PROBLEMS: STRUCTURE AND ALGORITHMS

Part 1

An interval graph is a graph whose vertices are linear interval, and two
vertices are adjacent if and only if the corresponding intervals meet.

1.

Prove that a graph has a path decomposition into complete graphs
(meaning that each bag is a compelte graph) if and only if it is an
interval graph.

Prove that pw(G) = minw(H) — 1 where the minimum is taken over
all interval graphs containing G as a subgraph.

Let C be a finite collection of intervals. Let 7(C) be the size of the
smallest set of points meeting all members of C, and let v(C) be the
maximum number of pairwise disjoint intervals in C. Show that v(C) =

7(C).

Let m > 0 be an integer, and let C be a finite collection of intervals,
and assume that no point is in more than m intervals. Prove that there

is a set of at least % members of C, all pairwise disjoint.

Part 2

. Let G be a graph, let (T, X') be a tree-decomposition of G, and let K

be a clique of G. Show that there exists v € V(T such that K C X (v).

Let G be a graph, let (T, X) be a tree-decomposition of G, and let H
be a connected subgraph of G. Let T" = T[X~(H)]. Prove that 7" is
a tree.

Let G be a graph, and let H be obtained from G by subdividing an
edge. Show that tw(H) < tw(G).

Part 3

. Let G be a graph with maximum degree A. Show that tw(L(G)) <

A x (tw(G) + 1) (here L(G) is the line graph of G).



2. Let G be a graph and let V5 be the set of vertices of degree at least
three in G. Let v(G) be the largest size of a component of G[V3]. Prove
that for every pair of integers ¢, A there exists ¢ such that every graph
with v(G) < A and no a t-basic obstruction (as an induced subgraph)
has tree-width at most c.

3. Show that a graph of tree width at most ¢ has chromatic number at
most ¢ + 1.

4. Let x1,x9, x5 be three distinct vertices of a graph G. Assume that H
is a connected induced subgraph of G \ {z1, 22,23} such that V(H)
contains at least one neighbor of each of x, xq, z3, and that V(H) is
minimal subject to inclusion. Then, one of the following holds:

(a) For some distinct i, j, k € {1,2,3}, there exist P that is either a
path from z; to x; or a hole containing the edge x;x; such that
o V(H)=V(P)\ {x;,x;}, and
e cither z; has two non-adjacent neighbors in H or z; has ex-

actly two neighbors in H and its neighbors in H are adjacent.

(b) There exists a vertex a € V(H) and three paths Pj, Py, P3, where
P; is from a to x;, such that
L] V(H) = (V(Pl) U V(PQ) U V(Pg)) \ {1'1, 1‘2,113}, and
o thesets V(P)\{a}, V(P)\{a} and V(P3)\ {a} are pairwise
disjoint, and
e for distinct 4, j € {1, 2,3}, there are no edges between V' (F;) \
{a} and V(P;) \ {a}, except possibly z;x;.
(c) There exists a triangle ajasasz in H and three paths Py, Py, Ps,
where P; is from a; to x;, such that
o V(H)=(V(P)UV(P)UV(P3))\ {x1, 22,23}, and
e the sets V(P;), V(P;) and V(P;) are pairwise disjoint, and
e for distinct 7,5 € {1,2,3}, there are no edges between V' (F;)
and V(P;), except a;a; and possibly z;x;.

Part 4

1. Let (T, x) be a tree decomposition of a graph G. Show that there exists
a tree decomposition of (7", x") of G such that
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(a) [V(T")| < [V(G)], and
(b) for every t' € V(T") there exists t € V(T') such that x'(t') C x(¢).

Deduce that G has a tree decomposition (7', x) of width treecwidth(G)
such that |V(T)| < |V(G)|.

. Let t > 1 be an integer and let G' be a graph with no clique of size t
and no induced subgraph isomorphic to K;;. Let R = R(t,t) be the
smallest integer such that every graph on at least R vertices contains
either a clique or a stable set of size t. Let X C V(G); write d = | X]|.
Let Y C V(G)\ X be such that for every y € Y, [N(y)NX| > R. Then
Y] < (R-1)(%).

. Let G be a graph such that tree-a(G) = d. Then there exists X C
V(G) with a(X) < d such that for every component D of G\ X,
a(D) < *9 4 q.

Part 5

. Let P be a path and let X C V(G) \ V(P). (P,X) is an alignment if
there exists a collection of pairwise disjoint subpaths {P, : z € X} of
P such that for every x € X, N(x) N V(P) C P, and N(x) N P # (.

Let G be a theta free graph and let P be a path in GG. Let ¢t be an
integer. Let X C V(G)\ V(P) be a stable set with |X| > 3t2. Assume
that every vertex of X has at least one neighbor in P, and that every
vertex of P has at most one neighbor in X. Prove that there is a sub-
path P’ of P, and a subset X’ of X with |X’| = ¢, such that (P, X’) is
an alignment.

Hint: Consider an interval graph corresponding to the neighborhoods
of elements of X in P. Use the fact that the complement of an interval
graph if perfect.

. Let G be a graph. Prove that if G contains a 3-subdivision of K33 as
an induced minor, then G contains a theta, a prism or a pyramid.

. Design an algorithm to test if a graph G contains a pyramid as an
induced subgraph, with running time O(|V(G)|').



