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This thesis introduceSBDDs. SBDDs are an efficient data structure for representing
sets of Boolean functions that are needed in many fields opatenaided verification.
We will present an implementation of this data structure et as all the operations
that we need in order to deal with sets of Boolean functionddi#onally, we will
present danguage inclusion checkexs an application of SBDDs. We can save expo-
nentially many nodes compared to the standard approackt®osBDDs.
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Chapter 1

Introduction

Binary decision diagrams (BDD| [AndB7] are an efficient dsttaicture for represent-
ing Boolean functions. BDDs are a common tool in many appboa, in particular in
the area of formal verification. The main idea of this graplsdad data structure is to
reuse parts of the structure wherever possible.

A lot of effort has been spent on implementing packages ttatige the functional-
ity of BDDs very efficiently, for example [Som] of [Jan01]. Amparison between
different implementations can be found at <http://www.mtdtal.org>. These pack-
ages are already successfully used for developymgbolic-model-checkefor exam-
ple [McM93].

Furthermore, there exist a variety of extensions or modi6oa of the BDD struc-
ture for special purposes such zro-suppressed binary decision diagrafd8DD)
[Min93, [LSWO95] that are designed in order to represent afidieftly manipulate
sets of combinations. ZBDD is the underlying structure flause encoding in the
Backtrack Search SAT Solvaeresented in [AMS02].

Another extension of the conventional BDDs are Nan-deterministic binary deci-
sion diagramgNBDD). They consist of two different kinds of nodes: The idemn
nodes like BDDs, and the structural nodes with an arbitramnimer of successors.
This non-determinism is interpreted as disjunction. TINBPDs give a often more
compact representation of Boolean formula than BDDs. NBBi@2ssuccessfully used
for language containment checking of Buichi automaton |EjnO

SBDDs were developed by [Fin], inspired by the need for amiefit data structure
for representing and manipulatiisgts of Boolean functionsspecially in the area of
formal verification. This structure corresponds syntattycto NBDDs but with a
different semantic. Thus, we have two kinds of notes decismdes, like in the BDD
case, and structural nodes with an arbitrary number of ssoce that represent the
union of its successors rather than the disjunction of them.
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BECAUSE OF THEIR HIGH COMPRESSIONSBDDS, ARE VERY USEFUL FOR PRAEG
TICAL APPLICATIONS especially in formal verification. Since there has not been a
implementation of this data structure so far, we will depeilo this thesis a package
efficiently implementing this data structure and the fumadility for manipulating
SBDDs. The implementation is based on the ideas of a poaseBDD implementa-
tion [JanOl].

Furthermore, we will show the practical applicability cenging as an example a lan-
guage inclusion checker for non-deterministic reactiv@eays. The underlying data
structure for symbolically representing the reachableestpace is the SBDD imple-
mentation we have developed.

In the second chapter we will give a formal definition of wha®BDD actually is.
First we introduce the syntax of the SBDD and show how theyrepeesented as a
graph structure. Then we will show the semantical meaniryisfdata structure and
how we can extract the represented set of Boolean functlanbke last section of the
second chapter we show the equivalence between SBDDs aay Itiae automaton.
This implies that we can use both well known concepts of tlaplgtheory of generic
BDDs and well known concepts of tree automaton.

In the third chapter we introduce the algorithms for SBDD. yes the Boolean Oper-
ations @nd or, not), the set operationsifiion, intersectior) and the operation needed
for building a canonical form that base on algorithms of tiyeaf binary tree automa-
ton.

The fourth chapter shows how SBDDs can be implemented. wWesghow the graph
structure as a pointerless data structure based on arragendy, we give the struc-
tures representing the nodes of the graph as well as the mpearganisation. Then
we will introduce important concepts for efficiently implenting the operations on
SBDDs. The last part of this chapter treats the mark-swésgmagarbage collector
used for erasing obsolete nodes.

The fives chapter introduces a language inclusion checkeeéxtive systems based
on the above methods and implementations of SBDDs. We welégmt a fixpoint
computation method for exploring the reachable state spiitee composition of two
systems, namely implementation and specification. Anafyzhe fixpoint answers
the question of whether the language of implementation igoaet of the language of
specification.

The sixth chapter relates the SBDDs to equivalent sets of 8B shows the ex-
ponential amount of memory saved. We will give evidence bysatering certain
language inclusion instances of the mutual exclusion prabIThe first example will
be an instance of the problem of dining philosophers. Giveystem with observable
events we will verify that the property holds that not alllpsophers are able to eat
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at the same time. Additional examples will bexutual exclusion with managend
mutual exclusion with semaphores
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Chapter 2

Formal Definition of SBDDs

In this chapter we are dealing with the question: "How can i@eesa set of Boolean
functions memory efficiently”. We introduce the syntactiusture of the SBDD data
structure as well as their semantic interpretation.

As introduced in[[Eih] the syntax of SBDDs is similar to th&BDDs except that we
have two different kinds of nodes in the SBDDs. We extend treept of BDDs by

introducing nodes that have an arbitrary number of succestothe case of lists (or
sets) of BDDs for representing sets of Boolean functionsstéite (non determinism)
are encoded in the root level (Multi-rooted BDDS). We extémd concept such that
we allow sets of SBDDs in every level of the graph. This is dopéntroducing new

nodes that have an arbitrary number of successors repragené union of all its

successors.

There exist two semantic interpretations of the SBDD stmgct One is similar to
BDDs in that the denotation works directly on the graph. Ttieepinterprets a given
SBDD as a binary tree automaton. Both of them give us the dppity to apply well
known algorithms for performing operations on the SBDD ute.

In contrast to BDDs, SBDDs are neither canonical nor minibyaitself. We can get

rid of this lack by interpreting the SBDD as a binary tree auhton that has unique
minimal form because there exist a well known method fording a unique minimal

tree automaton.

2.1 Syntax of SBDDs

Now we talk about the basic idea of a SBDD, namely: we combiredea of a BDD
consisting of decision nodes with the idea of structuralesatiat bring the opportunity

13
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to have the set encoding of sets of Boolean function at thedbpossible level in the
graph. The decision nodes have two successors which givehthieesz or —x for
a variablex in a Boolean formula. However, the structural nodes haverbitrary
number of successor nodes meaning the union of the setsafdos encoded by the
subtrees.

First, the following definition gives the syntax of a SBDD:
Definition 1 SBDD
A Structural Binary Decision Diagram (SBDD) is a directed/elic graph
(V,S8,D, ¢, low, high, succs) S.t.

e )V set of variables

e D set of decision nodes

e S set of structural nodes

e arootnodep € S

e two terminal nodes 0,1

e var : D —Y

e low:D— S

e high:D — S

o succs: S — 2P U{0,1}
The functionvar assigns a variable: € V to every decision node. The functions
low and high assigns to every decison node fitg/h andlow successor respectively.
The functionsuccs gives to every structural node the set of its successor noteh
are decision nodes. From this definition, decision nodessandttural nodes appear

alternately on a path in the graph. Further, a SBDD is an amyadindirected and
connected graph. Hence, it is a tree structure. A SBDD isagpnted by its root node

0.

Figure[Z1 (a) illustrates a SBDD that represents thé sety, x A z, x A true}. The
ovals with a variable inside gives the decision nodes. Thaes are the structural
nodes. Solid lines displayigh-edges and dotted linésw-edges. A node without an
incoming edge is the root node. The variables inside of tluesd® nodes gives you
the label of this node.

A formal definition of SBDDs has been introduced in this smttsuch that we can
define the semantical meaning in the next section.
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false true

(@)

Figure 2.1: Example SBDD: (a) gives a SBDD whose elementsh@&DDs (b), (c)
and (d)

2.2 Semantics of SBDDs

In this section we define the interpretation function thatds for a given SBDD the
set of Boolean functions representedsby

Definition 2 An evaluation function is a functioia : V — {true, false} mapping
Boolean values to variables.

