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Abstract

We presenta framevork for computinggenealizeddistancetransformsand skeletonsof two-dimensionabbjects
usinggraphicshardware. Our methodis basedon the conceptof footprint splatting Combiningdifferent splats
producesweighteddistancetransformdor differentmetrics,as well asthe correspondingskeletonsand \oronoi
diagrams.We presenta hierarchical acceleation schemeand a subdivisionschemethat allows visualizingthe
computedskeletonswith subpixelaccuiacyin real time Our splattingapproac allows oneto easilychange all

the metric parametes, treat any 2D boundaries,and easily produceboth DTs and skeletons Wk illustrate the

methodby several examples.

CategoriesandSubjectDescriptorgaccordingo ACM CCS} 1.3.5[ComputerGraphics]:Curve, surface,solid,and
objectrepresentatiorRicture/Imageseneration Bitmapandframebuffer operations

1. Intr oduction

Distancetransformsand skeletonsare well-known shape
representatiomools with mary applicationsin collision de-

tection, geometricsimpli cation and reconstructionyobot
motionplanning,meshgenerationandanimation.Givenan

objectboundarydW, the distancetransform(brie y DT) of

dWis de ned as

DT(p) = min (dist(pia) W

for all pointsp 2 W. The distancemetricis usuallythe Eu-
clideanonedist(p;qg) = kp gks. Theabove assigngo ev-
ery point p thedistanceo the closesboundarypointg. This
de nition canbe extendedto the so-calledcompleteor fea-
turedistanceransform(FDT), asfollows

FDT(p) = fDT(p):fagg; q= argqgijr\k(dist(p; D) @
TheFDT labelsevery pointwith its DT valueandthebound-
ary pointsf qg for which this valuegetsrealized.

Skeletonspr medialaxes,arede ned asthesetof centers
of maximalballs containedn dW, or the locusof pointsat
equaldistancdrom atleasttwo boundarypoints:

SdW = fp2 Wj9q;r 2 dW g6 r : dist(p;g) = dist(p;r)g
(3)

¢ TheEurographic#ssociation2004.

Skeletonsareusefulasthey characterizanobjectby astruc-
tureonedimensionower: The skeletonof a 3D volumeis a
2D manifold,andtheskeletonof a2D surfaceis a1D curve.
Skeletonscanbe usedto easilyperformtopologicalreason-
ing abouttheobject,whichis usefulin shapeanalysisregis-
tration,andrecognition.If the DT is storedfor every skele-
ton point, oneobtainsthe medialaxistransform(MAT). The
entireboundaryrepresentationanbereconstructeffomthe
MAT [TVWO02, PSS 03]. By remaving (pruning) lessim-
portantpartsof the skeleton,onecanreconstrucsimpli ed
versionsof the original object.If dWconsistof several dis-
connecteccomponentsor sites,the setS(dW) corresponds
to the Voronoi diagramof the sites.Differenttypesof met-
rics in Egns.1-3 leadto the so-calledgeneralized/oronoi
diagramg TVWO01]. For example,by usinga multiplicative
weightedmetricdist(p; g) = Kpkp ok, wherep 2 dWand
g2 W, oneobtainsthe Apollonius diagramsdescribingthe
growth of plant cells and areasof bestreceved transmit-
ters[Aur91]. By usingadditive weightsfor the sitesin the
metric dist(p;g) = Kp+ kp gk, we obtain the Johnson-
Mehl diagramswhich describethe growth of crystalsfrom a
givenseedset[Aur9l]. Yetothergeneralizationgxist, such
asusingthel s, or Manhattardistancemetric[ TVWO01].

ComputingDTs andskeletongor objectsgivenonanuni-
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form pixel (in 2D) or voxel (in 3D) grid is a specialcase.
Suchobijectsfrequentlyarisefrom digitizedimagesor volu-
metricscanningandarecharacterizedty alarge numberof
noisyboundarypoints.Giventhelargesizeswto beconsid-
ered(e.g.mega-pixel imagesin 2D), aswell astheinherent
supportfor pixel andvoxel datain graphicshardware,accel-
eratingFDT andskeletoncomputatiorin graphicshardware
hasrecentlygainedincreasedttention.

