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Abstract
We presenta framework for computinggeneralizeddistancetransformsandskeletonsof two-dimensionalobjects
usinggraphicshardware. Our methodis basedon theconceptof footprint splatting. Combiningdifferent splats
producesweighteddistancetransformsfor differentmetrics,aswell as thecorrespondingskeletonsandVoronoi
diagrams.We presenta hierarchical acceleration schemeand a subdivisionschemethat allows visualizingthe
computedskeletonswith subpixelaccuracy in real time. Our splattingapproach allowsoneto easilychange all
the metric parameters, treat any 2D boundaries,and easilyproduceboth DTs and skeletons.We illustrate the
methodbyseveral examples.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:Curve,surface,solid,and
objectrepresentation;Picture/ImageGeneration- Bitmapandframebuffer operations

1. Intr oduction

Distancetransformsand skeletonsare well-known shape
representationtoolswith many applicationsin collision de-
tection, geometricsimpli�cation and reconstruction,robot
motionplanning,meshgeneration,andanimation.Givenan
objectboundarydW, thedistancetransform(brie�y DT) of
dWis de�ned as

DT(p) = min
q2 dW

(dist(p;q)) (1)

for all points p 2 W. Thedistancemetric is usuallytheEu-
clideanonedist(p;q) = kp� qk2. Theabove assignsto ev-
erypoint p thedistanceto theclosestboundarypointq. This
de�nition canbeextendedto theso-calledcompleteor fea-
turedistancetransform(FDT), asfollows

FDT(p) = f DT(p); f qgg; q = arg min
q2 dW

(dist(p;q)) (2)

TheFDT labelseverypointwith its DT valueandthebound-
arypointsf qg for which thisvaluegetsrealized.

Skeletons,or medialaxes,arede�nedasthesetof centers
of maximalballs containedin dW, or the locusof pointsat
equaldistancefrom at leasttwo boundarypoints:

S(dW) = f p 2 Wj 9q; r 2 dW; q 6= r : dist(p;q) = dist(p; r)g
(3)

Skeletonsareusefulasthey characterizeanobjectby astruc-
tureonedimensionlower: Theskeletonof a 3D volumeis a
2D manifold,andtheskeletonof a2D surfaceis a1D curve.
Skeletonscanbeusedto easilyperformtopologicalreason-
ing abouttheobject,which is usefulin shapeanalysis,regis-
tration,andrecognition.If theDT is storedfor every skele-
tonpoint,oneobtainsthemedialaxistransform(MAT). The
entireboundaryrepresentationcanbereconstructedfrom the
MAT [TVW02, PSS� 03]. By removing (pruning) less im-
portantpartsof theskeleton,onecanreconstructsimpli�ed
versionsof theoriginal object.If dWconsistsof severaldis-
connectedcomponents,or sites,the setS(dW) corresponds
to theVoronoidiagramof thesites.Differenttypesof met-
rics in Eqns.1-3 leadto the so-calledgeneralizedVoronoi
diagrams[TVW01]. For example,by usinga multiplicative
weightedmetricdist(p;q) = Kpkp� qk, wherep 2 dWand
q 2 W, oneobtainstheApolloniusdiagrams,describingthe
growth of plant cells and areasof best received transmit-
ters[Aur91]. By usingadditive weightsfor the sitesin the
metric dist(p;q) = Kp + kp � qk, we obtain the Johnson-
Mehl diagramswhichdescribethegrowth of crystalsfrom a
givenseedset[Aur91]. Yet othergeneralizationsexist, such
asusingtheL1, or Manhattandistancemetric[TVW01].

ComputingDTsandskeletonsfor objectsgivenonanuni-
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form pixel (in 2D) or voxel (in 3D) grid is a specialcase.
Suchobjectsfrequentlyarisefrom digitizedimagesor volu-
metricscanning,andarecharacterizedby a largenumberof
noisyboundarypoints.GiventhelargesizesWto beconsid-
ered(e.g.mega-pixel imagesin 2D), aswell astheinherent
supportfor pixel andvoxel datain graphicshardware,accel-
eratingFDT andskeletoncomputationin graphicshardware
hasrecentlygainedincreasedattention.

In this paper, we presenta graphicshardwareframework
for computinggeneralizedcompletedistancetransformsand
skeletonsof two-dimensionalobjects.Regarding the DTs,
our framework directly supportsany distancemetric, com-
putesa pixel-exact completedistancetransform,and sup-
portsboundaryrepresentationsgivenasasetof possiblydis-
connectedpixels.For theskeletons,wefully supportthefol-
lowing quality requirements:

� produceonepixel thin, connectedskeletons(R1)
� produceskeletonsfor all generalizedDT metrics(R2)
� robustlyhandlenoisyobjects(R3)
� allow anintuitiveskeletonsimpli�cation (R4)
� allow reconstructingobjectsfrom skeletons(R5)

In Section2, we review the existing graphicshardware
methodsfor FDT andskeletoncomputation.Section3.1 in-
troducesgeneralizeddistancesplatting,thesimplekey idea
of our framework. Section3 shows how splattingcan be
usedto computeFDTs as well as skeletons.In Section4,
we re�ne thebasicsplattingwith a hierarchicalacceleration
schemethatenhancestheperformanceby anorderof mag-
nitude.Wedemonstrateourapproachby severalapplications
in Section5. In Section5.3, we show how to computesub-
pixel resolutionskeletonsthatrespectthementionedquality
requirements.Finally, we concludethepaperwith a discus-
sionandfutureresearchdirectionsin Section6.

