
How to Clock Your 
Computer:
Digital Logic Design 1/3
Moti Medina

Slides, slides material, and figures are taken from ñDigital Logic Design : a rigorous approachò lecture 

slides and book by Guy Even and M (Chapters: 10, 11, 12, 14). 
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http://hyde.eng.tau.ac.il/Even-Medina/index.html


Our Journey: 
From Transistors to 
Computers

Transistors Gates
Gates+wires+acyclicity
= combinational circ.

+Flip-
flops=Synchronous 

circ.
CPUs

Today + what is the best we can do?! Picture taken from here. 2

https://medium.com/@memetic007/a-journey-to-gameb-4fb13772bcf3


Today õs plan

Å40 min lecture session  (~pages 1-9, 15-16 in the ñreading materialò). 
ÅTransistors

ÅFrom transistors to gates

ÅCombinational gates

ÅWires

ÅCombinational circuits

ÅEquivalence to Boolean functions.

ÅRest of the lecture:
ÅDiscuss, solve and present Question 1, Question 2 &3, or Question 4.

ÅQuestions appear on Page 17 in the reading material. 
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Transistors

ÅA lot to say about these devices.

ÅLetôs keep it simple in the 1st 3 sessions.

ÅLetôs view transistors as ñswitchesò

ÅN-transistor:
Åñturn it onò Ą drain=source (i.e., conducting).

Åñturn offò Ą drain and source are not connected. 
(i.e., not conducting) 

ÅP-transistor:
Åñturn it offò Ą drain=source.

Åñturn onò Ą drain and source are not connected.

ÅñTurn on/offò = depends on the voltage at the 
gate.

4



From Transistors to Gates

ÅHow does an inverter look like?
Åᶅ ὦɴ πȟρȡὍὔὠὼ ρ ὼ

ÅEvery gate has its propagation delay
Åὸ
ÅTime from stable logical inputs to 

stable logical outputs.
ÅThere are more parametersé

ÅGates are ñanalogò
ÅWe interpret voltages as 0 and 1 

according to some thresholds.
ÅThere are noises in any system.
ÅĄ Thresholds has to be separate
ÅĄ there is a ñnon-logicalò area.
ÅMore about this later in the course.

5



Combinational Gates

ÅComputes a simple Boolean 
function
ÅAND, OR, XOR, NXOR, NOT,é

ÅTakes ὸ time so that the output 
equal to the stable inputs.

ÅWhat happens when the inputs stop 
being stable?
Åὸ time after that the gateôs output 

becomes ñgarbageò

ÅLetôs throw in MUX as a gate as 
well.

ÅAll our gates have a single output.

ÅInputs & outputs of a gate aka
ÅTerminals, ports, and pins. 
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Combinational Gates

ÅAll out gates have a single output.

ÅInputs & outputs of a gate aka
ÅTerminals, ports, and pins. 

ÅFan-in of a gate = 
Ånumber of input ports =
Ånumber of bits in the gateôs Boolean 

function =
Åin-degree of a node that represents 

the gate.

ÅOur ñbasicò gates have fan-in 1-3.

ÅLetôs add input and output gates
ÅGet the ñinputsò from the outer world 

and feed the output back to it. 
ÅFan-in is 0-3
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Wires

ÅSimply a connection between two terminals.

ÅFan-out of a gate = number of input ports it feeds.
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Combinational Circuits

ÅWires ñhave directionò: from 
an output port to an input 
port.

ÅEach input port is fed by a 
single output port.

ÅMap gates to vertices, wires to 
arcs = Directed (labeled) Graph.

ÅDirected graph is acyclic 
(DAG) = Combinational 
Circuit. 
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Bad Circuits
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Comb. Circuits = Boolean function

ÅGiven stable input to a Combinational Circuit ὅ(or its graph 
representation Ὃ ), we can:

1. Simulate the circuit in linear time (w.r.t. to the size of Ὃ ),
2. Analyze the delay of ὅin linear time. 

ÅHow? Topological sorting. 

ÅEvery Combinational circuit ὅimplements a Boolean function.
ÅGiven that we can simulate, this argument is obvious. 
ÅRemove the MUX from our ñbasic gatesò to make things easier (i.e., fan-in 2).

ÅFor every Boolean function Ὢȡπȟρ ᴼ πȟρ there is a Comb. Circuit ὅ
that implements Ὢ
ÅThat is, ὼᶅɴ πȟρ ȡ3)-5,ὅȟὼ Ὢὼ.
ÅQuestion #1 on Page 17. 
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Complexity Measures: Cost and Delay

ÅEach gate has its cost.

ÅWe are interested in the asymptotic behavior of our measures.

ÅBasic gates are of constant cost we treat them as cost=1.

ÅThe cost of a Comb. Circ. ╒is the number of its gates.

ÅEach gate has its propagation delay.

ÅAgain, we are interested in the asymptotic behavior of our measures.

ÅBasic gates are of constant delay we treat them as ὸ =1.

ÅThe delay of a Comb. Circ. ╒is the length of the longest input to 
output path in ╒.
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Lower Bounds: Cost and Depth

ÅReminder I: The depth of a rooted tree with ▪leaves is ổἴἷἯ▪Ỗ.

ÅReminder II: The #nodes of every rooted tree with ▪leaves is ▪ .

