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i Matching Markets and Stability

job applicants A, companies X x> V> Z a>.b>_c
applicant a € A has strict preferences >, € Z£(X) X>p27p Y C>ya>y b
and company x € X has strict preferences > € Z(A) 2> X>.y b> a>,c

goal: match applicants and companies

(a, x) is a blocking pair if they prefer each other
over their current assignment

a matching is stable if there is no blocking pair
a.k.a. no justified envy

a mechanism is stable if it produces stable matchings
analogously for other properties
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Gale-Shapley’s Deferred Acceptance

Theorem [Gale, Shapley "62]

A stable matching always exists and
can be found efficiently.
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Theorem [Gale, Shapley "62]

A stable matching always exists and
can be found efficiently.

proof is constructive and given by the
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- each a € A proposes to their most preferred
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Deferred Acceptance: Stability and Running Time

» suppose DA terminates with matching M
and (a, x) prefer each other over M

* a must have proposed to x at some point

* X rejected a and got matched to a more preferred applicant d>.b> a

* In later iterations, x can only be matched
to a yet more preferred applicant

* In the end, x is matched to an applicant they prefer over a

> DA terminates after at most |A| - | X | + 1 steps

- at least one new rejection between a pair (a, x)
OccCuUrs In every step except for the last one
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> we have run applicant-proposing DA;
one can analogously run company-proposing

> for any agent, call an agent from the other side
attainable if there exists a stable matching
iINn which these two agents are matched
Theorem

In the outcome of applicant-proposing DA:

* every applicant gets matched to their
most-preferred attainable company,

* every company gets matched to their
least-preferred attainable applicant.

Thus, the matched agents are the same In
every stable matching.

How Good Is the Outcome for the Agents?

suppose there exists x € X that is matched
to a € A in applicant-proposing DA
and to no one in another stable matching M

since x is a’s most preferred attainable
company, (a, x) is a blocking pair in M

companies matched in A-P DA C
companies matched in any stable matching

since all stable matchings have size
min{ [A |, | X}, the set of matched
companies is the same in all of them
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* every applicant gets matched to their
most-preferred attainable company,

* every company gets matched to their
least-preferred attainable applicant.

Thus, the matched agents are the same In
every stable matching.

How Good Is the Outcome for the Agents?

suppose there exists x € X that is matched
to a € A in applicant-proposing DA
and to no one in another stable matching M

since x is a’s most preferred attainable
company, (a, x) is a blocking pair in M

companies matched in A-P DA C
companies matched in any stable matching

since all stable matchings have size
min{ [A |, | X}, the set of matched
companies is the same in all of them

the proof is analogous for applicants
(starting from company-proposing DA)
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> |s DA strategyproof?
yes (proposing side) and
no (proposed side)

Theorem [Roth ’82]
No mechanism is stable and
strategyproof for both sides.

> proof idea:

* Instance with only
two stable matchings (why?)

* for any of them, an agent
can misreport and force
the other (better) one
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> |s DA strategyproof? y>, x>,z a>.b> c
yes (proposing side) and 0>, z >, a>, b
no (proposed side)
X>.y>.2 a>,b>, c

Theorem [Roth ’82]
No mechanism is stable and
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> a matching is Pareto-optimal for one side
If no alternative matching is

* weakly better for everyone from this side

 strictly better for someone from this side

Theorem

[Roth ’82]

No mechanism is stable and Pareto-optimal

for any side.

> proof idea:

* Instance where DA is not Pareto-optimal

for the proposing side

* the outcome of DA Pareto-dominates all other
stable matchings for the proposing side

y>, x>,z a>.b> c
X>p V>, 2 c>,a>,b
X>.y>.2 a>,b>, c
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Lattice of Stable Matchings

» partial order < over stable matchings . defined by A lattice is a partially ordered set (L, < )
M < M’ < all applicants weakly prefer M’ over M s.t. any pair of elements a, b € L

‘have a least upper bound a VvV b in L
‘and a greatest lower bound a A b in L.