Definition 3 Semantics of SBDD
Given a SBDDS = (V, S, D, ¢, low, high, succs) we define?’(S) = F(¢) as follows:

e for terminal node9), 1
F(0) = {false} F(1) = {true}

e for decision nodel € D:

F(d) = {{(var(d) A fo) V (mwvar(d) A f1)]
fo € F(high(d)) and f, € F(low(d))}
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e for structural nodes € S

desucces(s)

Definition 4 Evaluation of SBDD
Given a SBDDS = (V, S, D, ¢, low, high, succs) and an evaluation function we
define the evaluation of the SBDDi.e. F4(S) = Fi4(¢) as follows:

e for terminal node9), 1
F,4(0) = { false} Fiq(1) = {true}
e for decision nodel € D:

Fia(d) = {if id(var(d)) thenFjy(low(d)) elseF;q(high(d))

e for structural nodes € S

Fas)= |J F(@

desuces(s)

Definition 5 An SBDD is ordered (OSBDD) if on all paths through the graph all la-
bellings with variables respect a linear ordef < v, < ... < v,. An OSBDD is
reduced if all decision nodes are different, there are nauregthnt test and the sets of
successor nodes of the structural nodes are pairwise disjoi

Note: In contrast to the case BDDs, reduced and ordered SBDDs are not a canonical
representation by itself.

2.3 SBDD: Data Structure or Tree-Automaton?

A SBDD S, as it has been defined before, is equivalent Tovege-Automatord such
that the language accepted Hyis exactly the set of Boolean formulas represented
by S. We will use this fact for building a canonical form Sfsince it is well known
how this is done foifree-automatonSo, this section will first give a brief introduction
into Tree-Automatorand will secondly show the isomorphism between SBDDs and
tree-automaton.
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Definition 6 A finite Binary Tree Automaton is a tupleA = (Q), N, R, N¢;,,), where
Q is an alphabet with a set afonstansymbols),. and a set ofbinarysymbols);, a
set of nodesV a set of rulesk and a set of final node¥;,,. A rule R is defined

ro= (Q., N) rule with constant symbol
| (Qp, N,N, N) rule with binary symbol

The language of a binary tree automaton is a binary tree gtdfined as follows:

Definition 7 A Binary Tree B over alphabet) is

B := Q. leaf
| (Qy, B* B) composition

Example 1 Consider alphabef) = Q. U Q, with Q. = {nil,a} and@Q, = {cons}.
Here the symbolsil anda are constants andons is a binary symbol. The expression
cons(a, cons(a, nil)) is a binary tree.

A run on an automaton starts at the leaves of input, which isap tree and moves
upwards, associating each subtree with a state.

Definition 8 Arun tree T is a binary tree labeled with nodes of the automaton.

T ::= (N, Q.) leaf
| (N,(Qy, T *T)) composition

Definition 9 Given a binary tree3, a run TreeT is aRun of B in a finite binary tree
automatond = (Q, N, R, Ny,), if one of the following holds:
T = (m,l) andB =1 and(l,m) € R, or
T = (m,(l,(6,02))) andB = (I, By x By) and(l,0;,09,m) € R
and(dy, L) isarunofB; in A
and(dy, Lo) isarun of By in A

Definition 10 Language
A binary treeB is a model of a binary tree automatohif there is an accepting run of
Bin A. The set of all models of is called the language of i.e. L(A)

For building a tree-automaton from an SBDD the following digifon gives an isomor-
phism that translates an SBDD into an equivaRimary Tree automatan
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o R={true— g,
true— ¢,
false— qo,
Y(90, q1) — o,
Z(Qm%) — (2,
Z/(QO, Q2) — g3}

o N = {QO7QI7Q27Q3}

® Nyin = {qs}
e (). = {true false}
false e o Q= {z,y,z}
(@) (b)

Figure 2.2: A SBDD (a) and its equivalent binary tree autandb): structural nodes
(cycles) in (a) are equivalent to the states of the automati@tision nodes and ter-
minal nodes correspond t@, and(). respectively and the arrows give the set of rules
R

Definition 11 For a SBDDD = (V, S, D, ¢, low, high, succs) the associate@inary
Tree AutomatoM(D) = (Q, N, R, Ny;,,) is defined as

e . ={0,1}
e =V
e N ={m,lseS}

o R = {(var(n), Miow(n) Mhigh(n)), Ms|n € succ(s) ND,s €S
U{(0,ms)|0 € succ(s),s € S}
U{(1,ms)|1 € succ(s),s € S}

o Ny = {mg|s € @}

The set of). = {0, 1} of constant symbols consists of the two terminal symbolbef t
SBDD, D (We use0 for falseand1 for true). The set of binary symbols is the set of
variables) in the SBDD. Structural nodes are mapped to states oféne Automaton
and the decision nodes become rules. Intuitiveley, we hawaniSBDD a decision
noded with d € succs(s), high(d) = q andlow(d) = ¢'. The way of representing
this in the automaton is: if the automaton is in the stea@dq’ and it reads the binary
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symbolvar(d) then we go to the state Analogously for the terminal nodes, if it reads
a constant symbalthen it goes to the associated state which is the predecafssor

The next definiton shows the inverse: How we construct a SBioB fa giverBinary
Tree Automaton

Definition 12 For eachBinary Tree Automato!d = (Q, U {0,1}, N, R, N¢;,) the
associated SBDIV(A) = (V, S, D, ¢, low, high, succs) is defined as follows:

YV =Q
D= {dr|7’ = (1751,(52,771) c R}

S ={su|/me N}

U(M“(d(l?gl,(;%m) = l)

low(d(l,gl,a%m) = 551)

high(d s, s5,,m) = Ss,)

succ(sy,) = {d,|(l,01,02,m) € R,0; € N,j, € N}
U{t € {0, 1}|(¢t,m) € R}

® = {s,,/m € Nyin }

The set of variable¥ is exactly the set of binary symbols and the set of struchodés
S contains for each state of the automaton exactly one corresponding nggdeFor
each rule inR we have exactly one decision nodelin The functionsiigh andlow are
defined as expected, mapping each decision node to a salatule corresponding to
the left or right state in a binary rule, respectively. Thedtion succs assigns to each
structural nodes,,, a set of decision nodes that correspond to the rules whicétav
as a destination state.

Now we can translate a SBDD into an equivalent canonical foenause in [CDG97]

it is shown how alree-automatoican be determinized and how redundant tests could
be removed; see al§a31B.3. Thus we can now usklndl-Nerode TheorerfKoz92]

and [CDG 97] to minimize a deterministic Tree-automaton without aeglundant
tests. The Theorem also says that the minimized automatioa gnallest one with ex-
actly these properties; this implies that it yields a canahiepresentation of a SBDD.

We have seen that SBDDs aBthary Tree Automatoare indeed isomorphic to each
other. Hence, we can use thiyhill-Nerode Theorerso that we get a canonical repre-
sentative of an SBDD.
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q0 ql q0 ql q0 ql

(a) (b) (©) (d)

Figure 2.3: The run of the automaton[in]2.2 (b) on a BDD thani#s language. (a)
Considering the transition relation[of2.2(b) trueq1 and false— ¢0 (b) y(q0, ¢1) —
q2 (c) z(¢0, q2) — ¢3. ¢3 is the accepting state. Hence, (a) is acceptddfly 2.2

2.4 Summary

In this chapter we have seen the definition of SBDDs as welhes interpretation.
Furthermore, we have shown the equivalence between SBDOD8iaary Tree Au-
tomaton We are now ready to build algorithms performing Boolearrapens and set
operations based on SBDDs as well as building a unique antn@imepresentation.
Now, we can tap the full potential of the SBDD structure.



Chapter 3

Operations on SBDDs

In this chapter we will introduce the algorithms of SBDDs iempenting the operations
needed on sets of Boolean functions; this includes set bpesa Boolean operations
and operations for computing a unique representation csBi2D data structure.

