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e Background

e Modeling asynchronous circuits

e A test case: revisiting the C-element theorem
Manohar, M., ASYNC 2017
@ An insight to systems from circuits
Dan, Manohar, M., PODC 2017

@ Conclusion
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Asynchronous Circuits

Digital Circuits

No clock

No bound on signal transmission time
No bound on gate activation time
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Asynchronous Circuits

Their promise:

e Energy savings
e E! ciency of computation
e Passive elements (loT)
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Delay-insensitive (DI) circuits

DI circuits operate correctly regardless of:

e delays of gates
e delays of wires connecting gates

The purest form of asynchronous circuits.
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MartinOs C-Element Theorem (1990)

Qf a DI circuit has only one computation, and
if the computation contains at least three
transitions on each variable, then the circuit
can be constructed with C-elements only. O

Intuitively, a single-output gate is a C-element when a change in
its output is possible only after all its input values have Ripped

A.J. Martin. The limitations to delay-insensitivity in asynchronous circuits.
Proc. ARVLSI 1990.
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MullerOs C-element

41
y
22
Z1 22 Yy
0O O 0
0 1 unchanged
1 0 unchanged
1 1 1
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Important consequences of MartinOs theorem

Pure DI circuits are extremely limited:

e They are coupled C-element oscillators
e Circuits with OR gates canOt be DI
e Circuits with AND gates canOt be DI
e aaa
! look at non-DI circuits

! justibcation for isochronic forks
! justibcation for making timing assumptions
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e It is not DI, but the circuit has Omore than one
computation,O due to timing-dependent execution

e The C-element theorem canOt be used
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Background: argument supporting C-Element theorem

e Consider a signal transition or
e If the circuit is DI, thegate for y must observe the change
on x; beforex changes again
e ... thisis true for of the signal
I unigue successor sgroperty

Argument is repeatedly applied to successors of successors (by
hiding variablesNthe ) to obtain the
C-Element theorem.

'glﬁf..'lﬂiﬂﬂ

Technology

Moses (HD: T, Vienna) Circuits as Distributed Systems October 20, 2017 11/ 45



Background

A DI circuit to which the theorem does not apply:

Successors
x: {w}

w: {a,y} y:{x}
brwy @ {0}

Initially: w=b=1, a=x=y=0

Two possible executions:
X"y wiky" xd#t at b w' vk XU ot bt wil L

X"y wiky"; at, x# b, w' v ot X b wil L
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Successors

x: {w}
w:fay} Vi
b: {w} a: {b}

Initially: w=b=1 a=x=y=0

Two possible executions:
XII ; yll ; X#; all ; b#; y#; XII ; a#; bll ;

X'yt aty x# by oy e X b
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Our contributions

e A new proof of the limitations of DI circuits

e Applies to all closed circuits with single output gates, not
just those with one computation

e Main result: theEventual C-Element theorem

o Informal statement: Eventually, all gates in a DI circuit
behave like C-elements with respect to their switching
inputs.

The main conclusion of MartinOs papeemains:

purely DI circuits are very limited
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The model

V: a set ofvariables -I-
BU

o B $%z" or B $%x# —2z
z & V, B is a Boolean expression By

o A is a pairG; = (B, $%z", By $%z#) .
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Modeling Muller&8-element

Gy = (Bu$%", By $%y#)

B. = 21" »

Bd = A21' AZZ
Z1 22 Yy
0O O 0
0 1 unchanged
1 0 unchanged
1 1 1
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The model

V: a set ofvariables -I-
BU

o B $%z" or B $%x# —2z
z & V, B is a Boolean expression By

o A is a pairG; = (B, $%z", By $%z#) .
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The model

V: a set ofvariables -I-
BU

o B $%z" or B $%x# —2z
z & V, B is a Boolean expression By

o A is a pairG; = (B, $%z", By $%z#) .

a collection of| V| gates, one pee & V

A conbgurationof a circuit is an assignment: V % {0, 1}
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Computations

