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Nonlinear Diffusion in Graphics Hardware
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Abstract. Multiscalemethodshave proved to be successfultools in imagede-
noising,edgeenhancementandshaperecovery. They arebasedon thenumerical
solutionof anonlineardiffusionproblemwhereanoisyor damagedimagewhich
hasto be smoothedor restoratedis consideredasinitial data.Herea novel ap-
proachis presentedwhich will soonbecapableto ensurereal time performance
of thesemethods.It is basedon an implementationof a corresponding�nite el-
ementschemein texturehardwareof moderngraphicsengines.Themethodre-
gardsvectorsastexturesandrepresentslinearalgebraoperationsastexturepro-
cessingoperations.Thus,theresultingperformancecanpro�t from thesuperior
bandwidthandthe build in parallelismof the graphicshardware.Herethe con-
ceptof this approachis introducedandperspectivesareoutlinedpicking up the
basicPeronaMalik modelon2D images.

1 Intr oduction

Nonlineardiffusionin multiscaleimageprocessingattractsgrowing interestin thelast
decade.Methodsbasedon this approacharefrequentlyusedtools in imagedenoising,
edgeenhancementandshaperecovery [1,10,12,9]. Thereintheimageis consideredas
initial dataof a suitableevolution problem.Time in theevolution representsthescale
parameterwhich leadsfrom noisy, �ne scaleto smoothedandenhanced,coarsescale
representationof thedata.Thesamekind of diffusionmodelscanalsobeusedfor the
visualizationof �o w �elds throughtheconstructionof streamlinetypepatterns[4].

Hereour focusis on theef�cient implementationof �nite elementschemesfor the
solutionof thenonlineardiffusionproblem.Wepick uptheregularizedPeronaandMa-
lik modelandrewrite thecorrespondinglinearalgebraoperationsasimageprocessing
operationssupportedby graphicshardware.Thusthey actonvectorswhichareregarded
asimages.Beforewe describetheapproachin detail let usarguewhy this unusualap-
proachis expectedto ensuresuperiorperformanceover a standardimplementationin
softwarealthoughnowadaysCPUperformanceis superiorcomparedto thecomputing
performanceof singleoperationsonagraphicsunit.

Memorybandwidthhasbecomea major limiting factorin many scienti�c compu-
tations.Nowadaysperformancehighly dependson theimplementation's bene�cial use
of thehierarchy of cachinglevels.But automationfailshereandthetaskof optimaluse
of thememoryhierarchy for agivenapplicationis verycomplex. OntheotherhandPC
graphicshardwarehasundergonea rapid developmentboostingits performanceand
functionalityandthusreleasingtheCPUfrom many computations.Particularlyin vol-
umegraphics,texture hardwareis extensively exploited for a signi�cant performance



increaseleadingto interactive applications[3,14,13]. As an examplewhich goesbe-
yondbasicgraphicsoperationswecitehereHopf etal.whodiscussedGaussian�ltering
andwavelettransformationsin hardware[5,6].

We proceedalong this line and further widen the rangeof applicationseven by
demonstratingthat the functionality of moderngraphicscardshas reacheda state,
wherethegraphicsprocessorunit maybe regardedasa programmableparallel�x ed-
point coprocessorfor certainscienti�c computingpurposes.Observingthe precision
restrictions,it maybeusedfor numericalcomputationswhereultimateprecisionis not
required.Thenwe bene�t from the muchhighermemorybandwidthandthe parallel
executionof commandson large datablocks.Partial differential equationsin image
processingareexactlyof this type.They involve largeimagedataandouraim is not to
computeexactsolutionsbut to modelnumericallypropertieswhich areknown for the
continuousmodel.In caseof thenonlineardiffusionthesearethedecreasingdiffusiv-
ity in areasof largegradientsandthesmoothingin imageregionswhich areexpected
to beapartfrom edges.Furthermorea maximumprinciple is regardedasanimportant
property.

Wewill �rst review thenonlineardiffusionmodelandthenconcentrateontheadap-
tion of thenumericalschemeto thisgraphicsorientedsetting.

2 Nonlinear Diffusion

We brie�y review themodelandthediscretizationof thenonlineardiffusion in image
processing,basedon a modi�cation of thePerona-Malik[9] modelproposedby Catt́e,
Lions,Morel, andColl [2]. We considerthedomain
 := [0; 1]d, d = 2; 3 andaskfor
solutionof thefollowing nonlinearparabolic,boundaryandinitial valueproblem:Find
u : R+ � 
 ! R suchthat

@t u � div (g(r u� )r u) = 0 ; in R+ � 
 ;

u(0; �) = u0 ; on 
 ;
@

@� u = 0 ; onR+ � @
 :

wherein thebasicmodelg is a nonnegative monotonedecreasingfunctiong : R+
0 !