The first section deals with the basic set operationsiddl and INTERSECTION

In the next section we will show how one can implement the Banloperations @
and NoT. Because of the law dbe Morganit is sufficient to consider only these two
operations. Those operations are for the decision nodekasitm them for ordinary
BDDs. However, the structural nodes have to be treatedrdiffey in order to respect
the non-determinism.

Since SBDDs are not a canonical representation of a set deBodunctions by itself,
we have to investigate a method for building a canonical faia will use theviyhill-
Nerode-TheorenfKoz92] on the isomorphidree-Automatorior this purpose. (see
section 2.3).

All the operations presented in this chapter assume theg thast the functions

MAKE DNODE andMAKE SNODE which build the interface between the memory man-
agement and the operations on SBDDs. These operations er@&tv decision node
(MAKEDNODE) and a new structural nodetAKE SNODE) respectively. They ensure
that the memory requirements are met (for example, thayewade is unique). We
introduce them in chapt€tl 4.

3.1 Set Operations

This section presents the implementation of the basic satipns WiioN and
INTERSECTION

21
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3.1.1 UNION

For two sets of Boolean functiods, and®, represented as SBDDs, the union of these
sets®; U &, can be built easily; we only need to build the union of the sgsors of
the root node®; and®,, respectively. Let); be the root node ob; and¢, the root
node of®,. Then®; U &, is succ(¢y) U suce(gps).

3.1.2 INTERSECTION

The Intersection procedures follows a cross-product coatsbn for reducedree Au-
tomaton in particular they don’t contain any redundant tests. S®asasume thab,
and®, are reduced. 11212 we have seen that for every SBIXBere exists an equiv-
alentBinary Tree Automatord. Thus, we can use the cross-product construction that
builds the intersection of the language of two redu€est AutomatonThat is exactly
what we want to have. The words of the language ofBiveary Tree Automatoni
equivalent to the SBDL¥ are the elements of the set of Boolean functions represented
by S. Then Figuré-3.T12 gives the algorithm that reveals thesetion of the two sets

d, andég.

SET-INTERSECTION ¢1, ¢ )

1: S = succ(pyr) N suce(ps)
2: forall p € suce(¢r), q € suce(gs), with var(p) = var(q), p # q do
3: [ = SET-INTERSECTIONlow(p), low(q))

4:  h = SET-INTERSECTION high(p), high(q))
5. if suce(l) # 0 A succ(h) # 0 then

6: d = MAKEDNODE(var(p),(, h)

7: S =Su{d}

8: endif

9: end for

10: return MAKESNODE(S)
Figure 3.1: intersection of SBDDs

Now we have seen how the basic set operations (union and&ateyn) can be imple-
mented. In the case of intersection we used the fact that #hasts the isomorphism
between SBDD andree Automaton(Z.2)

3.2 Boolean Operations

In this section we will show the implementation of the baBaolean operation©R
and NoT. All the other Boolean operations can be expressed withehgedf these (De
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Morgan).

In [E1N] it is shown that alBoolean Operationsan be implemented with tHéthen-
elseoperator. Given three sets of Boolean functiéns~, H if-then-elseis defined as

if F'thenG elseH := {if fthengelseh|f € F,ge G,he H}

Since R is a special case of thethen-elseprocedure and we do not need to imple-
ment the wholef-then-elseoperation; we only implement®

Negating an SBDD can be done in linear time by going down tlaplyistructure of
the SBDD, swapping the terminal nodes and rebuilding thegraph bottom-up.

These operations are sufficient for performing all otherIBao operations.

3.2.1 OR

As mentioned before, the implementation of the @ocedure is actually a special case
of theif-then-elseprocedure, namely " A, B) = if AthenB else{false}. Thus
we simply modify theif-then-else procedure in order to obtain the functionality of
OR. The idea is to decompose the structure of the SBDD into a BiDtlaen use the
well-known procedure for BDDs. While processing the @rocedure on two SBDDs
we only have to decompose a subgraph if it comes into the swioppsubgraph of the
other SBDD which has a smaller variable at the root node_in] [E an algorithm
that, in this situation, explicitly flattens a SBDD into a s€6BDD that each represent
a singleton set. We actually do not need to explicitly flattesgraph because this is
done already by recursion. The recursion itself splits ag&oolean functions into
singleton sets of Boolean functions whenever it needs toogandnto recursion.

As a result of the fact that we decompose the compressed gtaiture, & will not
produce a minimized SBDD even if the input is in minimizednhor

;1)
=0
for all p € succ(m), q € suce(n) do

OR(m
1: S
2:

3: S =UNION(S, ORDNODE (p, q))

4: end for

5

. return MAKESNODE(SS)

Everytime a subgraph comes into scope of a smaller variakld€adomposes a given
graph into a set of graphs representing singleton sets 8)nelt recursively calls
ORDNODE which is almost the procedure used for BDDs.
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ORDNODE (m,n)

1:

e e e =
N gAR®®NRO

18:
19:

Rl e R AR

if m = 0||n = 0then
return false
else ifm = 1 then
return n
else ifn = 1 then
return m
else ifm = n then
return m
end if
if var(m) = var(n) then
s = MAKEDNODE(var(m), OR(high(m), high(n)), OR(low(m), low(n))
return MAKESNODE({s})

. else ifvar(m) < var(n) then

s = MAKEDNODE(var(m), OR(high(m),n), OR(low(m), n)
return MAKESNODE({s})

. else ifvar(m) > var(n) then

s = MAKEDNODE(var(m), OR(m, high(n)), OR(m, low(n)))
return MAKESNODE({s})
end if

ORDNODE has to respect the strict variable order and gives the respkrforming
the Or procedure on two decision nodes. For practical reasonsesiodt is a structural
node (SBDD) that has only one successor - namely the expdetasion node.

3.2.2 NoT

For negating a SBDD we simply have to go down the graph to tin@bal nodes, invert
them and rebuild the graph. By recursion we have the strecdtithe initial graph on
the function stack such that we can easily build the negaBfl’s Therefore, NT is
in linear time.
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3.2.3 RESTRICT

The RESTRICT operation returns for a given SBDD that SBDD which has onatée
replaced by a constanir(.ec or false).

RESTRICTDNODE(d, v, b)
if var(d) = v then
if b= 0 then
return low(d)
end if
if b= 1then
return high(d)
end if
else
| =RESTRICT(low(d), v, b)
h =RESTRICT(high(d),v,b)
return MAKEDNODE(var(d),l, h)
end if
RESTRICT(m, v, b)
return MAKESNODE({RESTRICTDNODE (p, v,b) |p € succ(m)})

We can use the BSTRICT operator in order to define other operations:

e EXISTS(s,v) = OR(RESTRICT(s, v,0), RESTRICT(s, v, 1)))
e FORALL(s,v) = AND(RESTRICT(s,v,0), RESTRICT(s, v, 1)))

e COMPOSITION(f, g,v) =
OR( AND(g, RESTRICT(s,v, 1)), AND(NOT(g), RESTRICT(s,v,0)))
which defines the functioffi|,—,.

e SUBST is a special case of@vPOSITIONWhereg is the identity function.

3.2.4 FILTER

The algorithm FHL.TER computes for a set of Boolean functioAs given as a SBDD,
and a Boolean functioh given as singleton SBDD, the set of Boolean functions such
that for alla € A it holds thata = b, i.e.{a € A|a = b}

FILTER(A,b) checks for every successoof A if it implies b. This is exactly the case
whenb is structurally contained id. Thus, RLTERDNODE(n,b) checks whetheris
structurally contained id. Sinced could be representing a set, the algorithm returns
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FILTER(A, b)
Require: A SBDD A and a singleton SBDD (BDD)).
Ensure: FILTER(A,b) = {a € A|a = b}.

