How to Clock Your
Computer:
Digital Logic Design 1/3

Moti Medina

Slides, slides material, and figures are taken from fDigital Logic Design : a rigorous approacholecture
slides and book by Guy Even and M (Chapters: 10, 11, 12, 14).



http://hyde.eng.tau.ac.il/Even-Medina/index.html

Our Journey:
From Transistors to
Computers

Picture taken fromhere.


https://medium.com/@memetic007/a-journey-to-gameb-4fb13772bcf3

~Today @ plan

A40 min lecture session (~pages 1-9, 15-16 in the fireading materialo).
ATransistors
AFrom transistors to gates
ACombinational gates
AWires
ACombinational circuits
AEquivalence to Boolean functions.

ARest of the lecture:
ADiscuss, solve and present Question 1, Question 2 &3, or Question 4.
AQuestions appear on Page 17 in the reading material.



Transistors

AA lot to say about these devices.
ALet® keep it simple in the 15t 3 sessions.
ALet& view transistors as fswitcheso

AN-transistor:
Afturn it ond0A drain=source (i.e., conducting).
Afturn offdoA drain and source are not connected

(.e., not conducting)
AP-transistor:

Afturn it offdA drain=source.
Afturn onoA drain and source are not connected.

AfTurn on/offo= depends on the voltage at the
gate.

drain source
gate gate o)
source drain
N-—transistor P—transistor

Inputs: gate & source
Qutput: drain



W From Transistors to Gates

AHow does an inverter look like? 5 volts
Al oy {(ip}dOV @ p @

AEvery gate has its propagation delay
Ao
ATime from stable logical inputs to

stable logical outputs. 0 volts
AThere are more parametersé

—=9|| P-transistor
IN— — OUT

N—transistor

If IN = Jow, then:
@ P-transistor is conducting

AGates are fanalogo

AWe interpret voltages as 0 and 1
according to some thresholds.

AThere are noises in any system.
AA Thresholds has to be separate
AA there is a fhon-logicaloarea.
AMore about this later in the course.

@ N-transistor is not conducting
= v(OUT) = high
If IN = high, then:

@ P-transistor is not conducting

@ N-transistor is conducting
= v(OUT) = low



W Combinational Gates

AComputes a simple Boolean
function
AAND, OR, XOR, NXOR, NOT,é
ATakes 6 time so that the output
equal to the stable inputs.

AWhat happens when the inputs stop
being stable?

A0  time after that the gate® output
becomes fgarbageo

ALet® throw in MUX as a gate as
well.

AAIl our gates have a single output.

Alnputs & outputs of a gate aka
ATerminals, ports, and pins.

The outputs become stable at most t,4 time units after the inputs
become stable. The outputs remain stable at least t.on: time units
after the inputs become instable.

mputs—j ]
I

—— 1ty

outputs —

> tcont

Figure: The x-axis corresponds to time. The red segments signify that
the signal is not guaranteed to be logical; the green segments signify that
the signal is guaranteed to be stable.
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AND—gate NAND—gate
XOR—gate OR—gate NOR-—gate

Figure 11.6: Symbols of common gates. Inputs are on the left side, outputs are on the right 6
side.



Combinational Gates

AAIl out gates have a single output.

Alnputs & outputs of a gate aka
ATerminals, ports, and pins.

AFan-in of a gate =

Anumber of input ports =

Anumber of bits in the gate® Boolean
function =

Ain-degree of a node that represents
the gate.

AOur fbasicogates have fan-in 1-3.

ALet& add input and output gates

AGet the finputsofrom the outer world
and feed the output back to it.

A Fan-in is 0-3

Figure 11.6: Symbols of common gates.
side.

$o- 3 ) J »

CCCC

AND—gate

NAND-—gate

DD

XOR-gate

e

Input Gate

Inputs

NOR-—gat

1 the left side, outputs are on

_— >

Output Gate

the

right



Wires

ASimply a connection between two terminals.
AFan-out of a gate = number of input ports it feeds.



W Combinational Circuits

AWires fihave directiono: from  The combinational circuit C = (G, ) is called a Half-Adder.

an output port to an input 5,0 ovmen) [5] ey
port. D"— — @ =
AEach input port is fed by a e g o

single output port.

AMap gates to vertices, wires to
arcs = Directec (Iabeled) Graph- The set of the combinational gates in this example is

[ = {AND, XOR}. The labeling function 7: V — T U /O is as

Figure: A Half-Adder combinational circuit and its matching DAG.

