Faster FPT algorithms using
algebraic methods

e Inclusion-exclusion principle ¥ g
o Counting Hamiltonian paths in timeO( L ) and polynomial
space. ¥,k
> Steiner tree in time [ & )and polynomial space.

* Polynomials

7oK
o k-path in time 0 (2 )and polynomial space.

Sieving : Sieve out unwanted objects using algebraic

cancellations.
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Counting HaMILTONIAN PATH problem

Input: A directed graph G
Output: The number of Hamiltonian paths in G?

Recall from Exercige sheet #2: * ;N
Hamiltonian path can be solved in time O (02 ) .
(using dynamic programming over subsets).

Proof idea:
For every vertex subset X,
T[X,v] =1, if there exists a path starting at v with vertex set X.

Space complexity: O* ( L n) :

¥, oM
Goal: Hamiltonian path in time O(17)
and polynomial space
using the inclusion-exclusion principle.



Inclusion-exclusion principle
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Inclusion-exclusion principle (union version)
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Inclusion-exclusion principle (intersection version)
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Ugeful: When finding the union of the gete ig eagier than finding their intergection.

Proof hint: Use De Morgan's law on the formula for inclusion-
exclusion principle (union version).

De Morgan's law: ﬂ, UA, = Q, () QL

A|mﬂz = al U_Ez



Inclusion-exclusion principle (intersection version)
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Counting HamILTONIAN PATH problem

Relaxing paths - walks

Walk: is a traversal of the edges of the graph with the
possibility of repeating vertices.

Ex: M —
% €1y
€y
vy

( Vi€ W €y Vs &3 N, S0y W ) do a Z/'W
bL)Q//k /)Qﬂ)w\, v, 'Z’DU’Q,

Length of a walk is the number of edges it uses.
Here repetitions are counted each time.
Every k-path is a k-walk.

k-walk is a walk of length k.
A walk from vi to vj is a walk that starts at vi and ends at vj



Counting k-waiks is polynomial time solvable

Consider an undirected graph G.
(also works for directed graphs- Exercise)

Let M be the adjacent matrix of G.
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Counting k-waiks is polynomial time solvable
(contd.)
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Since matrix multiplication can be done in polynomial time,
counting k-walks can be done in polynomial time.




Back to counting Hamiltonian paths

- use inclusion-exclusion for sieving.
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STEINER TREE problem

Recall from lecture #2:

STEINER TREE
Input: A graph G, a set of terminals K, an integer p

Question: Does there exist a tree with < p edges that contain
K?

-
Steiner tree can be solved in time () ( 3 P)
using DP over subsets.

% /o
Goal: Steiner tree can be solved in time O (o?/ )
and polynomial space,
using inclusion-exclusion.




Relaxing trees
— branching walks

Branching walk: traverse the edges in possibly multiple
directions by possibly repeating edges.

Ordered, rooted tree H G

Homomorphism H to G: A‘, V(CH) — '\/(&) such that
il Ly)eECH),
thew Cheo, My € £

A branching walk (H,h) is a homomorphism h from an ordered,
rooted tree H to G.

The length of a branching walk (H,h) is | E(H)I.

A k-branching walk is a branching walk of length k.
A branching walk (H,h) is a tree if and only if h is injective.

A branching walk (H,h) starts at a vertex v of G if h(root)=v. It
contains a vertex v of G if there exists some x in V(H) such

that h(x)=v.




Computing #of k-branching walks in
polynomial time

Use dynamic frOTramming.

%%év an o )é{O,.../Pfl
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Exercise: Prove the formal correctness.

Computing #of p-branching walks in any graph can be done in
polynomial time.




Back to the STEINER TREE problem
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Using inclusion-exclusion, it is enough to compute,
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Polynomials
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Field (F,+,.)
A field is a triple (F,+,.) such that the following hold:
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We are interested in finite fields.
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Finite fields
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k-pATH problem

Input: A (directed) graph, an integer k
Question: Does there exist a path on k vertices (k-path) in G?

Recall from lecture #2:

k-path can be solved in time
using Color Coding.

K
»
O"((%e))

* » oK
Goal: k-path can be solved in time 0 [08 )
by a randomized algorithm,
using polynomial identity testing (PIT).
This can be done in
by additional using the

PTIT: T¢ /9[7{') ) /'Jemf/ca/{i 3 €70,
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k-pATH problem

Input: A (directed) graph, an integer k
Question: Does there exist a path on k vertices (k-path) in G?

Qljoﬂu\m FFDY K-patl proélem,
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Reduce k-ratH to PIT
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Claims
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Back to our polynomial p(xy)
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