R+ satisfyinglim s!1 g(s) = 0, e.g. g(s) = (1 + s2) � 1, andu� is a molli�cation of
u with somesmoothingkernel.The solutionu : R+ � 
 ! R canbe regardedasa
multiscaleof successively diffusedimagesu(t); t 2 R+ . With respectto theshapeof
thediffusioncoef�cient functiong, thediffusionis of regularized“backward” type[7]
in regionsof high imagegradients,andof lineartypein homogeneousregions.

Wediscretizetheproblemwith bilinear, respectively trilinearconforming�nite ele-
mentson a uniform quadrilateral,respectively hexahedralgrid. In time a semi-implicit
�rst orderEulerschemeis used,aspurelyexplicit schemesposevery restrictivecondi-
tionson thetimestepwidth. In variationalformulationwith respectto theFE spaceVh

weobtain:
�

Uk+1 � Uk

�
; �

�

h
+

�
g(r Uk

� )r Uk+1 ; r �
�

= 0



for all � 2 Vh . Here(�; �) denotestheL 2 productonthedomain
 , (�; �)h is thelumped
massesproduct[11], which approximatesthe L 2 product,and� the currenttimestep
width. The discretesolution Uk is expectedto approximateu(� k). Thus in the kth
timestepwehave to solve thelinearsystem

(M h + � L (Uk
� )) �Uk+1 = M h �Uk (1)

where �Uk is thesolutionvectorconsistingof thenodalvalues,M h := ((� � ; � � )h ) ��

the lumpedmassmatrix, L (Uk
� ):=

�
(g(r Uk

� )r � � ; r � � )
�

�� the weightedstiffness
matrix and� � the “hat shaped”multilinearbasisfunctions.In theconcretealgorithm
wereplaceg(r Uk

� ) onelementsby thevalueat theelements'centerpoint.
As the graphicshardwareoffers only a �x ed-pointnumberformat, it is important

that we separatethe small, grid speci�c elementdiameterh from the dimensionless
diffusioncoef�cients. Thusboththecoef�cients andthefactor �

h2 arecloseto 1. For an
equidistantgrid wemayrescaletheabove equationandget

�
I +

�
h2 L̂ (Uk

� )
�

| {z }
�Uk+1 = �Uk

|{z}

Ak ( �Uk ) �Uk+1 = �Rk ( �Uk );

with therescaledstiffnessmatrix L̂ (Uk
� ):=

�
(g(r Uk

� )r �̂ � ; r �̂ � )
�

�� de�ned by ref-

erencemultilinearbasisfunctions�̂ � with support[� 1; 1]d.
Any implementation,alsothat in graphicshardwarehasto solve the above linear

systemof equations.In thefollowing sectionwewill therefore�rst considertheopera-
tionsinvolvedin solvingagenerallinearsystemof equationsanddescribehow they can
besplit into morebasicalgebraicoperations,which aredirectly supportedby graphics
hardware.

3 Operations in Linear Iterati veSolvers

In fact,many discretizationsof partialdifferentialequationsleadto asparselinearsys-
temof equationsA( �Uk ) �Uk+1 = �R( �Uk ); wherethematrixA 2 Rn +1 ;n +1 andtheright
handside �R dependon thesolutionvector �Uk of theprecedingtimestep. Frequently
an iterative solver is appliedto approximatethesolution,i.e. we consideran iteration
�X l +1 = F ( �X l ) with �X 0 = �R: Typical smoothersaretheJacobiiteration

F ( �X ) = D � 1( �R � (A � D ) �X ); D := diag(A) (2)

andtheconjugategradientiteration

F ( �X l ) = �X l +
�r l � �pl

A �pl � �pl �pl ; �pl = �r l +
�r l � �r l

�r l � 1 � �r l � 1 �pl � 1; �r l = �R � A �X l (3)

In theaboveformulaswecaneasilyidentify therequiredoperations:matrixvectorprod-
uct,scalarproduct,componentwiselinearcombination,componentwisemultiplication,
applicationof acomponentwisefunction,vectornorm.



