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Theorem 1.2. Let P be a finite set of mutually independent random variables in a probability space. Let A
be a finite set of events determined by these variables. If there exists an assignment of reals x : A — (0,1)
such that
VAe A : Pr[A] < z(4) [ (1—=x(B)),

BeT 4 (A)

s A
then there exists an assignment of values to the variables P not violating any of the events in A. Moreover
the randomized algorithm described above resamples an event A € A at most an expected x(A)/(1 — xz(A))

times bef?rf it finds such an evaluation. Thus the expected total number of resampling steps is at most
z(A
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function sequential 1l1(P, A)
for all P € P do
«— a random evaluation of P;
while 3A € A : A is violated when (P =vp : VP € P) do
pick an arbitrary violated event A € A;
for all P € vbl(A4) do
vp + a new random evaluation of P;
return (vp)pep;
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function parallel 1l1(P, A)
for all P € ? do in parallel
vp < a random evaluation of P;
while 34 € A : A is violated when (P = vp : VP € P) do
S « a maximal independent set in the subgraph of G4 induced by all events

which are violated when (P = vp : VP € P), constructed in parallel;

(7) s for all P ¢ U vbl(A) do in parallel s (1)
A€S

vp « a new random evaluation of P;

return (vp)peyp;
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Theorem 1.3. Let P be a finite set of mutually independent random variables in a probability space. Let
A be a finite set of events determined by these variables. If € > 0 and there exists an assignment of reals
z: A — (0,1) such that

VA€ A : PriA] < (1-e)z(4) [[ (1—-=(B)),
BeTl' 4 (A)

then the parallel version of our algorithm takes an expected O( log > aca - L(A)) steps before it finds an
evaluation violating no event in A.
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Lemma 2.1. Let 7 be a fized witness tree and C' the (random) log produced by the algorithm.

(i) If T occurs in C, then T is proper.

(ii) The probability that T appears in C is at most [[,cy () Pr([v]].
. . HL
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Consider the following procedure that we call 7-check: In an order of decreasing depth (e.g., reversed
breadth first search order) visit the vertices of 7 and for a vertex v take a random evaluation of the variables
in vbl([v]) (according to their distribution, independent of possible earlier evaluations) and check if the
resulting evaluation violates [v]. We say that the 7-check passes if all events were violated when checked.
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Lemma 3.1. Let 7 a fixed proper witness tree with its root vertex labelled A. The probability p, that the
Galton- Watson process described above yields exactly the tree T is

1 —x(A4) .
pr = w(A) H x'([v]).
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C?) C A{/ Let T4 denote the set of all proper witness trees having the root labelled A. We have
n

TL\J\M/] E(N4 —ZPerppedlbllltllelogC ] < Z H Pr[ Z H

7€TA T€TAveV(T) TeTAvEV (T)

where the first inequality follows from Lemma 2.1, while the second follows from the assumption in Theo-
rem 1.2. We further have

ENa < 3 ] =

TETAvEV (T)

z(A)
z(A)’

where the equality comes from Lemma 3.1, while the last inequality follows from the fact that the Galton-
Watson process produces exactly one tree at a time (not necessarily one from T4 since it might also grow
infinite). This concludes the proof of Theorem 1.2. (]
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Lemma 4.1. Ift € S;, then the depth of Tc(t) is j — 1.

Proof. Let tj, be the first number in the segment Si and let 7, = Tg")(t) for £ < j. As the events
resampled in the j-th parallel step are independent, the root is the only vertex of 7;. For k& < j we obtain
Tk from 741 by attaching some vertices corresponding to the k-th parallel step of the algorithm. As these
vertices have independent labels they can only add one to the depth. To see that they do add one to the
depth consider a vertex v of 7,41 of maximal depth. This vertex corresponds to a resampling of the event
[v] some time after step k of the parallel algorithm. If 75, has no vertex with higher depth than v, then
from the parallel step k to the resampling corresponding to v no event from I'*([v]) was resampled. But
this implies that [v] was already violated at parallel step k& and we did not select a maximal independent
set of violated events there for resampling. The contradiction shows that the depth of 75 is indeed one
more than that of 741. To finish the proof notice that 7¢(t) = 7. O
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