2. RelatedWork

Sinceweareinterestedin computingboththeDT andskele-
ton, we overview hereonly those(hardware based)meth-
odsthatproduceboth.Concerningdiscretization,mosthard-
ware basedmethodsrepresentdW as a sequenceof linear
primitives,i.e. linesin 2D andpolygonsin 3D. Virtually all
methodsrepresenttheDT asa 2D pixel or 3D voxel image.
Graphicshardwareis usedto ef�ciently computetheprimi-
tiveDTsandto combinethoseinto thecompleteDT �eld.

Skeletonscanbecomputedeitherafter DT computation,
by postprocessingthis �eld, or during theDT computation.
Postprocessingmethods,themostnumerous,de�ne andde-
tect the skeletonas the singularity set of the DT. For ex-
ample,theq-SMA methoddetectstheskeletonpoints p by
computingthemaximalangleq formedby p andthebound-
arypointsq thatp is closestto [FLM03, SM03]. Keepingthe
pointswith largeq valuesyieldsasimpli�ed skeleton.How-
ever, astheauthorsexplain,theq-SMA methoddoesnotpro-
duceconnectedskeletons,andis sensitive to boundarynoise

suchassharpdetails.Conceptually, onecouldcombineany
local skeletondetector(suchasdivergencebased[SBTZ99]
or moment-based[RT02] detectors)with any DT computa-
tion.However, localdetectorswhichclassifyapointasbeing
skeletonor not usingits immediatesurroundings,have two
problems.If the boundaryandDT arenot discretizedon a
very �ne grid, singularitydetectorsusinglocal derivationor
integration fail producinga one pixel thin skeleton(R1 in
Sec.1). Finegridsimply considerablyhighercomputational
costs.Secondly, apruningcriterionnotbasedonsomeglobal
quantityalwaysdisconnectstheskeletonat somepoint, i.e.
failsR1.

Most accelerationschemesemploy someVoronoi parti-
tion of the spacearoundlinear sitesto limit the effect of a
siteonthecompleteDT to its vicinity [SP03, Mau03]. How-
ever, in ourcaseeveryboundarypoint is asite,socomputing
sucha Voronoi diagramis equivalentto the initial problem
itself.

The secondclassof methodscomputesthe skeletonto-
gether with the DT. Boundary information is propagated
which allows both skeleton detection and pruning. The
only graphicshardware basedmethod which explicitely
propagatesboundaryinformation is describedby Hoff et
al. [HCK� 99] for generalizedVoronoi diagrams.For a set
of pointandline sites,theDT graphof everysiteis encoded
asa polygonalheightmesh.Next, all DT graphsaredrawn
usingdepthtesting,yielding the completeDT in the depth
buffer. If the DT graphsare drawn in different colors, the
color buffer will hold thesites' Voronoi regionscoloredby
thesites' colors.Voronoiedgesarefoundby applyingedge
detectionon the framebuffer. The methodhastwo related
drawbacks.First, the DT graphsare only (linear) approx-
imationsof the exact DTs. This causesno problemsfor a
few, largesites,or wheninterestedjust in theDT. However,
we considerboundarieswhereevery pixel is a separatesite.
WhennotusingtheexactDT graphsof thesites,evensmall
DT errorsare suf�cient to propagate the wrong site color
andyield wrongskeletons(seeFig. 1). This inevitably leads
to noisy, disconnected,thusincorrect,skeletons.Exactpoint
site DT graphsrequirea meshof pixel-thin polygons.As
explainedin [HCK� 99, SM03], this would dramaticallyin-
creasecomputationtime. In particularfor point sites,thedi-
rect useof non-linearpoint site DT functionsis therefore
moreef�cient [SP03].

Few software skeletonization methods match all
requirements listed in Sec. 1. For an overview,
see[PSS� 03, TVW02]. A good candidatein this classis
theAFMM (AugmentedFastMarchingMethod)[TVW02].
Essentially, the AFMM computesthe DT on a pixel grid
W by solving the Eikonal equationr (DT) = 1 starting
with DT = 0 on dW. Besidesthe distance,every pixel gets
the id U of the closestboundarypoint, so the AFMM
computesthe FDT. U is initialized on dWto an arc length
parameterization.That is, a point's id equalsthe distance
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alongdWto some�x edstartpoint).Thesimpli�ed skeleton
of dWis givenby a thresholdedderivative

S(dW;U) = f (i; j) j max(Ui+ 1; j � Ui; j ;Ui; j+ 1 � Ui; j ) > t g
(4)

of the signal U on W. Objectswith non compactbound-
aries (e.g. holes) are treatedby transportingtwo ids U1

andU2 initialized from two differentboundarystartpoints.
The skeleton is given by min(S(dW;U1);S(dW;U2)) . The
AFMM is basedon the fast marchingmethod.Recently,
level setmethodshave beenimplementedin graphicshard-
ware[RS01, LKHW03]. But level setmethodssuffer from
numericaldiffusion,which causesproblemswhencomput-
ing skeletons,asshown in Sec.3.5. For an overview of re-
latedcomputationalmethodsusinggraphicshardware,see
also[Har].

