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Abstract. Multiscale methodshave proved to be successfutoolsin imagede-
noising,edgeenhancemerdndshaperecorery. They arebasednthenumerical
solutionof anonlineardiffusionproblemwherea noisyor damagedmagewhich
hasto be smoothedor restorateds consideredasinitial data.Herea novel ap-
proachis presentedvhich will soonbe capableto ensurerealtime performance
of thesemethodslt is basedon animplementatiorof a correspondingnite el-
ementschemadn texture hardware of moderngraphicsengines.The methodre-
gardsvectorsastexturesandrepresenttinearalgebraoperationsastexture pro-
cessingoperationsThus,theresultingperformancecanpro t from the superior
bandwidthandthe build in parallelismof the graphicshardware.Herethe con-
ceptof this approachs introducedandperspectiesareoutlined picking up the
basicPeronaMalik modelon 2D images.

1 Intr oduction

Nonlineardiffusionin multiscaleimageprocessingttractsgrowing interestin thelast
decadeMethodsbasedon this approacharefrequentlyusedtoolsin imagedenoising,
edgeenhancemerdndshaperecovery[1,10,12,9]. Thereintheimageis considereds
initial dataof a suitableevolution problem.Time in the evolution representshe scale
parametewhich leadsfrom noisy, ne scaleto smoothedandenhancedgoarsescale
representationf the data.The samekind of diffusionmodelscanalsobe usedfor the
visualizationof ow elds throughthe constructiorof streamlinetype patternd4].

Hereour focusis ontheef cient implementatiorof nite elementschemedgor the
solutionof thenonlineardiffusionproblem.We pick up theregularizedPeronaandMa-
lik modelandrewrite the correspondindinearalgebraoperationsasimageprocessing
operationsupportedy graphicshardware. Thusthey actonvectorswhichareregarded
asimagesBeforewe describethe approactin detaillet usamguewhy this unusualap-
proachis expectedto ensuresuperiorperformanceover a standardmplementationin
softwarealthoughnowadaysCPU performances superiorcomparedo the computing
performancef singleoperation®on agraphicsunit.

Memory bandwidthhasbecomea majorlimiting factorin mary scienti c compu-
tations.Nowadaysperformancenighly depend®n theimplementatiors bene cial use
of thehierarcly of cachinglevels.But automatiorfails hereandthetaskof optimaluse
of thememoryhierarcly for agivenapplicationis very comple«. OntheotherhandPC
graphicshardware hasundegonea rapid developmentboostingits performanceand
functionalityandthusreleasinghe CPU from mary computationsParticularlyin vol-
ume graphicstexture hardwareis extensvely exploited for a signi cant performance



increasdeadingto interactve applicationg3, 14,13]. As an examplewhich goesbe-
yondbasicgraphicsoperationsve cite hereHopf etal. whodiscussedaussianitering
andwavelettransformationgn hardwarel5, 6].

We proceedalong this line and further widen the rangeof applicationseven by
demonstratinghat the functionality of moderngraphicscardshasreacheda state,
wherethe graphicsprocessounit may be regardedasa programmablgoarallel x ed-
point coprocessofor certainscienti ¢ computingpurposesObservingthe precision
restrictionsjt maybe usedfor numericalcomputationsvhereultimateprecisionis not
required.Thenwe bene t from the muchhighermemorybandwidthandthe parallel
executionof commandson large datablocks. Partial differential equationsin image
processin@reexactly of thistype. They involve largeimagedataandour aimis notto
computeexact solutionsbut to modelnumericallypropertieswhich areknown for the
continuousmodel.In caseof the nonlineardiffusionthesearethe decreasingliffusiv-
ity in areasof large gradientsandthe smoothingin imageregionswhich areexpected
to be apartfrom edgesFurthermorea maximumprincipleis regardedasanimportant
property

Wewill rst review thenonlineardiffusionmodelandthenconcentrat®ntheadap-
tion of thenumericalschemeo this graphicsorientedsetting.

