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Voting

@ voters & candidates
o from voter preferences, choose a candidate

1: c=ax=b

@ 2: a»=c>b
= choose ?

1 3: a=b>c

4: b=arc

2@4
s (®)

o find a candidate that minimises the distance to the voters
@ need to approximate due to missing information

@ object of interest: worst case approximation ratio (distortion)
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Model

e V ={1,...,n} set of n voters, C set of m candidates

@ V and C lie in a metric space satisfying triangle inequality
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Model

e V ={1,...,n} set of n voters, C set of m candidates

@ V and C lie in a metric space satisfying triangle inequality

e metric d induces preference profile o = (01, ...,0,) (written d > o)
@ocy:c-a-b — a=1b ax=1bAhax=1a

e election £ =(V,C,0)

@ social choice function f takes a ¢ and returnsa c € C

@ social cost of a € C: SC(a,d) = >\, d(i,a)

_ _ SC(f(0),d
distortion(f) = sup, SUP s, %

= What is the best possible distortion?
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Lower Bound for Distortion [Anshelevich et al., 2015]
n voters, Vi = {v, ..., v§} and V) = {v;H, s Vnt
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Lower Bound for Distortion [Anshelevich et al., 2015]

n voters, Vi = {v, ..., v§} and V, = {v§+1, ey Vn}

1—¢ 1+e Vi:a-b
@ @ @ Vs b a wlog, return a
n n
SC(a) = §(l—e)+§((1+6)+(1—6))
n n
=239
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Lower Bound for Distortion [Anshelevich et al., 2015]

n voters, Vi = {v, ..., v§} and V, = {v§+1, ey Vn}

1—¢ 1+e¢ Vi:a=b
@ @ @ Vo bs a wlog, return a
n n n n
SC(a) = S(1-)+ 5((1+e)+(1-€))  SC(b) = 5(1+2)+ 50
:5(1—e)+g-2 :g(l-l—e)

=503-¢)

SC(a) 3—¢ <50

SC(b) ~ 14¢ 3

= distortion(f) > 3
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o Copeland’s Rule has distortion 5
[Anshelevich et al., 2015]
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o Copeland’s Rule has distortion 5
[Anshelevich et al., 2015]

@ improved upper bound of 2 + /5 ~ 4.236
[Munagala and Wang, 2019] & [Kempe, 2020]
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o Copeland’s Rule has distortion 5
[Anshelevich et al., 2015]

@ improved upper bound of 2 + /5 ~ 4.236
[Munagala and Wang, 2019] & [Kempe, 2020]

@ Social Choice Rule with distortion 3
[Gkatzelis, Halpern and Shah, 2020]
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Integral Domination Graph

Definition: Integral Domination Graph

Given £ = (C, V,0) and a € C, define the integral domination graph as
the bipartite graph G¢(a) = (V, V, E,) with (i,}) € E, iff a =; top(j).
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(p,q)-Domination Graph and Fractional Perfect Matching

Definition: (p,q)-Domination Graph

Given £ = (V, C,0), weight vectors p, g and a € C, then the

(p,q)-domination graph of a is the vertex-weighted bipartite graph
G¢ (a)=(V,C,E,,p,q) with (i,c) € E,,ie VAceC, iffasxc.
P.q
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(p,q)-Domination Graph and Fractional Perfect Matching

Definition: (p,q)-Domination Graph

Given £ = (V, C,0), weight vectors p, g and a € C, then the
(p,q)-domination graph of a is the vertex-weighted bipartite graph
Gﬁq(a) =(V,C,E; p,q) with (i,c) € E;, i€ VAceC,iff a=c.

Define D(S) :={ce C:3i€S:a%c},

p(S) = > icsp(i) for SC V and q(D) = > ..pa(c) for DC C.
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(p,q)-Domination Graph and Fractional Perfect Matching

Definition: (p,q)-Domination Graph

Given £ = (V, C,0), weight vectors p, g and a € C, then the
(p,q)-domination graph of a is the vertex-weighted bipartite graph
qu(a) =(V,C,E; p,q) with (i,c) € E;, i€ VAceC,iff a=c.

Define D5(S) :={ce C:3i€S:axc},
p(S) = > icsp(i) for SC V and q(D) = > ..pa(c) for DC C.

