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Iterative Compression (Illustrate with examples)

Feedback Vertex Set (FVS) 
Input:  A graph G , a positive integer k

Question: Does there exists a set of at most k vertices, 
say S, such that G-S is acyclic (forest)?

Lecture #1:
<latexit sha1_base64="uDUPunx5VqKQo3aBnIFQtJ5+hxs="></latexit>

2O(k log k)nO(1)

(Branching: If minimum degeee is at least 
3, then set of 3k largest-degree vertices 
contain a vertex of the solution.)

Goal: 
<latexit sha1_base64="DSeHt7cUFM+5+QL7f+sbzWvXq+g="></latexit>

5knO(1)

<latexit sha1_base64="7Nxvj7g27cIFKwPxkALecYll0LQ="></latexit>

2O(k)nO(1)
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Compression Feedback Vertex Set 
Input:  A graph G , a positive integer k

         + a solution X of size k+1 (a slightly large solution)
Question: Does there exists a set of at most k vertices, say S, 
such that G-S is acyclic (forest)?

G - X

X

Forest

|X|=k+1

Idea: X gives additional structure on the input graph.

Step 1:  Guess the intersection of 
the solution S with X.

Say S ⋂ X = XS, and X \ S = X*.

Algorithm:



Compression Feedback Vertex Set 
Input:  A graph G , a positive integer k

         + a solution X of size k+1 (a slightly large solution)
Question: Does there exists a set of at most k vertices, say S, 
such that G-S is acyclic (forest)?

G - X

Forest

Idea: X gives additional structure on the input graph.

Step 1:  Guess the intersection of 
the solution S with X.

Say S ⋂ X = XS, and X \ S = X*.

Algorithm:

X

XS X*

|X|=k+1

Step 2:  Delete  XS from the graph. 

Look for a solution of size k-| XS |that is 
disjoint from X*.

<latexit sha1_base64="/1Cb+6lZ1D74l/VtsBywPaMqOCo=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4xkUcCK5kdBpgwO7uZ6TUhCx/hxYPGePV7vPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbmd+84lrIyL1gOOY+yEdKNEXjKKVmpXHdNKaTLvFklt25yCrxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+bTQSQyPKRvRAW9bqmjIjZ/Oz52SM6v0SD/SthSSufp7IqWhMeMwsJ0hxaFZ9mbif147wf61nwoVJ8gVWyzqJ5JgRGa/k57QnKEcW0KZFvZWwoZUU4Y2oYINwVt+eZU0KmXvsly5vyhVb7I48nACp3AOHlxBFe6gBnVgMIJneIU3J3ZenHfnY9Gac7KZY/gD5/MHZ1KPnw==</latexit>

2|X|
<latexit sha1_base64="/gA9gMeB0jzEzVGQvThH9Ab1LTA=">AAACK3icbVDLSsNAFJ34rPUVdelmsAiCUJIi6qZQ6sZlBfuANobJdNIOmWTCzEQoaf7Hjb/iQhc+cOt/OG2zqK0HBg7nnMude7yYUaks69NYWV1b39gsbBW3d3b39s2Dw5bkicCkiTnjouMhSRiNSFNRxUgnFgSFHiNtL7iZ+O1HIiTl0b0axcQJ0SCiPsVIack167Ank9BNadXKHtIgg+m4M4Y9PORcEkgzWIVLieDcnk+4ZskqW1PAZWLnpARyNFzztdfnOAlJpDBDUnZtK1ZOioSimJGs2EskiREO0IB0NY1QSKSTTm/N4KlW+tDnQr9Iwak6P5GiUMpR6OlkiNRQLnoT8T+vmyj/2klpFCeKRHi2yE8YVBxOioN9KghWbKQJwoLqv0I8RAJhpest6hLsxZOXSatSti/LlbuLUq2e11EAx+AEnAEbXIEauAUN0AQYPIEX8A4+jGfjzfgyvmfRFSOfOQJ/YPz8AqwNprQ=</latexit>

kX

i=0

✓
|X|
i

◆
=

kX

i=0

✓
k + 1

i

◆
or

Number of guesses/branches:



Disjoint Feedback Vertex Set 
Input:  A graph G, positive integers i and k such that k<i, a solution X* of size i

Question: Does there exists a set S such that :

• G-S is acyclic?

• S is disjoint from X*

• |S| ≤ k

G - X*

Forest

X*

Observation: Graph induced on X*  

is a forest. Otherwise, say No.

Forest



Solving Disjoint FVS

G - X* Forest

X* Forest

v

u

Algorithm:

Fix a leaf v of G - X*.  Let u be the unique parent of v in 
G - X*.

1. If v has no neighbours in X*, then delete v (because v 
does not participate in any cycle).

2.



Solving Disjoint FVS

G - X* Forest

X* Forest

Algorithm:

Fix a leaf v of G - X*.  Let u be the unique parent of v in 
G - X*.

1. If v has no neighbours in X*, then delete v (because v 
does not participate in any cycle).

2. If v has exactly one neighbour (say y) in X*, then 
delete v and and an edge between y and u (because 
any cycle that passes through v, also passes through 
u).

3.
v

u

y

x



Solving Disjoint FVS

G - X* Forest

X* Forest

Algorithm:

Fix a leaf v of G - X*.  Let u be the unique parent of v in 
G - X*.

1. If v has no neighbours in X*, then delete v (because v 
does not participate in any cycle).

2. If v has exactly one neighbour (say y) in X*, then 
delete v and and an edge between y and u (because 
any cycle that passes through v, also passes through 
u).

3. If v has at least two neighbours in the same tree of 
X*, the pick v in the solution, delete it and decrease 
k by 1 (because there is a cycle all of whose vertices, 
except v, are in X*).