Given the above, we advocate a combination of the
AFMM boundarylengthskeletondetector, asignalpropaga-
tion asin [HCK� 99] anddirect useof non-linearpoint site
DT functionssimilar to [SP03]. Ourcombinationresultsin a
simpleandef�cient hardwarebasedschemeandful�lls the
quality requirementsof theAFMM scheme.

3. Distanceand SkeletonConstruction

We assumean object boundarydW given as a set of im-
age pixels. We lay no further constraintson dW, such as
computabilityof quantitieslike curvatureor gradients,as
other methodsdo [SBTZ99, SM03, RT02]. Our model �ts
well datacomingwith nohigh level (e.g.continuous)object
model.Typical examplesarescanned,possiblynoisy, digi-
tal images,from which digital boundariesareextractedby
imagesegmentationmethods.

3.1. DistanceSplatting

Sinceour boundaryrepresentationis just a set of discrete
points, we proceedfrom this level on with the DT con-
struction. Both the boundaryand the DT are discretized
on the samepixel grid G = f (i � Dx; j � Dy)g. Denoteby
PDF0(q � p) the distancebetweenany two points p and
q . This dependson somesuppliedpoint distancefunction
(PDF) PDF0 : R2 ! R, e.g.theEuclideannormPDF0(v) =
kvk2. We do not put any assumptionson this function. To
convenientlymeasuredistancesform apoint p wede�ne

PDFp(q) = PDF0(q� p):

With the above, the generationof the completediscrete
FDT of agivenboundarydWcanbesummarizedin asimple
algorithm.

1 initialize DT to max_value
2 initialize U on boundary
3 for all boundary points p
4 for every point q
5 if (PDF_p(q) < DT(q))

6 DT(q) = PDF_p(q)
7 U(q) = U(p)

The skeletoncannow be obtainedby applying the thresh-
olded derivative in Eqn. 4 to the computedsignalU. For
stableskeletons,it is essentialto computethederivative on
theU valuesandnot on theDT. Theparametert simpli�es
theskeletonby removing thosepointswhich correspondto
boundarydetailsshorterthant pixels.

If we ignoredthe transportof the signalU, i.e omit line
7, then lines 5 and 6 would reduceto a simple minimiza-
tion (DT(q) = min(DT(q);PDFp(q)) ) andwecouldtrivially
implementtheDT computationin graphicshardwareusing
standardOpenGL.For this, we encodethe PDF as a sin-
glechannel(luminance)textureof sizeD2 pixels.A conser-
vative estimateshouldsetD to W's diameter, suchthat all
objectpointsgetaffectedby all boundarypoints.Consecu-
tively drawing the texturecenteredat every boundarypoint
with theblendingmodesetto GL_MINyieldstheDT. A sim-
ilar techniqueis usedby [YW03] for performinghardware
basedmorphologicaloperations.

3.2. Accuracy

Choosingthe right per-pixel resolutionfor the representa-
tion of the PDF is essentialfor producingexact DTs and
skeletons.If we use�x ed point texturesof b bits per pixel,
we could encodethe distancevaluesv 2 [0::R] of a splat
of R pixels radiusasṽ = [2b(v=R)]. For differentdistances
v1 6= v2, we want differentencodingsṽ1 6= ṽ2. Given an R,
we canevaluatethe smallestoccurringdifferencebetween
two distancevalueson thepixel grid:

Dminv = min
i; j ;k;l2 0::R

� q
i2 + j2 �

p
k2 + l2

�

Dminv must be distinguishable in �x ed point, i.e.
2b(Dmin=Rmax) must be greater than 1. For 8 bit tex-
tures, we obtain Rmax = 11 pixels. For 16 bit textures,
Rmax = 180 pixels, which allows objects of 360 pixels
maximal diameter, whereas24 bits permit Rmax to exceed
3000 pixels. If we allocatea s23e8�oating point texture,
we have more than enoughmantissabits. In casewe do
not avail of high precisiontextures,we canexactly encode
a 24 bit number by the 8 bit color channelsof a RGB
texture.A dotproductof this texturevaluewith theconstant
(2562;256;1) thenreconstructstheoriginal24bit value.

3.3. Computing the FDT

Adding the U propagation to the DT splatting presented
in the previous sectioncannot,however, be done in stan-
dardOpenGL.Speci�cally, standardOpenGLtexturing and
imaging cannot ef�ciently implement the U propagation
conditionedon the DT test (lines 5-7 of the pseudocode
in Sec3.1). The threeef�cient comparisonswe could use
areGL_MINtypeblendingfunctions,thealphatest,andthe
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depthtest.Blendingis thevery lastoperationin thepipeline,
so we cannotfurther processits resultsin onepass.More-
over, blendingcanonly be performedon 8 up to, in some
implementations,16 bit colors,which would resultin insuf-
�cient precisionfor theDT (seeSec.3.2). Alphatestingonly
worksagainsta �x edvaluefor all pixels.Theonly standard
OpenGLbufferwhichcanbealteredby renderingwith 24bit
precisionis the depthbuffer. However, depthtestingworks
ef�ciently only for linearprimitivessuchaspolygons,which
limit theDT precision(Sec.2). Thereis no OpenGLprimi-
tiveallowing ef�cient drawing of non-lineardepthimagesin
thedepthbuffer.

