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Problem Definition

Given:

o N: set of n agents
e M: set of m indivisible goods
e Monotone valuation functions v; : 2 — R
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Problem Definition

Given:

o N: set of n agents
e M: set of m indivisible goods
e Monotone valuation functions v; : 2 — R

vi(SU{g}) >vi(S) forall SC Mand ge M\ S

Goal: Find a fair allocation of the goods to the agents.
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Problem Definition

Given:
. e 6 N0
o N: set of n agents - @ M
e M: set of m indivisible goods
e Monotone valuation functions v; : 2" — Rx \ o

vi(SU{g}) > v:(S) forall SC M and g € M\ S = \';

Goal: Find a fair allocation of the goods to the agents.

A partition X = (X1, Xo,..., X,) of M
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Fairness

Envy-freeness: [Foley 1967]
o v;(X;) > wv;(X;) for all agents i, j.

e Does not always exist.
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more than me!

o v;(X;) > wv;(X;) for all agents i, j.
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Fairness

Envy-freeness: [Foley 1967] Oaq

Others should not get
more than mel

o v;(X;) > v;(X;) for all agents ¢, 7. -x@ *\%@ 9
e Does not always exist. g |

Envy_freeness up toO any gOOd (EFX) [Caragiannis, Kurokawa, Moulin, Procaccia, Shah, Wang 2016]

o v, (X;)>vi(X,;\{g}) for all
agents 2,7 and all goods g € X;.
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e Does not always exist.
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Fairness

Envy-freeness: [Foley 1967]

o v;(X;) > wv;(X;) for all agents i, j.

Others should not get
more than mel

e Does not always exist.

Envy-freeness up to any good (EFX):

o v, (X;)>vi(X,;\{g}) for all
agents 2,7 and all goods g € X;.

Others should not get
much more than me!

Strong Envy: i strongly envies j, if there exists a good g € X; such that

vi(X5) <vi(X;\{g}).
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Others should not get
much more than me!

Strong Envy: i strongly envies j, if there exists a good g € X; such that
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Fairness

Envy-freeness: [Foley 1967]

o v;(X;) > v;(X;) for all agents i, 7. ..@
e Does not always exist. @

Envy-freeness up to any good (EFX):

o v, (X;)>vi(X,;\{g}) for all
agents 2,7 and all goods g € X;.

Others should not get
more than mel

Others should not get
much more than me!

Strong Envy: i strongly envies j, if there exists a good g € X; such that

vi(X5) <vi(X;\{g}).
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EFX

Special cases:

® 7, — 2 [Plaut, Roughgarden 2018]

e N = 3 [Chaudhury, Garg, Mehlhorn 2020], [Berger, Cohen, Feldman, Fiat 2021], [Akrami, Alon, Chaudhury, Garg, Mehlhorn, Mehta 2023
[ J Identical Valuations [Plaut, Roughgarden 2018]
e Binary valuations [Barman, Krishnamurthy, Vaish 2018]

() Bi—Valued Valuations [Amanatidis, Birmpas, Filos-Ratsika, Hollender, Voudouris 2021]

Relaxations of EFX:

(] EFX W|th Charity [Caragiannis, Gravin, Huang 2019], [Chaudhury, Kavitha, Mehlhorn, Sgouritsa 2020], ...
() Oé—EFX [Plaut, Roughgarden 2018], [Amanatidis, Markakis,Ntokos 2020] ...

o Epistemic EF X [Caragiannis, Garg, Rathi, Sharma, Varricchio 2023]
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Epistemic EFX

A bundle B C M is EEFX-feasible for agent ¢, if there exists a partition of M \ B
into n — 1 bundles Ai,..., A,_1, such that ¢ would not strongly envy any A; upon
receiving B.
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Epistemic EFX

A bundle B C M is EEFX-feasible for agent ¢, if there exists a partition of M \ B

into n — 1 bundles Ai,..., A,_1, such that ¢ would not strongly envy any A; upon
receiving B.

Epistemic EFX (EEFX):
e X, is EEFX-feasible for 7, for all agents 7.
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Epistemic EFX

A bundle B C M is EEFX-feasible for agent ¢, if there exists a partition of M \ B

into n — 1 bundles Ai,..., A,_1, such that ¢ would not strongly envy any A; upon
receiving B.