4.

v



Solving Disjoint FVS

G - X* Forest

X* Forest

Algorithm:

Fix a leaf v of G - X*.  Let u be the unique parent of v in G - X*.

1. If v has no neighbours in X*, then delete v (because v does not 
participate in any cycle).

2. If v has exactly one neighbour (say y) in X*, then delete v and and 
an edge between y and u (because any cycle that passes through 
v, also passes through u).

3. If v has at least two neighbours in the same tree of X*, the pick v 
in the solution, delete it and decrease k by 1(because there is a 
cycle all of whose vertices, except v, are in X*).

4. Otherwise, v has a neighbours in at least two different trees of 
X*.  In this case, branch in the following two branches:

a. Either v belongs to the solution. In this case, pick v in the 
solution, delete it, and decrease k by 1.

b. Or v does not belong to the solution. In this case, update X* = 
X* ⋃ v. In this case, the number of trees of X* decrease by 1 
(because v has neighbours in at least two trees of X*).

v



Solving Disjoint FVS

G - X* Forest

X* Forest

Algorithm:

Fix a leaf v of G - X*.  Let u be the unique parent of v in G - X*.

1. If v has no neighbours in X*, then delete v (because v does not 
participate in any cycle).

2. If v has exactly one neighbour (say y) in X*, then delete v and and 
an edge between y and u (because any cycle that passes through 
v, also passes through u).

3. If v has at least two neighbours in the same tree of X*, the pick v 
in the solution, delete it and decrease k by 1 (because there is a 
cycle all of whose vertices, except v, are in X*).

4. Otherwise, v has a neighbours in at least two different trees of 
X*.  In this case, branch in the following two branches:

a. Either v belongs to the solution. In this case, pick v in the 
solution, delete it and decrease k by 1.

b. Or v does not belong to the solution. In this case, update X* = 
X* ⋃ v. In this case, the number of trees of X* decrease by 1 
(because v has neighbours in at least two trees of X*).

v

u



Solving Disjoint FVS
Fix a leaf v of G - X*.  Let u be the unique parent of v in G - X*.

1. If v has no neighbours in X*, then delete v (because v does not 
participate in any cycle).

2. If v has exactly one neighbour (say y) in X*, then delete v and and 
an edge between y and u (because any cycle that passes through 
v, also passes through u).

3. If v has at least two neighbours in the same tree of X*, the pick v 
in the solution, delete it and decrease k by 1(because there is a 
cycle all of whose vertices, except v, are in X*).

4. Otherwise, v has a neighbours in at least two different trees of 
X*.  In this case, branch in the following two branches:

a. Either v belongs to the solution. In this case, pick v in the 
solution, delete it and decrease k by 1.

b. Or v does not belong to the solution. In this case, update X* = 
X* ⋃ v. In this case, the number of trees of X* decrease by 1 
(because v has neighbours in at least two trees of X*).

Running time:

Cases 1-3 are applicable in polynomial time.

Cases 4 is a branching step.

Input:  A graph G, an acyclic solution X* such 
that the graph induced on X* has t trees, and 
an integer k.

Question: Does there exists a solution of size 
at most k that is disjoint from X*?

We are solving the following problem recursively.

Case 4a
k drops by 1

Case 4b
t  drops by 1

• Size of the branching tree is 2k+t . Since we start 
with X* of size i, t ≤ i.  Also k ≤ i.

• Spend polynomial time on each node of the 
branching tree (check if Cases 1-3 are applicable).

Overall 
running time:

<latexit sha1_base64="ErphuoEwUy2T9k2Ee6Lm2KozKHA="></latexit>

4inO(1)<latexit sha1_base64="C0Cj4zTWTgwxFpfs1PUA+Ykk0VA=">AAACA3icbVDLSgNBEJyNrxhfq970MhiEiBB2g6jHoBdvRjAPyIvZySQZMju7zPQKYVnw4q948aCIV3/Cm3/jbJKDJhY0FFXddHd5oeAaHOfbyiwtr6yuZddzG5tb2zv27l5NB5GirEoDEaiGRzQTXLIqcBCsESpGfE+wuje6Tv36A1OaB/IexiFr+2QgeZ9TAkbq2gelTjw6hQTLTtzyCQwpEfFtUnBPkq6dd4rOBHiRuDOSRzNUuvZXqxfQyGcSqCBaN10nhHZMFHAqWJJrRZqFhI7IgDUNlcRnuh1PfkjwsVF6uB8oUxLwRP09ERNf67Hvmc70TD3vpeJ/XjOC/mU75jKMgEk6XdSPBIYAp4HgHleMghgbQqji5lZMh0QRCia2nAnBnX95kdRKRfe8WLo7y5evZnFk0SE6QgXkogtURjeogqqIokf0jF7Rm/VkvVjv1se0NWPNZvbRH1ifPxYwlys=</latexit>

2k+tnO(1) ≤



Compression Feedback Vertex Set 
Input:  A graph G , a positive integer k

         + a solution X of size k+1
Question: Does there exists a set of at most k vertices, say S, 
such that G-S is acyclic (forest)?

Running time:
<latexit sha1_base64="EGKIxFPtRS26CiW5qUBvt9GLioc="></latexit>

kX

i=0

✓
k + 1

i

◆
4inO(1)

<latexit sha1_base64="ZUKLRSnu64IhX/ulpt/Rat5Bmwg="></latexit>

(1 + 4)knO(1)≤ (Binomial theorem)

<latexit sha1_base64="DSeHt7cUFM+5+QL7f+sbzWvXq+g="></latexit>

5knO(1)=

<latexit sha1_base64="ljpCtx/nZVd/c4TcaRBaNplB9Tw="></latexit>

Disjoint Feedback Vertex Set can be solved in 4inO(1)time.

