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Dynamic
expander decomposition



Dynamic Expander Decomposition

* Fixed graph ¢ = (V,E) and ¢

* Objects that only grows
* D C E: set of edge deletions
* A: anode weighting

Thm: DynED(G, ¢, A, D) maintains an incrementalset C 2 D
* Ais ¢p-expanderinG — C
* |Cl =D < ¢|A|logn

Note: Even when A and D grow, C might not grow



Algorithm

C<0
While A is not ¢-expandingin G — C
* So, 3 ¢-sparsecut (S,U — S) incomponentU of G — C
[E(S,U—5)| < gmin{A(S), AU — S)}
cC<CUE(SU-YS5)
Return C
Given updateto D, C « C U D and go to while loop.

Given update to A, go to while loop.

Analysis: After terminated
« Ais ¢-expandinginG — CandC 2 D




Bound |C(®)| attime t

Plan:

« Initially, each A®-vertex has $(p A" (v) logn)
* Pay $1 peredgein C \ D without debt

« = |C|—|D| < ¢|AP|logn

When C « CUE(S,U — S), each A®-vertex in the smaller side pays $¢ A" (v)
» Total Budget: $¢ min{A)(5), AU —5)}
« TotalCost:  $E(S,U—Y5)
* Cost < Budgetas S is ¢p-sparse before time t
* E(S,U—S5) < ¢min{A(S), AU — $)} < p min{A® (5),AO WU - 5)}

Each vertex has > $0 at all time
« Avertexis putto the smaller side < logn times




Boundary-linked
expander decomposition



Boundary-linked ¢-expander decomposition of A in G

Theorem: Given G = (V,E), A, f < 1/4¢ logn, thereexistsC C F
*|C] = (2¢logn) - |A]
* A+ [deg. is ¢p-expandinginG — C



Algorithm

N,
* While A" = A + fdeg, is not ¢p-expandingin G — C
* So, 3 ¢-sparsecut (S,U — S) incomponentU of G — C
|E(S,U—S5)| < ¢ min{A'(S),A"(U — S)}
cC<CUE(S,U—-YS5)
 ReturnC

Analysis: After terminated
« A'is ¢p-expandingin G — C
* Remainto bound |C|




Bound |[C|: Plan

e Initially, each A-vertex has $(2¢A(v) logn)
* Without debt
* Pay $1 peredgein C = |C| < 2¢|A|logn
 Maintain Invariant “Each A'-vertex v has $(2¢A'(v) log |U,|)”
* U, isthe componentin G — C containing v”



Bound |C|: Payment scheme

When (C <« C U E(S,U — S§), each A’-vertex in the smaller side pays $2¢ A" (1)

« Total Budget:  $2¢ min{A'(S),A"(U — S)} ¢
* Total Cost: $2E(S,U —S5) -
* $E(S,U — S) for new edges in C
* $2¢| | log U to maintain invariant
o | | = 2B|E(S,U — S)| as edges has two endpoints
« B<1/4¢logn
* So, $2¢| |logU < $E(S,U —S)

* Cost < Budgetas S is ¢-sparse (£(S,U —5) < ¢ min{A'(5), A (U — 5)})
Observe: Invariant is maintained



Non-trivial mincut preservers



First Glance at the Algorithm...

1. C = Expander(G,100)
2. C'={Trim(X) | X € C}
3. C" ={Shave(X") | X € C'}
4. G' = G/C" (contracted each X" € ¢")
G X € Expander(G, 100) Key Property

 EitherX" € CorX"NC =0
* So G' preserves non-trivial min cuts of G



First Step: Expander Decomposition

Expander(G, a):

G =(V,E)

* expansion parameter a

Return: partition C = {X{, ..., X;;} of V/ s.t.

VP + S c X;: |[E(S,X;\S)| = amin{|S]|, [X;\S|}
* 2 [E(X;, V\X;)| = O(anlogn)



Min cut cannot overlap a lot with Expanders

Assume that |C N X| < |X\C]|.

LetS = C N X.

X € Expander(G, 100)
Claim: |S| < A1/100.
Proof: 1 > |E(S,X\S)| = 100]S].

Edgesin E(S, X\S)

. Expansion of X
cross min cut



Second Step: Trimming

Def: Given X c V, Trim(X) is obtained from X as follows:

“While 3v € X s.t. |[E(v,X)| < 26/5, remove v from X”
X € Expander(G, 100)

So |E(v, Trim(X))| = %for all v € Trim(X)




Min cut may overlap a bit with Trimmed Set

let X' = Trim(X)andS'=X'NnC S S

Claim: |S'| < 2. X € Expander(G, 100)

Warm-up: If |S’| = 3, we have contradiction...

C




Min cut may overlap a bit with Trimmed Set
let X' = Trim(X)andS'=X'NnC S S

Claim: |S'| < 2.

X € Expander(G, 100)

Warm-up: If |S’| = 3, we have contradiction...

20
Az |ES,X\S)|23-=-6>6 c
Edgesin E(S', X"\S")
Cross min cut

|E(S', S| is
very small because
G is simple



Min cut may overlap a bit with Trimmed Set
let X' = Trim(X)andS'=X'NnC S S

Claim: |S'| < 2. X € Expander(G, 100)

Proof: Otherwise, we have contradiction...

e 3L |5'| < |5| < A < J holds for |S’| € [3,5/100]
100 100

A2 B, XN\S)| 2 IS 2 - 2[5 > 8

#endpoints of #endpoints of
edges inside X' edges inside X'
that cross S’ incident to S’

#endpoints of
edges inside S’



Last Step: Shaving
Def: Given X' c V,Shave(X') ={ve X' | |[E(v,X")| > deg(v)/2+ 1}

Let X" = Shave(X')and S" = X" nC. X € Expander(G, 100)
So |[E(v,X")| > deg(v)/2 + 1, forall v € Shave(X")




Min cut do not overlap with Shaved Set
Def: Given X' c V, Shave(X") = {v € X' | |[E(v,X")| > deg(v)/2 + 1}
Let X' = Shave(X")andS" =X"nC c §'. X € Expander(G, 100)

Claim: S"' = @.
Proof: Otherwise...

X' = Shave(X")

VO




Min cut do not overlap with Shaved Set

Def: Given X' c V, Shave(X") = {v € X' | |[E(v,X")| > deg(v)/2 + 1}
Let X" = Shave(X)andS" =X"nCcS. X € Expander(G, 100)

Claim: S" = ¢.

Proof: Otherwise, letv € S"' C §’.

* As |S'| < 2, may exist only one more v’ € S'.

* |[E(v,X'\C)| = |[E(v,X")| — 1 > deg(v)/2.

e Can move v out of C to get a cut smaller than C

As C is non-trivial Contradiction!




Summary: Computing G' and Key Property

C = Expander(G, 100)

C' ={Trim(X) | X € C}

C'" = {Shave(X) | X' € "}

G' = G/C" (contracted each X" € C")

B w e

X € Expander(G, 100) Key Property
 EitherX" € CorX"NC =0
* So G' preserves non-trivial min cuts of G