However, the functionality of DX8 and DX9 graphics
hardwareallows per fragmentreplacementof depthvalues
by e.g.thefragment's texturevalue.We usethismechanism
to constructtwo simpleandaccurateimplementationsof the
FDT splatting.Thesearediscussednext.

3.4. Depth Replace

Depth replacerefersto the ability to replacea fragment's
depthvalueby other fragmentdataor any computeddata.
Thisallowsdirectimplementationof thesplattingalgorithm
in Sec.3.1. The main algorithm(lines 1-5) staysthe same,
i.e. draws thefootprint of thePDFtexturecenteredat every
boundarypoint.A fragmentreceivesthedistancevaluefrom
thePDFtextureandthetwo signalsU1 andU2, encodedin
�x edpoint in theRG, respectively BA channelsof thefrag-
ment's RGBA color. Thedepthreplaceoperationusesthen
thedistancevalueto replacethedepthvalue,while thecolor
valuestaysunchanged.In this way, thedepthtestperforms
the minimization (line 6) andalsoconditionally transports
thesignalsU1 andU2 (line 7). Weobtainthedesiredsignals
U1 andU2 in thecolorbuffer andtheDT in thedepthbuffer.
Thecorrespondingpseudo-codesimply reads

1 clear depth buffer to 1
2 set fragment processing to depth replace
3 for all boundary points p
4 set color to U(p)
5 draw PDF texture centered at p

As mentioned,therearetwo possibilitiesto implementthe
depthreplace:fragmentprogramsandtextureshaders.These
arepresentednext.

3.4.1. Fragment Programs

The standardizedextension ARB_fragment_program
allows implementingthedepthreplaceon any currentDX9
hardware,asthedepthvalueis oneof themodi�able results.
Line 2 in theabovepseudocodebecomesthefollowing frag-
mentprogram:

1 !!ARBfp1.0
2 TEMP R0;
3 TEX R0.x, fragment.texcoord[0],texture[0],

RECT;

4 MOVresult.depth.z, R0.x;
5 MOVresult.color, fragment.color.primary;
6 END

Line 3 readsthe texture value,which is outputby line 4
asdepth.Line 5 setstheU signalencodedin color. Since
writing to othercomponentsthanz in result.depth has
no effect,onecouldmergelines3 and4 into one.However,
we'll needline 4 for anadditionaloperationlater(Sec.5.1).

3.4.2. TextureShaders

The older DX8 API also allows per-fragment replace-
ment of depth by texture values.To our knowledge, this
has been exposed in OpenGL only by the proprietary
NV_texture_shader(1,2,3) extensions.All exten-
sions implementdepth replace,but this is simplestdone
via NV_texture_shader3 . Thesetupof textureshaders
reads

1 TS0: GL_TEXTURE_RECTANGLE_NV
2 TS1: GL_DOT_PRODUCT_AFFINE_DEPTH_REPLACE_NV

input: result of TS0

The�rst shader(TS0)simply samplesthevalueof thePDF
texture, which is passedto the secondshader(TS1). TS1
computesthedot productof thetexturevalueRGBwith the
texturecoordinatesSTRandreplacesthe fragment's depth.
The dot productis computedin s23e8�oating point preci-
sion,sowecanuseit to reconstructa24bit precisedistance
valuefrom the8 bit RGBcolors,asdescribedin Sec.3.2.

3.5. ResultComparison

Both implementationsdeliver the sameresult, i.e. the sig-
nalsU1 andU2 in a color pbuffer andthe DT in the depth
buffer. Thesimpli�ed skeletonis computedby samplingthe
valuesU1 andU2 andimplementingEqn.4 asa simple2x2
�lter in a separatefragmentprogramor in the �x ed frag-
mentpipelineof DX8 graphicshardware.On our GeForce
FX 5800Ultra chip, the fragmentprogramimplementation
is about10% fasterthan the texture shader. This happens,
however, becausethe graphicsdriver could not executethe
shadersetupfrom Sec.3.4.2 correctly. Instead,we had to
insertan 'empty' shaderbetweenthe two operationsto re-
storefunctionality. With a correctdriver, thetextureshaders
would have beenprobablyslightly fasterthanthe fragment
program.