Disjoint Feedback Vertex Set 
Input:  A graph G, positive integers i and k such that k<i, a solution X* of size i

Question: Does there exists a set S such that :

• G-S is acyclic?

• S is disjoint from X*

• |S| ≤ k

<latexit sha1_base64="38li0zFydxUNAOYEuBkm2XhMb0E="></latexit>

Compression Feedback Vertex Set can be solved in 5knO(1)time.



Hereditary properties

Definition

A graph property P is hereditary or closed under induced subgraphs if whenever
G 2 P , every induced subgraph of G is also in P.

“removing a vertex does not ruin the property”
(e.g., triangle free, bipartite, planar)

Observation

Every hereditary property P can be characterized by a (finite or infinite) set F of
“minimal bad graphs” or “forbidden induced subgraphs”: G 2 P if and only if G does
not have an induced subgraph isomorphic to a member of F .

Example: a graph is bipartite if and only if it does not contain an odd cycle as an
induced subgraph.

23

Let 𝚷 be a vertex deletion to a hereditary property.

If Disjoint-𝚷 can be solved in
<latexit sha1_base64="FCiCsKcJcvPstOoZXR06ew/VYZo="></latexit>

kX

i=0

✓
k + 1

i

◆
g(i) · nO(1)

then Compression-𝚷 can be solved in

<latexit sha1_base64="JKkMTq78EX0w9OfKDt6OtqXjRtk="></latexit>

g(i) · nO(1)

If Disjoint-𝚷 is FPT, then so is Compression-𝚷. 

In fact, if Disjoint-𝚷 is solvable in αi nO(1) time, then Compression-𝚷 is solvable in 

(1+ α)k nO(1) time.  



Solving FVS using Compression FVS: Iterative step How to get a solution X of size k+1?

• Order the vertices of the graph arbitrarily, say v1, … ,vn.
• Let Gi be the graph induced on the first i vertices, v1, …, vi.
• Gk+2 has a trivial solution of size k+1 (take any k+1 vertices in the solution).
• Use Compression FVS to find a solution, say Sk+2, of size at most k for Gk+2.

If no such Sk+2 exists, then report No, that is, there is no solution of size at most 
k for G (this is true acyclicity is a hereditary property).
Otherwise, (Sk+2 ⋃ vk+3) is an at most k+1 size solution for Gk+3. 

• Repeat.

If 𝚷 is a vertex deletion problem to a hereditary property, then if Compression-𝚷 
can be solved in f(k)nc time, then 𝚷 can be solved in f(k)nc+1 time.

<latexit sha1_base64="fFs8+bJXJqU7krntI0TG/XGUYPs="></latexit>

Feedback vertex set can be solved in 5knO(1)time.



Another example: 
Feedback vertex set in tournaments (FVST)

A tournament D has a directed cycle if and only if D has a directed triangle (cycle on 3 vertices). (Exercise) 
Therefore, FVST can be solved in 3k nO(1) using branching.

Tournament

Goal: 
<latexit sha1_base64="tCyG6S/2jgMt/eLSq4d8Nj4TJJM="></latexit>

2k·nO(1)

• Directed Feedback Vertex Set is FPT (we will see later in the course).  Also uses iterative 
compression and more advanced tools.

• For today, we focus our attention to the case when the input is a tournament.

• A tournament is a directed graph where there is exactly one arc between any pair of vertices.

FVST 
Input:  A tournament D, a positive integer k

Question: Does there exists a set of at most k vertices, 
say S, such that D-S has no directed cycles?

NP-hard



Enough to show that Disjoint 
FVST is solvable in:  polynomial time

Disjoint FVST
Input:  A tournament D, positive integers i and k such that k<i, a solution X* of size i 

Question: Does there exists a set S such that :

• S is disjoint from X*

• |S| ≤ k

• G-S has no directed cycles?

If D is a tournament then the following are equivalent:

D is acyclic,

D has no directed triangles,

D has a unique topological ordering.

Exercise
A topological ordering of an acyclic directed graph D is an 
ordering of the vertices of D, say 𝜎, say that, for any u,v, such 

that 𝜎(u) > 𝜎(v), (u,v) is not an arc of D (no backward  arcs). 



Solving Disjoint FVST
Observation: Graph induced on X*  is acyclic. Otherwise, say No.

Let 𝝆 be the unique topological ordering of X*. Let 𝝈 be the unique topological ordering of A=V(D)-X*.

X*

A=V(D)-X*

1 2 3 k+1
The vertices of X*  appear in 
the same ordering in the final 
topological ordering.

Vertices of 
X*ordered 
according to 𝝆

Vertices of 
A ordered 
according 
to 𝝈



Solving Disjoint FVST

X*

A=V(D)-X*

1 2 3 k+1

Reduction rule: If there exists a directed triangle two of whose vertices 
belong to X*, then pick its intersection with A in the solution.



Solving Disjoint FVST

X*

A=V(D)-X*

1 2 3 k+14 5

4
Position set of 
vertices of A 
(relative to X*)

06 3 4 4 7 56 58 10 1 2 1 3

y 

For each y ∈ A, posn(y)= largest i ∈ X*, such that i  is an in-neighbour of y. 

If y has no in-neighbour in X* then posn(y) =0.

(posn(y) tells the relative position of y w.r.t. to the vertices of X* in the final ordering).



Solving Disjoint FVST

X*

A=V(D)-X*

1 2 3 k+14 5

4
Position set of 
vertices of A 06 3 4 4 7 56 58 10 1 2 1 3

Consider the vertices of A that are not in the solution.