In this paper we presenta graphicshardware framework
for computinggeneralizedompletedistanceransformsand
skeletonsof two-dimensionalobjects.Regarding the DTS,
our framework directly supportsary distancemetric, com-
putesa pixel-exact completedistancetransform,and sup-
portsboundaryrepresentationgivenasasetof possiblydis-
connectegixels.For theskeletonswe fully supportthefol-
lowing quality requirements:

produceonepixel thin, connectedkeletongR1)
produceskeletonsfor all generalizedT metrics(Ry)
robustly handlenoisy objects(R3)

allow anintuitive skeletonsimpli cation (R4)

allow reconstructingbjectsfrom skeletony(Rs)

In Section2, we review the existing graphicshardware
methoddfor FDT andskeletoncomputationSection3.1in-
troduceggeneralizedlistancesplatting,the simplekey idea
of our framavork. Section3 shavs how splatting can be
usedto computeFDTs aswell as skeletons.In Section4,
were ne thebasicsplattingwith a hierarchicalacceleration
schemehatenhanceshe performanceéy anorderof mag-
nitude.We demonstrateurapproactby severalapplications
in Section5. In Section5.3 we shav how to computesub-
pixel resolutionskeletonsthatrespecthe mentionedquality
requirementsFinally, we concludethe paperwith a discus-
sionandfutureresearchdirectionsin Section6.

2. RelatedWork

Sincewe areinterestedn computingboththeDT andskele-
ton, we overvien hereonly those(hardware based)meth-
odsthatproduceboth.Concerningliscretizationmosthard-
ware basedmethodsrepresentdW as a sequencef linear
primitives,i.e. linesin 2D andpolygonsin 3D. Virtually all
methodgepresenthe DT asa 2D pixel or 3D voxel image.
Graphicshardwareis usedto ef ciently computethe primi-
tive DTs andto combinethoseinto thecompleteDT eld.

Skeletonscanbe computedeitherafter DT computation,
by postprocessinthis eld, or duringthe DT computation.
Postprocessinmethodsthe mostnumerousgde ne andde-
tect the skeleton as the singularity set of the DT. For ex-
ample,the g-SMA methoddetectsthe skeletonpoints p by
computingthe maximalangleq formedby p andthebound-
arypointsqthatpis closesto [FLM03, SM03. Keepingthe
pointswith largeq valuesyieldsasimpli ed skeleton.How-
ever, astheauthorsexplain,theq-SMA methoddoesnotpro-
duceconnectedkeletonsandis sensitve to boundarynoise

suchassharpdetails.Conceptuallyone could combineary
local skeletondetector(suchasdivergencebased SBTZ99
or moment-basefRT02] detectorsywith arny DT computa-
tion. However, local detectorsvhichclassifyapointasbeing
skeletonor not usingits immediatesurroundingshave two
problems.If the boundaryandDT are not discretizedon a
very ne grid, singularitydetectorsisinglocal derivationor
integration fail producinga one pixel thin skeleton(R;y in
Sec.1). Finegridsimply considerablynighercomputational
costs Secondlyapruningcriterionnotbasednsomeglobal
guantityalwaysdisconnectshe skeletonat somepoint, i.e.
failsR;.

Most acceleratiorschemesmploy someVoronoi parti-
tion of the spacearoundlinear sitesto limit the effect of a
siteonthecompleteDT to its vicinity [SP03 Mau03. How-
ever, in ourcaseavery boundarypointis asite,socomputing
sucha Voronoidiagramis equialentto the initial problem
itself.

The secondclassof methodscomputesthe skeletonto-
gether with the DT. Boundaryinformation is propagted
which allows both skeleton detectionand pruning. The
only graphicshardware basedmethod which explicitely
propagtesboundaryinformation is describedby Hoff et
al. [HCK 99] for generalizedvoronoi diagrams.For a set
of pointandline sites,theDT graphof every siteis encoded
asa polygonalheightmesh.Next, all DT graphsaredravn
using depthtesting,yielding the completeDT in the depth
buffer. If the DT graphsare dravn in differentcolors, the
color buffer will hold the sites' Voronoi regions coloredby
the sites' colors.Voronoiedgesarefound by applyingedge
detectionon the frame buffer. The methodhastwo related
dravbacks.First, the DT graphsare only (linear) approx-
imationsof the exact DTs. This causesno problemsfor a
few, large sites,or wheninterestedustin the DT. However,
we considemhoundariesvhereevery pixel is a separatesite.
Whennot usingtheexactDT graphsof the sites,evensmall
DT errorsare sufcient to propagte the wrong site color
andyield wrongskeletong(seeFig. 1). Thisinevitably leads
to noisy, disconnectedhusincorrect,skeletons Exactpoint
site DT graphsrequirea meshof pixel-thin polygons.As
explainedin [HCK 99, SM03, this would dramaticallyin-
creasecomputatiortime. In particularfor pointsites,thedi-
rect use of non-linearpoint site DT functionsis therefore
moreef cient [SP03.