2 Nonlinear Diffusion

We brie y review the modelandthe discretizationof the nonlineardiffusionin image
processingbasedon amodi cation of the Perona-Malil{9] modelproposedy Catte,
Lions, Morel, andColl [2]. We consideithedomain := [0;1]%, d = 2; 3 andaskfor
solutionof thefollowing nonlinearparabolic boundaryandinitial valueproblem:Find
u:R* ! R suchthat

@u div(g(ru)ruy=0; inR* ;
u@©; )= up; on ;

Cu=0; onR* @:
wherein the basicmodelg is a nonnegative monotonedecreasingunctiong : Rj !
R+ satisfyinglimg; g(s) = 0,e.g.9(s) = (L+ s?) !, andu isamolli cation of
u with somesmoothingkernel. The solutionu : R* ! R canberegardedasa
multiscaleof successiely diffusedimagesu(t);t 2 R* . With respecto the shapeof
thediffusioncoefcient functiong, thediffusionis of regularized‘backward” type[7]
in regionsof highimagegradientsandof lineartypein homogeneouregions.
We discretizethe problemwith bilinear, respectiely trilinear conforming nite ele-
mentson a uniform quadrilateralrespectiely hexahedralgrid. In time a semi-implicit
rst orderEulerschemas used,aspurelyexplicit schemeposevery restrictve condi-
tionson thetimestepwidth. In variationalformulationwith respecto the FE spacev"
we obtain:
k+1 k
u; + g(r UHr uk*l:r =0
h



forall 2 V".Here(; ) denoteshel ? productonthedomain |, (; ) isthelumped
massegproduct[11], which approximateshe L? product,and the currenttimestep
width. The discretesolution U is expectedto approximateu( k). Thusin the kth
timestepwe have to solve thelinearsystem

(Mp + L(U¥)UKT = MUK 1)

whereUX is the solutionvectorconsistingof the nodalvaluesMp:= (( : )n)

the lumpedmassmatrix, L(UX):=  (g(r USr ;r ) the weightedstiffness
matrixand  the “hat shaped’multilinear basisfunctions.In the concretealgorithm
wereplaceg(r U¥) onelementsy thevalueatthe elementscenterpoint.

As the graphicshardware offers only a x ed-pointnumberformat, it is important
that we separateghe small, grid speci ¢ elementdiameterh from the dimensionless
diffusioncoefcients. Thusboththecoefcients andthefactor . arecloseto 1. Foran
equidistangrid we mayrescalehe above equationandget

| + FC(UK) Uk+l

FOD U=
Ak(uk) Uk+1 - Rk(Uk),

with the rescaledstiffnessmatrix L (U¥):=  (g(r U¥)r * ;r )  de nedbyref-

erencemultilinearbasisfunctions”™  with support] 1;1]%.

Any implementationalsothatin graphicshardware hasto solve the above linear
systemof equationsin thefollowing sectionwe will thereforerst considertheopera-
tionsinvolvedin solvingageneralinearsystenof equationsanddescribéhow they can
be split into morebasicalgebraicoperationswhich aredirectly supportedy graphics
hardware.

3 Operationsin Linear Iterati ve Solvers

In fact,mary discretization®f partialdifferentialequationdeadto a sparsdinearsys-
temof equationsA (UK)UK*1 = R(UK); wherethematrix A 2 R"*1:"*1 andtheright
handsideR dependon the solutionvectorU¥ of the precedingtimestep. Frequently
aniterative solver is appliedto approximatethe solution,i.e. we consideraniteration
X!*1 = F(X') with X ° = R: Typical smoothersrethe Jacobiteration

F(X)=D (R (A D)X); D:= diagA) 2)

andthe conjucategradientiteration

P . =y rhrt =R AX' (3)
In theabove formulaswe caneasilyidentify therequiredoperationsmatrixvectorprod-
uct, scalarmproduct,componentwiséinearcombinationcomponentwisenultiplication,

applicationof acomponentwiséunction,vectornorm.