1: for all d such thatl € succs(A) do

2: s = FILTERDNODE(d, b)
3 if s # () then

4: S=5SuU{s}

5 end if

6: end for

7: return MAKESNODE(SS)

only those elements af that imply . This is done by implicitly decomposing the
graph like in the @ procedure. We have a strict order on the variables. Fronether
we also have an order on the decision nodes. Hence, we hakevévse the graphs
of d andb simultaneously for checking the implication property. Daehis order we
know at each position in the graphs how to proceed. Thus,ueimg time is linear

in the number of nodes and edgé¥|D| + |S| + fedges)

FILTERDNODE(d, b)
Require: DNodesd andb.

1:if(b=0vb=1vd=0vd=1)then

2: if (b =d) then

3 return d

4 elseif(d #0V d # 1) then
5: return d

6: else

7: return ()

8 end if

9: else if(var(d) # var(b)) then
10: FILTERVARNOTEQUAL (b, d)
11: else

12: FILTERVAREQUAL (b, d)

13: end if

FILTERDNODE(d, b) returns for Decision nodeg and b the decision node’ such
thatd’ = b. d may contain structural nodes with more than one succeseoy] is
representing a set. Sd, is the subset ofl such thath follows from every element
in d’. In the lines 1-8 we check the trivial cases, i#.or b is a terminal node. If
the variables represented Byr b respectively are not equal]lFERVARNOTEQUAL
will be called. Otherwise, if the variables are equal we EalfERVAREQUAL, which
deals with the situation in which the variables assignddandd are equal.
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FILTERVARNOTEQUAL (b, d)
1: if (var(d) < var(b)) then

2: if low(d) = 0 then
3: h = FILTER (high(d),b)
4: if h = ( then
5: return ()
6: else
7: return MAKEDNODE(var(d), h,0)
8: end if
o: else ifhigh(d) = 0 then
10: | = FILTER(low(d), b)
11: if I =( then
12: return ()
13: else
14: return MAKEDNODE(var(d),0,1)
15: end if
16: else
17: | = FILTER(low(d), b)
18: h = FILTER (high(d),b)
19: if ({=0Vh=0)then
20: return ()
21: else
22: return MAKEDNODE(var(d), h, 1)
23: end if
24: end if
25
26: if low(b) = 1then
27: return FILTERDNODE(d, high(b))
28: else ifhigh(b) = 1 then
29: return FILTERDNODE(d, low(b)
30: else
31: | = FILTERDNODE(d, low(b))
32: h = FILTERDNODE(d, high(b))
33: if =0V h=0then
34: return ()
35: else
36: return MAKEDNODE(var(d), h, 1)
37: end if
38: end if
39: end if

For HLTERVARNOTEQUAL (b, d) assumear(b) # var(d). If var(d) < var(b) there
are three possible situations in whitfollows from a subset of. The first possibility
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is low(d) = 0 i.e. low(d) is false. In this case it holds: if = b thenhigh(d) = b
(false = b is trivially true). Hence, we have to check whethiegh(d) = b re-
cursively. The caséigh(d) = 0 is treated analogously. For the remaining case
low(d) # 0 A high(d) # 0 we have the situation that represents the logical op-
erationV. d = bif and only if low(d) = b A high(d) = b.

If var(d) > var(b), meaningl does not mentionar(b), we also will have three cases.
If low(b) = 1 andd = bthen eithewar(b) is false, considering a particular evaluation
function, orhigh(b) follows fromd. The case ohigh(b) = 1 is analogous to the case
of low(b) = 1. In the remaining case we have to check whether the sucsasfédyoth
follow from d because we do not know whether the evalution function eteduar(b)

to true or to false. However, if both successors follow frofwe know regardless of
which valuevar(b) is assigned to: ifl holds therb also holds

FILTERVAREQUAL (d, b)
1: if low(d) = 0 then
2: h = FILTER (high(d), high(b))

3: if » =0 then

4: return ()

5: end if

6: return MAKEDNODE(var(d), h,0)
7: else ifhigh(d) = 0 then

8: [ = FILTER (low(d), low(b))

o: if [ =0 then

10: return ()

11: end if

12: return MAKEDNODE(var(d),0,1)
13: else

14: h = FILTER (high(d), high(b))
15: [ = FILTER (low(d), low(b))

16: if h=0VI=0then

17: return ()

18: end if

19: return MAKEDNODE(var(d), h, 1)
20: end if

FILTERVAREQUAL (b, d) assumesar(b) = var(d). Fromlow(d) = 0 it follows that if

d is true with respect to the variable assignment than(d) is assigned to true. Thus,
we will consider the high branch df So, we have to checkifigh(d) implieshigh(b).

If high(d) = 0 a similar argumentation holds. If neither holdsgh(d) = high(b)
andlow(d) = low(b) must be valid. If this is satisfied we have= b.
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3.3 Building canonical form

A SBDD respecting the variable order is not in canonical fdayritself. This means
there are many representation for a particular set of Bodleactions. Fortunately,
SBDDs can be interpreted Bsnary Tree Automatéhat have a normal form.

All the operations on SBDD respect the variable order. H@nesome of them do not
return an SBDD in normal form even if the input is. For getta@igh compression
rate it is desirable to transform a SBDD in its unique minirfioam.

First of all, we can construct from evefiyee Automatomn equivalenDeterministic
Tree Automaton Secondly, we can remove redundant tests. These are no@dse wh
low andhigh pointers both show the same successor note. Thus the nst@a{@y can
be removed because it is unnecessary.

Then theMyhill-Nerode-Theorendefines a minimal representation oDaterministic
Reduced Tree Automatoithus we can obtain a canonical representation of a SBDD
by processing the following procedure

NORMALIZE (s)

1: s = determinze(s)

2: s = remove — redundant — tests(s)
3: s = determinize(s)

4: s = Minimize(s)

5. return s

We have to call ETERMINIZE twice because the removal of redundant tests may pro-
duce aNondeterministic Tree Automaton

3.3.1 DETERMINIZE

DETERMINIZE yields for a SBDD an equivalent deterministic SBDD. The chare
uses the standard subset construction for tree automaterstiuctural nodes (states in
the automaton) of the resulting SBD are sets of structural nodes of the old SBDD
S. The functiony : §" — 2% gives this relation.
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DETERMINIZE(s)

Require: SBDD s
1: ny = MAKESNODE({0})

2: nj = MAKESNODE({1})

3 N = {ngy,n}}

4: y(ng) = {m € S|0 € succ(m)}

5: y(n}) = {m € S|1 € succ(m)}

6: forall v € V in decreasing ordedo

7: N =N

8: forall p,q € N’ do

o: S = {MAKESNODE(v,p,q)|3r € D.war(r) = v,low(r) € ~(p),
high(q) € v(q)}

10: G = {s € §'|3r € succ(s).var(r) = v,low(r) € v(p), high(r) €
(@)}

11: if S # () then

12: n = MAKESNODE(S)

13: N =NU{n}

14: v(n)=G

15: end if

16: end for

17: end for

18: s = MAKESNODE({s" € S’|s € y(s)})

19: return s’

3.3.2 ELIMINATE -REDUNDANT-TESTS

The algorithm for removing redundant tests in a SBDD workshengraph structure
and eliminates nodes that are obvious unnecessary, iyecéinebe eliminated without
changing the represented set of Boolean functions.