Few software skeletonization methods match all
requirements listed in Sec. 1. For an overview,
see[PSS 03, TVWO02]. A good candidatein this classis
the AFMM (AugmentedrastMarchingMethod)[ TVWO02].
Essentially the AFMM computesthe DT on a pixel grid
W by solving the Eikonal equationr (DT) = 1 starting
with DT = 0 on dW. Besidesthe distance every pixel gets
the id U of the closestboundary point, so the AFMM
computeghe FDT. U is initialized on dWto an arc length
parameterizationThat is, a point's id equalsthe distance
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alongdWto some x edstartpoint). Thesimpli ed skeleton
of dWis givenby athresholdedlerivative
SdWU) = f(i;j)j maxUi+1;j  Uij;Uij+1 Uij) > tg

4
of the signalU on W. Objectswith non compactbound-
aries (e.g. holes) are treatedby transportingtwo ids U
andU? initialized from two differentboundarystartpoints.
The skeletonis given by min(S(dWUl);S(dWUZ)). The
AFMM is basedon the fast marchingmethod.Recently
level setmethodshave beenimplementedn graphicshard-
ware[RS01 LKHWO03]. But level setmethodssuffer from
numericaldiffusion, which causegproblemswhencomput-
ing skeletons,asshavn in Sec.3.5. For an overview of re-
lated computationaimethodsusing graphicshardware, see
also[Han.

Given the above, we adwcate a combination of the
AFMM boundaryengthskeletondetectorasignalpropa@-
tion asin [HCK 99] anddirect useof non-linearpoint site
DT functionssimilarto [SP03. Ourcombinatiorresultsin a
simpleandefcient hardwarebasedschemeandful lls the
quality requirement®sf the AFMM scheme.

3. Distanceand SkeletonConstruction

We assumean object boundarydW given as a set of im-
age pixels. We lay no further constraintson dW, suchas
computability of quantitieslike curvature or gradients,as
other methodsdo [SBTZ99 SM03, RT02]. Our model ts

well datacomingwith no highlevel (e.g.continuous)pbject
model. Typical examplesare scannedpossiblynoisy, digi-
tal images,from which digital boundariesare extractedby
imagesegmentatiormethods.

3.1. DistanceSplatting

Sinceour boundaryrepresentatioris just a setof discrete
points, we proceedfrom this level on with the DT con-
struction. Both the boundaryand the DT are discretized
on the samepixel grid G= f(i Dx;j Dy)g. Denoteby
PDRy(gq p) the distancebetweenary two points p and
g . This dependn somesuppliedpoint distancefunction
(PDF) PDRy : R?! R, e.g.theEuclideamormPDy(v) =
kvk,. We do not put any assumption®n this function. To
corvenientlymeasurealistancegorm a point p we de ne

PDFy(q) = PDRy(q  p):

With the above, the generationof the completediscrete
FDT of agivenboundarydWcanbesummarizedn asimple
algorithm.

1 initialize

2 initialize

3 for all

4 for

5 if

DT to max_value
U on boundary
boundary points p
every point ¢
(PDF_p(q) < DT(q))
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6 DT(q) PDF_p(q)
7 U(a) U(p)

The skeletoncannow be obtainedby applyingthe thresh-
olded derivative in Eqn. 4 to the computedsignalU. For
stableskeletonsit is essentiato computethe derivative on
theU valuesandnotonthe DT. The parametet simpli es
the skeletonby remaoving thosepointswhich correspondo
boundarydetailsshorterthant pixels.

If we ignoredthe transportof the signalU, i.e omit line
7, thenlines 5 and 6 would reduceto a simple minimiza-
tion (DT(q) = min(DT(q); PDFy(q))) andwe couldtrivially
implementthe DT computationin graphicshardware using
standardOpenGL.For this, we encodethe PDF as a sin-
gle channelluminance}exture of sizeD? pixels.A conser
vative estimateshouldsetD to W's diameter suchthat all
objectpointsgetaffectedby all boundarypoints.Consecu-
tively drawing the texture centeredat every boundarypoint
with theblendingmodesetto GL_MINyieldstheDT. A sim-
ilar techniqueis usedby [YWO03] for performinghardware
basedmorphologicabperations.

