking
Theories

Theories of pointer structures

Theories of arrays

Theories of recursive datatypes + recursive functionstalk at CADE
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Veri cation

Modeling/Formalization

System Specifications

v

Complex theories

4 v

Automated reasoning Interpolation

- full theory
- abstraction of theory for refining abstraction

- use interpolants

\

\ A 2

Invariant checking/ BMC

Model Checking Abstraction/ Refinement
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Examples: Veri cation

S specication 7! g signature of S; Tg theory of S; Tg transition system
Init( X); Update(X, X°)

Given: Safe(x) formula (e.g. safety property)

Invariant checking
(1) Frg Init(X) !  Safe(x) (Safe holds in the initial state)
(2) F 1, Safe(x)" Update(x,x°%)! Safe(x®) (Safe holds before) holds after update)

Bounded model checking (BMC):

Check whether, for a xed k, unsafe states are reachable in at mosk steps,
l.e.forall0 | k:

Init( Xp) * Update, (X, X1) # ~ Update,(X; 1,X%j)": Safe(x)) Frs7?
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Local reasoning In pointer structures

McPeak, Necula 2005]

4 )

Example: doubly-linked lists; ordered elements

(TSt TS =)

Vp (p & null » p.next& null ! p.next.prev = p)
Vp (p & null » p.prevé null ! p.prev.next = p)
Vp (p&null » p.nexténull ' p.info p.nextinfo)
L J

pointer sort p, scalar sort s; pointer elds (p ! p); scalar elds (p ! 9);

axioms:Vp E _C; E contains disjunctions of pointer equalities
C contains scalar constraints

Assumption: If f1(f2(::: fa(p))) occurs in axiom, the axiom also contains:
p=null _ fa(p)=null _  f2(:::fn(p)))=null

We extend this fragment: chains of extensions?7! locality results
(new elds de ned according to a partition of the state space from old elds)




Example: List insertion

(I3t [ =t 13=t1)
1

Initially list is sorted: p.next 6 null ! p.prio  p.next.prio

c.prio = X, c.next = null
for all p 6 c do
if p.prio  x then if First(p) then c.next® = p, First®(c), : First®(p) endif; p.next® = p.next
p.prio > x then case p.next = null then p.next’ := ¢, c.next® = null
p.next 6 null A p.next.prio > x then p.next’ = p.next
p.next 6 null A p.next.prio  x then p.next’ = c, c.next’ = p.next

Veri cation task: After insertion list remains sorted
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Example: List insertion

%3{3—{3—{3
—

Initially list is sorted: p.next 6 null ! p.prio  p.next.prio

c.prio = X, c.next = null
for all p 6 c do
if p.prio  x then if First(p) then c.next® = p, First®(c), : First®(p) endif; p.next® = p.next
p.prio > x then case p.next = null then p.next’ := ¢, c.next® = null
p.next 6 null A p.next.prio > x then p.next’ = p.next
p.next 6 null A p.next.prio  x then p.next’ = c, c.next’ = p.next

Veri cation task: After insertion list remains sorted
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Example: List insertion

(13—t (St [ )

Initially list is sorted: p.next 6 null ! p.prio  p.next.prio

c.prio = X, c.next = null
for all p 6 c do
if p.prio  x then if First(p) then c.next® = p, First®(c), : First®(p) endif; p.next® = p.next
p.prio > x then case p.next = null then p.next’ := ¢, c.next® = null
p.next 6 null A p.next.prio > x then p.next’ = p.next
p.next 6 null A p.next.prio  x then p.next’ = c, c.next® = p.next

Veri cation task: After insertion list remains sorted
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Example: List insertion

(13—t [t [F—=t]

Initially list is sorted: p.next 6 null ! p.prio  p.next.prio

c.prio = X, c.next = null
for all p 6 c do
if p.prio  x then if First(p) then c.next® = p, First®(c), : First®(p) endif; p.next® = p.next
p.prio > x then case p.next = null then p.next’ := ¢, c.next® = null
p.next 6 null A p.next.prio > x then p.next’ = p.next
p.next 6 null A p.next.prio  x then p.next’ = c, c.next’ = p.next

Veri cation task: After insertion list remains sorted
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Example: List insertion

CB——CB—{B—{%

Initially list is sorted: Vp(p.next 6 null ! p.prio  p.next.prio)

Vp(p6null » p6c” prio(p)> x A next(p)=null | next’(p)=c
Vp(p6null » p6c” prio(p)> x A next(p)=null ! next’(c)=null)

can be proved to be local

To check: Sorted(next, prio) * Update(next, next®) ~ po.next®8null ~ pg.prio6 po.next’.prio j= ?
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Example: List insertion

To show:
T, = T1 [ Update(next, next®) To [ ! Sorte{czl(nexto% E?

G

T1 = To[ Sorted(next)

To = (Lists, next)
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Example: List insertion

To show:
T, = T1[ |Update(next, next®) To [ :| Sorte{g(nextog = ?
G
Locality:  Ti[ |Update(next, next)[G]|[ G E ?
Hierarchical reasoning: | 1z )
GO
T1 = To[ Sorted(next) T1[ GY%next) E?

