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Theorem [Gibbard ’73, Satterthwaite '75]
Let 1 L (A)" — A be a surjective and strategyproof
social choice function, where |A| > 3.

Then, f is dictatorial.
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anda > b= a> bforalli € Vandb € A\{a} a
a selected alternative remains selected
if dominated alternatives in all rankings remain dominated > >

Theorem [Muller, Satterthwaite '77]
Let 1 L (A)" — A be a unanimous and monotone
social choice function, where |A| > 3.

Then, f is dictatorial.
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] The Muller-Satterthwaite Theorem

> fis unanimous if f( > ) = a whenever
a > bforeveryi € Vand b € A\{a}

when all voters have the same top choice, it is selected

> fis monotone if f( >") = a whenever f( > ) = a
anda > b= a> bforalli € Vandb € A\{a} a
a selected alternative remains selected

if dominated alternatives in all rankings remain dominated >0 >, >5 >

| a C b a
Theorem [Muller, Satterthwaite *77] J . a b
Let f: £(A)" — A be a unanimous and monotone b b ¢ d
social choice function, where |A | > 3. c d d c

Then, f is dictatorial.

> we give a proof of this theorem due to Reny ['00],

so let f be as in the statement
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we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time
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» we consider two fixed alternatives a, b € A

> we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time
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b b b b b
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» we consider two fixed alternatives a, b € A

> we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time
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» we consider two fixed alternatives a, b € A

> we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time

>1 >l—1 >i >l+1 >n
b ) a a a
a b
b b b
a
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moving b one position at a time and one voter at a time
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moving b one position at a time and one voter at a time
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» we consider two fixed alternatives a, b € A

> we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time

> >ic1 7 Tl > n
b b a a a
a a b

b b
a

> >i—1 7P Tkl Tt 7T
b b b a a
a a a

b b
b
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we consider two fixed alternatives a, b € A

we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time
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>1 >l—1 >i >l+1 >n
b b a a a
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> 1 >ic1l i Ziel Tt 7
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we consider two fixed alternatives a, b € A

we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time

by unanimity, the outcome must change from a to b
voter 1 changes profile P1 to P2

P
>1 >l—1 >i >l+1 >n
b b a a a
a a b
b b
a
P2
> 1 >ic1l i Ziel Tt 7
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b

Mechanism design without money - Gibbard-Satterthwaite - April 2025
—



@@

T
-~

» we consider two fixed alternatives a, b € A

> we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time

> by unanimity, the outcome must change from a to b
voter 1 changes profile P1 to P2

» start from P2 and move a below for all voters but 1,
without changing pairwise relationships with b

P
>1 S A B P | >
b b a a a
a a b :
b b
a
P2
> 1 >ic1 7 Tl >
b b b a a
a a a :
b b
b
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» we consider two fixed alternatives a, b € A

> we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time

> by unanimity, the outcome must change from a to b
voter 1 changes profile P1 to P2

» start from P2 and move a below for all voters but 1,
without changing pairwise relationships with b

P
> 1 Zi-1 i il > n
b b a a a
a a b :
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a
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b b b
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» we consider two fixed alternatives a, b € A

> we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time

> by unanimity, the outcome must change from a to b
voter 1 changes profile P1 to P2

» start from P2 and move a below for all voters but 1,
without changing pairwise relationships with b

» by monotonicity, b must remain selected

P
> 1 Zi-1 i il > n
b b a a a
a a b :
b b
a
> 1 >ic1 7 Tl >
b b b
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a a b b
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» we consider two fixed alternatives a, b € A

> we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time

> by unanimity, the outcome must change from a to b
voter 1 changes profile P1 to P2

» start from P2 an

without changir

d move a below for all voters but 1,
g pairwise relationships with b

» by monotonicity, b must remain selected

> flip a and b in i’s ranking and call the resulting profile P3

P
> 1 Zi-1 i il > n
b b a a a
a a b :
b b
a
> 1 >ic1 7 Tl >
b b b
: a
a eo o a
a a b b
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> we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time

> by unanimity, the outcome must change from a to b
voter 1 changes profile P1 to P2

» start from P2 an

without changir

d move a below for all voters but 1,
g pairwise relationships with b

» by monotonicity, b must remain selected

flip a and b in i’s ranking and call the resulting profile P3

P
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» we consider two fixed alternatives a, b € A