An importantaspectof ourmethodis thatit extractspixel-
level correct skeletonsfor all boundariesandthresholdval-
ues,whereastheoriginal AFMM, or similar methodsbased
onincrementalpropagation,suchasmany thinningmethods,
do not. Figure1 shows several problemssuchmethodsex-
hibit. First, doubleparallelskeletonbranchesarecreatedin
theone-holeplatein Fig. 1 c wheresinglebranchesshould
appear, ascorrectlyshown in Fig. 1 d. Secondly, branches
passingcloseto highboundarycurvaturevariations,suchas
theoneexiting the leaf's twig, get incorrectangles(Fig 1 a
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Figure1: Diffusionerror (a,c).Correctskeletons(b,d)

vsthecorrectanglein Fig. 1 b).Finally, for thresholdslower
than 10 pixels, skeletonsare noisy, disconnected,or have
branchesthicker thanonepixel (Fig. 1 a). Incrementalprop-
agation,suchaslevel setmethods,suffer from a �nite diffu-
sionerroraccumulation.This is not visible in therelatively
smoothdistance�eld. However, sucherrorsmay translate
into incorrectclosestboundarypoint labelingin theU �eld,
andgivenits discretenature,thusto incorrectskeletons.The
methodpresentedherehasno suchproblems,as it propa-
gatesinformationdirectly, andnot incrementally, from the
boundary. Skeletonsarecorrectlycomputedregardlessof the
grid sizeor boundarynoisiness.The thresholdt in Eqn. 4
canbesetaslow astheminimally possiblevalueof 2 pixels.
Remarkthata thresholdof 1 wouldyield askeletonequalto
theobject,giventhattheU differencebetweentwo boundary
neighborsis 1.

Figure2: Tiling in thehierarchical accelerationscheme

4. AdaptiveHierar chical FDT Computation

The hardware basedskeletonizationmethodpresentedin
the previous sectionis essentiallylimited by the pixel �ll
rate.For an object W of maximal diameterD and bound-
ary dW of B pixels, the methodneedsto draw BD2 pix-
els. In the worst case,D is unknown, so onemustconsider
D = max(WW;WH ), where(WW;WH ) is thesizeof theob-
ject's boundingbox, i.e. for every imagepixel eachbound-
ary point is consideredin theminimizationof thedistance.
We can improve on the above by reducingthe numberof
boundarypointsrelevantfor theminimizationof thedistance
dependingon the imageregion. Theimplementationof this
adaptivity into thegraphicshardwarealgorithmbearssome
resemblanceto [LKHW03], wherealsoatiled representation
is usedto cull unnecessarycomputation.

First,weproduceacoarsescaleversionWc of theoriginal
objectimageW. For everypixel tile in Wof size(W;H) pix-
els,thecorrespondingpixel in Wc is setto interior if any tile
pixel is aninteriorone,otherwiseis setto exterior. Next, we
computethedistancetransformDTc onWc usingthemethod
describedin Sec.3.3, wherethedistancebetweentwo pixels
in Wc is themaximaldistancebetweenany two pixels from
thecorrespondingtiles in W.

For thefull scaleimage,weproceedasfollows.For every
boundarypoint p with coordinates(xp;yp), we constructa
quadof coordinates(0;0); (W;0); (W;H); (0;H) andtexture
coordinates(xS � xp;yS � yp); (xS � xp + W;yS � yp); (xS �
xp + W;yS � yp + H); (xS � xp;yS � yp + H), where(xS;yS)
is the centerof the PDF splat.All quadcoordinatesareas-
sembledin anOpenGLvertex arrayA. Next, we iterateover
all imagetiles Q andrejectthosefor which Wc(Q) is zero,
i.e. thetiles outsidetheboundary, sinceonetypically wants
the DT andskeletonfor the insideonly. If this testpasses,
the tile Q is splatfrom all boundarypoints p 2 dW, asfol-
lows. For every p, we computedmin, the minimal distance
betweenp andthe tile Q (seeFig. 3). If dmin is larger than
DTc(Q), p cannothave any impacton thetile Q, sowe skip
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Figure3: Hierarchical accelerationscheme

splattingit. If not,weaddp's index in A to anindex stream.
After all boundarypointsfor thecurrenttile areprocessed,
we setthe coordinateandtexture transformsto the transla-
tionsTcoord = (xQ;yQ) andTtex = (xQ;yQ), suchthattheco-
ordinatesfrom A will mapto thecurrenttile andthecorrect
splat texture coordinatesrespectively. Finally, we draw the
quadsin theindex streamandproceedwith thenext tile (the
completepseudocodeis givenin Fig. 4). Figure2 illustrates
the above scheme:the DT is visible only on the computed
tiles, therejectedtilesareblack.

1   for all quads Q of the image
2   {
3      if Wc(Q) is not background
4     {
5         set transforms Ttex and Tcoord
6           for all points p of boundary dW 
7         {
8             compute dmin between p and Q
9             if DTc(Q) > dmin
10               write index of p to stream       
11       }
12       draw stream
13    }   
14  }

Figure4: Hierarchical accelerationalgorithm

The ef�ciency of this hierarchicalschemedependson
the choiceof the coarsescale.Choosinga small tile size
decreasesthe amountof overdraw, but increasesthe over-
headcausedby constructingthevertex array, computingthe
coarseDTc, and drawing the quads.Choosinga too large
tile sizereducestheoverhead,but alsoquadraticallydimin-
ishesthesavings.In practice,we have obtainedoptimal re-
sultsby usinga �x ed tile sizeof 32 by 32 pixels. For this

tile size,the �rst test typically eliminatesabouthalf of the
quads.The secondtesteliminatesbetween80 and97 per-
centof thequads(andthuspixels)to bedrawn, ascompared
to thealgorithmgiven in Sec.3.1. Theoverheadcausedby
constructingandrenderingthequadsis about10 percentof
thetotal time,whereascomputingthecoarsescaleFDT has
practicallyno overhead.Overall, theFDT splattingis accel-
eratedby 8 to 9 times.