If we have a decision node in a SBDD such thatow(d) = high(d) then it is not
sufficient to simply remove becauséiigh(d) andlow(d) may present more than one
function. We solve this problem by using the auxiliary fuaotFLAT every time we
have the situation thdbw(d) = high(d). FLAT itself returns for a sef of Boolean
functions a set of singleton sefssuch thats € S < {s} € F.
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REMOVE-REDUNDANT-TESTSDNODE

Require: Decision Nodel
1: if d € {0,1} then

2: return {d}

3 else

4 if low(d) = high(d) then

5: for all n € succ(low(d)) do

6: F = FLAT (n)

7. S=SUF

8 forall [,h € F,l # hdo

o: ' = MAKESNODE({l})

10: h' = MAKESNODE({h})

11: S =S U{MAKEDNODE(var(d),l’, ')}
12: end for

13: return S

14: end for

15: else

16: | = ELIMINATE -REDUNDANT-TEST(LOW(D))
17: h = ELIMINATE -REDUNDANT-TEST(HIGH(D))
18: return MAKEDNODE(var(d), [, h)

19: end if
20: end if

REMOVE-REDUNDANT-TESTS

Require: SBDD s
1: S=10
2: forall n € suces(s) do
3: S = S U ELIMINATE -REDUNDANT-TEST-DNODE(n)
4: end for

3.3.3 MINIMIZE

Deterministic Tree Automaitzan be minimized using thdyhill-NerodeTheorem pre-
sented in[CDG9/] and [Koz92]. Since SBDDs can be interpreted eee Automata
and can be transformed into deterministic form, we can usettieorem for build-
ing such a procedure. The procedure builds an equivalelhatgoreon the states and
rebuilds the automaton on the basis of these equivalensseda Hence, we get a
minimal automaton that is equivalent to the original onee Wyhill-NerodeTheorem
defines what it means that two states (nodes) are equivalent.
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Require: SBDDs = (V, D, S, ®, low, high, succ)
1 ~e— 5,8
2: repeat
3 forall p,g e Ss.t.p~qdo
4 if MinCheck(p,q)\ MinCheck(q,p)then
5: return p~gq
6 end if
7 end for
8: until ~=~'
9: return [s]~

All nodes, but the root node, are considered equivalent enfitist round of thefor
loop. Hence, we start with two equivalence classes: the root goés into the first
and all the others go into the second one. Then we refine thisagnce relation until
we reach a fixpoint. During the rounds the auxiliary procedMitN CHECK checks

for two structural nodeg andg weather they can be confused i.e we check if they are
equivalent. This procedure checks, corresponding tdMyiall-Nerodetheorem, what

it means thap andq are equivalent. Since is supposed to be an equivalence relation
we have to make sure that symmetry is kept which means we baseetute for each

p andg MINCHECK(p, q) as well as MNCHECK(q, p).

Therefore, MNCHECK checks forp andq with p ~ ¢ whether for alls € S with

d € succs(s) andp = high(d) there exists’ € S which is equivalent ta (s ~ ')
andd € suces(s') with var(d) = var(d’) andg = high(d') andlow(d) = low(d').
The case op = low(d) is similiar. Then we make ~ ¢ because we know thatand

g can be confused to one state by keeping the recognizabledgeginchanged by the
Myhill-Nerode Theorem

MINCHECK(p,q)
Vs € S, d € succe(s) with p = high(d)
ds" € S, d’ € suce(s').
s' = s,low(d) = low(d),var(d) = var(d'),q = high(d") A
Vs € S, d € suce(s) with p = low(d)
s’ € S, d' € suce(s).
s’ & s, high(d) = high(d'),var(d) = var(d'),q = low(d")

Definition 13 The resulting SBDDs| = (V, D', S’, ¥', low’, high', succ’) is defined
as follows:

o & ={[s]~|s€S}where[s]ly ={s' €S |5 ~ s}

o D' = {(var(d), [low(d)]~, [high(d)]~) | d € D}

o [ow((var(d),l,h)) =1
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o high((var(d),l,h)) =h
o succ([s]~) = {(var(d), [low(d)]~, [high(d)]~) | d € succ(s)}

With the help of MNIMIZE we confuse all states that do not change the expressiveness
of the SBDD or the equivalent automaton. So, the computatields the minimal
automaton or equivalently the minimal SBDD.

3.4 Equality check

We have developed a canonical form of an SBDD that allows usasily check

whether two SBDDs are equal. Unfortunately, it is expensiveonstruct the nor-

mal form of an SBDD. If we only want to check whether two SBDRgnresent the

same set, we could determine whether they are bisimularneians their root nodes
are equivalent. Thus, we will define an equivalence relasiatisfying the required
properties.

Considering the structure of SBDDs we can define the follgvequivalence relation
recursively:

Definition 14 Two SBDDS V), S1, D1, ¢1, lowy, highy, succs,) and
(Va, 82, Do, o, lows, highs, succsy) are equivalent, i.e. they represent the same set of
Boolean functions ib; =~ ¢,

e Terminal nodes are equivalent if they are equal

e Two structural nodes; € S; ands,; € S, are equivalent if
S1 =89V
(Vdy € sucesyi(sy).3dy € sucess(sq).dy = dy A
Vdy € succsy(sg).3dy € succesy(sy).de = dy)

e Two decision node$, € D; andd, € D, are equivalent if
d1 == dg V

lowy(dy) = lowsy(dy))

This relation is reflexive, symmetric and transitive. Hentes indeed an equivalence
relation.

Two nodes are in the same equivalence class exactly if thprgsent the same set of
Boolean functions.
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3.5 Summary

In this section we have presented the basic operations sro&oolean functions
such as WION, INTERSECTION OR, NOT, RESTRICTand RHLTER. Those operations
except of NTERSECTION could be implemented close to their semantic meaning on
the graph structure like in the BDD case. In actuality, wedbkatheDecision Nodes

in the implementation of @ with almost the same procedure that we use for a BDD
implementation.

However, when building the canonical representation, we hha treat the SBDD as
a Binary Tree Automatomn order to apply the algorithm resulting from tihdyhill
Nerode Theorerfor constructing minimalree Automata

In the last section we define what it means for two SBDDs to lmakeyen if they are
not syntactically equal.
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Implementing SBDDs

In this chapter we will see a pointerless implementationroS8DD package using

a clean-sweep garbage collectoiThere are three kind of concepts that are needed
for implementing the pointerless package: ttogle arraysthe unique tableand the
garbage collectorWe built a C++ libray using these concepts for providingfilnec-
tionality of SBDDs.

There are twanode arrays one for storing the decision nodes and one for storing the
structural nodes. This implies that the nodes have a striigiro Thus every node can
be identified by its position in the array.

The package keeps twanique tables one for the decision nodes and one for the
structural nodes. Thenique tablein the case of decision nodes is a map that maps
a tuple(v, h,1) wherev is a variableh = high(v) andl = low(v) to the position in
the node arraywhere the unique node is stored if there exists already suuide.

In the case of structural nodes it is essentially the samel nvap a set of decision
nodesD to the unique representatigan the node arrayof structural nodes such that
D = suces(s). Thesaunique tablesnake it possible to reuse parts of our data structure
and locate them in amortized costant time by using hashgable

Since the operations are expensive and the operations sartieinput are performed
frequently, we maintain a cache: tkemputed table For every operation, we first
check whether the operation was performed before. If so e get the result in
constant time; otherwise, we have to compute the resulttesrdadd it to the table.

The last important concept is that of thark-sweep-update-sweep garbage collector
First, the garbage collector marks all active nodes. Theleéns thenode arraysoy
filling in the gaps of dead nodes with active nodes. After,thhaipdates thenique ta-
bleand the references in the nodes because they were likelychaloveng the cleaning
process. Finally, it goes on to destroy ttemputed table

35
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4.1 Storing Nodes

The main idea is to use an array structure instead of pojrasrstroduced for BDD
packages by [JanD1]. This enforces that we have a strict fwdéhe SBDD nodes.
The advantage of this representation is that we do not neefkeence counter for
garbage collection. Concerning the theoretical structdirdtne SBDD there are two
different data structures: one for tlecisionnodes and the other for thstructural
nodes. Hence, we have two respective arrays. A node is fgehivy its array position.
As we can distinguish the types of the nodes every node isughjigdentified.

MARK

HIGH
LOW
VARIABLE

Figure 4.1: Memory Block of Decision Node

A Decision Nodes similar to a node of a normal BDD. It consists of the intefggdds,
High and Low, that stores the array position of its children. These arthis case
structuralnodes. Furthermore, @ecisionnode contains a memory block for saving
the variable that it represents. This block is an integanevals well. Additionally, we
require that a mark flag be used for internal operations.t&opverall memory that is
needed for storing a decision nod@issizeof (int) + sizeof (bool). The advantage of
this representation is that we do not need a reference egumemory block. Figure
.1 shows the layout of such a memory block.