Can y and z both not be in solution when y appears before z in the ordering of A? No (posn(y) > posn(z)). 

y z

Goal: Find a maximum sized subset A, say W ⊆ A, such that D[X* ⋃ W] is acyclic.

Goal: Find a longest non-decreasing subsequence in the sequence of position set of A.



Solving Disjoint FVST

X*

A=V(D)-X*

1 2 3 k+14 5

4
Position set of 
vertices of A 06 3 4 4 7 56 58 10 1 2 1 3

Consider the vertices of A that are not in the solution.

Can y and z both not be in solution when y appears before z in the ordering of A? No (posn(y) > posn(z)). 

y z

Goal: Find a maximum sized subset A, say W ⊆ A, such that D[X* ⋃ W] is acyclic.

Goal: Find a longest non-decreasing subsequence in the sequence of position set of A.



Solving Disjoint FVST

X*

A=V(D)-X*

1 2 3 k+14 5

4
Position set of 
vertices of A 06 3 4 4 7 56 58 10 1 2 1 3

Consider the vertices of A that are not in the solution.

Can y and z both not be in solution when y appears before z in the ordering of A? No (posn(y) > posn(z)). 

y z

Goal: Find a maximum sized subset A, say W ⊆ A, such that D[X* ⋃ W] is acyclic.

Goal: Find a longest non-decreasing subsequence in the sequence of position set of A.

This can be done in polynomial time using standard dynamic programming. (Exercise)



Another example: 
Odd cycle transversal (OCT)
OCT 
Input:  A graph G , a positive integer k

Question: Does there exists a set of at most k vertices, say 
S, such that G-S has no odd length cycle (bipartite)?

Goal: 
<latexit sha1_base64="XYxWi8k/4DQtsq4O/5v/HFT4zbI="></latexit>

3k·nO(1)

<latexit sha1_base64="GSddZ+/rNTF2cbiNlFVqI6RSnRI="></latexit>

O(3k · kn(n+m))

Enough to show that 
Disjoint OCT is 
solvable in: 

Disjoint OCT
Input:  A graph G, positive integers i and k such that k<i, a solution X* of size i 

Question: Does there exists a set S such that :

• S is disjoint from X*

• |S| ≤ k

• G-S is bipartite?

<latexit sha1_base64="Jzkk9KKqRv9SA8uzQ/ccDRR4NY8="></latexit>

O(2i · k(n+m))

<latexit sha1_base64="vJ4ulkw0d3vU9BcPrY+5k/TbtrQ="></latexit>

2i·nO(1)



Solving Disjoint OCT
Observation: Graph induced on X*  is bipartite. Otherwise, say No.

Since G-X* is bipartite, let (A,B) be a bipartition of G-X*. 

Let (L,R) be a solution bipartition that is a bipartition of G-S.

A B

X*

A B

<latexit sha1_base64="H3GLgo5+cojq+0U64SwDz8RIdFk=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkiHoRil489FDBtoE2LZvtpl262YTdjVJC/4cXD4p49b9489+4bXPQ1gcDj/dmmJnnx5wpbdvfVm5ldW19I79Z2Nre2d0r7h80VZRIQhsk4pF0fawoZ4I2NNOcurGkOPQ5bfmj26nfeqRSsUg86HFMvRAPBAsYwdpIXbdXu3a7Z6hDcIxqvWLJLtszoGXiZKQEGeq94lenH5EkpEITjpVqO3asvRRLzQink0InUTTGZIQHtG2owCFVXjq7eoJOjNJHQSRNCY1m6u+JFIdKjUPfdIZYD9WiNxX/89qJDq68lIk40VSQ+aIg4UhHaBoB6jNJieZjQzCRzNyKyBBLTLQJqmBCcBZfXibNStm5KFfuz0vVmyyOPBzBMZyCA5dQhTuoQwMISHiGV3iznqwX6936mLfmrGzmEP7A+vwBmjaRSQ==</latexit>

XL = X⇤ \ L
<latexit sha1_base64="1GcgT3pJOJ61QFbuO3Gia6ebfwk=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmJiPJCWGPViQvTiEYlAEyhku2xhw3bb7G41pOF/ePGgMV79L978Ny7Qg4IvmeTlvZnMzPNjzpS27W8rt7K6tr6R3yxsbe/s7hX3D5oqSiShDRLxSLo+VpQzQRuaaU7dWFIc+py2/NHt1G89UqlYJB70OKZeiAeCBYxgbaSu26tfu90z1CE4RvVesWSX7RnQMnEyUoIMtV7xq9OPSBJSoQnHSrUdO9ZeiqVmhNNJoZMoGmMywgPaNlTgkCovnV09QSdG6aMgkqaERjP190SKQ6XGoW86Q6yHatGbiv957UQHV17KRJxoKsh8UZBwpCM0jQD1maRE87EhmEhmbkVkiCUm2gRVMCE4iy8vk2al7FyUK/fnpepNFkcejuAYTsGBS6jCHdSgAQQkPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCsqJFV</latexit>

XR = X⇤ \R

Step 1: Guess the partition 
of X* into L and R.