Fractional Perfect Matching

Given £ = (V, C, o), normalized weight vectors p, g and a € C, then
G,‘iq(a) admits a fractional perfect matching iff
VS C V: q(D5(S)) > p(S).
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Definition: (p,q)-Domination Graph

Given £ = (V, C,0), weight vectors p, g and a € C, then the

(p,q)-domination graph of a is the vertex-weighted bipartite graph
qu(a) =(V,C,E; p,q) with (i,c) € E;, i€ VAceC,iff a=c.

Define D5(S) :={ce C:3i€S:axc},
p(S) = > icsp(i) for SC V and q(D) = > ..pa(c) for DC C.

Fractional Perfect Matching

Given £ = (V, C, o), normalized weight vectors p, g and a € C, then
G,‘iq(a) admits a fractional perfect matching iff
VS C V: q(D5(S)) > p(S).

Notice D5 (S) is the neighbourhood of S in G% (a)
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For b:
Let S = {2,3} — DE(S) = {b},
q(DE(S)) =3 < 3= p(S)
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i i
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1 4 1 4
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For b:
Let S = {2,3} — DE(S) = {b},
q(DE(S)) =3 < 3= p(S)

G;,g’q(b) does not allow a fractional
perfect matching.
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For a:
let1€Sor3eS— DE(S)=C
= q(C)=12>p(9)
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For a:
letle Sor3eS— D5(S)=C
= q(C)=12>p(9)

S1 = {2} = D£(S;) = {a, b} :
q(D5(S1)) = 3 > p(S1) = & . :
) 1
i i

1
1
1 7

4
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For a:
let 1eSor3eS— DE(S)=C
= q(C)=12>p(9)

S = {2} = D5 (51) = {a, b}

Bl

q(D5(51)) =3 = p(S1) = 3 . :
Sy = {4} = D5(S2) = {a,c} ) 1
q(D5(%2)) =3 > 1 = p(%2) : *

Bl
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For a:

letle Sor3eS— D5(S)=C
= q(C) = 1> p(S)

S1 = {2} = D£(S;) = {a, b}
q(D5(51)=2>p(51) =13

S = {4} = D5 (S2) = {a, ¢}
q(D5(S2)) = 3 = 1 = p(%2)

S3 = {2,4} — D(S3) = {a, b, c}
a(D5(S3)) =1 > § = p(S3)

Bl Bl Bl Bl
Bl Bl N|=
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For a:

letl1€Sor3eS— DE(S)=C
= q(C)=12>p(S)

S1 = {2} = D£(S;) = {a, b}
q(D5(51)) = § = p(S1) = 2

Sy = {4} — DE(S,) = {a,c}
q(D5($2)) =3 > 1 = p(S2)

S3 = {2,4} — D(S3) = {a, b, c}
q(DE(S3)) = 1= 3 = p(S3)

G,iq(a) allows a fractional perfect
matching.

Bl Bl Bl
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Ranking-Matching Lemma

Lemma (Ranking-Matching Lemma)

For any £ = (V, C,0) and weight vectors p, g there exists some candidate
ce Csit. G,iq(c) admits a fractional perfect matching.
Such a candidate can be found in polynomial time.
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Lemma (Ranking-Matching Lemma)

For any £ = (V, C,0) and weight vectors p, g there exists some candidate
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For any £ = (V, C,0) and weight vectors p, g there exists some candidate
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€ = (V, C,o) some election with the smallest amount of voters s.t.

Ve e C:3S C V:q(DE(S)) < p(S) for arbitrary fixed p and g
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For any £ = (V, C,0) and weight vectors p, g there exists some candidate
ce Csit. G,iq(c) admits a fractional perfect matching.
Such a candidate can be found in polynomial time.

Proof by contradiction:
E =(V, C,o) some election with the smallest amount of voters s.t.

Vc e C:3S C V:q(DE(S)) < p(S) for arbitrary fixed p and g
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Ranking-Matching Lemma

Lemma (Ranking-Matching Lemma)

For any £ = (V, C,0) and weight vectors p, g there exists some candidate
ce Csit. G,iq(c) admits a fractional perfect matching.
Such a candidate can be found in polynomial time.

Proof by contradiction:
E =(V, C,o) some election with the smallest amount of voters s.t.