3.2. Accuracy

Choosingthe right perpixel resolutionfor the representa-
tion of the PDF is essentialfor producingexact DTs and
skeletons If we use x ed point texturesof b bits per pixel,
we could encodethe distancevaluesv 2 [0::R] of a splat
of R pixelsradiusasV = [2b(v:R)]. For differentdistances
vy 6 Vo, we wantdifferentencodingsi; 6 V. GivenanR,
we canevaluatethe smallestoccurringdifferencebetween
two distancevalueson the pixel grid:

q

Dminv=min 2+ j2 P k2+ |2
i;j;kl20:R

Dminv. must be distinguishable in  x ed point, i.e.
2b(Dmm:Rmax) must be greaterthan 1. For 8 bit tex-
tures, we obtain Rmax = 11 pixels. For 16 bit textures,
Rmax = 180 pixels, which allows objects of 360 pixels
maximal diameter whereas24 bits permit Rmax to exceed
3000 pixels. If we allocatea s23e8 oating point texture,
we have more than enoughmantissabits. In casewe do
not avail of high precisiontextures,we canexactly encode
a 24 bit numberby the 8 bit color channelsof a RGB
texture.A dot productof this texture valuewith the constant

(2562; 256, 1) thenreconstructshe original 24 bit value.

3.3. Computing the FDT

Adding the U propagtion to the DT splatting presented
in the previous sectioncannot,howvever, be donein stan-
dardOpenGL.Speci cally, standardOpenGLtexturing and
imaging cannotefciently implementthe U propagtion
conditionedon the DT test (lines 5-7 of the pseudocode
in Sec3.1). The threeefcient comparisonsve could use
areGL_MINtypeblendingfunctions,thealphatest,andthe
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depthtest.Blendingis thevery lastoperationin thepipeline,
so we cannotfurther processts resultsin one pass.More-
over, blendingcan only be performedon 8 up to, in some
implementations]6 bit colors,which would resultin insuf-
cient precisionfor theDT (seeSec.3.2). Alphatestingonly
worksagpinsta x edvaluefor all pixels. Theonly standard
OpenGLbuffer whichcanbealteredby renderingwith 24 bit
precisionis the depthbuffer. However, depthtestingworks
ef ciently only for linearprimitivessuchaspolygonswhich
limit the DT precision(Sec.2). Thereis no OpenGLprimi-
tive allowing ef cient drawing of non-lineardepthimagesn
thedepthbuffer.

However, the functionality of DX8 and DX9 graphics
hardware allows per fragmentreplacemenof depthvalues
by e.g.thefragments texture value.We usethis mechanism
to constructwo simpleandaccuratémplementationsf the
FDT splatting.Thesearediscussechext.

3.4. Depth Replace

Depthreplacerefersto the ability to replacea fragments
depthvalue by otherfragmentdataor ary computeddata.
This allows directimplementatiorof the splattingalgorithm
in Sec.3.1 The mainalgorithm (lines 1-5) staysthe same,
i.e. draws thefootprint of the PDFtexture centerecht every
boundarypoint. A fragmentrecevesthedistancevaluefrom
the PDF texture andthe two signalsU?® andu 2 encodedn
x edpointin theRG, respectiely BA channelf thefrag-
ments RGBA color. The depthreplaceoperationusesthen
thedistancevalueto replacethe depthvalue,while thecolor
value staysunchangedin this way, the depthtestperforms
the minimization (line 6) and also conditionally transports
thesignalsu?® andu 2 (line 7). We obtainthedesiredsignals
Ut andu? in thecolorbuffer andthe DT in thedepthbuffer.
Thecorrespondingseudo-codsimply reads

1 clear depth buffer to 1

2 set fragment processing to depth replace
3 for all boundary points p

4 set color to U(p)

5 draw PDF texture centered at p

As mentionedtherearetwo possibilitiesto implementhe
depthreplacefragmentprogramsandtextureshadersThese
arepresentedhext.

3.4.1. Fragment Programs

The standardizedextension ARB_fragment_program
allows implementingthe depthreplaceon ary currentDX9
hardware,asthedepthvalueis oneof themodi able results.
Line 2 in theabove pseudocodbecomeshefollowing frag-
mentprogram:

1 ARBfp1.0

2 TEMP RO;

3 TEX RO.x,
RECT;

fragment.texcoord[0],texture[0],

4 MOVresult.depth.z,
5 MOVresult.color,
6 END

RO.x;
fragment.color.primary;

Line 3 readsthe texture value,which is outputby line 4
asdepth.Line 5 setsthe U signalencodedn color. Since
writing to othercomponentshanz in result.depth has
no effect, onecouldmegelines 3 and4 into one.However,
we'll needline 4 for anadditionaloperationater (Sec.5.1).