A computationis an inbnite sequence N % C

0 ormore prings ) )
.~~"to move forward in time ~ S(1): @ conbguration

CHE S5 G S e ¢ - >
012 t time

e s(t+1) is obtained froms(t) by bring zero or more gates
whose PRs are enabled aft)
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Model requirements

Every DI circuitA must satisfy

By,' By is unsatisbable for every gate
G; = (B, $%z", By $%z#) of A
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Model requirements

Every DI circuitA must satisfy

By,' By is unsatisbable for every gate
G; = (B, $%z", By $%z#) of A

If a guardB, $%z" of G; is enabled ats(t) and
disabled ats(t + 1), then s,(t+1) =1

similarly forBy $%z# and s;(t +1) =0
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Local timelines

Vg

v | AND

Vi
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Local timelines

v2

v | AND

U1
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Local timelines

V2

v | AND

Vi
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Local timelines

VI Lgr

V2

Vi

v | AND
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Local timelines

vil1-

V2

v, | AND

Vi
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e Node(x, m) represents variable at time m

o We will reason about the relation between nodes in a given
computation

Ay, m)%s(z,m+1)O: z changes at timem in

. . . . . y Z
computations and y is an input to the production i X )—'/Q—’
rule for z.
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Potential causality

For a computations, we debne' ¢ to be the uniqgue minimal
relation that satisbes:

Locality: (y,)* s (v, t) if t+ t';
Successor: (v,t)* s(z,t+1) if (y,t) s (z,t+1);

Transitivity: (y,t) * s (z,t)) if, for some(x, m), both
(y7 t) * S(Xa m) and

(Xv m) * S (27 t!)'
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Firing chains
There is achain of firings from (y, t) to (z,t') in the
, Iz, t"
o it

computation s if
L @@ ,’" rrrrrrrrrrrrrrrrrrr

S PR R
B . [ F I
,,,,,,,,, U AN S S
Yoo 0
—>
tO time

27145

October 20, 2017

Technion
Circuits as Distributed Systems

~
1Y% Israelinstitute of
Technology

Moses (HD: T, Vienna)



(y,t)* s(z,t) , - afiring chain from (y,t) to (z, t")

Firing chains are direct analogues of message chains

Potential causality is equivalent to LamportOs notion
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The Past Theoref

e Fix a circuit A, a computations, a times m'
e GivenT, a set of nodegy, m') at time m'

!
past(T) = {(x,m) 1 (x,m)* s (y',m)} .
"y mi#$T

a R. Manohar and Y. Moses. Analyzing Isochronic Forks with Potential Causality.
ASYNC 2015.
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The Past Theoref

" Ixy,m'™ Ixy, m'
past(T), .

Ixp,m"" Xz, m""
R ;o

T={Ix;,m",Ix;,m"} T={Ix;,m" Ix;,m"}

» »
[ T, > T T T >
¢ m time (4 m time

Original computation s A T-equivalent computation s'

only Prings inpasts(T) occur ins' up to time m'
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Modeling delay-insensitivity
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The successor property

e If x changes at timeg and t' > t
e then y must change at some betweent and t'

A satisbes the successor property.
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Successor property
™ X ™ x
:/'O\ g XK

e By the Past Theorem there is a computatian such that:

e x changes att and t'
o All other changes betweenand t' are in

e Stability of xXX | change inx is in s'

(Mt +1)* g (x, ' +1)

~
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Results on feedback in DI circuits

Lemma (feedback)

Supposey is an input to the gate forx in a DI circuit A. If y
changes value at least twice in some computatigrthen there
is a directed path fromx to y in the circuit A.
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C-Elements

: @ y feedback input

e "(x, z) = shortest distance fromx to z in the directed graph
of gates
e "(x,q) =1 and x changes twiceg must change at least once
e "(x,z) =2 and x changes three times:

e g on the path from x to z changes twice
e soz changes at least once
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C-Elements

Lemma

Supposey is a feedback input to gates, in a DI circuit A.
Then
e there is a time after whichGy and Gy can only bre in
alternating order;

e Gy and Gy can violate this alternation at most(x,y) . 2
times.