The �rst two of theseoperationsarenot directly supportedby graphicshardware.
Thereforewe must split them into more primitive ones.The scalarproductmay be
reformulatedusing the componentwisemultiplication (denotedby ' � ') and a vector
norm �V � �W = k �V � �W k1 :

Thematrix vectorproductmaybeexpressedin termsof componentwiseproducts
with thematrix' subdiagonals�A 
 := (A � � 
 ;� ) � which arevectors,andsubsequentin-
dex shift operationsT
 onvectors,de�ned by T
 � �V := (V� + 
 ) � :

(A �X ) � =
X

�

A �;� X � =
X

j 
 j<n

( �A 
 ) � + 
 X � + 


A �X =
X

j 
 j<n

T
 � ( �A 
 � �X ): (4)

Above, � = 0; : : : ; n; � = 0; : : : ; n rangeover the matrix' lines or columnsrespec-
tively, and
 := � � � = � n; : : : ; 0; : : : ; n indexesthesubdiagonals.Elementsof the
subdiagonalvectors �A 
 indexing matrixelementsoutsideof thematrixA aresupposed
to bezero,e.g.the �rst elementof thevector �A1 is (A1)0 = A � 1;0 = 0. If mostsub-
diagonalsof A arezero,which is alwaystruefor FE schemes,then
 rangesonly over
few nontrivial subdiagonals.

Thuswehavesuccessfullysplit theoperationsfor thelineariterativesolvers(2) and
(3) into hardwaresupportedfunctions.Table1 lists theseoperationstogetherwith their
counterpartsin graphicshardware.

Table1. Basicoperationsin lineariterativesolvers.

operation formula graphicsoperation

linearcombination a �V + b �W imageblending

multiplication �V � �W imageblending

generalfunction f � �V lookuptable

index shift T
 � �V changeof coordinates

vectornorms k �V kk ; k = 1; : : : ; 1 imagehistogram

4 Rewriting the FE Scheme

Now we returnto the FE schemefor the nonlineardiffusion introducedin section2.
The generalapproachto the decompositionof the matrix vectorproductgiven in the
previoussection,is feasiblein this case.Thematrix Ak consistsof only 3d nontrivial
subdiagonals.

Sincein thisapplicationthevectors�Uk = (Uk
� ) � representimages,it is appropriate

to let � be a 2 or 3 dimensionalmulti-index, enumeratingthe nodesof the 2 or 3 di-
mensionalgrid respectively. Thentheindex offset
 := � � � is thespatialoffsetfrom



Fig.1. On theleft a 2D grid enumeratedby a multi-index, on theright theneighboringelements
andthelocalmulti-index offsetto neighboringnodes.

node� to node� . Figure1 shows theenumerationfor a 2D grid, andall the32 offsets

 andtheneighboringelementsE 


� for agivennode� .
To perform the decomposedmatrix vector product(cp. (4)) we needto identify

the elementsof the subdiagonalvectors �A 
 , which now can themselvesbe regarded
as images.For this task it suf�ces to considerthe subdiagonal�L 
 of L̂ (Uk

� ), since
�A 
 = � 
 �1 + �

h2
�L 
 , where� 
 is theKroneckersymbol.In facttheidentity indicatedby

� 
 �1 deservesno furtherattention.By de�nition wehave

�L 

� =

�
g(r Uk

� )r �̂ � � 
 ; r �̂ �

�
:

Sincewe evaluateg(r Uk
� ) by the midpoint rule on elementswe may rewrite the

matrixelementfor thenode� asaweightedsumovercontributionsontheneighboring
elements

�L 

� =

X

E 2 E ( � )

Gk
E C
 ;E ;

whereE(� ):= f E 

� jj 
 j = dg is de�ned asthesetof elementsaroundthenode� (Fig.

1), Gk
E := g(r Uk

� )
�
�
E is theconstantvalueof thediffusioncoef�cient at theelement's

centerof massandC
 ;E :=
�

r �̂ � � 
 jE ; r �̂ � jE
�

a local stiffnessmatrix entry. On an

equidistantgrid the valuesC
 ;E dependonly on 
 . Since
 takes only 3d different
values,they canbeprecomputed.

As we have seen,we do not have to storethematrix Ak for thecomputationof the
matrix vectorproduct.Insteadwe precomputethevaluesGk

E - again interpretedasan
image- only oncefor every timestepand thensplit the matrix vectorproductin the
linearsolver into few (3d) productswith thesubdiagonals�L 
 (cp. (4)):

L̂ (Uk
� ) �X =

X

j 
 j� d

T
 � ( �L 
 � �X ):

In all thesecalculationswe take careof thenaturalboundaryconditionby duplicating
thebordersof theimage �Uk .