3.4.2. Texture Shaders

The older DX8 API also allows perfragment replace-
ment of depth by texture values.To our knowledge, this
has been exposed in OpenGL only by the proprietary
NV_texture_shader(1,2,3) extensions.All exten-
sions implementdepth replace,but this is simplestdone
viaNV_texture_shader3 . Thesetupof textureshaders
reads

1 TSO: GL_TEXTURE_RECTANGLE_NV
2 TS1: GL_DOT_PRODUCT_AFFINE_DEPTH_REPLACE
input: result of TSO

The rst shader(TS0)simply sampleghe valueof the PDF
texture, which is passedo the secondshader(TS1). TS1
computeghe dot productof the texture value RGBwith the
texture coordinatesSTR andreplaceghe fragments depth.
The dot productis computedin s23e8 oating point preci-
sion,sowe canuseit to reconstruct 24 bit precisedistance
valuefrom the 8 bit RGB colors,asdescribedn Sec.3.2

3.5. ResultComparison

Both implementationgleliver the sameresult,i.e. the sig-

nalsU! andU? in a color pbuffer andthe DT in the depth
buffer. The simpli ed skeletonis computedby samplingthe

valuesU® andU? andimplementingEqn. 4 asa simple2x2

Iter in a separatdragmentprogramor in the x ed frag-

mentpipeline of DX8 graphicshardware.On our GeForce

FX 5800 Ultra chip, the fragmentprogramimplementation
is about10% fasterthanthe texture shader This happens,
however, becausehe graphicsdriver could not executethe

shadersetupfrom Sec.3.4.2 correctly Instead,we hadto

insertan'empty' shaderbetweenthe two operationgo re-

storefunctionality With a correctdriver, thetexture shaders
would have beenprobablyslightly fasterthanthe fragment
program.

An importantaspecbf ourmethods thatit extractspixel-
level correct skeletonsfor all boundariesandthresholdval-
ues,whereaghe original AFMM, or similar methodshased
onincrementapropagtion,suchasmary thinningmethods,
do not. Figure 1 shavs several problemssuchmethodsex-
hibit. First, doubleparallelskeletonbranchesrecreatedn
the one-holeplatein Fig. 1 ¢ wheresinglebrancheshould
appearascorrectlyshavn in Fig. 1 d. Secondly branches
passingcloseto high boundarycurvaturevariations suchas
the oneexiting the leaf s twig, getincorrectangles(Fig 1 a
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Figure 1: Diffusionerror (a,c).Correctskeletongb,d)

vsthecorrectanglein Fig. 1 b). Finally, for thresholddower
than 10 pixels, skeletonsare noisy, disconnectedpr have
brancheshickerthanonepixel (Fig. 1 a). Incrementaprop-
agation,suchaslevel setmethodssuffer from a nite diffu-
sionerroraccumulationThis is not visible in the relatively
smoothdistance eld. However, sucherrorsmay translate
into incorrectclosestboundarypointlabelingin theU eld,
andgivenits discretenature thusto incorrectskeletonsThe
methodpresentecherehasno suchproblems,asit propa-
gatesinformationdirectly, and not incrementally from the
boundarySkeletonsarecorrectlycomputedegardlesf the
grid size or boundarynoisinessThe thresholdt in Eqn. 4
canbesetaslow astheminimally possiblevalueof 2 pixels.
Remarkthatathresholdof 1 wouldyield a skeletonequalto
theobject,giventhattheU differencebetweertwo boundary
neighborss 1.

Figure 2: Tiling in the hierarchical acceleation scheme
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4. Adaptive Hierar chical FDT Computation

The hardware basedskeletonizationmethod presentedn
the previous sectionis essentiallylimited by the pixel |l
rate. For an object W of maximal diameterD and bound-
ary dW of B pixels, the methodneedsto drav BD? pix-
els. In theworstcase D is unknavn, soonemustconsider
D = maxWy; W), where(Wy; W) is the size of the ob-
ject's boundingbox, i.e. for every imagepixel eachbound-
ary pointis consideredn the minimizationof the distance.
We canimprove on the above by reducingthe numberof
boundarypointsrelevantfor theminimizationof thedistance
dependingon theimageregion. The implementatiorof this
adaptvity into the graphicshardwarealgorithmbearssome
resemblance [LKHWO03], wherealsoatiled representation
is usedto cull unnecessargomputation.

First,we producea coarsescaleversionV\t of theoriginal
objectimageW. For every pixel tile in Wof size(W; H) pix-
els,thecorrespondingixel in W is setto interiorif ary tile
pixel is aninterior one,otherwises setto exterior. Next, we
computethedistancdransformDT¢ onWe usingthemethod
describedn Sec.3.3, wherethedistancebetweertwo pixels
in We is the maximaldistancebetweerary two pixelsfrom
thecorrespondingilesin W.