> we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time

> by unanimity, the outcome must change from a to b
voter 1 changes profile P1 to P2

» start from P2 and move a below for all voters but 1,
without changing pairwise relationships with b

» by monotonicity, b must remain selected

> flip @ and b in i’s ranking and call the resulting profile P3

by monotonicity, either a or b is selected

P
>1 >l—1 >i >l+1 >n
b b a a a
a a b :
b b
a
P3
> 1 >ic1 7 Tl >
b b a
b :
a a
a a b b
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we consider two fixed alternatives a, b € A

we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time

by unanimity, the outcome must change from a to b
voter 1 changes profile P1 to P2

start from P2 and move a below for all voters but 1,
without changing pairwise relationships with b

» by monotonicity, b must remain selected

flip a and b in i’s ranking and call the resulting profile P3
- by monotonicity, either a or b is selected

- selecting b would imply that b is selected in P1

P
>1 >z—l >i >l+1 >n
b b a a a
a a b :
b b
a
P3
> i1 i Tt >
b b a
b :
a a
a a b b
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we move from a profile where a is ranked highest
by all voters to a profile where b is
moving b one position at a time and one voter at a time

by unanimity, the outcome must change from a to b
voter 1 changes profile P1 to P2

start from P2 and move a below for all voters but 1,
without changing pairwise relationships with b

» by monotonicity, b must remain selected

flip a and b in i’s ranking and call the resulting profile P3
- by monotonicity, either a or b is selected

- selecting b would imply that b is selected in P1

P
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b b a a a
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> consider ¢ € A\{a, b} and profile P4

P3
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b b a
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b
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> consider ¢ € A\{a, b} and profile P4

* by monotonicity, a remains selected
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> consider ¢ € A\{a, b} and profile P4

* by monotonicity, a remains selected

> flip a and b in the ranking of all voters j > i

P3
>1 >z—1 >i >l+1 >n
b b a
b a
a eo o a
a a b b
P4
>1 >ic1 TP iyl >
° a ° °
C
b
: )
C C : C C
b b a a
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P3
> consider ¢ € A\{a, b} and profile P4 N T .
* by monotonicity, a remains selected b .- b a
b
> flip a and b in the ranking of all voters j > i : “
a co o a
a a b b
>1 >ic1 TP iyl >
. a o .
C
b
C C C C
b b : b b
d d ‘ d d
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P3
> consider ¢ € A\{a, b} and profile P4 S e e >
* by monotonicity, a remains selected b - b a
b
> flip a and b in the ranking of all voters j > 1 : “
> by monotonicity, either a or b is selected a = d
a a b b
>1 >ic1 TP iyl >
o a o o
C
b
C C C C
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> consider ¢ € A\{a, b} and profile P4

* by monotonicity, a remains selected

> flip a and b in the ranking of all voters j > i

by monotonicity, either a or b is selected

selecting b would imply that b is selected
when ¢ moves to the top of all rankings,
contradicting unanimity

S

>i1
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>i >i+1 >n

a

b a
a e a
b b

>i >i+1 >n
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b
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a cooeo a

Mechanism design without money - Gibbard-Satterthwaite - April 2025



@@
M
2N

> consider ¢ € A\{a, b} and profile P4

* by monotonicity, a remains selected

> flip a and b in the ranking of all voters j > i

by monotonicity, either a or b is selected

selecting b would imply that b is selected
when ¢ moves to the top of all rankings,
contradicting unanimity
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> consider ¢ € A\{a, b} and profile P4

* by monotonicity, a remains selected

> flip a and b in the ranking of all voters j > i

by monotonicity, either a or b is selected

- selecting b would imply that b is selected
when ¢ moves to the top of all rankings,
contradicting unanimity

> by monotonicity, a is selected for any profile
where it is at the top of i’s ranking