<latexit sha1_base64="9a5I32Ba5KctJhB3Wp6rj92sz6I=">AAAB/HicdVDLSgMxFM3UV62vapdugkUQhSEpbe1GKLpxWcE+oJ2WTJppQzMPkoxQpvVX3LhQxK0f4s6/MX0IKnrgwuGce7n3HjcSXGmEPqzUyura+kZ6M7O1vbO7l90/aKgwlpTVaShC2XKJYoIHrK65FqwVSUZ8V7CmO7qa+c07JhUPg1s9jpjjk0HAPU6JNlIvmyt0k0mrezqZwgto+OgMT3vZPLJRuVTEFYjsEsIVXDKkUMIIFSC20Rx5sEStl33v9EMa+yzQVBCl2hhF2kmI1JwKNs10YsUiQkdkwNqGBsRnyknmx0/hsVH60AulqUDDufp9IiG+UmPfNZ0+0UP125uJf3ntWHsVJ+FBFGsW0MUiLxZQh3CWBOxzyagWY0MIldzcCumQSEK1yStjQvj6FP5PGgUbl218U8xXL5dxpMEhOAInAINzUAXXoAbqgIIxeABP4Nm6tx6tF+t10ZqyljM58APW2ycm45PR</latexit>

2|X
⇤| = 2k+1



<latexit sha1_base64="H3GLgo5+cojq+0U64SwDz8RIdFk=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBZBPJSkiHoRil489FDBtoE2LZvtpl262YTdjVJC/4cXD4p49b9489+4bXPQ1gcDj/dmmJnnx5wpbdvfVm5ldW19I79Z2Nre2d0r7h80VZRIQhsk4pF0fawoZ4I2NNOcurGkOPQ5bfmj26nfeqRSsUg86HFMvRAPBAsYwdpIXbdXu3a7Z6hDcIxqvWLJLtszoGXiZKQEGeq94lenH5EkpEITjpVqO3asvRRLzQink0InUTTGZIQHtG2owCFVXjq7eoJOjNJHQSRNCY1m6u+JFIdKjUPfdIZYD9WiNxX/89qJDq68lIk40VSQ+aIg4UhHaBoB6jNJieZjQzCRzNyKyBBLTLQJqmBCcBZfXibNStm5KFfuz0vVmyyOPBzBMZyCA5dQhTuoQwMISHiGV3iznqwX6936mLfmrGzmEP7A+vwBmjaRSQ==</latexit>

XL = X⇤ \ L
<latexit sha1_base64="1GcgT3pJOJ61QFbuO3Gia6ebfwk=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmJiPJCWGPViQvTiEYlAEyhku2xhw3bb7G41pOF/ePGgMV79L978Ny7Qg4IvmeTlvZnMzPNjzpS27W8rt7K6tr6R3yxsbe/s7hX3D5oqSiShDRLxSLo+VpQzQRuaaU7dWFIc+py2/NHt1G89UqlYJB70OKZeiAeCBYxgbaSu26tfu90z1CE4RvVesWSX7RnQMnEyUoIMtV7xq9OPSBJSoQnHSrUdO9ZeiqVmhNNJoZMoGmMywgPaNlTgkCovnV09QSdG6aMgkqaERjP190SKQ6XGoW86Q6yHatGbiv957UQHV17KRJxoKsh8UZBwpCM0jQD1maRE87EhmEhmbkVkiCUm2gRVMCE4iy8vk2al7FyUK/fnpepNFkcejuAYTsGBS6jCHdSgAQQkPMMrvFlP1ov1bn3MW3NWNnMIf2B9/gCsqJFV</latexit>

XR = X⇤ \R

<latexit sha1_base64="0zJxxYwAuWOdXcYLjd6aXwPONII=">AAAB+nicdVBNS8NAEN3Ur1q/Uj16WSxCvZSkaNWD0OrFQ5EKthbaEDbbTbt0swm7G6XE/hQvHhTx6i/x5r9x20aoog8GHu/NMDPPixiVyrI+jczC4tLySnY1t7a+sbll5rdbMowFJk0cslC0PSQJo5w0FVWMtCNBUOAxcusNLyb+7R0Rkob8Ro0i4gSoz6lPMVJacs18vXYGr4ptt34AuxhFsOaaBatkTQHnyJFln1ZsaKdKAaRouOZHtxfiOCBcYYak7NhWpJwECUUxI+NcN5YkQniI+qSjKUcBkU4yPX0M97XSg34odHEFp+r8RIICKUeBpzsDpAbytzcR//I6sfJPnITyKFaE49kiP2ZQhXCSA+xRQbBiI00QFlTfCvEACYSVTiunQ/j+FP5PWuWSXSmVrw8L1fM0jizYBXugCGxwDKrgEjRAE2BwDx7BM3gxHown49V4m7VmjHRmB/yA8f4FOsSSDw==</latexit>

LA = N(XL) \A

<latexit sha1_base64="6Wdbn6mgbMqM67qIaIf7LC/eZhc=">AAAB+nicdVDLSsNAFJ3UV62vVJduBotQNyUpWnUhlLpxUaSCfUAbwmQ6aYdOJmFmopTYT3HjQhG3fok7/8ZpG6GKHrhwOOde7r3HixiVyrI+jczS8srqWnY9t7G5tb1j5ndbMowFJk0cslB0PCQJo5w0FVWMdCJBUOAx0vZGl1O/fUeEpCG/VeOIOAEacOpTjJSWXDNfr13A62LHrR/BHkYRrLlmwSpZM8AFcmLZ5xUb2qlSACkarvnR64c4DghXmCEpu7YVKSdBQlHMyCTXiyWJEB6hAelqylFApJPMTp/AQ630oR8KXVzBmbo4kaBAynHg6c4AqaH87U3Fv7xurPwzJ6E8ihXheL7IjxlUIZzmAPtUEKzYWBOEBdW3QjxEAmGl08rpEL4/hf+TVrlkV0rlm+NCtZbGkQX74AAUgQ1OQRVcgQZoAgzuwSN4Bi/Gg/FkvBpv89aMkc7sgR8w3r8APduSEQ==</latexit>