For thefull scaleimage,we proceedasfollows. For every
boundarypoint p with coordinategxp;yp), we constructa
qguadof coordinateg0; 0); (W;0); (W;H); (0;H) andtexture
coordinategxs  Xp;ys Yp)i(Xs Xp+Wiys Yp);(Xs
Xp+ Wiys yp+ H);(Xxs Xpiys yp+ H), where(xs;ys)
is the centerof the PDF splat.All quadcoordinatesareas-
sembledn anOpenGLvertex arrayA. Next, we iterateover
all imagetiles Q andrejectthosefor which We(Q) is zero,
i.e. thetiles outsidethe boundarysinceonetypically wants
the DT andskeletonfor the inside only. If this testpasses,
thetile Q is splatfrom all boundarypointsp 2 dW asfol-
lows. For every p, we computednin, the minimal distance
betweenp andthetile Q (seeFig. 3). If dmin is largerthan
DT¢(Q), p cannothave ary impacton thetile Q, sowe skip
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Figure 3: Hierarchical acceleation scheme

splattingit. If not,weaddp'sindex in Ato anindex stream.
After all boundarypointsfor the currenttile areprocessed,
we setthe coordinateandtexture transformsto the transla-
tions Teoo = (XQiYQ) andTiex = (XQ;Yq). suchthatthe co-
ordinatesrom A will mapto the currenttile andthe correct
splattexture coordinategespectrely. Finally, we draw the
quadsin theindex streamandproceedwith thenext tile (the
completepseudocodés givenin Fig. 4). Figure?2 illustrates
the abose schemethe DT is visible only on the computed
tiles, therejectediles areblack.

for all quads Q of the image

{
if VW(Q) is not background
{

1

2

3

4

5 set transforms Tiey and Teqor,

6 for all points p of boundary d‘{N
7

8

9

compute dp;, between p and Q
if DT¢(Q) > dmin

10 write index of p to stream
11 }

12 draw stream

13 }

14}

Figure 4: Hierarchical acceleation algorithm

The efciency of this hierarchicalschemedependson
the choice of the coarsescale.Choosinga small tile size
decreaseghe amountof overdraw, but increaseghe over
headcausedy constructinghe vertex array computingthe
coarseDT¢, and drawing the quads.Choosinga too large
tile sizereduceghe overheadbut alsoquadraticallydimin-
ishesthe savings. In practice,we have obtainedoptimalre-
sultsby usinga x edtile sizeof 32 by 32 pixels. For this

vertex

tile size,the rst testtypically eliminatesabouthalf of the
guads.The secondtest eliminatesbetween80 and 97 per
centof thequads(andthuspixels)to bedravn, ascompared
to the algorithmgivenin Sec.3.1 The overheadcausecby
constructingandrenderingthe quadsis about10 percentof
thetotal time, whereascomputingthe coarsescaleFDT has
practicallyno overheadOverall, the FDT splattingis accel-
eratedby 8to 9 times.

Figure 10 shav a numberof skeletonscomputedby our
acceleratednethodsfrom real data. Theimagein Fig. 10 ¢
is obtainedy segmentinga 1800by 1800pixelsdigital pho-
tographof therootsof arice plant,grovn in asemitranspar
entjelly. Skeletonizatiorellows extractingarootdatamodel
onwhich geometricabndtopologicalmeasurementsanbe
performedto assesgshe plant growth (Fig. 10 d). Sincea
large numberof suchimagesmust be taken for different
plants,gronth phasesandviewing anglesthe speedupf-
feredby ourmethods importantfor thisapplication Similar
measurementsanbe performedafter skeletalextractionon
themultipolarneuronimage(Figs.10 a,b).

Dataset Time Boundary Interior Totalimage
(AFMM) pixels pixels pixels
Leafl 4.81 2160 67393 182040
Leaf2 5.36 2864 70315 247401
Leaf3 8.16 4134 110791 291250
Plate 4.19 1006 59799 90000
Roots 56.10 44657 371804 3258000
Room 16.78 9997 199740 208978
Neuron 16.11 14820 82632 613309

Table 1: Softwae FDT Timings

Tablel shavs, for anumberof datasetsthetimingsgiven
by a software AFMM implementation.Table 2 shavs the
timings of the simple brute force hardware method (BF)
from Sec.3.4 andthe hierarchicalvariant(H), the percent-
ageof tiles passingthe two tests,andthe speedupwith re-
spectotheAFMM softwaremethod.Thebruteforcevariant
is slightly fasterthanthe AFMM. However, the hierarchi-
cal variantgivesa speedumf one orderof magnitudeThe
abore schemevorksfor morethantwo resolutionlevelstoo,
however, for imagesup to thousand®f pixels squaredtwo
levelssufce.