Vc e C:3S C V:q(DE(S)) < p(S) for arbitrary fixed p and g
@ S is a counterexample for ¢
e S minimal if =35’ C S : S is a counterexample for ¢

@ For every ¢ € C, fix such a minimal counterexample X,

Armin Schilling Optimal Metric Distortion 17.06.2025 16 /30



Let S = {2,3} — D{(S) = {b},
q(D5(S)) = 3 < 5 =p(S)

1
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Let S = {2,3} — D{(S) = {b},
q(D5(S) =3 < 5 =p(5)

1
1

1

2 . .
3 S is a counterexample of b, and S is
. 3 minimal
4 ) — Xp could be {2,3}
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Let S = {2,3} — D{(S) = {b},
q(D5(S)) = 3 < 5 =p(S)
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1
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2 . .
3 S is a counterexample of b, and S is
. 3 minimal
4 ) — Xp could be {2,3}

4

FNT

C*:={c e C:p(Xc) = maxsec p(Xa)}
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Let S = {2,3} — D{(S) = {b},
q(D5(S)) = 3 < 5 =p(S)

1
1

1

2 . .
3 S is a counterexample of b, and S is
. 3 minimal
4 ) — Xp could be {2,3}

4

FNT

C*:={ce C: p(Xc) = maxsec p(Xa)}
@ partial order 7~ over C* with a2 b X, D Xy AViEe Xpa=; b

@ fix some maximal a with -3c € C*: ¢~ a
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@ fix some b, noticeVie X, : b>; a

We want to show Vb € DE(X,): Xa € Xp A Xa 2 Xp

o = = £ DA
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We want to show Vb € DE(X,): Xa € Xp A Xa 2 Xp

@ fix some b, noticeVie X, : b>; a

assuming X; C X,
— b 7~ a, contradiction!
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— b 7~ a, contradiction!
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— q(D5 (Xb)) > p(Xp), contradiction!
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We want to show Vb € DE(X,) : Xa € Xp A Xa 2 Xp

@ fix some b, noticeVie X, : b>; a

assuming X; C X,
— b 7~ a, contradiction!

assuming X; 2 Xp
— q(D5 (Xb)) > p(Xp), contradiction!

We want to show D¢ (X;) # 0, q(D(X,)) > 0, p(X;) >0 and X, # 0
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We want to show Vb € DE(X,) : Xa € Xp A Xa 2 Xp

@ fix some b, noticeVie X, : b>; a

assuming X; C X,
— b 7~ a, contradiction!

assuming X; 2 Xp
— q(D5 (Xb)) > p(Xp), contradiction!

We want to show D¢ (X;) # 0, q(D(X,)) > 0, p(X;) >0 and X, # 0

e follows from Vb € DE(X;) : Xa € Xp A X5 2 Xp and elemental
assumptions we made
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Using what we have shown before, we get Vc € DE(X,) :

q(Df(XC)) > p(XcNX;) + q(Df(Xc N 73) N D§(Xa))
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Our goal now: find a b € DE(X;) s.t. q(DE(Xp)) > p(Xp)
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Our goal now: find a b € DE(X;) s.t. q(DE(Xp)) > p(Xp)

case p(X,) = 0:
e fix arbitrary b € DE(X;) # 0
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Using what we have shown before, we get Vc € DE(X,) :

q(Df(XC)) > p(XcNX;) + q(Df(Xc N 73) N D§(Xa))

Our goal now: find a b € DE(X;) s.t. q(DE(Xp)) > p(Xp)

case p(X,) = O:
e fix arbitrary b € DE(X;) # 0
o p(Xa) =1 — p(XpNXa) = p(Xp)
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Using what we have shown before, we get Vc € DE(X,) :

4(DE(X2)) = p(Xe N Xs) + q(DE(Xe N X;) N DE(XG)

Our goal now: find a b € DE(X;) s.t. q(DE(Xp)) > p(Xp)

case p(X,) = 0:
o fix arbitrary b € DE(X;) # 0
° p(Xa) =1— p(Xb N Xa) = p(Xb)
@ putting X}, into our inequality:

q(D5 (X)) = p(Xp N Xa) + (D (Xo N X5) N DE(X5))
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Our goal now: find a b € DE(X;) s.t. q(DE(Xp)) > p(Xp)

case p(X,) = 0:
o fix arbitrary b € DE(X;) # 0
° p(Xa) =1— p(Xb N Xa) = p(Xb)
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Using what we have shown before, we get Vc € DE(X,) :

