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Dynamic 
expander decomposition



Dynamic Expander Decomposition

• Fixed graph 𝐺 = (𝑉, 𝐸) and 𝜙
• Objects that only grows

• 𝐷 ⊆ 𝐸: set of edge deletions
• 𝐴: a node weighting

Thm: DynED(𝐺, 𝜙, 𝐴, 𝐷) maintains an incremental set 𝐶 ⊇ 𝐷

• 𝐴 is 𝜙-expander in 𝐺 − 𝐶

• 𝐶 − 𝐷 ≤ 𝜙 𝐴 log 𝑛

Note: Even when 𝐴 and 𝐷 grow, 𝐶 might not grow



Algorithm

• 𝐶 ← ∅

• While 𝐴 is not 𝜙-expanding in 𝐺 − 𝐶
• So, ∃ 𝜙-sparse cut 𝑆, 𝑈 − 𝑆 in component 𝑈 of 𝐺 − 𝐶

𝐸 𝑆, 𝑈 − 𝑆 < 𝜙 min{𝐴 𝑆 , 𝐴 𝑈 − 𝑆 }
• 𝐶 ← 𝐶 ∪ 𝐸(𝑆, 𝑈 − 𝑆)

• Return 𝐶
• Given update to 𝐷, 𝐶 ← 𝐶 ∪ 𝐷 and go to while loop.
• Given update to 𝐴, go to while loop.

Analysis: After terminated
• 𝐴 is 𝜙-expanding in 𝐺 − 𝐶 and 𝐶 ⊇ 𝐷



Bound |𝐶(௧)| at time 𝑡
Plan:
• Initially, each 𝐴(௧)-vertex has $(𝜙𝐴(௧) 𝑣 log 𝑛)

• Pay $1 per edge in 𝐶 ∖ 𝐷 without debt
• ⇒ 𝐶 − |𝐷| ≤ 𝜙 𝐴(௧) log 𝑛

When 𝐶 ← 𝐶 ∪ 𝐸(𝑆, 𝑈 − 𝑆), each 𝐴(௧)-vertex in the smaller side pays $𝜙𝐴(௧) 𝑣

• Total Budget: $𝜙 min 𝐴(௧) 𝑆 , 𝐴(௧) 𝑈 − 𝑆

• Total Cost: $𝐸(𝑆, 𝑈 − 𝑆)

• Cost ≤ Budget as 𝑆 is 𝜙-sparse before time 𝑡
• 𝐸 𝑆, 𝑈 − 𝑆 ≤ 𝜙 min 𝐴 𝑆 , 𝐴 𝑈 − 𝑆 ≤ 𝜙 min 𝐴(௧) 𝑆 , 𝐴(௧) 𝑈 − 𝑆

Each vertex has ≥ $0 at all time 
• A vertex is put to the smaller side ≤ log 𝑛 times



Boundary-linked 
expander decomposition



Boundary-linked 𝜙-expander decomposition of 𝐴 in  𝐺

Theorem: Given 𝐺 = (𝑉, 𝐸), 𝐴, 𝛽 ≤ 1/4𝜙 log 𝑛, there exists 𝐶 ⊆ 𝐸

• 𝐶 ≤ (2𝜙 log 𝑛) ⋅ |𝐴|

• 𝐴 + 𝛽deg஼ is 𝜙-expanding in 𝐺 − 𝐶



Algorithm

• 𝐶 ← ∅

• While 𝐴ᇱ = 𝐴 + 𝛽deg஼ is not 𝜙-expanding in 𝐺 − 𝐶
• So, ∃ 𝜙-sparse cut 𝑆, 𝑈 − 𝑆 in component 𝑈 of 𝐺 − 𝐶

𝐸 𝑆, 𝑈 − 𝑆 < 𝜙 min{𝐴′ 𝑆 , 𝐴′ 𝑈 − 𝑆 }
• 𝐶 ← 𝐶 ∪ 𝐸(𝑆, 𝑈 − 𝑆)