5. Applications
5.1. GeneralizedVoronoi diagrams and skeletons

Thepresentednethoddirectly supportssomputingmostver-
sionsof generalized/oronoidiagrams Onecanchoosethe
distancemetricby simply samplingits footprint, for a point,
in atexturesplat.Additionally, themetricfor everyboundary
point may be changedndependentlyFor example,to im-
plementthe classicaladditive and multiplicative Euclidean
metrics,we let every boundarypoint p; have two weights

¢ TheEurographic#ssociation2004.
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Dataset Time  Time Testl Test2 Speedup

(BF) (H) pasg%) passg%) H/AFMM
Leafl 120 0.14 54.9 13.6 34.3
Leaf2 210 0.20 46.0 111 26.8
Leaf3 475 0.42 42.9 7.2 194
Plate 0.28  0.09 77.0 23.9 46.5
Roots 41.23 3.79 46.1 3.9 14.8
Room 3.31 0.64 100.0 9.9 26.1
Neuron 18.92 25 454 3.6 6.44

Table 2: Hardware FDT Timings

a andb;. This translatego replacingline 4 in the fragment
programin Sec.3.4.1with a MADinstructionthat performs
scalingandbiasingwith a; andb; respectrely. Also, theDT¢
andthe estimatedn,i, in the hierarchicalalgorithm (Fig. 4)
have to be computedaccordingto the new metric. Figure5
shaws, for a given point set, the additive (Johnson-Mehl)
(b), classical(c), and multiplicative (Apollonius) (d) dia-
grams.Color intensitiesindicatetheweightvalues Figure 6
shaws the VoronoidiagramsandDTs for the Euclideanand
Manhattandistancemetricsrespectrely on the more com-
plex building oor datasetisedby Hoff etal.in [HCK 99].
Suchdiagramsareoftenusedin rigid motion pathplanning.
An unexpectedresultwe discoveredby this visualizationis
thatthe diagramsfor the two considerednetricsarelargely
similar in the areaof interest,i.e. closeto the sites(inside
the oor drawing), The differencesbecomelarge only far
away from the sites(outsidethe drawing). This resultcould
be usedto substitutemore expensve by cheapemetricsin
computationallyintensize path planningsimulations,given
thediagramsof thetwo aresimilar.

Figure 5: GenealizedVoronoi diagramsand skeletons
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An interestingrelatedresult is visualizing genealized
skeletonsi.e. skeletonsof other metric thanthe Euclidean.
Figure 5 a shavs sucha skeleton,dravn in black over the
distanceransform for the Manhattarmetric (comparewith
Fig. 1 b for theEuclidearpne).As for theVoronoidiagrams,
we noticea large similarity of the two skeletonscloseto the
boundary Suchgeneralizedkeletonsmay opennew possi-
bilities for objectsimpli cation andrecognitionto the clas-
sicalEuclidearnones.

5.2. Feature presering evolution

A related application of weighted distancetransformsis
computingfeaturepreservingavolutions.GivenanobjectW
andits DT, thesetW = f p2 WDT(p) > tg representin-
creasingly'shrunk’, or simpli ed, versionsof the original
object.Theparametet is thetime of anevolutionin which
the boundarydW adwanceswith constantspeedin its nor
mal direction,asin aclassicalevel setformulation[Set99.
In someapplicationst is desirableo presere certaindetails
in theabove evolutionwhile remaving others Thistranslates
to alow speedn theareago be preseredanda high speed
in the areagto be simpli ed. We canusethe weightedDTs
producecdby our methodto simulatetheabove. In theexam-
plein Fig. 7 a, the userhasmarkedthe leaf s twig andtips
to bepreseredwith red. Thecolorintensityis interpretecas
amultiplicative weightfor the Euclideandistance Oncethe
DT is computed(Fig. 7 d), the parametet is interactizely
setandusedin a simplefragmentprogramto thresholdthe
DT to deliverthe evolvedimagesw . Figure7 b andc shaw
how the marled detailsarepresered during two instantsof
the level setevolution. Figure 7 d shawvs the resultingdis-
tancetransformoverlaid with the generalizedkeleton.One
noticeshow theskeletalbranche®endin regionsof highDT
gradientqcloseto theweightedareas)o follow the shortest
pathto theboundaryAlso, we noticetheapparitionof skele-
tal branchegloseto andparallelwith theweightecboundary
featuregqleaftips). In somesensethe skeletongivesnow a
continuoustransitionfrom the objects insideto its bound-
ary.