To = (Lists, next)
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Example: List insertion

To = Ty [ Update(next, nextY)

T1 = To[ Sorted(next)

To = (Lists, next)

To show:
To[: Sorted(nexto% [=
| {z

G

+

T1[ GY%next) g?
+

To[ G2

?
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Theories of arrays

Array property fragment [Bradley,Manna,Sipma'06]

d-closed Bool. comb. of array property formulae & QF formulae (3V;)

Array property (Vi)(" (1) ! ' v (1)) Ex:x y! alx) aly)
' |. positive Boolean combination oft u ort = u, EX: X 'y
wheret, u ground index terms or variables X C

' v . any universally quanti ed | occurs in an array read; no nestings

Arrays + dimension; de nedness [Ghilardi,Nicolini,Ranise,Zucchelli'06]
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Theories of arrays

Array property fragment [Bradley,Manna,Sipma'06]

d-closed Bool. comb. of array property formulae & QF formulae (3V;)

Array property (Vi)(" (1)) ! " v (i) Not: x < y! a(x)< aly)
' |. positive Boolean combination oft uort = u, Not: x+3 2 vy
wheret, u ground index terms or variables X+1 ¢

' v . any universally quanti ed 1 occurs in a direct array read; no nestings

Arrays + dimension; de nedness [Ghilardi,Nicolini,Ranise,Zucchelli'06]

r

Remark:
both fragments above satisfy certain type of locality

Extension: new arrays de ned according to partition of the state space

Some of the syntactic restrictions of [Bradley,Manna,Sipma'06] can be lifted

J
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Example: ETCS Case Study (AVACS project)

Simpli ed version of ETCS Case Study[Jacobs,VS'06, Faber,Jacobs,VS'07]

Number of trains: n O Z
Minimum and maximum speedof trains: 0 min< max R
Minimum secure distance: lgjarm > O R
Time between updates: t>20 R

Train positions before and after update:  pos(i), pos®(i) Z! R
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Example: ETCS Case Study (AVACS project)

Simpli ed version of ETCS Case Study[Jacobs,VS'06, Faber,Jacobs,VS'07]

Update(pos, pos°) : Vi (i=01! pos(i)+ t min pos’(i) pos(i)+ t max)

ViO<i<n? pos(i 1)> 0 " pos(i 1) pos(i) layam
l pos(i)+ t min pos’(i) pos(i)+ t max)
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Example: ETCS Case Study (AVACS project)

Safety property: No collisions Safe(pos) . Vi, j(i<j! pos(i)>pos())

Inductive invariant: Init(pos) ) Safe(pos)
Safe(pos)” Update(pos, pos’)™: Safe(pos’) 14?2

where Ts is the extension of the (disjoint) combination R[ Z
with two functions, pos pos’:Z! R

Problem: Satis ability test for quanti ed formulae in complex theor y
Tests: standard SMT systems (e.g. Yices)
7! often answer \unknown" for satis able formulae

ldea: use chains of local theory extensions [Jacobs,VS 2006]
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Example: ETCS Case Study (AVACS project)

T, = T1[ Update(pos, pos?) To [ :| Saf{e%posog E?
G
4
T1= To[ Safe(pos) T1[ G%pos) 2
+
To=R[ Z To[ G992

( C,Tpos, dpos: N, lajarm, Min, max, t) F?

Method 1: SAT checking/ Counterexample gen.)

Method 2: SMT(Tp) + Redlog: SAT/Quanti er elimination
relationships between parameters which guarantee safety
7! system design, optimization, ...
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Veri cation

System Specifications

Complex theories

4

v

Automated reasoning

- full theory
- abstraction of theory

Interpolation

- use interpolants
for refining abstraction

\ Al S

Invariant checking/ BMC Model Checking Abstraction/ Refinement
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Veri cation: Concluding

Consequence[VS,Jacobs,lhlemann'08]
The notion of locality allows us to uniformly explain existing results, e.g.

Local pointer structures [McPeak, Necula 2005]

Theory of arrays [Bradley,Manna,Sipma'06]

The notion of locality allows us to generate / recognize in a systematic
way a large class of local theory extensions related to datatsuctures,

Including proper extensions of the theories above.
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Knowledge representation

Combine theories with non-disjoint signatures (model theoretic approach)
Combinations of modal logics

Combinations of description logics

Lightweight description logics

EL : conjunction C; u C,
existential restrictions Ar.C = fx j dAy(xRy* y 2 C)g
Semantics: Semilattices + monotone functions 7! local extensions
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Description logics

Description logics { logical basis for modeling and reasoning about:
objects
classes of objects ¢oncepts)
relationshops between objects (inks, roles)

Wide variety of description logics (various degrees of exp@ssivity)
Tractable description logic: EL(™) [Baader'03{'09] (SNOMED)

Primitive concepts: protein, process, substance

Roles: catalyzes, produces helps-producing
Terminology: enzyme= protein u dcatalyzesreaction
(TBox) reaction = processu dproducessubstance
Role inclusions catalyzes producesv helps-producing

enzymev protein u Ihelps-producingsubstance ?
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Description logics

Locality and description logic [VS'08, VS'09 submitted]

Translation: Subsumption in EL* 7! satis ability in local theories

Extensions of EL: n-ary roles and numerical concepts

Example: droute(Cq, Co, C3, #n)
exists route from C; to C, passing through Cs of length  n.

Hierarchical reduction to reasoning in nite posets + numbers
|dentify PTIME problems

Interpolation 7! rst step towards considering distributed EL™ -ontologies
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Example: Cryptography

Deductive veri cation of cryptographic protocols

Example: The deduction problem

Given Description of properties of constructors/encryption/decryption
a nite set T of messages, and a messagm,

Question: Is it possible to retrievem from T ?

Our goal (rst results in [VS CADE 09])
E cient reasoning in theories important in cryptography
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Conclusions

Reasoning in complex theories
Focus: Modularity
here: test satis ability of conjunctions of literals
7! SMT: satis ability procedures for conjunctions of ground clauses
Simple theories - decidable fragments
Combinations of theories (disjoint/non-disjoint signatu res)
Theory extensions
Applications
Mathematics
Veri cation

Knowledge representation
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