• Return 𝐶

Analysis: After terminated
• 𝐴′ is 𝜙-expanding in 𝐺 − 𝐶

• Remain to bound |𝐶|



Bound |𝐶|: Plan

• Initially, each 𝐴-vertex has $(2𝜙𝐴 𝑣 log 𝑛)

• Without debt 
• Pay $1 per edge in 𝐶 ⇒ 𝐶 ≤ 2𝜙 𝐴 log 𝑛

• Maintain Invariant “Each 𝑨′-vertex 𝒗 has $(𝟐𝝓𝑨′ 𝒗 𝐥𝐨𝐠 |𝑼𝒗|)” 
• 𝑈௩ is the component in 𝐺 − 𝐶 containing 𝑣”



Bound |𝐶|: Payment scheme

When 𝐶 ← 𝐶 ∪ 𝐸(𝑆, 𝑈 − 𝑆), each 𝐴′-vertex in the smaller side pays $2𝜙𝐴′ 𝑣

• Total Budget: $2𝜙 min 𝐴′ 𝑆 , 𝐴′ 𝑈 − 𝑆

• Total Cost: $2𝐸(𝑆, 𝑈 − 𝑆)
• $𝐸(𝑆, 𝑈 − 𝑆) for new edges in 𝐶
• $2𝜙 𝐴௡௘௪

ᇱ log 𝑈 to maintain invariant
• 𝐴௡௘௪

ᇱ = 2𝛽|𝐸 𝑆, 𝑈 − 𝑆 | as edges has two endpoints
• 𝛽 ≤ 1/4𝜙 log 𝑛

• So, $2𝜙 𝐴௡௘௪
ᇱ log 𝑈 ≤ $𝐸(𝑆, 𝑈 − 𝑆)

• Cost ≤ Budget as 𝑆 is 𝜙-sparse (𝐸 𝑆, 𝑈 − 𝑆 ≤ 𝜙 min 𝐴′ 𝑆 , 𝐴′ 𝑈 − 𝑆 )

Observe: Invariant is maintained



Non-trivial mincut preservers



First Glance at the Algorithm…

1. 𝒞 = 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

2. 𝒞ᇱ = {𝐓𝐫𝐢𝐦(𝑋) ∣ 𝑋 ∈ 𝒞}

3. 𝒞ᇱᇱ = {𝐒𝐡𝐚𝐯𝐞(𝑋′) ∣ 𝑋′ ∈ 𝒞′}

4. 𝐺ᇱ = 𝐺/𝒞′′ (contracted each 𝑋ᇱᇱ ∈ 𝒞′′)

𝑋 ∈ 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

𝑋ᇱ = 𝐓𝐫𝐢𝐦(𝑋)

𝑋ᇱᇱ = 𝐒𝐡𝐚𝐯𝐞(𝑋′)

𝐺

𝐶

Key Property
• Either 𝑋ᇱᇱ ⊆ 𝐶 or 𝑋ᇱᇱ ∩ 𝐶 = ∅
• So 𝐺′ preserves non-trivial min cuts of 𝐺



First Step: Expander Decomposition

𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 𝛼): 
• 𝐺 = (𝑉, 𝐸)

• expansion parameter 𝛼
Return: partition 𝒞 = {𝑋ଵ, … , 𝑋௞} of 𝑉 s.t.
• ∀∅ ≠ 𝑆 ⊂ 𝑋௜:  𝐸 𝑆, 𝑋௜\S ≥ 𝛼 min{ 𝑆 , 𝑋௜\S }

• ∑ |𝐸(𝑋௜௜ , 𝑉\X௜)| = 𝑂(𝛼𝑛 log 𝑛)



Min cut cannot overlap a lot with Expanders

Assume that 𝐶 ∩ 𝑋 ≤ |𝑋\C|.

Let 𝑆 = 𝐶 ∩ 𝑋.