ADirected graph is acyclic .
(DAG) = Combinational
Circuit (1) = (IN, a), 7(2) = (IN, b),
' m(3) = AND, 7(4) = XOR,

7(5) = (OUT, cout ), 7(6) = (ouT,s) .



W Bad Circuits

Can you explain why these are not valid combinational circuits?

Do

— o

Figure: Two examples of non-combinational circuits.
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Comb. Circuits = Boolean function

AGiven stable input to a Combinational Circuit 0 (or its graph
representation 'O), we can:
1. Simulate the circuit in linear time (w.r.t. to the size of 'O),

2. Analyze the delay of 0 in linear time.
AHow? Topological sorting.

AEvery Combinational circuit 6 implements a Boolean function.

A Given that we can simulate, this argument is obvious.
ARemove the MUX from our fbasic gatesoto make things easier (i.e., fan-in  2).

AFor every Boolean function "@frip} © Ttip there is a Comb. Circuit 6
that implements "Q

AThatis,| cN {10} @B ) - BF) Q.



‘Complexity Measures: Cost and Delay

AEach gate has its cost.

AWe are interested in the asymptotic behavior of our measures.
ABasic gates are of constant cost we treat them as cost=1.
AThe cost of a Comb. Circ. Fis the number of its gates.

AEach gate has its propagation delay.
AAgain, we are interested in the asymptotic behavior of our measures.
ABasic gates are of constant delay we treat them as 6 =1.

AThe delay of a Comb. Circ. FiIs the length of the longest input to
output path in R
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‘Lower Bounds: Cost and Depth

~ =

AReminder I: The depth of a rooted tree with = leavesis & |
AReminder II: The #nodes of every rooted tree with = leavesis =

AReminder Ill: Cost of every gate is 1 (input and output gates have 0
cost)

Let flip; : {0,1}" — {0,1}" be the Boolean function defined by

A

flip;(X) = y, where

NOT(x;) if i=].

A{xj if j £ i

14



W The Cone of a Boolean Function

Definition (Cone of a Boolean function)

The cone of a Boolean function f : {0,1}" — {0,1} is defined by

cone(f) = {i : 3V such that £(V) % f(flip;(V))}

cone(XOR) = {1, 2}. l

We say that f depends on x; if i € cone(f).

15



“An Example

Consider the following Boolean function:

0 if 3, x <3

\ 1 otherwise.

Suppose that one reveals the input bits one by one. As soon as 3
ones are revealed, one can determine the value of f(X).
Nevertheless, the function f(X) depends on all its inputs, and
hence, cone(f) ={1,...,n}.

16



Composition of Functions & Graphical Cone

If g(X) = B(f(X), £2(X)), then

cone(g) C cone(f;) U cone(f) .

Let G = (V, E) denote a DAG. The graphical cone of a vertex
v € V is defined by

coneg(v) = {u € V : deg; (u) = 0 and Jpath from u to v}.

In a combinational circuit, every source is an input gate. This
means that the graphical cone of v equals the set of input gates
from which there exists a path to v.

17



‘Functional Cone P Graphical Cone

Let H= (V, E,n) denote a combinational circuit. Let
G = DG(H). For every vertex v € V, the following holds:

cone(f,) C coneg(v).

Namely, if f, depends on x;, then the input gate u that feeds the
input x; must be in the graphical cone of v.

18



W oHidden O Rooted Trees

Let G = (V, E) denote a DAG. For every v € V, there exist
UC V and F C E such that:

Q 7T =(U,F) is a rooted tree;

Q v is the root of T;

Q coneg(v) equals the set of leaves of (U, F).

The sets U and F are constructed as follows.

Q Initialize F = () and U = ().
Q@ For every source u in coneg(v) do

(a) Find a path p, from u to v.

(b) Let g, denote the prefix of p,, the vertices and edges of which
are not contained in U or F.

(c) Add the edges of N1 to F, and add the vertices of i to U.

19



~Putting things together! LB on Cost

Theorem (Linear Cost Lower Bound Theorem)

Let H= (V,E, ) denote a combinational circuit. If the fan-in of
every gate in H is at most 2, then

> — 1.
c(H) > max lcone(f, )| — 1

»

Corollary

Let C,, denote a combinational circuit that implements OR,,. Then

c(Cp) > n—1.