Figure10 show a numberof skeletonscomputedby our
acceleratedmethodsfrom realdata.The imagein Fig. 10 c
is obtainedby segmentinga1800by 1800pixelsdigital pho-
tographof therootsof ariceplant,grown in asemitranspar-
entjelly. Skeletonizationallowsextractingarootdatamodel
on which geometricalandtopologicalmeasurementscanbe
performedto assessthe plant growth (Fig. 10 d). Sincea
large numberof such imagesmust be taken for different
plants,growth phases,andviewing angles,the speedupof-
feredby ourmethodis importantfor thisapplication.Similar
measurementscanbeperformedafterskeletalextractionon
themultipolarneuronimage(Figs.10a,b).

Dataset Time Boundary Interior Total image
(AFMM) pixels pixels pixels

Leaf1 4.81 2160 67393 182040
Leaf2 5.36 2864 70315 247401
Leaf3 8.16 4134 110791 291250
Plate 4.19 1006 59799 90000
Roots 56.10 44657 371804 3258000
Room 16.78 9997 199740 208978
Neuron 16.11 14820 82632 613309

Table1: SoftwareFDT Timings

Table1 shows,for anumberof datasets,thetimingsgiven
by a software AFMM implementation.Table 2 shows the
timings of the simple brute force hardware method(BF)
from Sec.3.4 andthe hierarchicalvariant(H), the percent-
ageof tiles passingthe two tests,andthe speedupwith re-
spectto theAFMM softwaremethod.Thebruteforcevariant
is slightly fasterthan the AFMM. However, the hierarchi-
cal variantgivesa speedupof oneorderof magnitude.The
aboveschemeworksfor morethantwo resolutionlevelstoo,
however, for imagesup to thousandsof pixelssquared,two
levelssuf�ce.

5. Applications

5.1. GeneralizedVoronoi diagramsand skeletons

Thepresentedmethoddirectlysupportscomputingmostver-
sionsof generalizedVoronoidiagrams.Onecanchoosethe
distancemetricby simplysamplingits footprint, for apoint,
in atexturesplat.Additionally, themetricfor everyboundary
point may be changedindependently. For example,to im-
plementthe classicaladditive andmultiplicative Euclidean
metrics,we let every boundarypoint pi have two weights
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Dataset Time Time Test1 Test2 Speedup
(BF) (H) pass(%) pass(%) H/AFMM

Leaf1 1.20 0.14 54.9 13.6 34.3
Leaf2 2.10 0.20 46.0 11.1 26.8
Leaf3 4.75 0.42 42.9 7.2 19.4
Plate 0.28 0.09 77.0 23.9 46.5
Roots 41.23 3.79 46.1 3.9 14.8
Room 3.31 0.64 100.0 9.9 26.1
Neuron 18.92 2.5 45.4 3.6 6.44

Table2: HardwareFDT Timings

ai andbi . This translatesto replacingline 4 in thefragment
programin Sec.3.4.1with a MADinstructionthatperforms
scalingandbiasingwith ai andbi respectively. Also, theDTc
andthe estimatedmin in the hierarchicalalgorithm(Fig. 4)
have to becomputedaccordingto thenew metric.Figure5
shows, for a given point set, the additive (Johnson-Mehl)
(b), classical(c), and multiplicative (Apollonius) (d) dia-
grams.Color intensitiesindicatetheweightvalues.Figure6
shows theVoronoidiagramsandDTs for theEuclideanand
Manhattandistancemetricsrespectively on the morecom-
plex building �oor datasetusedby Hoff et al. in [HCK� 99].
Suchdiagramsareoftenusedin rigid motionpathplanning.
An unexpectedresultwe discoveredby this visualizationis
that thediagramsfor thetwo consideredmetricsarelargely
similar in the areaof interest,i.e. closeto the sites(inside
the �oor drawing), The differencesbecomelarge only far
away from thesites(outsidethedrawing). This resultcould
be usedto substitutemoreexpensive by cheapermetricsin
computationallyintensive pathplanningsimulations,given
thediagramsof thetwo aresimilar.

a)

b)

c) d)

Figure5: GeneralizedVoronoidiagramsandskeletons

An interestingrelated result is visualizing generalized
skeletons, i.e. skeletonsof othermetric thanthe Euclidean.
Figure5 a shows sucha skeleton,drawn in black over the
distancetransform,for theManhattanmetric(comparewith
Fig.1 b for theEuclideanone).As for theVoronoidiagrams,
we noticea largesimilarity of thetwo skeletonscloseto the
boundary. Suchgeneralizedskeletonsmayopennew possi-
bilities for objectsimpli�cation andrecognitionto theclas-
sicalEuclideanones.