A structuralnode consists of a set of successor nodes because they @arhaxbi-
trary number of successors. This is realized in the impleatem by having a pointer
to an array where the positions of the successor nodes indtie array are stored.
Because of this, the size oltructuralnode isn * sizeof (int) + sizeof (bool) where
n is the number of successors. Again, we have a bit for markiaghode.

A node is always inserted at the first free position of the randay. This makes sure
that nodes that are later added have higher array posithana.result the nodes have
a strict order.

4.2 Making nodes unique

If a new node has to be allocated we can check with the helpeofJtique Tables
whether there exists already a node with the same properties

Figure[4.2 presents the algorithm for creating a new detisade(v, i, [) with v as a
variable anch and/ as successors that are assumed to be unique. We chaakitjoe
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tablefor decision nodesnique Dtable whether such a node already exists. If it exists,
the unique table will give the position of this node in the e@dlray. This implies that
all nodes in the node arrays are different, i.e., they argueni

MAKEDNODE(v, h, )

Require: variablev, structural nodes, [
if if there exists nodel with var(d) = v, high(d) = h andlow(d) = [ in
uniqueDtable then
return wuniqueDtable(d)
else
create new decision nodes.t. var(d) = v, high(d) = h andlow(d) = [
addd to uniqueDtable
return wuniqueDtable(d)
end if

Figure 4.2: makeDNode

Figure[4.2 is the algorithm for creating teructuralnode with successor sgt First
the algorithm checks again whether there exists a a@leh thatsuce(s) = S. Ifit
exists it will be returned; if not, such a node will be created

MAKESNODE(S)

Require: setS of decision nodes - successor nodes

if if there exists node with succ(s) = S in uniqueStable then
return uniqueStable(s)

else
create new structural nodes.t. succ(s) = S
adds to uniqueStable
return uniqueStable(s)

end if

Figure 4.3: makeSNode
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4.3 Computed table

In this section we will see how theomputed tablean be used for saving costly com-
putations that have already been computed and how we caenmapt it efficiently.

The main idea is that previously computed results do not tebd re-computed. This
means we can simply maintain a hash table that maps tripkeeddrm (op, s1, s2) to
a result node whereop € {OR, UNION,INTERSECTION RESTRICT} andsy,
s9, s are SBDDs. Each time we want to process an operation we figsskahhether we
have already computed the result or whether we must stilipeaenit. The computed
result can then be placed into tbemputed table

Hash tables have amortized constant running time suchhbadditional effort spent
on maintaining the table is negligible, but tests show thate are many results that
are frequently re-used and hence have to be re-computeslad@tlitional work can be
saved and hence makes the overall computation faster.

After the garbage collection, tleomputed tablés no longer valid because the nodes
representing a certain SBDD may have been moved or deletetcina way to make
the table invalid.

4.4 Collect garbage

The last important concept of the implementation is mhark-sweep-update-sweep
garbage collector. Since, during operations, some patteafode array are no longer
used we can remove them in order to create room for new notiegpdckage manages
a table of nodes that can be accessed by the user. If the gacblector is started it
checks this table to determine which nodes are accessaelelgiby the user and
which nodes are reachable through this nodes and marks theroall these nodes
active

We have seen in sectign¥.1 that there is a strict order onatiesn Thus, we move the
active nodes to a lower position in the array where anothdeas become inactive.
The gaps of inactive nodes are filled whereas the order ofdiineeanodes is kept. This
procedure is called theveep phasd-igure[4.% illustrates this procedure.

During the sweep phase the nodes are moved in the array;stinby the pointers
stored in the nodes have to be updated. This is done ingbate phaseDuring the
sweep phase the algorithm manad@esvard tableswhich gives, for every node, its
new array position. In the update phase the garbage callaats through the array
and updates the successors of the nodes by using the foralded t
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0 1 2 3 4 5 nextfree
0 1 2 3 nextfree

Figure 4.4: sweep phase during garbage collection

Figure[4b shows thmark-sweep-update-sweapproach of the garbage collector of
the SBDD package. The functiorext_insert_posreturns the smallest position of an
inactive node in the storage array/F'O RW ARD andD FORW ARD are the forward
tables for the relating storage arrafnext free andsnext free show to the next free
position that did not contain a nodepdate_unique_tableupdates the positions of
the nodes in thenique table

4.5 Design

For the implementation, it was decided to put the main focusaving memory. Ther-
fore, we have the disadvantage of slower algorithms. If nmoeenory was spent on
additional data structures for the algorithms, we wouldehastter running time.

Consider MNIMIZE , for example. We could spend additonal memory for mainteyni
a hash table in a way that enables us to find nodes we are loékirfgster. The
maintenance of this hash table reduces the effort spemgltineexist (3) operation
in the MINCHECK routine. This presents a trade-off because it is memonyhctist
organize all the nodes of the given SBDD.

We analyzed the profiling data received from running instaraf the example applica-
tion which we introduce in chaptEl 5. These results verigyfdct that the NNIMIZE
procedure is actually the most expensive one. A lot of th@inmtime of the whole
language containment checkipgocedure was spent in the procedure that implements
theexistsoperation in the MNNCHECK routine. This means that a lot of time is spent
on searching through the nodes. We implemented GHECK such that we go through

all structural nodes and check them to see whether the ¢condtiolds. Therefore, we
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have twice a quadratic running time for theMCHECK routine. Additonally, MNI -

MIZE goes through all the, ¢ € S. This is repeated until we reach a fixpoint. Hence,
it is expensive to compute a minimized SBDD.
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markphase();
for i < dnextfree do
if ismarked(iythen
n = next_insert_pos;
mem[n] = mem[i];
DFORWARD(i) = n;
end if
i++
end for
for i < snextfree do
if ismarked(i)then
n = next_insert_pos;
mem[n] = mem(i];
SFORWARD(i) =n
end if
i++

: end for
. for i < dnextfree do

high(i) = SFORW ARD (high(i))
low(i) = SFORW ARD(low(7))
i++

: end for
. for i < dnextfree do

for all s € succ(i) do

S =DFORWARD(s)
end for
i++

. end for

. update_unique_table
. update(dnextfree)

. update(snextfree)

- unmark()

Figure 4.5: mark-sweep-update-sweep garbage collector
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Chapter 5

Language containment checking

In this chapter we present an application of the SBDD fumetiiby that was previ-
ously introduced. We will build d&anguage inclusion checkdor Symbolic Labeled
Transition Systems

We introduce an algorithm for checking whether, for two gi&mbolic Labeled Tran-
sition Systems! and B, the language ofl is a subset of the language Bf We use
the implementation of the SBDD library that was introducedhaptef3 and chapter
d. Using this library we can easily implement tlhh@guage inclusion checker

5.1 Symbolic Labeled Transition System

In this section we will give a definition ddymbolic Labeled Transition Systevhich
we will use in the next section in order to descrifransitions Systenmsymbolically.
The symbolic representation of models was introduced InNI9Ig].

Definition 15 We can represent a set of states in a transition system sicalyplby
encoding the set as a Boolean function over a set of variabl@his Boolean function
can be represented as a BDD or in our case as a SBDD contaimiactly this Boolean
function.

Definition 16 A set of transitiong over a set of states can be represented symbolically
by encoding the set of transitions as a Boolean funcfiawer the variableg’ and
their primed version)’. V is the set of variables that encode the source states of a
transition and)”’ gives the respective destination states of the transitjpis again
encoded as BDD or singleton SBDD.