Epistemic EFX (EEFX):
e X, is EEFX-feasible for 7, for all agents 7.
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Epistemic EFX

A bundle B C M is EEFX-feasible for agent ¢, if there exists a partition of M \ B

into n — 1 bundles Ai,..., A,_1, such that ¢ would not strongly envy any A; upon
receiving B.
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Epistemic EFX

A bundle B C M is EEFX-feasible for agent ¢, if there exists a partition of M \ B

into n — 1 bundles Ai,..., A,_1, such that ¢ would not strongly envy any A; upon
receiving B.

Epistemic EFX (EEFX):
e X, is EEFX-feasible for 7, for all agents 7.
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Epistemic EFX

e EEFX allocations exist and can be computed in polynomial time for additive
ValuatiOnS. [Caragiannis, Garg, Rathi, Sharma, Varricchio 2023]

e Do EEFX allocations exist for more general valuations?

The concept of Epistemic EF was introduced by Aziz et al. [2018]
- proved that Epistemic EF may not always exist
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Epistemic EFX

e EEFX allocations exist and can be computed in polynomial time for additive
Va|uati0ns. [Caragiannis, Garg, Rathi, Sharma, Varricchio 2023]

e Do EEFX allocations exist for more general valuations?

Epistemic EFX allocations exist for monotone valuations.

The concept of Epistemic EF was introduced by Aziz et al. [2018]
- proved that Epistemic EF may not always exist

ini pll‘i‘lf‘;ﬁ?k“”“t

Nidhi Rathi

EEFX exists for Monotone Valuations


Nidhi Rathi
Nidhi Rathi


Our Technique

e Consider any desirable property P of a bundle B C M for an agent s.
- P : EEFX-feasibility of B for 2

o . lllpll“‘f‘;&tkt”
Nidhi Rathi ‘ EEFX exists for Monotone Valuations


Nidhi Rathi
Nidhi Rathi


Our Technique

e Consider any desirable property P of a bundle B C M for an agent s.
- P : EEFX-feasibility of B for ¢

e For any partition of M into n bundles A;, As,..., A,:
- bipartite graph (A, N),
- edge between 7 and A, iff ¢ finds A, desirable.
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Our Technique

e Consider any desirable property P of a bundle B C M for an
- P : EEFX-feasibility of B for ¢

e For any partition of M into n bundles A;, As,..., A,:
- bipartite graph (A, N),
- edge between 7 and A, iff ¢ finds A, desirable.

A1 As  As
° ° °
° ° °
1 2 3
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Our Technique

e Consider any desirable property P of a bundle B C M for an agent s.
- P : EEFX-feasibility of B for ¢

e For any partition of M into n bundles A;, As,..., A,:
- bipartite graph (A, N),
- edge between 7 and A, iff ¢ finds A, desirable.

Al AQ AS An—l
®
®
1 2 3 n—1
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Our Technique

e Consider any desirable property P of a bundle B C M for an agent s.
- P : EEFX-feasibility of B for ¢

e For any partition of M into n bundles A;, As,..., A,:
- bipartite graph (A, N),
- edge between 7 and A, iff ¢ finds A, desirable.

Al AQ AS An—l
e |f a perfect matching exists, a desirable °
allocation exists.
°
1 2 3 n—1
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Our Technique

e |f a perfect matching does not exists, there is a Hall's violater set.

A Ax  As
®
1 2 3
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Our Technique

e |f a perfect matching does not exists, there is a Hall's violater set.

There exists a subset of agents S, s.t. |[N(S)| < |S].

A1 Ay Az

w e
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Our Technique

e |f a perfect matching does not exists, there is a Hall's violater set.

There exists a subset of agents-S, s.t. |[N(S)| < |S].
bundles

A Ax  As
®
1 2 3
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Our Technique

e |f a perfect matching does not exists, there is a Hall's violater set.

There exists a subset of agents-S, s.t. |[N(S)| < |S].
bundles
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Our Technique

e |f a perfect matching does not exists, there is a Hall's violater set.

There exists a subset of agents-S, s.t. |[N(S)| < |S].
bundles

If S is minimal, then there exists a perfect matching covering N(S).