5.2. Featurepreserving evolution

A related application of weighted distancetransformsis
computingfeaturepreservingevolutions.GivenanobjectW
andits DT, thesetWt = f p 2 WjDT(p) > t g representsin-
creasingly'shrunk', or simpli�ed, versionsof the original
object.Theparametert is thetime of anevolution in which
the boundarydWadvanceswith constantspeedin its nor-
mal direction,asin a classicallevel setformulation[Set99].
In someapplicationsit is desirableto preservecertaindetails
in theaboveevolutionwhile removing others.Thistranslates
to a low speedin theareasto bepreservedanda high speed
in theareasto besimpli�ed. We canusetheweightedDTs
producedby ourmethodto simulatetheabove.In theexam-
ple in Fig. 7 a, theuserhasmarked the leaf's twig andtips
to bepreservedwith red.Thecolor intensityis interpretedas
a multiplicative weightfor theEuclideandistance.Oncethe
DT is computed(Fig. 7 d), the parametert is interactively
setandusedin a simplefragmentprogramto thresholdthe
DT to deliver theevolvedimagesWt . Figure7 b andc show
how themarkeddetailsarepreservedduringtwo instantsof
the level setevolution. Figure7 d shows the resultingdis-
tancetransformoverlaidwith thegeneralizedskeleton.One
noticeshow theskeletalbranchesbendin regionsof highDT
gradients(closeto theweightedareas)to follow theshortest
pathto theboundary. Also,wenoticetheapparitionof skele-
tal branchesclosetoandparallelwith theweightedboundary
features(leaf tips). In somesense,theskeletongivesnow a
continuoustransitionfrom the object's insideto its bound-
ary.

5.3. SubpixelResolutionSkeletons

Sincewe computethe Voronoi diagramsand skeletonsin
a per pixel fashion,we can exploit this to visualizethese
structureswith subpixel accuracy. Wemakeuseof theresult
that for any Lk norm, any compactsite hasa compactand
boundedVoronoiregion[SM03], asfollows.Considera4 by
4 pixel areafor which we have alreadycomputedthe FDT
at input imageresolution(Fig. 8). Wecall this resolutionthe
computationresolution.Theclosestboundarypointsq1::q4
to the pixel centersp1::p4 are labeledby the ids U1::U4.
For U, we mayconsiderhereany of thetwo signalsU1 and
U2. Given theconvex Voronoi region propertiesmentioned
above,theclosestboundarypoint to apoint p situatedin the
squarep1p2p3p4 belongsto the set f q1;q1;q3;q4g. Given
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Figure6: EuclideanversusManhattandistancesin Voronoidiagrams

a) b) c) d)

Figure7: Featurepreservingevolution

anactualdisplayresolutionlargerthanthecomputationres-
olution, we explicitly computefor every display pixel the
closestboundarypoint by minimizing the four distancesto
the computationresolutionpixels p1::p4. This assignsthe
closestpoint idsU to thedisplayresolutionpixels.Next, we
apply the samethresholdedderivative (Eqn. 4) and obtain
theskeletonat thedisplayresolution.

Figure 9 shows the skeletonon a zoomedregion of the
imagein Fig. 10 b computedwith andwithout thesubpixel
scheme.In the left image,the gray areashows the compu-
tation resolution,thesubpixel skeletonbeingthe thin black
line in themiddle.Thesubpixel schemeproducesskeletons
obeying thesamequality requirementsastheoriginal ones.
For Euclideanmetrics,thesubpixel skeletonsconsistof line
segmentsover thecomputationpixel area.For othermetrics,
they representdisplaypixel accurateapproximationsof the
actualskeletalcurves.In all cases,theactuallocationof the

skeletonpointsis determinedup to theuserselectedresolu-
tion.

The four point minimizationschemedescribedabove is
implementedasa fragmentprogram.The actualboundary
point coordinatesaredeterminedby building a 2562 lookup
texture that encodesthe boundarycoordinatesfor every id
U. The two 8 bit componentsof the U1 value serve as
lookupindicesinto this texture.Althoughthecompletesub-
pixel skeletonprogramhasover two hundredassemblyop-
erations,zoomingtheskeletonsstill occursin realtime.

6. Conclusions

We have presenteda framework for computing distance
transforms,Voronoidiagrams,andskeletonsof generalized
metrics using graphicshardware. When comparedto the
mostsimilar software-basedmethod,theAFMM, our hard-
waremethodexhibitsanumberof advantages:

c
 TheEurographicsAssociation2004.



StrzodkaandTelea/ GeneralizedDistanceTransformsandSkeletonsin GraphicsHardware

p1

p

dW p2

p3 p4

q1

q2

q3

q4

coarse

pixels

Figure8: Subpixelresolutionscheme

a) b)

Figure9: Subpixelversuspixel resolutionskeletons

� deliverspixel-accurate,correctresultsfor all imagesand
simpli�cation thresholds,which theAFMM did not.

� delivers a performanceincreaseof about one order of
magnitude.

� easilysupportsdifferentmetricsanddifferentsiteweight-
ing.