S

>i1

S

>i >i+1 >n

a

b d
a e a
b b

>i >i+1 >n

a o

C

b

: 2
C oo C
a cooeo a
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. . P3
» consider ¢ € A\{a, b} and profile P4 N T .
* by monotonicity, a remains selected b - b a
b
> flip a and b in the ranking of all voters j > i : “
by monotonicity, either a or b is selected Z Z
a a
- selecting b would imply that b is selected
when ¢ moves to the top of all rankings,
contradicting unanimity 2 U S B By A% > n
o ceooe o a o o
> by monotonicity, a is selected for any profile ¢
where it is at the top of i’s ranking - : b : R q
. . . C C : C c
> there is a dictator for any alternative
d b b - b b
a a . a a
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. . P3
> consider ¢ € A\{a, b} and profile P4 R
* by monotonicity, a remains selected b - b a
b
> flip a and b in the ranking of all voters j > i : “
by monotonicity, either a or b is selected Z Z
d d
- selecting b would imply that b is selected
when ¢ moves to the top of all rankings,
contradicting unanimity 1t Ziel TP it > n
o ceo o o a o o
> by monotonicity, a is selected for any profile ¢
where it is at the top of i’s ranking - : b : R q
. . . C C : C C
> there Is a dictator for any alternative
4 b b - b b
* there is a unique dictator for all alternatives a - a - a oo d
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From Muller-Satterthwaite to Gibbard-Satterthwaite

Lemma [Muller, Satterthwaite *77]
[ If f L(A)" — A is surjective and strategyproof, then it is unanimous and monotone.
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> monotonicity:
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Lemma [Muller, Satterthwaite "77]
[ If 1 L£(A)" — A is surjective and strategyproof, then it is unanimous and monotone.

> monotonicity:
- let > € LA)", > € L(A)anda € A bes.t.f(>)=aanda >; b whenevera > b
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> monotonicity:
- let > € LA)", > € L(A)anda € A bes.t.f( >)=aanda >; bwhenevera >, b
» supposef(>:,>_,)=b #a
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. From Muller-Satterthwaite to Gibbard-Satterthwaite

Lemma [Muller, Satterthwaite *77]
[ If {1 L(A)" — A is surjective and strategyproof, then it is unanimous and monotone.

> monotonicity:
- let > € LA, > € L(A)anda € A bes.t.f(>)=aanda >’ bwhenevera >, b
 suppose f( >:,>_,)=b#a

- by strategy-proofness, a >, b (otherwise i would deviate from >; to >’ and improve)
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. From Muller-Satterthwaite to Gibbard-Satterthwaite

Lemma [Muller, Satterthwaite "77]
[ If 1 L£(A)" — A is surjective and strategyproof, then it is unanimous and monotone.

> monotonicity:
- let > € LA)", > € L(A)anda € A bes.t.f(>)=aanda >; b whenevera >, b
» supposef(>:,>_,)=b #a
- by strategy-proofness, a >; b (otherwise i would deviate from >, to >’ and improve)

- analogously, b > a (otherwise i would deviate from >’ to >; and improve), a contradiction
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From Muller-Satterthwaite to Gibbard-Satterthwaite

Lemma [Muller, Satterthwaite *77]
[ If {1 L(A)" — A is surjective and strategyproof, then it is unanimous and monotone.

> monotonicity:

et > € LA)", > € L(A)anda € A bes.t. f(( >)=aanda > b whenevera > b
suppose f( >, >_.)=b # a

by strategy-proofness, a >, b (otherwise i would deviate from > to >’ and improve)
analogously, b >’ a (otherwise i would deviate from > to >. and improve), a contradiction

we conclude monotonicity by changing the rankings one agent at a time
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. From Muller-Satterthwaite to Gibbard-Satterthwaite

Lemma [Muller, Satterthwaite *77]
[ If {1 L(A)" — A is surjective and strategyproof, then it is unanimous and monotone.

> monotonicity:
- let >€ LA)", > € L(A)anda € A bes.t.f(>)=aanda >; bwhenevera >, b
» suppose f(>:,>_,)=b #a
- by strategy-proofness, a > b (otherwise i would deviate from >; to >’ and improve)
- analogously, b >’ a (otherwise i would deviate from > to > and improve), a contradiction

* we conclude monotonicity by changing the rankings one agent at a time

> unanimity
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. From Muller-Satterthwaite to Gibbard-Satterthwaite

Lemma [Muller, Satterthwaite *77]
[ If {1 L(A)" — A is surjective and strategyproof, then it is unanimous and monotone.

> monotonicity:
- let > € LA)", > € L(A)anda € A bes.t.f(>)=aanda >; bwhenevera >, b
» suppose f(>:,>_,)=b #a
- by strategy-proofness, a > b (otherwise i would deviate from >; to >’ and improve)
- analogously, b >’ a (otherwise i would deviate from > to > and improve), a contradiction

* we conclude monotonicity by changing the rankings one agent at a time

> unanimity

- fix a € A; by surjectivity, f( > ) = a forsome > &€ ZL(A)"
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. From Muller-Satterthwaite to Gibbard-Satterthwaite

Lemma [Muller, Satterthwaite *77]
[ If {1 L(A)" — A is surjective and strategyproof, then it is unanimous and monotone.