Al AZ AB An_l An
S ® °
N(S5) ° ®
1 2 3 n—1 n
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Our Technique

e |f a perfect matching does not exists, there is a Hall's violater set.

There exists a subset of agents-S, s.t. |[N(S)| < |S].
bundles

If S is minimal, then there exists a perfect matching covering N(S).

All the matched bundles are undesirable to the unmatched agents.
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Our Technique

e |f a perfect matching does not exists, there is a Hall's violater set.

There exists a subset of agents-S, s.t. |[N(S)| < |S].
bundles

If S is minimal, then there exists a perfect matching covering N(S).

All the matched bundles are undesirable to the unmatched agents.

Al AZ AS An_l An
Idea: Allocate the matching and solve S = ®
the problem for a smaller instance.
N(S) ® o
1 2 3 n—1 n
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Our Technique

Idea: Allocate the matching and solve A Ay Aj
the problem for a smaller instance. S 2
N(S) o

1 2 3
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Our Technique

Idea: Allocate the matching and solve A1 A As A1 A,
the problem for a smaller instance. S 2 ¢
We need to ensure two conditions: N(S) ° ®

e After removing the matching, desirable bundles in the smaller instance are
desirable in the original instance.
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Our Technique

Idea: Allocate the matching and solve A1 A As A1 A,
the problem for a smaller instance. S o ®

We need to ensure two conditions: N(S)
o N(S)#1.

e After removing the matching, desirable bundles in the smaller instance are
desirable in the original instance.

°
1 2 3 n—1 n

We ensure them for P being EEFX-feasibility.
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Our Algorithm

While N # ():
Pick a e N/
Let (A1,...,Ajn) be EFX when |N| agents have valuations v, [phaut, Roughgarden 2018]
Find and remove a “good” matching M A1 Ay As Ani—1 A
®
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Our Algorithm

While N # ():
Pick a € N/
Let (A1,...,Ajn) be EFX when |N| agents have valuations v, [phaut, Roughgarden 2018]
Find and remove a “good” matching M B, Bixi—1 Bin
°

We need to ensure two conditions:
o N(S) #I.

e After removing the matching, desirable bundles in the b
smaller instance are desirable in the original instance.
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While N # ():
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Our Algorithm

While N # ():
Pick a € N/
Let (A1,...,Ajn) be EFX when |N| agents have valuations v, [phaut, Roughgarden 2018]
Find and remove a “good” matching M B, Bixi—1 Bin
°

We need to ensure two conditions:
o N(S) £0.

e After removing the matching, desirable bundles in the
smaller instance are desirable in the original instance.

Lemma: If A is not EEFX-feasible for ¢ and B is EEFX-feasible for ¢ in an instance
with n — 1 agents after removing A, B is EEFX- feasible in the original instance.
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Let (A1,...,Ajn) be EFX when |N| agents have valuations v, [phaut, Roughgarden 2018]
Find and remove a “good” matching M B, Bixi—1 Bin
°

We need to ensure two conditions:

o N(S)£0.

Jo After removing the matching, desirable bundles in the
smaller instance are desirable in the original instance.

Lemma: If A is not EEFX-feasible for ¢ and B is EEFX-feasible for ¢ in an instance
with n — 1 agents after removing A, B is EEFX- feasible in the original instance.

IIIIJII““H?Lk

Nidhi Rathi


Nidhi Rathi
Nidhi Rathi


Our Results

Epistemic EFX allocations exist for monotone valuations.
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Our Results

Epistemic EFX allocations exist for monotone valuations.

Exponentially many queries are required to find an EEFX allocation, even for
iIdentical submodular valuations.

Reduction from [Plaut, Roughgarden 2020]
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Our Results

Epistemic EFX allocations exist for monotone valuations.

Exponentially many queries are required to find an EEFX allocation, even for

identical submodular valuations.
Reduction from [Plaut, Roughgarden 2020]

The problem of finding an EEFX allocation is PLS-hard even for identical
submodular valuations.

Reduction from [Goldberg, Hggh, Hollender]
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Future Direction

e PTAS for EEFX?
e EEFX + EF1 allocations?

e EEFX + other fairness/efficiency notions?
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