ÅReminder III: Cost of every gate is 1 (input and output gates have 0 
cost)
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The Cone of a Boolean Function
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An Example
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Composition of Functions & Graphical Cone
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Functional Cone ṖGraphical Cone
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òHidden ó Rooted Trees

ή ή
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Putting things together! LB on Cost
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Lower Bound on Delay
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Effect of fan -in Ὧon Lower Bounds
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See you on Monday!
Enjoy the discussion J
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How to Clock Your 
Computer:
Digital Logic Design 2/3
Moti Medina

Slides, slides material, and figures are taken from ñDigital Logic Design : a rigorous approachò lecture 

slides and book by Guy Even and M (Chapters: 17-20). 
24

http://hyde.eng.tau.ac.il/Even-Medina/index.html


Our Journey: 
From Transistors to 
Computers

Transistors Gates
Gates+wires+acyclicity
= combinational circ.

+Flip-
flops=Synchronous 

circ.
CPUs

Today

Picture taken from here.
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ḳBoolean 
Functions

https://medium.com/@memetic007/a-journey-to-gameb-4fb13772bcf3


Today õs plan
Å40 min lecture session  (~pages 9-17 in the ñreading materialò). 
ÅThe clock (2 min)

ÅClock cycles (2 min)

ÅFlip-flop and Clock enabled Flip-Flops (4 min)

ÅThe Zero-delay model (2 min) 

ÅExample: Sequential XOR. (4 min)

ÅCanonic form of a synch. Circuit.  (5 min)

ÅFSMs (4 min)

ÅAnalysis and Synthesis (4 min)

ÅExample 1: analysis of a counter (4 min)

ÅExample 2: analysis of shift register (4 mins)

ÅExample 3: synthesis of a 2-state FSM (6 min)

ÅRest of the lecture:
ÅDiscuss, solve and present Question 5, Question 6, or Question 10, 12.

ÅQuestions appear on Page 17 in the reading material. 
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The Clock
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Clock Cycles
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Flip -flop
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Clock -enabled Flip -Flops
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The Zero -delay Model
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Example: Sequential XOR
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ÅHow much a comb. circuit that imp. 
ὢὕὙ costs at best?  Delay?

ÅSequential version has cost of ὕρ! 
How can that be? 



Canonic Form of a Synch. Circuit
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Functionality (without 
proof):

ÅLogical value of a signal ὢ
during the Ὥth clock cycle by 
ὢ

ÅClaim: For Ὥ π
ÅὛ ὔὛ

ÅὔὛ ὍὔȟὛ‏

ÅὕὟὝ ‗ὍὔȟὛ

ÅWhy every Synch. Circuit 
can be represented in this 
Canonic Form?



FSMs
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What does an FSM do?
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Analysis and Synthesis
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Example 1: Analysis of a Counter
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Counter Implementation 
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Counter Analysis
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Example 2: Analysis of Shift Register
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Example 2: Analysis of Shift Register
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Example 3: Synthesis of a 2-state FSM
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Example 3: The circuit
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See you on Thursday!
Enjoy the discussion J
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How to Clock Your 
Computer:
Digital Logic Design 3/3
Moti Medina

Slides, slides material, and figures are taken from ñDigital Logic Design : a rigorous approachò lecture 

slides and book by Guy Even and M (Chapters: 15, 17-22). 
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http://hyde.eng.tau.ac.il/Even-Medina/index.html


Our Journey: 
From Transistors to 
Computers

Transistors Gates
Gates+wires+acyclicity
= combinational circ.

+Flip-
flops=Synchronous 

circ.
CPUs

Today

Picture taken from here. 46

ḳBoolean 
Functions

ḳFSM

https://medium.com/@memetic007/a-journey-to-gameb-4fb13772bcf3


Today õs plan

Å45 min lecture session  (~pages 9-17 in the ñreading materialò).
ÅSequential Adder (4 min)

ÅBinary Adder (2 min)

ÅRipple Carry Adder (RCA) (4 min)

ÅRelation between Ripple Carry Adder and Seq. Adder (2 min) 

ÅRecursive Def. of RCA(n) (2 min) 

ÅRegisters: parallel load and serial load (aka Shift registers) (6 min)

ÅRandom Access Memory (RAM) (10min) 

ÅA simplified CPU example ïthe DLX. (14 min)

ÅRecap (1 min)

ÅRest of the lecture:
ÅDiscuss, solve and present Question 7, Question 8, or Question 9.

ÅQuestions appear on Page 17 in the reading material. 
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Sequential Adder
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Sequential Adder: Implementation
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Assume ὶὩίὩὸ
ρP Ὥ π



Sequential Adder: Correctness

50

Complete the 
Pf. (Ex. 7)



Binary Adder

51



Ripple Carry Adder RCA(n)
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Relation between RCA(n) and Seq.  Adder
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Recursive Definition of RCA(n)
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Can We Do Better?

ÅCost and Delay of RCA(n) are ɡὲ.

ÅLower bound of Binary Adder ɱÌÏÇὲ for 
the delay and ɱὲ for the cost
ÅWhat is the cone of the Ὓὲ ρ?
ÅWhat is the cone of ὅὲ?
ÅAgain: How did we manage to get a const. 

size seq. adder then?

ÅCan you somehow ñbreakò RCA(n) and 
make it more ñparallelò?
ÅAlmost optimal design CSA(n)
ÅCost is ɡὲ

ÅOptimal design uses Parallel-Prefix Comp.
ÅNext semester. 

55



56



Registers
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