
- The problem and its relevance
- The Binary Consensus
- Generalization to multivalued Consensus
- Basic lower bounds

Ch 14 – Consensus 
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Breakout room:

The power of Consensus
-- Safe Broadcast –
a node is forced to send the same value to every other node

-- (n-f ≥) 2f+1; f+1 ; 1

-- Lynch-Welch ?
Byzantine case
Selfstabilized version

-- Other examples?



Consensus (with at most f Byzantine nodes) is not solvable if:
1) fully asynchronous system
2) more than f faulty in total (including self-stabilized)
3) n ≤  3f
4) nodes connectivity ≤  2f 
5) less than f+1 rounds

Other remarks:
1) with cryptography 
• no limit of ration n to f 
• node connectivity  > f; round complexity f+1

2) in the literature sometimes "agreement" is used for "safe broadcast" 
– agreeing on the leaders value

3) the problem was studies for many many different models
4) we will assume full synchrony, and no cryptography

Models



Consensus – universal (complete graphs)

Simulate each message sending by a safe broadcast
- each communication exchange is simulated by 
- n concurrent  safe broadcasts
- takes R+1 rounds per sending

By the Consensus properties:
all correct nodes ends each wave of sending holding 
an identical "message value" associated to each sender



Consensus – universal (general graphs)

• Simulate each message sending by sending along (2f+1)
node independent paths (Menger's Theorem)

- f+1 support for a message or null (⊥)
- feed algorithm 𝓐 with that message
- for v,w ϵ Vg w accepts message m from v iff v sent 
it in that specific round
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The Phase King Alg

• Binary Consensus
• Leader per phase
• f+1 phases
• Each phase is 

composed of 
3 broadcasts

The idea: once we have 
a correct leader a value
will be set and will 
never be changed again



Phase King Algorithm - 2

• op - is node's current opinion
• strong – a flag to indicate support to op

• validity, or consistent value leads all correct to strong=1
• strong =1 doesn't mean everyone has n-f, but 
since n ≥ 3f+1 each correct sees at least f+1 support to op 
(if it holds op)



Phase King Algorithm - 3

• only correct nodes with strong=1 participate in this round
• there can be only a single value with support ≥ f+1 
• if we have had a consistent op value, all correct would get
at least n-f support
• if any correct sees support to op, since n ≥ 3f+1 
each correct sees at least f+1 support to op (if it holds op)

• If we wouldn't be in a consistent op state some may set to 0



Phase King Algorithm - 4

• if any correct saw n-f support to op in the previous stage
the leader would obtain that value
• thus, if we would be in a consistent op state, that would
be the value the leader would see at this stage

• in such a case a correct leader would broadcast that value 

• in any case, a correct leader broadcasts a value to all correct



Phase King Algorithm - 5

• if we would be in a consistent op state, all correct are
with strong=1 and wouldn't do anything
• if any correct is with strong=1, that would be the value
a correct leader would send and all others will adopt it
• if the leader is correct we move into a consistent op state
• a faulty leader can affect only those without strong=1
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Phase King Algorithm - 6

• Validity (or having identical input values) and Termination hold

• once we hit a correct leader – agreement is reached
• within f+1 rounds it will happen
• all correct return an identical value



Proof 1

throughout the f+1 rounds:
• for all v ϵ Vg op=b.
• strong = 1 and remains 1



Proof 1

throughout the f+1 rounds:
• for all v ϵ Vg op=b.
• strong = 1 and remains 1
• no leader can change that
• all return that value



Proof 2

Count how many different pairs (i, bi) are sent in total in line 4
• Each  i ϵ Vg contributes a single pair (i, bi), since they send the same to all
• Each j ϵ V\Vg .may contribute up to two such pairs
• the total ≤ n-f+2f = n+f
• if there are two different values in line 5 there are at least 2(n-f) pairs
• 2(n-f) ≤ total number of pairs ≤ n+f
which implies n ≤ 3f – a contradiction