20



‘Lower Bound on Delay

Theorem (Logarithmic Delay Lower Bound Theorem)

Let H= (V, E, ) denote a combinational circuit. If the fan-in of
every gate in H is at most 2, then

tod(H) > max log, |cone(f,)|.
vE

o

Corollary

Let C, denote a combinational circuit that implements OR,. Let 2
denote the maximum fan-in of a gate in C,,. Then

tpd(Cn) = [logy | .

21



Effectof fan -in  "Qon Lower Bounds

Theorem (Logarithmic Delay Lower Bound Theorem)

Let H= (V, E,n) denote a combinational circuit. If the fan-in of
every gate in H is at most k, then

thd(H) > max log, |cone(f,, )|
ve

v

Corollary

Let C,, denote a combinational circuit that implements OR,. Let k
denote the maximum fan-in of a gate in C,. Then

tpd(Cn) > [logy n] .

22



See you on Monday!

Enjoy the discussion J
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https://medium.com/@memetic007/a-journey-to-gameb-4fb13772bcf3

Today & plan

A40 min lecture session (~pages 9-17 in the fireading materialo).
A The clock (2 min)
A Clock cycles (2 min)
A Flip-flop and Clock enabled Flip-Flops (4 min)
A The Zero-delay model (2 min)
A Example: Sequential XOR. (4 min)
A Canonic form of a synch. Circuit. (5 min)
AFSMs (4 min)
A Analysis and Synthesis (4 min)
A Example 1: analysis of a counter (4 min)
A Example 2: analysis of shift register (4 mins)
A Example 3: synthesis of a 2-state FSM (6 min)

ARest of the lecture:
A Discuss, solve and present Question 5, Question 6, or Question 10, 12.
A Questions appear on Page 17 in the reading material.



W The Clock

the clock is generated by rectifying and amplifying a signal
generated by special non-digital devices (e.g., crystal oscillators).

A clock is a periodic logical signal that oscillates instantaneously
between logical one and logical zero. There are two instantaneous
transitions in every clock period: (i) in the beginning of the clock
period, the clock transitions instantaneously from zero to one; and
(ii) at some time in the interior of the clock period, the clock

transitions instantaneously from one to zero.

logical level .
\ clock fall clock rise

clock period

pulse width

time

27



Clock Cycles

@ A clock partitions time into discrete intervals.
@ t; - the starting time of the /th clock cycle.
@ [t;, ti11) -clock cycle i.

@ Clock period = tj11 — t;.

We assume that the clock period equals 1.

tiv1=t+1.

28



Flip -flop

A flip-flop is defined as follows.
Inputs: Digital signals D(t) and a clock CLK.
Output: A digital signal Q(t).

Functionality:
Q(t+1)=D(t).

D t || D[t] | Q[t]
$ 0 1 ?
1 0 1
CLK —0'> FF 2 0 0
‘ 3 1 0
Q 4 1 1




Clock -enabled Flip -Flops

A clock enabled flip-flop is defined as follows.
Inputs: Digital signals D(t),CE(t) and a clock CLK.
Output: A digital signal Q(t).

Functionality:

~ ) D(t) ifce(t)=1
E LS {Q(t) if CE(t) = 0.

We refer to the input signal CE(t) as the clock-enable signal. Note
that the input CE(t) indicates whether the flip-flop samples the
input D(t) or maintains its previous value.

v

D
'
CLK &> CE-FF
CE(t)—e
'
Q




‘The Zero -delay Model

@ Transitions of all signals are instantaneous.
@ Combinational gates: t,g = teont = 0.
@ Flip-flops satisfy:

Q(t+1) = D(t).

@ Simplified model for specifying and simulating the
functionality of circuits with flip-flops.

@ For a signal X, let X; denote its value during the ith clock
cycle.

31



'Example: Sequential XOR

CLK —&|> FF

AHow much a comb. circuit that imp.
w UY costs at best? Delay?

A Sequential version has cost of § p !
How can that be?

LA | Yi| 4
0jfofo]o
1 o] oo
2l 1] 10
El R ENE
4jlof1]1
50 101
6 0| 040
7 1 1\\0
gifo|1]1
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‘Canonic Form of a Synch. Circuit

- S Functionality (without
comb. )\leClllt OUT 51007
- : . .
IN ——e ALogical value of a signal &
c!uring the "th clock cycle by
W
*lcomb. ;ECUH AClaim: For'Q T
' AY 0°Y
AbY 1 O RY
A0 _ O hY
S Q Dle VS AWhy every Synch. Circuit
AN can be represented In this
‘ Canonic Form?
CLK

Figure: A synchronous circuit in canonic form.