5 Implementation

Graphicscardsarecustomizedin abig varietyof designs,but operationallythey consist
of only two main components:the graphicsprocessorunit (GPU) and the graphics
memory. (Strictly speaking,theGPUsplits into a geometryandrasterengineandnot
every graphicscardhasits own memory.) TheGPUprocessesdatafrom thegraphics
memoryvery much like the CPU doesfrom the main memory. The mostsigni�cant
differenceis theuni�ed processingof datablocksby theGPU.For example,wherethe
CPUneedsto run over all nodesof a grid to performanadditionof two nodalvectors,
theGPUtakesonly a few commandsfor thesametask.If we stick to theanalogythen
the so-calledframebuffers serve the samepurposein numericalcomputationsfor the
GPU,astheregistersdo for theCPU.Usuallythereareat leasttwo suchframebuffers:
the front buffer which is displayedon the screenand the backbuffer wherewe can
performthecalculationsinvisibly.

An importantissuewith graphicsboardsarethenumberformatssupportedby the
GPU.Resultingfrom theinherentuse,only therange[0; 1] suitablefor therepresenta-
tionof intensitiesissupported(SomeGPUsofferextendedformatsduringcalculations).
In any casewe have to encodeour numbersto cover a wider range,say[� � 0; � 1]. By
nonlineartransformations,alsounboundedintervalscouldbecovered,but it is doubtful
whetherthelow precisionof thenumbersmayresolve theseintervalssuf�ciently . Fur-
thermorelinearencodinghastheadvantagethat therearemany stagesin thegraphics
pipelinewherelineartransformationscanbeapplied,saving multipleprocessingof the
sameoperand.

Table2. Correspondenceof operationsin numbersandintensities.

Numbers Intensities

r : x ! 1
2� (x + � )

a 2 [� �; � ] r (a) 2 [0; 1]

a + b 2
�

r ( a )+ r ( b)
2

�
� 1

2

ab 1+ �
2 � � (r (a)(1 � r (b)) + r (b)(1 � r (a)))

� a + � � r (a) + ( �
2� + 1� �

2 )

f (a) (r � f � r � 1)( r (a))
P

� � a�
P

� � r (a� ) + 1
2 (1 �

P
� � )

� (2y � 1)  y : r � 1

In Table2 we list whichoperationson theintensities(theencodedvaluesin theim-
ages)correspondto thedesiredoperationsonnumbers(therepresentedvalues).Theleft
columnshows the operationto be performed,whereasthe right columnshows which
operationmustbeperformedontheencodedoperandsto obtaintheequivalentencoded



result.Obviously no otheroperationsthanthosealreadydiscussedareneededto per-
form thesetransformedcalculations.

By choosing� suf�ciently large suchthat any intermediatecomputationsin num-
bersdonot transcendtherange[� �; � ], weassurethatthecorrespondingcomputations
in intensitieswill not transcendtherange[0; 1] either. On theotherhanda large � de-
creasestheresolutionof numbers,thereforeit shouldbechosenapplicationdependent
assmall aspossible.The symmetricchoiceof the interval coversthe typical number
rangeof FE schemesandhastheadvantageof simplerencodedoperationson intensi-
ties(Table2).

Below we have outlinedthecontrolstructuresof thealgorithmin pseudocodeno-
tation.

nonlinear diffusion f
load the original image and the parameters;
initialize graphics hardware;
encode the original image in graphics memory �U0;
for each timestep k f

store the right hand side image �Rk = �Uk ;
calculate the image consisting of diffusion coef�cients �Gk =

�
g(r Uk

� )
�
�
E

�
E

;
initialize the solver �X 0 = �Rk ;
for each iteration l

calculate a step of the iterative solver �X l +1 = F ( �X l );
store the solution �Uk+1 = �X l +1

decode the solution and display it;
g

g

Now, consideringanimplementationin OpenGL[8], thebasicoperationsfrom Ta-
ble 1 aremoreor lessdirectly mappedonto OpenGLfunctionality. The additionand
multiplicationareachievedby selectingthepropersourceanddestinationfactorsfor the
blendingfunction(glBlendFunc).Concerningtheimplementationof ageneralfunction
of onevariablewe shouldkeepin mind that the intensitiesarediscretizedby m bits,
with m � 12. A generalfunction can thus be representedby 2m entriesin a table.
OpenGLcanusesucha tableto automaticallyoutputthevaluesindexedby theintensi-
tiesof animage(glPixelMap),thusapplyingthedesignatedfunctionto theimage.For
theindex-shift onesimply hasto changethedrawing positionfor theimage.Concern-
ing thevectornormsthereis aslightdifferencein implementation,sincetheOpenGL's
histogramextensiondoesnot calculatethemdirectly in theGPU,astheotherOpenGL
methodsdo, but returnsa histogramof pixel intensities(glGetHistogram)from which
theCPUhasto computethenorm.Let H : f 0; : : : ; 2m � 1g ! N besucha histogram
assigningthenumberof appearancesto every intensityof theimage �V , then

k �Vkk =

 
2m � 1X

y=0

�
r � 1(y)