LB = N(XL) \B

<latexit sha1_base64="XES31ExBkobqqAqPYh9QmHgwSZo=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQN0OmdGo3QqsbV1KLrYW2lEyatqGZzJBkxDL0V9y4UMStP+LOvzF9CCp64MLhnHu59x4/4kxphD6s1Mrq2vpGejOztb2zu2fvZ5sqjCWhDRLyULZ8rChngjY005y2Iklx4HN6648vZv7tHZWKheJGTyLaDfBQsAEjWBupZ2frVXgGr/KtXv0EdgiOYLVn55CDSl7RLUPkeMgtu54hBc9FqABdB82RA0vUevZ7px+SOKBCE46Varso0t0ES80Ip9NMJ1Y0wmSMh7RtqMABVd1kfvsUHhulDwehNCU0nKvfJxIcKDUJfNMZYD1Sv72Z+JfXjvWg3E2YiGJNBVksGsQc6hDOgoB9JinRfGIIJpKZWyEZYYmJNnFlTAhfn8L/SbPguCWncF3MVc6XcaTBITgCeeCCU1ABl6AGGoCAe/AAnsCzNbUerRfrddGaspYzB+AHrLdP1SiSZQ==</latexit>

RA = N(XR) \A
<latexit sha1_base64="PnaT2EMBig2inZVWurVbDBC390Q=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQN0OmdGo3QqkbV1KLfUA7DJk0bUMzD5KMWIb+ihsXirj1R9z5N6YPQUUPXDiccy/33uPHnEmF0IeRWVvf2NzKbud2dvf2D8zDfFtGiSC0RSIeia6PJeUspC3FFKfdWFAc+Jx2/Mnl3O/cUSFZFN6qaUzdAI9CNmQEKy15Zr5Zhxfwutj1mmewT3AM655ZQBaqOGW7CpHlILtqO5qUHBuhErQttEABrNDwzPf+ICJJQENFOJayZ6NYuSkWihFOZ7l+ImmMyQSPaE/TEAdUuuni9hk81coADiOhK1RwoX6fSHEg5TTwdWeA1Vj+9ubiX14vUcOqm7IwThQNyXLRMOFQRXAeBBwwQYniU00wEUzfCskYC0yUjiunQ/j6FP5P2iXLrlilm3KhVl/FkQXH4AQUgQ3OQQ1cgQZoAQLuwQN4As/GzHg0XozXZWvGWM0cgR8w3j4B2ECSZw==</latexit>

RB = N(XR) \B

Revised goal: Find a set S ⊆ A ⋃ B of at most k vertices 
such that G-S has a bipartition (L,R) where 
the blue vertices (LA ⋃ LB) goes to the right side (R) and
the green vertices (RA ⋃ RB) goes to the left side (L).

A (tempororary left) B (temporary right)



A (tempororary left) B (temporary right)

<latexit sha1_base64="0zJxxYwAuWOdXcYLjd6aXwPONII=">AAAB+nicdVBNS8NAEN3Ur1q/Uj16WSxCvZSkaNWD0OrFQ5EKthbaEDbbTbt0swm7G6XE/hQvHhTx6i/x5r9x20aoog8GHu/NMDPPixiVyrI+jczC4tLySnY1t7a+sbll5rdbMowFJk0cslC0PSQJo5w0FVWMtCNBUOAxcusNLyb+7R0Rkob8Ro0i4gSoz6lPMVJacs18vXYGr4ptt34AuxhFsOaaBatkTQHnyJFln1ZsaKdKAa RouOZHtxfiOCBcYYak7NhWpJwECUUxI+NcN5YkQniI+qSjKUcBkU4yPX0M97XSg34odHEFp+r8RIICKUeBpzsDpAbytzcR//I6sfJPnITyKFaE49kiP2ZQhXCSA+xRQbBiI00QFlTfCvEACYSVTiunQ/j+FP5PWuWSXSmVrw8L1fM0jizYBXugCGxwDKrgEjRAE2BwDx7BM3gxHown49V4m7VmjHRmB/yA8f4FOsSSDw==</latexit>

LA = N(XL) \A

<latexit sha1_base64="6Wdbn6mgbMqM67qIaIf7LC/eZhc=">AAAB+nicdVDLSsNAFJ3UV62vVJduBotQNyUpWnUhlLpxUaSCfUAbwmQ6aYdOJmFmopTYT3HjQhG3fok7/8ZpG6GKHrhwOOde7r3HixiVyrI+jczS8srqWnY9t7G5tb1j5ndbMowFJk0cslB0PCQJo5w0FVWMdCJBUOAx0vZGl1O/fUeEpCG/VeOIOAEacOpTjJSWXDNfr13A62LHrR/BHkYRrLlmwSpZM8AFcmLZ5xUb2qlSACkarvnR64c4DghXmCEpu7YVKSdBQlHMyCTXiyWJEB6hAelqylFApJPMTp/AQ630oR8KXVzBmbo4kaBAynHg6c4AqaH87U3Fv7xurPwzJ6E8ihXheL7IjxlUIZzmAPtUEKzYWBOEBdW3QjxEAmGl08rpEL4/hf+TVrlkV0rlm+NCtZbGkQX74AAUgQ1OQRVcgQZoAgzuwSN4Bi/Gg/FkvBpv89aMkc7sgR8w3r8APduSEQ==</latexit>

LB = N(XL) \B

<latexit sha1_base64="XES31ExBkobqqAqPYh9QmHgwSZo=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQN0OmdGo3QqsbV1KLrYW2lEyatqGZzJBkxDL0V9y4UMStP+LOvzF9CCp64MLhnHu59x4/4kxphD6s1Mrq2vpGejOztb2zu2fvZ5sqjCWhDRLyULZ8rChngjY005y2Iklx4HN6648vZv7tHZWKheJGTyLaDfBQsAEjWBupZ2frVXgGr/KtXv0EdgiOYLVn55CDSl7RLUPkeMgtu54hBc 9FqABdB82RA0vUevZ7px+SOKBCE46Varso0t0ES80Ip9NMJ1Y0wmSMh7RtqMABVd1kfvsUHhulDwehNCU0nKvfJxIcKDUJfNMZYD1Sv72Z+JfXjvWg3E2YiGJNBVksGsQc6hDOgoB9JinRfGIIJpKZWyEZYYmJNnFlTAhfn8L/SbPguCWncF3MVc6XcaTBITgCeeCCU1ABl6AGGoCAe/AAnsCzNbUerRfrddGaspYzB+AHrLdP1SiSZQ==</latexit>