33



W FSMs

The functionality of a synchronous circuit in the canonic form is so
important that it justifies a term called finite state machines.

A finite state machine (FSM) is a 6-tuple A = (Q, X, A, 0, A, qo),
where

@ (@ is a set of states.

@ X is the alphabet of the input.

@ A is the alphabet of the output.

@ 0: Q XX — Qis a transition function.
o

o

A @ X2 — Ais an output function.

go € @ is an initial state.

34



W What does an FSM do?

An FSM is an abstract machine that operates as follows. The
input is a sequence {x,.},,_o of symbols over the alphabet X. The
output is a sequence {y,.}‘,_D of symbols over the alphabet A. An
FSM transitions through the sequence of states {g;}"_,. The state
g; is defined recursively as follows:

VAN
di+1 — 5(qf'v Xf)

A finite state machine (FSM) is a 6-tuple A = (Q, X, A, 4§, A, qo),
where

L . . @ Q is a set of states.
The output y; is defined as follows: et
@ A is the alphabet of the output.
/\ @ §: QXX — @ is a transition function.
y! p— )\(quxf), @ \: Qx X — Aisan output function.

@ go € Q is an initial state.




‘Analysis and Synthesis

Two tasks are often associated with synchronous circuits. These
tasks are defined as follows.

@ Analysis: given a synchronous circuit C, describe its
functionality by an FSM. -

© Synthesis: given an FSM A, design a synchronous circuit C

36



‘Example 1: Analysis of a Counter

A counter(n) is defined as follows.
Inputs: a clock CLK.
Output: N € {0,1}".

Functionality:

vVt : (Ng) = t(mod 2")

No input?! Input is “implied”: it is the (missing) reset signal!

37



Counter Implementation

l

A counter(n) is defined as follows.

Inputs: a clock CLK.
Output: N € {0,1}".

Functionality:

ni vVt @ (N;) = t(mod 2")

CLK —&> FF(n)

incrementer(n)

Figure: A synchronous circuit that implements a counter.



‘Counter Analysis

'

incrementer(n)

CLK —&=

Figure: An FSM of a counter(2). The output always equals binary

representation of the state from which the edge emanates.
39



‘Example 2: Analysis of Shift Register

A shift register of n bits is defined as follows.
Inputs: D[0](t) and a clock CLK.
Output: Q[n — 1](t).
Functionality: Q[n — 1](t + n) = D[0](t).

D[3] D[2] D[1] D[0]

1 f 1 1[ 1 f 1 i
CLK —&{> CLK —e| CLK —&> CLK —&>

FF3 FF2 FFq FFo

1 i 1 14 11

Q[3] Q[2] Q[1] Q[0]

Figure: A 4-bit shift register.

Q[3:0]

D[0]
1
1
1
0
1

0000
0001
0011
0111
1110

— e w N = O

(b

register

Simulation of shift

40



‘Example 2: Analysis of Shift Register

(0,0)

D[] D[o]

41



‘Example 3: Synthesis of a 2 -state FSM

Consider the FSM A = (Q, X, A, 4, A, qo) depicted in the next
figure, where

Q — {quql}a
¥ — A= {0,1).

Figure: A two-state FSM.

42



‘Example 3: The circuit

(1,0)

C
\ / 'D_. oUT
s
Cs

IN

l

(0,1)
(11

NS

Q FF De—
AN

CLK

Figure: Synthesis of A.

43



See you on Thursday!

Enjoy the discussion J
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https://medium.com/@memetic007/a-journey-to-gameb-4fb13772bcf3

~Today @ plan

A45 min lecture session (~pages 9-17 in the fireading materialo).
ASequential Adder (4 min)
ABinary Adder (2 min)
ARipple Carry Adder (RCA) (4 min)
ARelation between Ripple Carry Adder and Seq. Adder (2 min)
ARecursive Def. of RCA(n) (2 min)
ARegisters: parallel load and serial load (aka Shift registers) (6 min)
ARandom Access Memory (RAM) (10 min)
AA simplified CPU example i the DLX. (14 min)
ARecap (1 min)

ARest of the lecture:
ADiscuss, solve and present Question 7, Question 8, or Question 9.
AQuestions appear on Page 17 in the reading material.