� deliversskeletonlocalizationwith subpixel precision.

Thepresentedmethodis not a hardware-basedreimplemen-
tation of the AFMM. As discussedin Sec.2, the AFMM
is essentiallya level set evolution, whereasour splatting
performsdirect information propagation from the bound-
ary to its inside.The only direct overlapof the two is the
skeletalsimpli�cation schemebasedon collapsedboundary
length.Also, it is interestingto compareour performance
with the 3D distancetransformin graphicshardware pro-
posedby [SP03]. For an equalamountof renderedvoxels
(vspixelsin ourcase)andvoxelsonthe3D inputsurface(vs
pixelsonthe2D inputboundaryin ourcase),ourmethodhas
about1.8timesless'pixel throughput'.However, wesolvea
far moregeneralproblemwith arbitrarydistancefunctions,

whichneitherallow a-prioriboundsontheVoronoicellsnor
a directcomputationof distancesin thefragmentprograms.
Moreover, we computethe skeleton,so we propagatethree
signals(DT;U1;U2) insteadof one.

We envisagea numberof extensionsof the presented
method.Interactive visualizationand exploration of skele-
tonsfor differentmetricswill give moreinsight in thesimi-
laritiesanddifferencesthereof.New metricscouldbefound
that allow moreeffective skeletalshaperepresentationand
visualizationthantheclassicalEuclideanone.For example,
anisotropicdistancemetricsmay opennew waysfor shape
modelingandvisualization.Computingk orderVoronoidi-
agramswhich record,for every point, the kth closestsite,
shouldbe easy, by storingk distancetexture valuesinstead
of one.Finally, we considerextendingthemethodto handle
generalizedFDTsandrobustskeletonsin 3D.

References

[Aur91] AURENHAMMER F.: Voronoidiagrams:A sur-
vey of a fundamentalgeometricdatastructure.
ACM ComputingSurveys, 23 (1991),345–405.
1

[FLM03] FOSKEY M., L IN M. C., MANOCHA D.: Ef-
�cient computationof asimpli�ed medialaxis.
Proc.ShapeModeling(June2003),67–76. 2

[Har] HARRIS M. J.: General purpose
computation using graphics hardware.
http://www.gpgpu.org/. 3

[HCK� 99] HOFF K., CULVER T., KEYSER J., L IN M.,
MANOCHA D.: Fast computationof gener-
alized voronoi diagramsusing graphicshard-
ware. Proc. SIGGRAPH(1999),277–286. 2,
3, 7

[LKHW03] LEFOHN A., KNISS J., HANDEN C.,
WHITAKER R.: Interactive visualizationand
deformationof level setsurfacesusinggraphics
hardware. Proc. Visualization(2003),73–82.
3, 5

[Mau03] MAUCH S.: Ef�cient algorithmsfor solving
statichamilton-jacobiequations.Ph.D.Thesis,
California Instituteof Technology, Purdue, CA
(2003). 2

[PSS� 03] PIZER S., SIDDIQI K., SZELEKY G., DAMON

J., ZUCKER S.: Multiscale medial loci and
theirproperties.IJCV55, 2-3(2003),155–179.
1, 2

[RS01] RUMPF M., STRZODKA R.: Level setsegmen-
tation in graphicshardware. In Proceedings
ICIP (2001),vol. 3, pp.1103–1106.3

[RT02] RUMPF M., TELEA A.: A continuousskele-

c
 TheEurographicsAssociation2004.



StrzodkaandTelea/ GeneralizedDistanceTransformsandSkeletonsin GraphicsHardware

a) b)

c) d)

Figure10: Hardware-basedskeletonizationapplications.Neuron images(a,b).Riceplant roots(c,d)

tonizationmethodbasedon level sets. Proc.
VisSym(Dec.2002),151–158. 2, 3

[SBTZ99] SIDDIQI K., BOUIX S., TANNENBAUM A.,
ZUCKER S.: The hamilton-jacobiskeleton.
Proc. ICCV (1999),828–834. 2, 3

[Set99] SETHIAN J.: Level Set Methodsand Fast
Marching Methods. CambridgeUniv. Press,
1999. 7

[SM03] SUD A., MANOCHA D.: Di�: Fast dis-
tance�eld computationusing graphicshard-
ware. Technical Report http://gamma.
cs. uns. edu/DiFi (July2003). 2, 3, 7

[SP03] SIGG C., PEIKERT R.: Signeddistancetrans-

form usinggraphicshardware.Proc.Visualiza-
tion (2003),83–90. 2, 3, 9

[TVW01] TELEA A., VAN WI JK J. J.: Visualizationof
generalizedvoronoi diagrams. Proc. VisSym
(2001),253–259. 1

[TVW02] TELEA A., VAN WI JK J. J.: An augmented
fastmarchingmethodfor computingskeletons
and centerlines. Proc. VisSym(Dec. 2002),
251–260. 1, 2

[YW03] YANG R., WELCH G.: Fast imagesegmen-
tationandsmoothingusingcommoditygraph-
ics hardware. Journal of GraphicsTools 7, 4
(2003),91–100. 3

c
 TheEurographicsAssociation2004.