F(x')=x"+




The rst two of theseoperationsare not directly supportedoy graphicshardware.
Thereforewe must split them into more primitive ones.The scalarproductmay be
reformulatedusing the componentwisemultiplication (denotedby ' ') and a vector
normV W = kV WkKk; :

The matrix vector productmay be expressedn termsof componentwisg@roducts
with thematrix' subdiagonal&\ := (A . ) whicharevectors,andsubsequerin-

dex shift operationsT onvectorsde nedby T V.= (V + ) :
X X
A. X = (A) + X &

j i<n

T (A X): 4)

(AX)

AX

Above, = 0;:::;n; = 0;:::;n rangeover the matrix' linesor columnsrespec-
tively, and := = n;:::;0;::0; n indexesthe subdiagonalsElementsof the
subdiagonaVvectorsA indexing matrix elementutsideof thematrix A aresupposed
to bezero,e.g.the rst elementof thevectorA® is (A)o = A 1.0 = 0. If mostsub-
diagonalsof A arezero,whichis alwaystrue for FE schemesthen rangesonly over
few nontrivial subdiagonals.

Thuswe have successfullysplit the operationdor thelineariterative solvers(2) and
(3) into hardwaresupportedunctions.Table1 lists theseoperationgogethemith their
counterpartén graphicshardware.

Table 1. Basicoperationsn lineariterative solvers.

operation formula graphics operation
linearcombination aV + bW imageblending
multiplication vV W imageblending
generafunction f Vv lookuptable

index shift T V changeof coordinates
vectornorms kVke;k=1;::::1 imagehistogram

4 Rewriting the FE Scheme

Now we returnto the FE schemefor the nonlineardiffusion introducedin section2.
The generalapproachto the decompositiorof the matrix vector productgivenin the
previous section,is feasiblein this case The matrix Ak consistsof only 3¢ nontrivial
subdiagonals.

Sincein thisapplicationthevectorsU¥ = (UX) represenimagesit is appropriate
tolet bea?2 or 3 dimensionaimulti-index, enumeratinghe nodesof the 2 or 3 di-
mensionalrid respectiely. Thentheindex offset := is the spatialoffsetfrom
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Fig. 1. Ontheleft a 2D grid enumeratedby a multi-index, on theright the neighboringelements
andthelocal multi-index offsetto neighboringnodes.

node tonode .Figurel shavstheenumeratiorfor a2D grid, andall the 32 offsets
andtheneighboringelementE  for agivennode .

To perform the decomposednatrix vector product(cp. (4)) we needto identify
the elementsof the subdiagonaklectorsA , which now canthemseles be regarded
asimages.For this taskit sufces to considerthe subdiagonal. of [(U¥), since
A = 1+ L ,where istheKroneclersymbol.Infacttheidentityindicatedoy

1 deseresno furtherattention By de nition we have

L = gruUr”™ r”
Sincewe evaluateg(r U¥) by the midpoint rule on elementsve may rewrite the
matrix elemenfor thenode asaweightedsumover contribtutionsontheneighboring

elements
X
L = GEC £ ;
E2E( )

whereE( ):= fE jj j = dgisde nedasthesetof elementaroundthenode (Fig.
1),G'§:: g(r Uk) ¢ Istheconstanvalueof thediffusioncoefcient attheelements

centerof massandC g:= r * jg;r " je alocalstiffnessmatrix entry Onan

equidistantgrid the valuesC £ dependonly on . Since takesonly 3¢ different
values they canbe precomputed.

As we have seenwe do not have to storethe matrix A for the computatiorof the
matrix vectorproduct.Insteadwe precomputehe valuesGK - again interpretedasan
image- only oncefor every timestepandthen split the matrix vector productin the
linearsolverinto few (3%) productswith the subdiagonals  (cp. (4)):

X
CUX = T (LX)
jjd
In all thesecalculationswe take careof the naturalboundaryconditionby duplicating
thebordersof theimageUX.



5 Implementation

Graphicscardsarecustomizedn abig varietyof designsput operationallythey consist
of only two main componentsthe graphicsprocessotunit (GPU) and the graphics
memory (Strictly speakingthe GPU splitsinto a geometryandrasterengineandnot

every graphicscardhasits own memory) The GPU processeslatafrom the graphics
memoryvery muchlike the CPU doesfrom the main memory The mostsigni cant

differences theuni ed processingf datablocksby the GPU.For example , wherethe
CPUneedgo run over all nodesof a grid to performan additionof two nodalvectors,
the GPUtakesonly a few commanddor the sametask.If we stick to the analogythen
the so-calledframehuffers sere the samepurposein numericalcomputationgor the

GPU,astheregistersdo for the CPU. Usuallythereareat leasttwo suchframetuffers:

the front buffer which is displayedon the screenand the back buffer wherewe can
performthe calculationsnvisibly.