> monotonicity:
- let > € LA, > € L(A)anda € A bes.t.f(>)=aanda >’ bwhenevera >, b
. suppose f( >;,>_,)=b#a
- by strategy-proofness, a > b (otherwise i would deviate from >; to >’ and improve)
- analogously, b > a (otherwise i would deviate from >’ to >; and improve), a contradiction

* we conclude monotonicity by changing the rankings one agent at a time

> unanimity
- fix a € A; by surjectivity, f( > ) = a forsome > € Z£(A)"

* by monotonicity, this holds when we move a to the top of all rankings and shuftle the rest
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> playeri € Vhas type 0, € ©.and utility u;: A X0, - R 0, 0,

> a social choice function is a functionf: ® — A
O =0, X-- X0, is the set of possible types ", / ",
a

> amechanism is atuple (2, g), where 2 = 2| X - X 2
is a message space and g: 2 — A is an outcome function

Mechanism design without money - Gibbard-Satterthwaite - April 2025



& General Mechanisms
» playeri € Vhas type 0; € ©, and utility u;: A X 0; - R 0, 0,

G
> a social choice function is a functionf: ® — A
O =0,X-- X0, isthe set of possible types ” f ",
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> amechanism is atuple (2, g), where 2 = 2| X - X 2
is a message space and g: 2 — A is an outcome function 0 0
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player i € V has type 8. € ©; and utility u;: A X 0. - R 0, 0,

G
a social choice function is a functionf: ® — A
O =0, X-- X0, isthe set of possible types ” f ",
a

a mechanism is a tuple (%, g), where 2 = 2, X --- X 2
is a message space and g: 2 — A is an outcome function 0 0
| 2

a strategy of player i is a function 5;: ®. — 2.

&
mechanism (2, g) implements the social choice function f > 52
if there are strategies s;: ®; — 2. for each player i
such that, for every 8 € 0, o1 €2 0 €2,
U \g’/ )
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player i € V has type 6, € ©.and utility u;: A X 0. - R 0, 0,

a social choice function is a functionf: & — A
® =0, X X0, isthe set of possible types

a mechanism is a tuple (2, g), where 2 = 2, X «-- X 2
is a message space and g: 2 — A is an outcome function

a strategy of player i is a function s;: ©. — 2.

mechanism (2, g) implements the social choice function f
if there are strategies s;: ®, — 2. for each player i
such that, for every 0 € 0,

- 8(51(0), ..., s,(0,) = f(0), and
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il (General Mechanisms

player i € V has type 0, € ©; and utility u;: A X 0O, - R 0, 0)

a social choice function is a functionf: & — A
® =0, X X0 isthe set of possible types

a mechanism is a tuple (2, g), where 2 = 2, X --- X 2
is a message space and g: 2~ — A is an outcome function

a strategy of player i is a function s;: ©, = 2.

mechanism (2, g) implements the social choice function f
if there are strategies s;: ®. — X. for each player i
such that, for every 6 € O,

- g(s1(0)), ...,5,(0,)) = f(0), and
« ulg(s(0),0_),0,) > u(g(o),0,)foralli € Vando € X

s; is a dominant strategy for every player 1
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The Revelation Principle

» amechanism is directif 2 = ®
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i The Revelation Principle

> a mechanism is direct if 2 = ©® and is thus fully given by its outcome function g: ® — A

Mechanism design without money - Gibbard-Satterthwaite - April 2025



@@
by
-

The Revelation Principle

> a mechanism is direct if 2 = ® and is thus fully given by its outcome function g: ® — A

> adirect mechanism g is strategyproof if u,(g(0),0,) > u(g(6:,6_,), 0.
foralld € ©,i € Vand 0, € O,
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The Revelation Principle

> a mechanism is direct if 2 = ©® and is thus fully given by its outcome function g: ® — A

> adirect mechanism g is strategyproof if u(g(0),0,) > u(g(@:,0_,), 0.
forall@ € ©,i € Vand 0; € O,

Theorem (Revelation Principle)
A social choice function is implemented by some mechanism if and only if it is implemented by
a strategyproof direct mechanism.
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The Revelation Principle

> a mechanism is direct if 2 = ©® and is thus fully given by its outcome function g: ® — A

> adirect mechanism g is strategyproof if u(g(0),0,) > u(g(@:,0_,), 0.
forall@ € ©,i € Vand 0; € O,

Theorem (Revelation Principle)
A social choice function is implemented by some mechanism if and only if it is implemented by
a strategyproof direct mechanism.