RA = N(XR) \A
<latexit sha1_base64="PnaT2EMBig2inZVWurVbDBC390Q=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQN0OmdGo3QqkbV1KLfUA7DJk0bUMzD5KMWIb+ihsXirj1R9z5N6YPQUUPXDiccy/33uPHnEmF0IeRWVvf2NzKbud2dvf2D8zDfFtGiSC0RSIeia6PJeUspC3FFKfdWFAc+Jx2/Mnl3O/cUSFZFN6qaUzdAI9CNmQEKy15Zr5Zhxfwutj1mmewT3AM655ZQBaqOGW7CpHlILtqO5qUHBuhErQttEABrNDwzPf+ICJJQENFOJayZ6NYuSkWihFOZ7l+ImmMyQSPaE/TEAdUuuni9hk81coADiOhK1RwoX6fSHEg5TTwdWeA1Vj+9ubiX14vUcOqm7IwThQNyXLRMOFQRXAeBBwwQYniU00wEUzfCskYC0yUjiunQ/j6FP5P2iXLrlilm3KhVl/FkQXH4AQUgQ3OQQ1cgQZoAQLuwQN4As/GzHg0XozXZWvGWM0cgR8w3j4B2ECSZw==</latexit>

RB = N(XR) \B

Revised goal: Find a set S ⊆ A ⋃ B 
of at most k vertices such that 
G-S has a bipartition (L,R) where 
the blue vertices (LA ⋃ LB) goes 
to the right side (R) and
the green vertices (RA ⋃ RB) 
goes to the left side (L).

Observation (necessary condition): A solution S is a (LA ⋃ RB)-(LB ⋃ RA) separator.

Suppose there is a (LA,LB)-path in L ⋃ R.

R

LR

L Contradiction

Therefore, no (LA,LB)-path. Similarly, no (RB,RA)-path.



A (tempororary left) B (temporary right)

<latexit sha1_base64="0zJxxYwAuWOdXcYLjd6aXwPONII=">AAAB+nicdVBNS8NAEN3Ur1q/Uj16WSxCvZSkaNWD0OrFQ5EKthbaEDbbTbt0swm7G6XE/hQvHhTx6i/x5r9x20aoog8GHu/NMDPPixiVyrI+jczC4tLySnY1t7a+sbll5rdbMowFJk0cslC0PSQJo5w0FVWMtCNBUOAxcusNLyb+7R0Rkob8Ro0i4gSoz6lPMVJacs18vXYGr4ptt34AuxhFsOaaBatkTQHnyJFln1ZsaKdKAa RouOZHtxfiOCBcYYak7NhWpJwECUUxI+NcN5YkQniI+qSjKUcBkU4yPX0M97XSg34odHEFp+r8RIICKUeBpzsDpAbytzcR//I6sfJPnITyKFaE49kiP2ZQhXCSA+xRQbBiI00QFlTfCvEACYSVTiunQ/j+FP5PWuWSXSmVrw8L1fM0jizYBXugCGxwDKrgEjRAE2BwDx7BM3gxHown49V4m7VmjHRmB/yA8f4FOsSSDw==</latexit>

LA = N(XL) \A

<latexit sha1_base64="6Wdbn6mgbMqM67qIaIf7LC/eZhc=">AAAB+nicdVDLSsNAFJ3UV62vVJduBotQNyUpWnUhlLpxUaSCfUAbwmQ6aYdOJmFmopTYT3HjQhG3fok7/8ZpG6GKHrhwOOde7r3HixiVyrI+jczS8srqWnY9t7G5tb1j5ndbMowFJk0cslB0PCQJo5w0FVWMdCJBUOAx0vZGl1O/fUeEpCG/VeOIOAEacOpTjJSWXDNfr13A62LHrR/BHkYRrLlmwSpZM8AFcmLZ5xUb2qlSACkarvnR64c4DghXmCEpu7YVKSdBQlHMyCTXiyWJEB6hAelqylFApJPMTp/AQ630oR8KXVzBmbo4kaBAynHg6c4AqaH87U3Fv7xurPwzJ6E8ihXheL7IjxlUIZzmAPtUEKzYWBOEBdW3QjxEAmGl08rpEL4/hf+TVrlkV0rlm+NCtZbGkQX74AAUgQ1OQRVcgQZoAgzuwSN4Bi/Gg/FkvBpv89aMkc7sgR8w3r8APduSEQ==</latexit>

LB = N(XL) \B

<latexit sha1_base64="XES31ExBkobqqAqPYh9QmHgwSZo=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQN0OmdGo3QqsbV1KLrYW2lEyatqGZzJBkxDL0V9y4UMStP+LOvzF9CCp64MLhnHu59x4/4kxphD6s1Mrq2vpGejOztb2zu2fvZ5sqjCWhDRLyULZ8rChngjY005y2Iklx4HN6648vZv7tHZWKheJGTyLaDfBQsAEjWBupZ2frVXgGr/KtXv0EdgiOYLVn55CDSl7RLUPkeMgtu54hBc 9FqABdB82RA0vUevZ7px+SOKBCE46Varso0t0ES80Ip9NMJ1Y0wmSMh7RtqMABVd1kfvsUHhulDwehNCU0nKvfJxIcKDUJfNMZYD1Sv72Z+JfXjvWg3E2YiGJNBVksGsQc6hDOgoB9JinRfGIIJpKZWyEZYYmJNnFlTAhfn8L/SbPguCWncF3MVc6XcaTBITgCeeCCU1ABl6AGGoCAe/AAnsCzNbUerRfrddGaspYzB+AHrLdP1SiSZQ==</latexit>