An importantissuewith graphicsboardsarethe numberformatssupportedy the
GPU.Resultingfrom theinherentuse,only therange[0; 1] suitablefor the representa-
tion of intensitieds supportedSomeGPUsoffer extendedormatsduringcalculations).
In ary casewe have to encodeour numbergo cover awider range,say[ o; 1]. By
nonlineartransformationsalsounboundedntervalscouldbe covered but it is doubtful
whetherthelow precisionof the numberamayresole theseintervals sufciently . Fur
thermorelinear encodinghasthe advantagethat therearemary stagesn the graphics
pipelinewherelineartransformationganbe applied,sazing multiple processingf the
sameoperand.

Table 2. Correspondencef operationsn numbersandintensities.

Numbers Intensities

rix! E(x+ )

az2[ ; ] r(a) 2 [0;1]

ar b 2 o

ab L (r@@ r(b) +rQ r()
a+ r@+ (&= + )

f(a) (r f r )r@)

" a " r@yeia T

@y 1) y:rt

In Table2 welist which operation®ntheintensitietheencodedsaluesin theim-
agesyorrespondo thedesiredperation®nnumbergtherepresentedalues) Theleft
columnshaows the operationto be performedwhereaghe right columnshowvs which
operatiommustbe performedon theencodedperandso obtainthe equivalentencoded



result. Obviously no otheroperationghanthosealreadydiscussedre neededo per
form thesetransformectalculations.

By choosing sufciently large suchthatary intermediatecomputationsn num-
bersdonottranscendherange] ; ], weassurdhatthecorrespondingomputations
in intensitieswill nottranscendhe range[0; 1] either On the otherhandalarge de-
creasesheresolutionof numbersthereforeit shouldbe choserapplicationdependent
assmall as possible.The symmetricchoiceof the intenal coversthe typical number
rangeof FE schemes&ndhasthe advantageof simplerencodedperationson intensi-
ties(Table2).

Below we have outlinedthe control structuresof the algorithmin pseudocodeno-
tation.

nonlinear diffusion f

load the original image and the parameters;

initialize graphics hardware;

encode the original image in graphics memory U°;

for each timestep k f
store the right hand side image Rk = UX;
calculate the image consisting of diffusion coef cients Gk = g(r U¥) E g
initialize the solver X © = RX;
for each iteration |

calculate a step of the iterative solver X '*1 = F(X!);

store the solution Uk*? = x!*1
decode the solution and display it;

Now, consideringanimplementatiorin OpenGL[8], thebasicoperationdrom Ta-
ble 1 aremoreor lessdirectly mappedonto OpenGLfunctionality The additionand
multiplicationareachieredby selectinghepropersourceanddestinatiorfactorsfor the
blendingfunction(gIBlendFunc) Concerningheimplementatiorof agenerafunction
of onevariablewe shouldkeepin mind thatthe intensitiesarediscretizedoby m bits,
with m 12. A generalfunction canthus be representedy 2™ entriesin a table.
OpenGLcanusesuchatableto automaticallyoutputthe valuesindexed by theintensi-
tiesof animage(glPixelMap), thusapplyingthe designatedunctionto theimage.For
theindex-shift onesimply hasto changethe drawing positionfor theimage.Concern-
ing thevectornormsthereis aslight differencein implementationsincethe OpenGLs
histogramextensiondoesnot calculatethemdirectly in the GPU, asthe otherOpenGL
methodsdo, but returnsa histogramof pixel intensities(glGetHistogramfrom which
theCPUhasto computethenorm.LetH : f0;:::;2™ 1g! N besuchahistogram
assigninghe numberof appearance® every intensityof theimageV, then

|~

25{ 1 "
kVkg = riy) " H@y)
y=0



Fig. 2. Comparisorof hardwareimplementedinear (upperrow) andnonlineardiffusion (lower
row).

fork = 1;2;:::,andfork = 1 wesimplypick upthelargestjr *(y)j with H (y) > 0,
wherer ! is the inversetransformationfrom intensitiesto numbers However apart
from the overall control structureof the programm this is the only computationdone
by the CPU while usingthe conjugate gradientsolver. For the Jacobisolver no CPU
calculationatall is required.