4(DE(X2)) = p(Xe N Xs) + q(DE(Xe N X;) N DE(XG)

Our goal now: find a b € DE(X;) s.t. q(DE(Xp)) > p(Xp)

case p(X,) = 0:
o fix arbitrary b € DE(X;) # 0
° p(Xa) =1- p(Xb N Xa) = p(Xb)
@ putting X}, into our inequality:

(D5 (Xb)) = p(Xp N X5) + (D5 (Xp N X5) N DE (X))
> p(Xb N Xa)
= p(Xb)

which vyields the desired contradiction
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case p(Xa) > 0:

Ol g %)
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case p(X,) > O«

e consider restricted election £ = (X3, DE(X,), U|75m)

@ choose p'(i) := IZ&)) and ¢(c) := %
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case p(X,) > 0:

e consider restricted election £ = (X, D£(X,), U|75m)

@ choose p'(i) := IZ&)) and ¢(c) := %

@ — the Lemma holds for £
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case p(X,) > 0:

o consider restricted election £ = (X,, D£(X,), O‘|Zm)
a(c)

e choose p'(i) := p() and ¢'(c) : = o Dr o0

@ — the Lemma hoIds for £
o fixa bst. VSCX,: q(D:(S)) > p'(S)

Armin Schilling Optimal Metric Distortion 17.06.2025 20/30



case p(X,) > 0:

o consider restricted election £ = (X,, D£(X,), a|zm)

o chose () = 2 nd 010) = 0

e — the Lemma holds for £
o fixa bst. VSCX,: q(D:(S)) > p'(S)
@ with definitions of p’ and ¢:

q(D (X N Xa) N DE(X,)) > p(Xp N Xz)
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case p(X,) > 0:

e consider restricted election & = (X;, D5 (X,), ol% BExy)

1y — () I~ — __alc)
e choose p'(i) := 0% and ¢'(¢) : )
e — the Lemma holds for £

fixa bst. VS C X, : ¢ (DE(S)) > p/(S)
with definitions of p’ and ¢’:

q(Dy (Xo N X3) N DE (X)) = p(Xs N X5)

putting X, into our inequality, we get

q(D5 (Xb)) = p(Xs N Xa) + q(Df (Xp N Xa) N D5 (X,))
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case p(X,) > 0:

e consider restricted election & = (X;, D5 (X,), ol% BExy)

1y — () I~ — __alc)
e choose p'(i) := 0% and ¢'(¢) : )
e — the Lemma holds for £

fixa bst. VS C X, : ¢ (DE(S)) > p/(S)
with definitions of p’ and ¢’:

q(Dy (Xo N X3) N DE (X)) = p(Xs N X5)

@ putting X}, into our inequality, we get
(D5 (Xp)) = p(Xe N X5) + a(Df (X5 N X;) N DE(X:))
> p(Xp N Xa) + p(Xp N X;)
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case p(X,) > 0:

e consider restricted election & = (X;, D5 (X,), ol% BExy)

q(c)
q(Df(Xa))

choose p'(i) := % and ¢'(c) :=

— the Lemma holds for £
fixa bs.t. VS C X, : ¢'(D5(S)) > p'(S)
with definitions of p’ and ¢’:

q(Dy (Xo N X3) N DE (X)) = p(Xs N X5)

putting X, into our inequality, we get

(D} (Xb)) = p(X6 N Xa) + q(D§ (Xp N X3) N DE(X))
p(Xp N X3) + p(Xp N X;)
p

(Xb)

>
>

which vyields the desired contradiction (]
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@ Optimal Distortion
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Plurality Matching

Let plu(c) := [{i € V : top(i) = c}|
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Plurality Matching

Let plu(c) := |{i € V : top(i) = c}|

Define p“ni(i) % and qplu(c) _ plu(c)

n

o = = £ DA
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Plurality Matching
Let plu(c) := [{i € V : top(i) = c}|

Define p“ni(i) =1 and qplu(c) _ plu(c)

n n

Notice that gP(DE(S)) > p“ni(S) — plu(D5(S)) > |S|
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Plurality Matching
Let plu(c) := [{i € V : top(i) = c}|

Define p"i(i) = % and ¢P!(c) = —plun(c)

Notice that gPV(DZ(S)) > pU"i(S) — plu(DE(S)) > |S|
= exactly Hall's condition for perfect matching for G¢(a)

Armin Schilling Optimal Metric Distortion

17.06.2025 22/30



Plurality Matching
Let plu(c) := [{i € V : top(i) = c}|

Define p“"(i) = % and ¢P(c) = pl”T(C)
Notice that gPV(DZ(S)) > pU"i(S) — plu(DE(S)) > |S|
= exactly Hall's condition for perfect matching for G¢(a)

Definition: Plurality Matching (PM)

Given £ = (C, V,0), PM returns some ¢ € C s.t. Gfuni7qp,u(c) admits a
fractional perfect matching.