RA = N(XR) \A
<latexit sha1_base64="PnaT2EMBig2inZVWurVbDBC390Q=">AAAB+3icdVDLSgMxFM3UV62vsS7dBItQN0OmdGo3QqkbV1KLfUA7DJk0bUMzD5KMWIb+ihsXirj1R9z5N6YPQUUPXDiccy/33uPHnEmF0IeRWVvf2NzKbud2dvf2D8zDfFtGiSC0RSIeia6PJeUspC3FFKfdWFAc+Jx2/Mnl3O/cUSFZFN6qaUzdAI9CNmQEKy15Zr5Zhxfwutj1mmewT3AM655ZQBaqOGW7CpHlILtqO5qUHBuhErQttEABrNDwzPf+ICJJQENFOJayZ6NYuSkWihFOZ7l+ImmMyQSPaE/TEAdUuuni9hk81coADiOhK1RwoX6fSHEg5TTwdWeA1Vj+9ubiX14vUcOqm7IwThQNyXLRMOFQRXAeBBwwQYniU00wEUzfCskYC0yUjiunQ/j6FP5P2iXLrlilm3KhVl/FkQXH4AQUgQ3OQQ1cgQZoAQLuwQN4As/GzHg0XozXZWvGWM0cgR8w3j4B2ECSZw==</latexit>

RB = N(XR) \B

Revised goal: Find a set S ⊆ A ⋃ B 
of at most k vertices such that 
G-S has a bipartition (L,R) where 
the blue vertices (LA ⋃ LB) goes 
to the right side (R) and
the green vertices (RA ⋃ RB) 
goes to the left side (L).

Observation (necessary condition): A solution S is a (LA ⋃ RB)-(LB ⋃ RA) separator.

Suppose there is a (LA,RA)-path in L ⋃ R.

R

L

RContradiction

Therefore, no (LA,RA)-path. Similarly, no (RB,LB)-path.



Observation (sufficient condition): Any (LA ⋃ RB)-(LB ⋃ RA) separator is a solution.

(LA ⋃ RB)-(LB ⋃ RA) separator S’

C1 C2 … Cp

Ci are connected 
components after 
removal of S’

A ⋂ C1 B ⋂ C1 A ⋂ C2 B ⋂ C2

Output bipartition 
of the union of Ci s

L R

A ⋂ C1
B ⋂ C1

A ⋂ C2 B ⋂ C2

… …



Claim:  S is a solution if and only if S is an (LA ⋃ RB)-(LB ⋃ RA) separator size at most k.

Such a set S can be found using k rounds of Ford-Fulkerson is O(k (n+m)) time.



Overall 
algorithm: 

<latexit sha1_base64="9PMbXYJT9uqJEgQ+QkTjfHa10dI="></latexit>

Odd cycle transversal can be solved in O(3k · kn(n+m)) time.

Disjoint OCT
Input:  A graph G, positive integers i and k such that k<i, a solution X* of size i 

Question: Does there exists a set S such that :

• S is disjoint from X*

• |S| ≤ k

• G-S is bipartite?

• Guess the partition of X* into L and R.

• Compute sets LA,LB,RA,RB.

• Find an (LA ⋃ RB)-(LB ⋃ RA) separator

<latexit sha1_base64="6rf2AOiK1WVaWTrHyNkj1LKEvyo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoMQEcJuEPUY9OLNCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dYcyoNp737eRWVtfWN/Kbha3tnd294v5BU8tEYdLAkknVDpEmjArSMNQw0o4VQTxkpBWObqZ+64koTaV4MOOYBBwNBI0oRsZKzbuyOOOnvWLJq3gzuMvEz0gJMtR7xa9uX+KEE2EwQ1p3fC82QYqUoZiRSaGbaBIjPEID0rFUIE50kM6unbgnVum7kVS2hHFn6u+JFHGtxzy0nRyZoV70puJ/Xicx0VWQUhEnhgg8XxQlzDXSnb7u9qki2LCxJQgram918RAphI0NqGBD8BdfXibNasW/qFTvz0u16yyOPBzBMZTBh0uowS3UoQEYHuEZXuHNkc6L8+58zFtzTjZzCH/gfP4AbyiOYw==</latexit>

O(n+m)
<latexit sha1_base64="N7017WjZObpt4ys5azaMjTknWqw=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSK0CGW3iHosevFmBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut7Oyura+sZnbym/v7O7tFw4OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qiSrNIPphxTH2BB5KFjGBjpce70qgkz0S53CsU3Yo7A1omXkaKkKHeK3x1+xFJBJWGcKx1x3Nj46dYGUY4neS7iaYxJiM8oB1LJRZU++ns4Ak6tUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhFd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmlLcheIsvL5NmteJdVKr358XadRZHDo7hBErgwSXU4Bbq0AACAp7hFd4c5bw4787HvHXFyWaO4A+czx8A5I89</latexit>

O(k(n+m))

<latexit sha1_base64="eVRYtgPlhs7gtGwflz9RxEbI+Wg="></latexit>

2|X
⇤| =2i

Overall 
running 
time:

<latexit sha1_base64="D7AzKcT7UYM8F1FtnmlgCM7pGd4="></latexit>

O(2i · k(n+m))