Claim: 𝑆 ≤ 𝜆/100.
Proof: 𝜆 ≥ 𝐸 𝑆, 𝑋\S ≥ 100 𝑆 .

𝐶

𝑋 ∈ 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

𝑆

Edges in 𝐸 𝑆, 𝑋\S
cross min cut Expansion of 𝑋



Second Step: Trimming

Def: Given 𝑋 ⊂ 𝑉, 𝐓𝐫𝐢𝐦(𝑋) is obtained from 𝑋 as follows:
“While ∃𝑣 ∈ 𝑋 s.t. 𝐸 𝑣, 𝑋 < 2𝛿/5, remove 𝑣 from 𝑋”

So 𝐸 𝑣, 𝐓𝐫𝐢𝐦(𝑋) ≥
ଶఋ

ହ
for all 𝑣 ∈ 𝐓𝐫𝐢𝐦(𝑋)

𝑋 ∈ 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

𝑋ᇱ = 𝐓𝐫𝐢𝐦(𝑋)



Min cut may overlap a bit with Trimmed Set

Let 𝑋ᇱ = 𝐓𝐫𝐢𝐦 𝑋 and 𝑆ᇱ = 𝑋ᇱ ∩ 𝐶 ⊆ 𝑆. 

Claim: 𝑆′ ≤ 2.
Warm-up: If 𝑆ᇱ = 3, we have contradiction… 

𝐶

𝑋 ∈ 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

𝑋ᇱ = 𝐓𝐫𝐢𝐦(𝑋)

𝑆′



Min cut may overlap a bit with Trimmed Set

Let 𝑋ᇱ = 𝐓𝐫𝐢𝐦 𝑋 and 𝑆ᇱ = 𝑋ᇱ ∩ 𝐶 ⊆ 𝑆. 

Claim: 𝑆′ ≤ 2.
Warm-up: If 𝑆ᇱ = 3, we have contradiction… 

• 𝜆 ≥ 𝐸 𝑆ᇱ, 𝑋ᇱ\Sᇱ ≥ 3 ⋅
ଶఋ

ହ
− 6 > 𝛿 𝐶

𝑋 ∈ 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

𝑋ᇱ = 𝐓𝐫𝐢𝐦(𝑋)

|𝐸(𝑆′, 𝑆′)| is 
very small because 

𝑮 is simple

Edges in 𝐸 𝑆′, 𝑋′\S′
cross min cut



Min cut may overlap a bit with Trimmed Set

Let 𝑋ᇱ = 𝐓𝐫𝐢𝐦 𝑋 and 𝑆ᇱ = 𝑋ᇱ ∩ 𝐶 ⊆ 𝑆. 

Claim: 𝑆′ ≤ 2.
Proof: Otherwise, we have contradiction… 

• 3 ≤ 𝑆ᇱ ≤ 𝑆 ≤
ఒ

ଵ଴଴
≤

ఋ

ଵ଴଴

• 𝜆 ≥ 𝐸 𝑆ᇱ, 𝑋ᇱ\Sᇱ ≥ 𝑆ᇱ ⋅
ଶఋ

ହ
− 2 𝑆ᇱ ଶ > 𝛿

𝐶

𝑋 ∈ 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

𝑋ᇱ = 𝐓𝐫𝐢𝐦(𝑋)
holds for 𝑆ᇱ ∈ [3, 𝛿/100]

#endpoints of 
edges inside 𝑋′
incident to 𝑆′

#endpoints of 
edges inside 𝑆′

#endpoints of 
edges inside 𝑋′

that cross 𝑆′



Last Step: Shaving

Def: Given 𝑋′ ⊂ 𝑉, 𝐒𝐡𝐚𝐯𝐞 𝑋ᇱ = {𝑣 ∈ 𝑋′ ∣ |𝐸 𝑣, 𝑋ᇱ | > deg(𝑣)/2 + 1 }

Let 𝑋ᇱᇱ = 𝐒𝐡𝐚𝐯𝐞 𝑋′ and 𝑆ᇱᇱ = 𝑋ᇱᇱ ∩ 𝐶. 
So 𝐸 𝑣, 𝑿′ > deg(𝑣)/2 + 1, for all 𝑣 ∈ 𝐒𝐡𝐚𝐯𝐞 𝑋′