Alternatively formulated, PM returns some candidate c € C s.t. G¢(¢)
admits a perfect matching.

Ties are broken arbitrarily.
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Theorem 1

Solving the Optimal Metric Distortion Conjecture
PM has distortion 3.
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Solving the Optimal Metric Distortion Conjecture

Theorem 1
PM has distortion 3.

Proof-:

(V U C, d) metric space, o induced preference profile, a = PM(o),
be C\{a}.

We know G¢(a) admits perfect matching M : V — V with
a = top(M(i))
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Solving the Optimal Metric Distortion Conjecture

Theorem 1
PM has distortion 3.

Proof-:

(V U C, d) metric space, o induced preference profile, a = PM(o),
be C\{a}.

We know G¢(a) admits perfect matching M : V — V with
a = top(M(i))

SC(a) = d(i,a)

1%
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Solving the Optimal Metric Distortion Conjecture

Theorem 1
PM has distortion 3.

Proof-:

(V U C, d) metric space, o induced preference profile, a = PM(o),
be C\{a}.

We know G¢(a) admits perfect matching M : V — V with
a = top(M(i))

SC(a) = d(i,a)

ieVv
<> d(i, top(M(i))) | a = top(M(i))
eV
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Solving the Optimal Metric Distortion Conjecture

Theorem 1
PM has distortion 3.

Proof-:

(V U C, d) metric space, o induced preference profile, a = PM(o),
be C\{a}.

We know G¢(a) admits perfect matching M : V — V with
a = top(M(i))

SC(a) = d(i,a)

iev
<> d(i,top(M(i))) | a =i top(M(i))
iev
< (d(i, b) + d(b,top(M(i)))) | triangle inequality
iev
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= SC(b) + ) _ d(b, top(M(i)))
ieVv
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= SC(b) + ) _ d(b, top(M(i)))
eV

= SC(b) + Z d(b, top(i)) | M is a perfect matching
iev
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b) + > _ d(b,top(M(i)))

eV
b) + Z d(b,top(i)) | M is a perfect matching
iev
< SC(b Z (b, i)+ d(i,top(i))) | triangle inequality
icv
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b) + > _ d(b,top(M(i)))
icev
b) + Z d(b,top(i)) | M is a perfect matching
iev
< SC(b Z (b, i)+ d(i,top(i))) | triangle inequality
eV
< SC(b) + Z(d(b, i)+ d(i, b)) | Ve € C:d(i,top(i)) < d(i,c)
icev
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b) + > _ d(b,top(M(i)))

eV
b) + Z d(b,top(i)) | M is a perfect matching

< SC(b Z (b, i)+ d(i,top(i))) | triangle inequality
eV

< SC(b) + Z(d(b, i)+ d(i, b)) | Ve € C: d(i,top(i)) < d(i,c)
eV

= 3-SC(b)

Armin Schilling Optimal Metric Distortion 17.06.2025 24 /30



= SC(b) + ) _ d(b,top(M(i)))

eV
b) + Z d(b,top(i)) | M is a perfect matching

< SC(b Z (b, i) + d(i,top(i))) | triangle inequality
icv

< SC(b) + Z(d(b, i)+ d(i, b)) | Ve € C: d(i,top(i)) < d(i,c)
=3. SC(b)IEV

= SC(a) < 3-SC(b), i.e. distortion(PM) < 3.

As we already know Vf : distortion(f) > 3 we know distortion(PM) = 3.

0
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© Getting a Better Distortion Than 3
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a-Decisiveness

1-—¢
O,

()

N

1+¢
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a-Decisiveness

example quite unrealistic: half of the voters practically indifferent

@ 1—6®1+6@
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a-Decisiveness

example quite unrealistic: half of the voters practically indifferent

@ 1—6@1+6@

a-Decisiveness

Let (V U C,d) be a metric space.