» (M, <) is a (distributive) lattice
see Gale, Sotomayor '85 for a simple proof

» in MV M’, each applicant is matched to their
most-preferred company among M, M’
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4 Lattice of Stable Matchings

> partial order < over stable matchings ./ definedby X >,Y>,2>,W c¢>.d>.b> a
M < M’ < all applicants weakly prefer M’ over M Y>> x>, W> 7 d > ¢ > a >, b

> (M, <) is a (distributive) lattice > W>. X>.y a>b> d> c
see Gale, Sotomayor '85 for a simple proof WS>, 2>, V>, X b > a>, c> d
» in MV M’, each applicant is matched to their
most-preferred company among M, M’ (ax, by, cz, dw)

« in M A M’, each applicant is matched to their
least-preferred company among M, M’

(az, bw, cx, dy)
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see Gale, Sotomayor '85 for a simple proof WS>, 2>, V>, X b > a>, c> d
» in MV M’, each applicant is matched to their
most-preferred company among M, M’ (ax, by, cz, dw)
« in M A M’, each applicant is matched to their -~ —~
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’ ~ el
(ay, bx, cw, dz)
Pad ~
(ay, bw, cx, d7) (az, bx, cw, dy)
~ el
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> partial order < over stable matchings ./ definedby X >,Y>,2>,W c¢>.d>.b> a
M < M’ < all applicants weakly prefer M’ over M Y>> x>, W> 7 d > ¢ > a >, b

> (M, <) is a (distributive) lattice > W>. X>.y a>b> d> c
see Gale, Sotomayor '85 for a simple proof WS>, 2>, V>, X b > a>, c> d
» in MV M’, each applicant is matched to their
most-preferred company among M, M’ (ax, by, cz, dw)
« in M A M’, each applicant is matched to their -~ —~
least-preferred company among M, M’ (ax, by, cw, dz) (ay, bx, cz, dw)
~ P
» MV M', M A M’ matching? (ay, bx, cw, dz)
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~ ad

(az, bw, cx, dy)
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4 Lattice of Stable Matchings

partial order < over stable matchings . definedby X >,Y >,2>,W c¢>.d>.b>_ a
M < M’ < all applicants weakly prefer M’ over M Y>> x>, W> 7 d > ¢ > a >, b

(M, <) is a (distributive) lattice 2> W>.X>.yY a>b>d> c
see Gale, Sotomayor '85 for a simple proof WS> 2>,y >, X b > a> C>. J
» in MV M’, each applicant is matched to their
most-preferred company among M, M’ (ax, by, cz, dw)
« in M A M’, each applicant is matched to their -~ —~
least-preferred company among M, M’ (ax, by, cw, dz) (ay, bx, cz, dw)
’ ~ P
My M', M A M matching? (ay, bx, cw, dz)
If two applicants have the same top choice ad AN
in M and M’, one of them forms a blocking pair (ay, bw, cx, dz) (az, bx, cw, dy)
~ ad
My M', M AN M’ stable? (az, bw, cx, dy)

bIOCking pairS WOUId be b|OCkiﬂg pairS in M or M/ Mechanism design without money - Stable matching - May 2025
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but not Pareto-optimality
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> Deferred Acceptance: stability, strategy-proofness for proposing side, computational efficiency,
but not Pareto-optimality except when proposed side has homogeneous preferences

> Are SP and Pareto-optimality for one side compatible? yes, e.g. serial dictatorship

> applications: assignment of doctors to hospitals, students to schools/colleges, etc

* results from this lecture remain valid in such many-to-one matching markets
> SP for proposed side is often overlooked, partly because these preferences are often exogenous

> real-life applications pose several challenges

 diversity/fairness considerations [Hafalir et al. ’13]
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> Deferred Acceptance: stability, strategy-proofness for proposing side, computational efficiency,
but not Pareto-optimality except when proposed side has homogeneous preferences

> Are SP and Pareto-optimality for one side compatible? yes, e.g. serial dictatorship

> applications: assignment of doctors to hospitals, students to schools/colleges, etc

* results from this lecture remain valid in such many-to-one matching markets
> SP for proposed side is often overlooked, partly because these preferences are often exogenous

> real-life applications pose several challenges
 diversity/fairness considerations [Hafalir et al. ’13]

* joint applications (couples/families) [Nguyen, Vohra ’18]
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. Takeaways and Applications

> Deferred Acceptance: stability, strategy-proofness for proposing side, computational efficiency,

>

but not Pareto-optimality except when proposed side has homogeneous preferences
Are SP and Pareto-optimality for one side compatible? yes, e.g. serial dictatorship

applications: assignment of doctors to hospitals, students to schools/colleges, etc

* results from this lecture remain valid in such many-to-one matching markets
SP for proposed side is often overlooked, partly because these preferences are often exogenous

real-life applications pose several challenges
 diversity/fairness considerations [Hafalir et al. ’13]
* joint applications (couples/families) [Nguyen, Vohra ’18]

* Chilean school admission system gives interesting examples! [Correa et al. "21]
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