𝑋 ∈ 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

𝑋ᇱ = 𝐓𝐫𝐢𝐦(𝑋)

𝑋ᇱᇱ = 𝐒𝐡𝐚𝐯𝐞(𝑋′)



Min cut do not overlap with Shaved Set

Def: Given 𝑋′ ⊂ 𝑉, 𝐒𝐡𝐚𝐯𝐞 𝑋ᇱ = {𝑣 ∈ 𝑋′ ∣ |𝐸 𝑣, 𝑋ᇱ | > deg(𝑣)/2 + 1 }

Let 𝑋ᇱᇱ = 𝐒𝐡𝐚𝐯𝐞 𝑋′ and 𝑆ᇱᇱ = 𝑋ᇱᇱ ∩ 𝐶 ⊆ 𝑆′. 

Claim: 𝑆ᇱᇱ = ∅.
Proof: Otherwise… 𝐶

𝑋 ∈ 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

𝑋ᇱ = 𝐓𝐫𝐢𝐦(𝑋)

𝑋ᇱᇱ = 𝐒𝐡𝐚𝐯𝐞(𝑋′)



Min cut do not overlap with Shaved Set

Def: Given 𝑋′ ⊂ 𝑉, 𝐒𝐡𝐚𝐯𝐞 𝑋ᇱ = {𝑣 ∈ 𝑋′ ∣ |𝐸 𝑣, 𝑋ᇱ | > deg(𝑣)/2 + 1 }

Let 𝑋ᇱᇱ = 𝐒𝐡𝐚𝐯𝐞 𝑋′ and 𝑆ᇱᇱ = 𝑋ᇱᇱ ∩ 𝐶 ⊆ 𝑆′. 

Claim: 𝑆ᇱᇱ = ∅.
Proof: Otherwise, let 𝑣 ∈ 𝑆ᇱᇱ ⊆ 𝑆′. 
• As 𝑆ᇱ ≤ 2, may exist only one more 𝑣ᇱ ∈ 𝑆′. 
• 𝐸 𝑣, 𝑋′\C ≥ 𝐸 𝑣, 𝑋ᇱ − 𝟏 > deg(𝑣)/2.
• Can move 𝑣 out of 𝐶 to get a cut smaller than 𝐶

𝐶

𝑋 ∈ 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

𝑋ᇱ = 𝐓𝐫𝐢𝐦(𝑋)

𝑋ᇱᇱ = 𝐒𝐡𝐚𝐯𝐞(𝑋′)

As 𝐶 is non-trivial Contradiction!



Summary: Computing 𝐺′ and Key Property

1. 𝒞 = 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

2. 𝒞ᇱ = {𝐓𝐫𝐢𝐦(𝑋) ∣ 𝑋 ∈ 𝒞}

3. 𝒞ᇱᇱ = {𝐒𝐡𝐚𝐯𝐞(𝑋′) ∣ 𝑋′ ∈ 𝒞′}

4. 𝐺ᇱ = 𝐺/𝒞′′ (contracted each 𝑋ᇱᇱ ∈ 𝒞′′)

𝑋 ∈ 𝐄𝐱𝐩𝐚𝐧𝐝𝐞𝐫(𝐺, 100)

𝑋ᇱ = 𝐓𝐫𝐢𝐦(𝑋)

𝑋ᇱᇱ = 𝐒𝐡𝐚𝐯𝐞(𝑋′)

𝐺

𝐶

Key Property
• Either 𝑋ᇱᇱ ⊆ 𝐶 or 𝑋ᇱᇱ ∩ 𝐶 = ∅
• So 𝐺′ preserves non-trivial min cuts of 𝐺