We call a voter i € V' a-decisive if V¢ # top(i) : d(i, top(i)) < a - d(i, c).
We call our metric space a-decisive if all voters i € V are a-decisive.
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a-Decisiveness

example quite unrealistic: half of the voters practically indifferent

@ 1—6@1+E@

a-Decisiveness

Let (V U C,d) be a metric space.

We call a voter i € V' a-decisive if V¢ # top(i) : d(i, top(i)) < a - d(i, c).
We call our metric space a-decisive if all voters i € V are a-decisive.

100
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a-Decisiveness

example quite unrealistic: half of the voters practically indifferent

@ 1—6@1+E@

a-Decisiveness

Let (V U C,d) be a metric space.

We call a voter i € V' a-decisive if V¢ # top(i) : d(i, top(i)) < a - d(i, c).
We call our metric space a-decisive if all voters i € V are a-decisive.

@ 07 @ ' op 1: 0.7-decisive
2. 0-decisive
100 3: 0.02-decisive
5 = metric space is 0.7-decisive

Armin Schilling Optimal Metric Distortion 17.06.2025 26 /30



Improvements for PM

a) = Z d(i,a)

iev
< > d(i,top(M(i))) | =i top(M(i))
iev
< Z(d(i, b) + d(b, top(M(i)))) | triangle inequality
iev
=SC(b) + Y _ d(b,top(M
iev
b) + Z d(b, top(i)) | M is a perfect matching
iev
< SC(b Z )+ d(i,top(i))) | triangle inequality
ieVv
< SC(b) + Z(d(b, i)+ d(i, b)) | Ve € C: d(i,top(i)) < d(i,c)
ieVv
=3.5C(b)
= SC(a) < 3-SC(b), i.e. distortion(PM) < 3. O
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Improvements for PM

a) = Z d(i,a)

ieVv
< > d(i.top(M(i))) | a =i top(M(i))
iev
< Z(d(i, b) + d(b, top(M(i)))) | triangle inequality
iev
=SC(b) + Y _ d(b,top(M
ieVv
b) + Z d(b, top(i)) | M is a perfect matching
ieVv
< SC(b Z )+ d(i,top(i))) | triangle inequality
eV
< SC(b)+ ) (d(b,i)+ - d(i,b)) | a-decisiveness
ieVv

= (2+a)-SC(b)

= SC(a) < (24 a) - SC(b), i.e. distortion(PM) <2+ . O
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A Lower Bound for a-Decisive Metric Spaces

Theorem 2

For every m > 2 and « € [0, 1], the distortion of every social choice rule is

at least 2 + o — 2% for a-decisive metric spaces, where | m|eyen is the
largest even integer < m.
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A Lower Bound for a-Decisive Metric Spaces

Theorem 2
For every m > 2 and « € [0, 1], the distortion of every social choice rule is
at least 2 + a — 22(1—:2 for a-decisive metric spaces, where | m|eyen is the

Lm]

largest even integer < m.

m many voters and candidates
split C evenly into A and B
split V evenly into V4 and Vg

VieVy: aj=-A-B
VieVg: b~=B>A

wlog, return some a € A
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A Lower Bound for a-Decisive Metric Spaces

Theorem 2
For every m > 2 and « € [0, 1], the distortion of every social choice rule is
at least 2 + o« — 2% for a-decisive metric spaces, where | m|eyen is the

largest even integer < m.

m many voters and candidates
split C evenly into A and B
split V evenly into V4 and Vg

VieVy: aj=-A-B
VieVg: b~=B>A

wlog, return some a € A unlabelled distances are 1
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A Lower Bound for a-Decisive Metric Spaces

Theorem 2

For every m > 2 and « € [0, 1], the distortion of every social choice rule is

(1=

at least 2 + o — 2TT62 for a-decisive metric spaces, where | m|eyen is the

largest even integer < m.

m many voters and candidates
split C evenly into A and B
split V evenly into V4 and Vg

VieVy: aj=-A-B
VieVg: b~=B>A

wlog, return some a € A unlabelled distances are 1

VacA:SC(a)=a+ (37 -1)+F(1+a)andVbec B:SC(b)=7F O

N
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Thank you for your attention!
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