5.3. Subpixel Resolution Skeletons

Sincewe computethe Voronoi diagramsand skeletonsin
a per pixel fashion,we can exploit this to visualizethese
structureswith subpiyel accurag. We male useof theresult
thatfor ary Ly norm, ary compactsite hasa compactand
boundedv/oronoiregion[SM03, asfollows.Considea4 by
4 pixel areafor which we have alreadycomputecthe FDT
atinputimageresolution(Fig. 8). We call thisresolutionthe
computatiorresolution.The closesthoundarypointsq;::qs
to the pixel centersps::ps are labeledby the ids Up::Uy4.
For U, we may considerereary of thetwo signalsU Land
UZ2. Giventhe corvex Voronoi region propertiesmentioned
above, theclosestoundarypointto a point p situatedn the
squarepi p2p3pa belongsto the setf gi1;q1;ds; d49. Given
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b)

Figure 7: Feature preservingevolution

anactualdisplayresolutionlargerthanthe computatiorres-
olution, we explicitly computefor every display pixel the
closestboundarypoint by minimizing the four distancego
the computationresolutionpixels pp::ps. This assignsthe
closestpointidsU to thedisplayresolutionpixels.Next, we
apply the samethresholdedderivative (Eqn. 4) and obtain
theskeletonat the displayresolution.

Figure 9 shows the skeletonon a zoomedregion of the
imagein Fig. 10 b computedwith andwithout the subpirel
schemeln the left image,the gray areashavs the compu-
tation resolution the subpirel skeletonbeingthe thin black
line in the middle. The subpixel schemeproducesskeletons
obeying the samequality requirementssthe original ones.
For Euclideammetrics,the subpixel skeletonsconsistof line
segmentoverthecomputatiorpixel areaFor othermetrics,
they representlisplay pixel accurateapproximationf the
actualskeletalcurves.In all casesthe actuallocationof the

skeletonpointsis determinedup to the userselectedesolu-
tion.

The four point minimization schemedescribedabove is
implementedas a fragmentprogram.The actualboundary
point coordinatesaredeterminedy building a 256 lookup
texture that encodeghe boundarycoordinatedor every id
U. The two 8 bit componentsof the U? value sene as
lookupindicesinto this texture. Althoughthe completesub-
pixel skeletonprogramhasover two hundredassemblyop-
erationszoomingthe skeletonsstill occursin realtime.

6. Conclusions

We have presenteda framework for computing distance
transforms \Voronoi diagrams andskeletonsof generalized
metrics using graphicshardware. When comparedto the

mostsimilar software-basednethod,the AFMM, our hard-

waremethodexhibits anumberof advantages:

¢ TheEurographic#ssociation2004.
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coarse
pixels

Figure 8: Subpixeresolutionscheme

a) b)

Figure 9: Subpixelersuspixel resolutionskeletons

deliverspixel-accuratecorrectresultsfor all imagesand
simpli cation thresholdswhichthe AFMM did not.
delivers a performanceincreaseof aboutone order of
magnitude.
easilysupportgifferentmetricsanddifferentsiteweight-
ing.
deliversskeletonlocalizationwith subpixel precision.
The presentedanethodis not a hardware-basedeimplemen-
tation of the AFMM. As discussedn Sec.?2, the AFMM
is essentiallya level set evolution, whereasour splatting
performsdirect information propagtion from the bound-
ary to its inside. The only direct overlap of the two is the
skeletalsimpli cation schemebasedon collapsedoundary
length. Also, it is interestingto compareour performance
with the 3D distancetransformin graphicshardware pro-
posedby [SP03. For an equalamountof renderedvoxels
(vspixelsin ourcase)andvoxelsonthe3D inputsurface(vs
pixelsonthe2D inputboundaryin ourcase)pur methodhas
aboutl.8timesless'pix el throughput'.However, we solve a
far moregeneralproblemwith arbitrarydistancefunctions,

¢ TheEurographic#ssociation2004.

which neitherallow a-prioriboundson the Voronoicellsnor
adirectcomputatiorof distancesn the fragmentprograms.
Moreover, we computethe skeleton,so we propagtethree
signals(DT;U*;U?) insteadof one.

We ervisage a numberof extensionsof the presented
method.Interactive visualizationand exploration of skele-
tonsfor differentmetricswill give moreinsightin the simi-
laritiesanddifferenceghereof.New metricscould be found
that allow more effective skeletal shaperepresentatiomnd
visualizationthanthe classicaEuclideanone.For example,
anisotropicdistancemetricsmay opennew waysfor shape
modelingandvisualization.Computingk orderVoronoidi-
agramswhich record, for every point, the kM closestsite,
shouldbe easy by storingk distancetexture valuesinstead
of one.Finally, we considerextendingthe methodto handle
generalizedDTsandrohustskeletonsn 3D.
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