> proof idea:

- let f be a social choice function implemented by (2, g) with strategies s; for each agent 1
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The Revelation Principle

> a mechanism is direct if 2 = ® and is thus fully given by its outcome function g: ® — A

> adirect mechanism g is strategyproof if u,(g(0),0,) > u(g(6:,6_,), 0.
foralld € ©,i € Vand 0, € O,

Theorem (Revelation Principle)
A social choice function is implemented by some mechanism if and only if it is iImplemented by
a strategyproof direct mechanism.

> proof idea:
- let f be a social choice function implemented by (2, g) with strategies s; for each agent i

- the direct mechanism (0, i) where h(0) := g(s,(6,), ..., s,(6,)) implements f:
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The Revelation Principle

> a mechanism is direct if 2 = © and is thus fully given by its outcome function g: ® — A

> a direct mechanism g is strategyproof if u,(g(0), 0;) > u(g(0;,0_,),0,)
foralld € ©,i € Vand 0, € O,

Theorem (Revelation Principle)
A social choice function is implemented by some mechanism if and only if it is implemented by
a strategyproof direct mechanism.

> proof idea:
- let f be a social choice function implemented by (2, g) with strategies s; for each agent i
- the direct mechanism (0, i) where h(0) := g(s,(6,), ..., s,(6,)) implements f:
u(h(0), 0) = u(g(5,(6)), ..., 5,(6,)), 6)
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The Revelation Principle

> a mechanism is direct if 2 = © and is thus fully given by its outcome function g: ® — A

> a direct mechanism g is strategyproof if u,(g(0), 0;) > u(g(0;,0_,),0,)
foralld € ©,i € Vand 0, € O,

Theorem (Revelation Principle)
A social choice function is implemented by some mechanism if and only if it is iImplemented by
a strategyproof direct mechanism.
> proof idea:
- let f be a social choice function implemented by (2, g) with strategies s; for each agent i
- the direct mechanism (0, i) where h(0) := g(s,(6,), ..., s,(6,)) implements f:
u,(h(0), 0,) = u(g(s;(0y), ..., s,00,),0)
> u(g(s1(0)), ...,5(0), ..., 5,(0,)),0,) = u(h(0;,0_), 0)
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i Takeaways

> Revelation Principle: any implementable social choice function can be obtained from a
strategyproof direct mechanism
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> Revelation Principle: any implementable social choice function can be obtained from a
strategyproof direct mechanism

* this is why most works in the area restrict to direct mechanisms
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i Takeaways

> Revelation Principle: any implementable social choice function can be obtained from a
strategyproof direct mechanism

* this is why most works in the area restrict to direct mechanisms

» G-S:when |[A| 23,0 =%(A)",anduy;: AX O, - Riss.t.ula,d)>u(b,0,) < a >, b,
the only surjective social choice functions that can be implemented are dictatorships
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# Takeaways

Revelation Principle: any implementable social choice function can be obtained from a
strategyproof direct mechanism

* this Is why most works in the area restrict to direct mechanisms

G-S:when |[A]| 23,0 =Z(A)",andu,;: AX O, - Riss.t.u(a,0,) > u(b,0,) < a >, b,
the only surjective social choice functions that can be implemented are dictatorships

stronger assumptions on ®; and/or u; are required to obtain positive results
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i Takeaways

Revelation Principle: any implementable social choice function can be obtained from a
strategyproof direct mechanism

* this Is why most works in the area restrict to direct mechanisms

G-S:when |[A]| 23,0 =Z(A)",andu,;: AX O, - Riss.t.u(a,0,) > u(b,0,) < a >, b,
the only surjective social choice functions that can be implemented are dictatorships

stronger assumptions on ®; and/or u; are required to obtain positive results

The G-S theorem seems to quash any hope of designing incentive-compatible
social-choice functions. The whole field of Mechanism Design attempts escaping
from this impossibility result using various modifications in the model. [Nisan '07]
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