43
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Definition 17 A Symbolic Labeled Transitiors a tuple ¢, t)

e ¢ € ¥ andX is an alphabet
e tis a symbolically represented set of transitions

t is the set of transitions with label, i.e. if any transition fromr is taken one can
observex

Definition 18 A Symbolical Labeled Transition Systema tuple(,T,V)

e )V set of variables
e symbolic represented set ofitial states/ with variables iny

e aset ofSymbolic Labeled Transitiorig with variables iny

5.2 Language containment checking

A common problem in software-aided verification is that oas kB concrete imple-
mentationA of a System and an abstract Systéhof that system that specifies the
behavior of the concrete system. This means that both sgséeenable to observe
the same external events. Thus, if you have two Systérasd B given asSymbolic
Labeled Transition Systemgu want to verify that the language dfis also accepted
by B,i.e. L(A) C L(B).

req req

rel rel

A B
Figure 5.1: example of two systems

Figure[5.1 gives an example of two systems. Systeatcepts the languagg A) =
(req™.rel)” whereasB accepts the languag® B) = (req|rel)“. If you considerA

as your concrete system amtlas your abstract system you can see that the language
inclusion holds, i.eL(A) C L(B).
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Figure[.2 gives the algorithm performing a language inolugheck on two given
Symbolical Labeled Transitions Systefis= (11,71, V1) and Sy = (15, T3, V,) over
alphabet:, V; NV, = 0 with

o 71 ={(a1,1), (a9, 2), ..., (an, n) }
o TH) = {(ala ﬁl)v (a27 ﬁQ)v X (anaﬁn)}
o) — Vl U Vg

e V' primed version of variables v

with a; € ¥, a; and; symbolically represented set of transitionss {1,...,n}. To
each observable evemt, there is a corresponding pair of transitidns, /3;)

The algorithm in figuré&l2 consists of two steps. The firgh ¢li@es 1-15) computes
the set of all simultaneously reachable configurations.sBoend step checks if every
transition that is possible in the concrete system is alssipte in the abstract system.
If this holds thedanguage inclusioolds.

e inlines 1-15 the algorithm computes the set of all simultarsty reachable con-
figurations of both systems. It starts with the initial coof@tion(Z; A I5). Then
it computes all the configurations that can be reached frenmihial state if both
systems take transitions simultaneously. If the computataches a fixpoirft
thensS is the symbolical representation of the set of all simultarsty reachable
states.

e inlines 17-21 it computes the set of configurations wheris enabled

e in lines 22-25 the predicatdisabledis computed; this is a SBDD representing a
set that contains exactly one Boolean function.

e in line 26 the algorithm computes the set of those configomatiom which all
transitions ing; aredisabled i.e. the set of configurations such tlthsabled
follows from them.

e in lines 27-31 we check whether the geis the empty set. IB # () language
inclusion does not hold because there is a reachable coatfigiiwhere a tran-
sition in«; can be taken but there is no corresponding transitigh that can be
taken.

Itis easy to implement such a decision procedure efficiawtly the help of theSBDD-
Library because the library provides an efficient data structuresforesenting sets of
Boolean functions and all the required operations.
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5.3 Design

The strategy we have implemented for checking the langueajgsion property is: we
compute the fixpoint from thimitial stateand theset of transitionsvithout computing

the minimal representative of the intermediate resultgnilue build the minimal rep-
resentative of the fixpoint. After that, we run the secong gtehelanguage inclusion
checkingalgorithm. Namely, we check, in each transition whether cere take this
transition in theconcrete systeiout not in theabstract system
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1: S =AND(Iy, I,) {initialize S}
2. H=10
3: repeat
4: S=9
5: for i =0ton do
6: H = AND(S,AND(a;, 3;))
7 for v € V do
8: H = EXISTS(H,v) {Jv.H}
9: end for
10: S" = UNION(S', H)
11: end for
12: for ' € V' do
13: S" = 8suBsT(S, x, ) { 5[« = x|}
14: end for
15: until S =5’
16: for : = 1..ndo
17: A = AND(S, o)
18: for v € V] do
19: A = EXISTS(A, v)
20: end for
21: A = ReEM_FALSE(A) { A — {false}}
22: disabled = NOT((3;)
23: for v € V; do
24: disabled = FORALL(disabled,v) {Yv.—;}
25: end for
26: B = FILTER(A, disabled)
27: if ISEMPTY(B) then
28: return language inclusion holds
29: else
30: return language inclusion does not hold
31 end if
32: end for

Figure 5.2: algorithm that checks the language inclusiaperty for two given sys-
tems
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Chapter 6

Experimental Results

In this chapter we present the results obtained by runniadatiguage containment
checkeron certain instances of thrautual exclusion problent will turn out that the

compression rate of sets of Boolean function representé&B&D is exponentially
better than the conventional approach of representing afd@bolean functions as
a set of BDDs. However, another result shows that it is experts compute the
minimal representative.

We ran thelanguage inclusion checkéntroduced in chaptdd 5 on certain mutual ex-
clusion problems. For our experiments we had a AMD Athlon Xd®® machine
with 2GB of RAM installed. This machine was running Debiamlx kernel version
2.6.15-1-k7.

6.1 Dining Philosophers

To analyze the behavior of our implemented SBDD data stractve run théanguage
inclusion checkeon an instance of the four dining philosophers. During thpdint
computation we contrast the number of nodes of the SBDD ointeemediate result
to the number of nodes of the equivalent set of BDDs.

Since there were previously no benchmarks for testing implaation of sets of Boolean
functions, we present here a common concurrency problemelyathe dining philoso-
phers problem described for examplelin [Wik06]. In this peoi there exists a round
table with four forks and four seats. Each philosopher hasthkone seat and two
out of the four forks are assigned to this seat. A philosophable to eat only if he
has two forks. However, he has to share his forks with hishimigs. So, the question
is now how to arrange the philosophers so that every philosiogho wants to eat is
eventually able to eat. During the process, it may be the ttede¢he system becomes

49
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stuck. The problem of the dining philosophers is equivaterd common problem
in computer-aided verification, namely to the problem of howcontrol shared re-
sources in a system. Figurel6.1 shows the implementatiom®fphilosopher. The
whole system consists then of four parallel instances sfgiistem, four semaphores
representing the forks and a room semaphore that contreladbess to the dining
room. The additional room semaphore is needed to avoid at&ituwhere the system
reaches a deadlock, i.e. that four philosopher are sittitigeatable and each of them
has allocated only one fork.

We can formulate properties which we are interested in abatract systerand check

the property against our implementation of the philosopineblem ¢€oncrete systejn
with the help of thdanguage inclusion checkewe showed in chaptét 5: the property
holds for theconcrete systemxactly if the language of theoncrete systens a subset

of the language of thabstract systerover the same alphabet. In this case we used an
abstract systerwhich observes thmutual exclusiomproperty.

Since we are interested in how much memory we can save by tlsen§BDD data
structure instead of a set of BDD we keep track of the decismies that are used in
the intermediate results during the computation of the fixp§ and compares them
to the number of nodes in the equivalent set of BDDs.

Figurel6.2 depicts the graph that compares the number adidaciodes in the SBDD
(solid line) of the intermediate result to numbers of nodegb®equivalent set of BDDs
(dotted line). One can observe: in the case of SBDDs the aisge slowly whereas
in the case of BDDs the curve rises exponentially.

1: loop

2: Think

3: Wait_Room

4: Wait_left_fork i

5: Wait_Right_fork i

6 Eat_spaghetti

7 Release_left _fork i

8: Release_right_fork i
9: Release  Room

10: end loop

Figure 6.1: philosopher
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nodes of sets of BDDs compared to SBDDs
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Figure 6.2: decision nodes of SBDDs compared to equivakiraf88DDs

6.2 Mutual exclusion with manager

In this section we present the results obtained by runnin@giceinstances of the mu-
tual exclusion problemmux_man_nconsisting of a manager andprocesses. We
observe again that the number of decision nodes of the fikpepresented as mini-
mal SBDD is exponentially smaller than the number of nodabefequivalent set of
BDDs. In this case the result also shows that it is expensivw®mpute the minimal
form from sets of Boolean functions.