~
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Predecessor property

A gate Gy satisbes the: if every inputx
of y Pres once between every two Pringsyof

Observation

A gate that satisbPes the predecessor property in all
computations of circuitA behaves as a C element

[
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Combinatorial Digression

Choose Pnitek and consideK = {1,2,...,k} in cyclic order,
with the natural notions of successor and predecessor gver

Question
Suppose a long sequence

M,02, . oy dmy .- -

overK satispes the successor property. Does it satisfy the
predecessor property?

~
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Combinatorial Digression

Lemma

If an inPnite sequencay, i, ..., in, ... OVer K satisbes the
successor property, then it satisbes the predecessor
property:

There existsNp such that the st X ing, iNg+1 5 iNg+2 5 - - -
satisbes the predecessor property.
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Fix a sequence # = i1, i»,...,Iim,... oOverK satisfying the
successor prop.

&K is if i1,...,imw1,/ SatisbPes successor prop.

Debne F(m)= {j:j is safe form in #}
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Fix a sequence # = i1, i»,...,Iim,... oOverK satisfying the
successor prop.

&K is if i1,...,imw1,/ SatisbPes successor prop.

Debne F(m)= {j:j is safe form in #}

F) = K
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Fix a sequence # = i1, i»,...,Iim,... oOverK satisfying the
successor prop.

&K is if i1,...,imw1,/ SatisbPes successor prop.

Debne F(m)= {j:j is safe form in #}

F) = K

If [F(m)| =1 then in+1,im+2, ... satispes the predecessor proper
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Fix a sequence # = i1, i»,...,Iim,... oOverK satisfying the
successor prop.

&K is if i1,...,imw1,/ SatisbPes successor prop.

Debne F(m)= {j:j is safe form in #}

FQ)=K
If [F(m)| =1 then in+1,im+2, ... satispes the predecessor proper

Fm+1)= F(m)/ {im. LB\{ im}
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F(m+1) =  F(m)/! {im. 1}\{ im}

o [FQ)|= k. 1
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F(m+1) =  F(m)/! {im. 1}\{ im}

o [FQ)|= k. 1
o [F(m+1)|+ |F(m)]

~
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F(m+1) =  F(m)/! {im. 1}\{ im}

o [FQ)|= k. 1
o [F(m+1)|+ |F(m)]

e If iy, violates predecessor prop., theA(m+ 1) | < |F(m)|
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F(m+1) =  F(m)/! {im. 1}\{ im}

o [FQ)|= k. 1
o [F(m+1)|+ |F(m)]

e If iy, violates predecessor prop., theA(m+ 1) | < |F(m)|

! There are+ k. 2 violations in#
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F(m+1) =  F(m)/! {im. 1}\{ im}

o [FQ)|= k. 1
o [F(m+1)|+ |F(m)]

e If iy, violates predecessor prop., theA(m+ 1) | < |F(m)|

! There are+ k. 2 violations in#

! From some timely on, there are no violations i#

'M" Technion
1Y% Israelinstitute of
ec

Technology

Moses (HD: T, Vienna) Circuits as Distributed Systems October 20, 2017 41/ 45



Theorem (Eventual C-Element)

Let A be a DI asynchronous circuit.

e For every computatiors of A, there is a time after which
every gate acts as a C-element; and

e No more than|V|? violations of the predecessor property
in any computation ofA.

<
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Example ruling out OR gates

e If a and b both change twice, they must be feedback
inputs;

e Eventually the gate must behave as a C-element w.r.t.
both of them;

e Impossible, since one cannot bound the number of
violations of the predecessor propertyNan OR can bre as
soon as either input is 1.
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More general result: the Eventual C-Element theorem

applies to any closed circuit with single-output gates

e Main tool: the Past Theoren{based on potential causality)

New combinatorial argument
MartinOs original conclusion stands:

purely DI circuits are very limited
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Conclusions

e The asynchronous aspects of circuits are the same as in
systems

e Distributed systems techniques useful for circuits

e Another application of the Past theorem:
A proof of the isochronic fork theorem in ASYNC 2015.

o Next step: Use distributed systems techniques to analyze
timing in circuits, assuming bounds on wires and gates.
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