‘Sequential Adder

A sequential adder is defined as follows.
Inputs: A, B and a clock signal cLK, where A;, B; € {0,1}.
Output: S, where S; € {0,1}.

Functionality: Then, for every i > 0,
(A[i : 0]) + (B[i : 0]) = (S[i : 0]) (mod 2'*1).

48



Sequential Adder: Implementation

Cin

| KR
A
. Full-Adder
A sequential adder is defined as follows.
C S Inputs: A, B and a clock signal cLK, where A;, B; € {0, 1}.
FF Output: S, where S; € {0,1}.

Functionality: Then, for every i > 0,

D (A[i : 0]) + (B[i : 0]) = (S[i : 0]) (mod 2i+1).

N e

49



‘Sequential Adder: Correctness

The proof is by induction on 1.
The induction basis for i = 0 follows from the functionality of the
full-adder:

Complete the

Ao + By + Cin(O) =2 - Cout(O) + 5.

This requires that C;,(0) = 0! Namely, that the FF is initialized to
Zero.

[
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Binary Adder

ADDER(n) - a binary adder with input length n is a combinational
circuit specified as follows.

Input: A[n—1:0],B[n—1:0] € {0,1}", and C[0] € {0,1}.
Output: S[n—1:0] € {0,1}" and C[n] € {0, 1}.

Functionality:

—

(S)+2"-Cln] = (A)+(B)+C[0l. (1)

y

Addition terminology:
o addends: (A) = """ A[i]- 27, and (B) = 2771 B[] - 2
@ carry-in bit : C[0]
o sum: (S)
@ carry-out bit: C[n]

51



‘Ripple Carry Adder RCA(n)

Bln—1 Aln—1] Bln—2 Ajn—2] BI] A[l] Bl0] A[0]
] L - .
— C[0]
FA,, 1 FAp—o | | FAq FAg
o L] ‘ | |
ClnlSin—1] Cln—1] Sjn—2] Cln—2) c2l S Cll SO

@ same addition algorithm that we use for adding numbers by
hand.

@ row of n Full-Adders connected in a chain.

@ the weight of every signal is two to the power of its index.
(Do not confuse weight here with Hamming weight. Weight
means here the value in binary representation.)

52



‘Relation between RCA(n) and Seq. Adder

Q FA; is “simulated” by the FA (in Seq. Adder) in the /'th clock
cycle.

@ We can view RCA(n) as an “unrolling” of the Seq. Adder.

Bln—1 Aln—1] Bln—2] A[n — 2] B[1] A[] Bl0] A[0]

[0
FA,,_1 FAp o | | FA4 FAq

C S C S C S C S

o L] | |

Cln]Sh—1 Cn—1] Sn—2] Cln—2] C[2] S[1] Cl1] S[0]

53



Recursive Definition of RCA(n)

Basis: an RCA(1) is simply a Full-Adder.
Reduction Step:

Bn—1] Aln—1] Bn—-2:0 An—2:0]

- pri g

FA,_1 RCA(n — 1)

C S

| =

Cln| Sin—1] Cn —1] Sln —2:0]




Can We Do Better?

ACOSt and Delay Of RCA(n) are g é . ADDER(n) - a binary adder with input length n is a combinational

circuit specified as follows.
Input: A[n—1:0],B[n—1:0] € {0,1}", and C[0] € {0,1}.
Output: S5[n—1:0] € {0,1}" and C[n] € {0,1}.

ALower bound of Binary Adder m(l T&éLfor . o7
the delay and m ¢ for the cost $) 2 Clil = A +E)+ 0L ()
AWhat is the cone of the "YE p ?
AWhat is the cone of 6 ¢ ?

AAgain: How did we manage to get a const.
Size Seq adder then’? basis: A csA(1) is simply a Full-Adder.
' ' reduction step:

Bn—1:k] An-—1:k Bn—1:k An-—-1:k Blk—1:0 Ak—-1:0]
k

ACan you somehow fbreakoRCA(n) and [~ [+ [ 5 0
make it more fparalleld? csa(n = a1 con()

AAlmost optimal design CSA(n) e [ R €
A Costisg ¢ wux(n -k +1)
A Optimal design uses Parallel-Prefix Comp. [k -
Cln] - Sln—1: &

A Next semester.
55
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‘Registers