An implementation of thenutual exclusiomproblem using a central manager is intro-
duced in [MP95]. There are processes and a central manager running in parallel.
Each of the processes may want to access a memory that they shérst sends a
request to the manager, and the manager responds then wbuasg is allowed to
access the variable next. The algorithm is shown in FigiBe 6.

We run certain instances of theux_man_problem in order to compare the size of the
fixpoints in compressed form to sets of BDDs. Himstract systenwe chose, observes
the mutual exclusion behavior in order to check whethentihg_man_rsatisfies this
property. The language of the abstract system is the |lamgtieg contains the words
such that if one process enters the critical section it meestd this section before
another process can enter it.

Table 6.1 shows the results of running instancesnak_man_rof 1, 2, 3, 4 and 5
clients running in parallel. The column are as follov&\Nodegyives the number of
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loop o
while y = 0 do p N
skip nor_lcrltlcal ‘
end while while = 7 j do
y:=J
A .. €T = ’y " . .
while z £ 0 do 5=, PLs] = end while
skip critical
end while x:=0
end loop end loop

Figure 6.3: mux_man_n: The procesdeg] request the central managérfor en-
tering the critical section. The central managereceives requests in variabjeand
responds in variable which process is allowed to enter the critical section.

structural nodesPnodesthe number of decision nodelsbelsgives the size of the
alphabetfp is the time (in seconds) spent on computing the fixpgipt,;, is the time
(in seconds) needed to compute the minimal representatitwe dixpoint andc gives
the time (in seconds) spent on performing the languagesraiuwcheck. Thélat row
below each instance gives the number of nodes of the fixpepresented as set of
BDDs.

Considering Table 6.1 and colunfip,,.;, we can see thatitis indeed expensive to com-
pute the minimal fixpoint. The time, spent on computatiomdseasing exponentially
with the number of nodes. If we compare the number of decisades (DNodes) in
each case with the number of nodes of the flattened fixpbaitrow below each in-
stance) we see that there is an increasing distance bethween Figuré 815 contrasts
these two values. As we can see, the number of decision nodése SBDD case,
increases almost linearly with the number of client proeessinning in parallel. On
the contrary, in the case of sets of BDDs the number of nodeeases exponentially
with the number of processes running. The result is: we cae sgponential many
nodes.

In this section we have seen that it is expensive to competeihimal representation
of a set of Boolean functions. But we have also seen that theuof nodes saved is
exponential.

6.3 Semaphores

In this section we present the results of running a serieBeahutual exclusiomprob-
lem using semaphore variables introduced in [MP95]. Thiacimally the simplest
method in order to achieve mutual exclusion.
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loop
noncritical
requesty/i]
Hj]‘ilP[z'] $ critical
releasey[i + 1]
end loop

Figure 6.4: sem_n: Achieves mutual exclusion by usingemaphore variables.

Table 6.2 shows the results of running instanceseoh_rof 1, 2, 3, 4, 5 and 6 clients
running in parallel. The column are as followdNodegives the number of structural
nodes Dnodesthe number of decision noddapelsgives the size of the alphabdp,
is the time (in seconds) spent on computing the fixpgipt,;, is the time (in seconds)
needed to compute the minimal representation of the fix@widtc gives the time (in
seconds) spent on performing the language inclusion chBo&flat row below each
instance gives the number of nodes of the fixpoint repredeadeet of BDDs.

While running this series of experiments we can recognike,ih the case omutual
exclusion with managethat it is expensive to compute the minimal representative
Consider Figure®l6 which contrasts the decision nodeseaftihimized SBDD to the
nodes of equivalent set of BDDs. We observe a very slow, fineang curve in the
SBDD case. In contrast, in the BDD case, we have again a vsrgf@onential rising
curve.

6.4 Summary

In all of the different series of experiments performed wepmnized the same behav-
ior. It is expensive to compute the minimal representatiizéhe fixpoint. We also
observed that the number of nodes we can save by using thisaagbpinstead of sets
of BDDs saves exponentially many nodes.
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SNodes | DNodes | labels | vars fp fPmin lc
mux_man_2 66 87 9 22 0.47 1.85 3.66
flat 113 138
mux_man_3 170 233 13 34 7.09 22.32 35.78
flat 479 568
mux_man_4 390 554 17 36 29.36 | 552.75 | 703.24
flat 1244 1513
mux_man_5 864 1260 21 40 | 159.98 | > 3600 | > 3600
flat 3117 3866

Table 6.1: results of running certain instancesmfs_man_n

nodes of sets of BDDs compared to SBDDs

T T T T f
"SBDD" _6_ T
"BDD" . + |
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Figure 6.5: decision nodes of SBDD compared to those of etpnt set of BDDs at
certain instances of thmux_man_n
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SNodes | DNodes | labels | vars fp fPmin lc
sem_2 21 26 6 16 0.16 0.06 1.39
flat 46 55
sem_3 33 44 9 22 1.47 0.73 3.07
flat 151 184
sem_4 51 69 12 30 10.56 20.45 44.81
flat 456 549
sem_5 67 93 15 36 54.19 | 499.03 | 1437.28
flat 1269 1506
sem_6 85 120 18 42 |1 337.93 | > 3600 | > 3600
flat 3378 3951
Table 6.2: results of running certain instancesei_n
nodes of sets of BDDs compared to SBDDs
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Figure 6.6: decision nodes of SBDDs compared to those of/atguit set of BDDs at
certain instances gfem_n
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Chapter 7

Summary

In this thesis we presented the SBDD data structure whiaksgan exponential com-
pression rate for sets of Boolean functions compared toodettmndard BDDs. Since
we have to deal with large sets of Boolean functions in thel feélcomputer aided-
verification this is very useful in practice.

In the second chapter we gave a formal definition of wHaB&Dactually is. We gave
the syntactical representation and defined the semantieahimg of that. Further-
more, we showed the equivalence between the SBDD datalsteuandBinary Tree
Automaton Hence, every SBDD can be transformed into an equivadamary Tree
Automatorwith language that is exactly the set of those BDDs that isvedgnt to the
SBDD. The other direction holds as well, namely evBigary Tree Automatogan
be transformed into an equivalent SBDD. This gives the dppéy to use algorithms
that work on either SBDD dBinary Tree Automatan

The third chapter is used to present the algorithms whicldlaund manipulate

SBDDs. There ardoolean operationsset operationsand operations for building
the canonical representativeUnlike BDDs, SBDDs are not necessarily in canonical
representation. ThBoolean operationgork directly on the graph structure. Thet
operationsand the operations for building treanonical representativeork on the
automaton.

In the fourth chapter we have shown some key concepts fotilmgea C++ library
providing the SBDD data structure and all its operations.er€fore, a pointerless
approach for implementing this functionality was presdnte

Chaptefb showed an implementation dhaguage inclusion checkéor two reactive
systems using the algorithms presented in chapter threengta functionality, which
allows us to build and manipulate sets of Boolean functioves have seen that it is
rather easy to implement tih@nguage inclusion checker
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The sixth chapter shows some results obtained by checkirngirtenstances of the
mutual exclusiorproblem to see if they satisfy the mutual exclusion propekye
observed that it is rather expensive to compute the miniepabsentative of an SBDD.
The most important result was that the number of decisiores@l an SBDD was
exponentially smaller compared to the nodes of the equivalet of BDDs.

7.1 Future work

We have seen that on one side, it is expensive to create thpaobmrepresentation.
However, on the other side we can save exponential many n&aese of the opera-
tions presented in chapfér 3 destroy the minimal structtiam &BDD such that it has
to be recomputed afterwords. We could change those opesatiach that they directly
minimize the decomposed subtrees while performing theatioes; this could possi-
bly eliminate the expensive recomputation of the minimakesentative and would
also keep the minimal representation.

We also could change the design aspect of saving memorygitimencomputation to
a faster approach which would increase the speed of congpiliinminimal represen-
tative.
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