� k
� H (y)

! 1
k

;



Fig.2. Comparisonof hardwareimplementedlinear (upperrow) andnonlineardiffusion(lower
row).

for k = 1; 2; : : :, andfor k = 1 wesimplypick upthelargestjr � 1(y)j with H (y) > 0,
wherer � 1 is the inversetransformationfrom intensitiesto numbers.However apart
from theoverall control structureof theprogramm,this is theonly computationdone
by the CPU while usingthe conjugategradientsolver. For the Jacobisolver no CPU
calculationatall is required.

6 Results

The computationshave beenperformedon a SGI Onyx2 4x195MHz R10000,with
In�niteReality2 graphics,using 12 bit per color componentand the numberinterval
[� 2; 2], i.e. � = 2. Convolution with a Gaussiankernel,which is equivalent to the
applicationof a linear diffusion model is comparedto the resultsfrom the nonlinear
model in Fig. 2. This teststronglyunderlinesthe edgeconservation of the nonlinear
diffusionmodel.

Figure3 shows computationswith graphicshardwareusingtheJacobiandthecg-
solver andcomparesthemto computationsin software.Theprecisionusedin theGPU
obviously suf�cies for the taskof denoisingpicturesby nonlineardiffusion.Although
the imagesproducedby hardwareandsoftwarediffer, thevisualeffect is very compa-
rable,andthis is thedecisive criterionin suchapplications.

Currently, 100iterationsof theJacobi,cg-solver for 2562 imagestake about17 sec
and42 secrespectively, which is still slower thanthesoftwaresolution.Thereasonfor
this surprisinglyweakperformanceis easilyidenti�ed in theunbalancedperformance
of datatransferbetweentheframebuffer andgraphicsmemory. Before,wehavealready
mentionedthatthebackbuffer servesasaregister, whereauxiliaryresultsarecomputed
beforethey arestoredin a variablein graphicsmemory. Becausenearlyall operations
effect thebackbuffer, its accesstimesarehighly relevant for theoverall performance.



Fig.3. Comparisonof nonlineardiffusionsolvers,�rst row: adaptivesoftwarepreconditionedcg;
secondrow: jacobisover in graphicshardware;third row: cg-solver in graphicshardware.

But comparedto a computationin softwarewherethereadingandwriting of a register
in theCPUtakesthesametime,becausetheoperationsaresupposedto beneededjust
asoften, the graphicsof the Onyx2, in contrary, is writing an imagefrom the graph-
ics memoryto the framebuffer about60 timesfasterthanreadingit back,becausethe
readingbackfrom the framebuffer to graphicsmemoryis not a very commonopera-
tion in graphicsapplications.Thehistogramextensionusedfor thecomputationof the
scalarproductsin the cg-solver is even lesscommon,andbeingeven slower thanthe
reading,it further reducesperformance.However, thegrowing useof suchextensions
in differentareasof visualizationandimageprocessingwill certainlyleadto an opti-
mization.Therearealreadygraphicscardswith lessdiscrepantread/writeoperations
betweentheframebuffer andthegraphicsmemoryandwe areworking on a respective
portingwhich,however, incorporatessomeadditionaldif�culties.

7 Conclusions

Wehaveintroducedaframework whichfacilitatestheuseof moderngraphicsboardsas
�x ed-pointcoprocessorsfor imageprocessing.By showing how commonPDEsolvers
canbesplit into basicoperations,which aredirectly supportedby graphicshardware,
we have demonstratedthat a wide rangeof applicationscould bene�t from the large



memorybandwidth,which usually is the bottleneckin many scienti�c calculations.
Theimplementationof nonlineardiffusionhasunderlinedhow existing algorithmscan
quickly beadaptedto this graphicsorientedsettingandthat thelow precisionof num-
bersdoesnot do any harmto many applicationsaiming at visual results.The visual-
ization of �o w �elds basedon this approach,for example,is oneof our future goals.
Finally wehavediscussedtheissueof performancewhichcouldnot fully unfold itsself
yet. But we arevery con�dent that in the nearfuture the applicationof new graphics
cardsanddriverswill overcomethis dif�culty , raisingthe speedof suchimplementa-
tionsfarbeyondpuresoftwaresolutions.
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