6 Results

The computationshave beenperformedon a SGI Onyx2 4x195MHz R10000,with
In niteReality2 graphics,using 12 bit per color componentand the numberintenal
[ 2,2],i.e. = 2. Corvolution with a Gaussiarkernel,which is equivalentto the
applicationof a linear diffusion modelis comparedo the resultsfrom the nonlinear
modelin Fig. 2. This teststrongly underlinesthe edgeconseration of the nonlinear
diffusionmodel.

Figure 3 shavs computationavith graphicshardware usingthe Jacobiandthe cg-
solver andcompareshemto computationsn software.The precisionusedin the GPU
obviously sufcies for the taskof denoisingpicturesby nonlineardiffusion. Although
theimagesproducedby hardwareandsoftwarediffer, the visual effectis very compa-
rable,andthisis thedecisve criterionin suchapplications.

Currently 100iterationsof the Jacobicg-soher for 256” imagestake about17 sec
and42 secrespectiely, whichis still slowerthanthe softwaresolution. Thereasorfor
this surprisinglyweakperformances easilyidenti ed in the unbalancegerformance
of datatransfethetweertheframehuffer andgraphicamemory Before,we have already
mentionedhatthe backbuffer senesasaregister whereauxiliary resultsarecomputed
beforethey arestoredin avariablein graphicsmemory Becausenearlyall operations
effect the backbuffer, its accesdimesarehighly relevantfor the overall performance.



Fig. 3. Comparisorof nonlineardiffusionsolvers, rst row: adaptve softwarepreconditionedg;
secondow: jacobisoverin graphicshardware;third row: cg-solherin graphicshardware.

But comparedo a computatiorin softwarewherethe readingandwriting of a register
in the CPUtakesthe sametime, becausehe operationsaresupposedo be neededust
asoften, the graphicsof the Onyx2, in contrary is writing animagefrom the graph-
ics memoryto the framehuffer about60 timesfasterthanreadingit back,becausdhe
readingbackfrom the framehuffer to graphicsmemoryis not a very commonopera-
tion in graphicsapplicationsThe histogramextensionusedfor the computatiorof the
scalarproductsin the cg-soher is evenlesscommon,and beingeven slowver thanthe
reading,it furtherreducegerformanceHowever, the growing useof suchextensions
in differentareasof visualizationandimageprocessingvill certainlyleadto an opti-
mization. Thereare alreadygraphicscardswith lessdiscrepantead/writeoperations
betweerthe frameluffer andthe graphicsmemoryandwe areworking on arespectie
portingwhich, however, incorporatesomeadditionaldif culties.

7 Conclusions

We have introduceda frameavork whichfacilitatesthe useof moderngraphicshoardsas
x ed-pointcoprocessorfor imageprocessingBy shaving how commonPDE solvers
canbe split into basicoperationswhich aredirectly supportedby graphicshardware,
we have demonstratedhat a wide rangeof applicationscould bene t from the large



memory bandwidth,which usually is the bottleneckin mary scienti ¢ calculations.
Theimplementatiorof nonlineardiffusionhasunderlinedhow existing algorithmscan
quickly be adaptedo this graphicsorientedsettingandthatthelow precisionof num-
bersdoesnot do ary harmto mary applicationsaiming at visual results.The visual-
izationof ow elds basedon this approachfor example,is oneof our future goals.
Finally we have discussedheissueof performancevhich couldnotfully unfolditsself
yet. But we arevery con dent thatin the nearfuture the applicationof new graphics
cardsanddriverswill overcomethis dif culty, raisingthe speedof suchimplementa-
tionsfar beyond puresoftwaresolutions.
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