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Kernelization III
Every block of stone has a statue inside it and it is the task of the sculptor to discover it. 

— Michelangelo Buonarroti

Lecture #7

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Kernelization

- Efficient pre-processing with guarantees for parameterized problems

∏ admits a kernel of size g(k).

If g(k) is a polynomial/exponential function, then ∏ admits a polynomial/exponential kernel.

 

Runs in 
polynomial 

time

I,k ∏

I’,k’ ∏

≡
|I’|, k’ ≤ g(k)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Reduction rules (RR)

 

Runs in 
polynomial 

time

I,k ∏

I’,k’ ∏

• A kernelization algorithm comprises of possibly several (polynomially many) safe reduction 
rules. 


• Each reduction rules should be applicable only a polynomial number of times. 

• This is followed by an analysis showing that if none of the designed reduction rules are 
applicable, then the size of the instance is bounded by some g(k).

≡ Reduction 
rule is safe.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Expansion Lemma

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



q-CROWN DECOMPOSITION

Independent Set

q-Matching saturating red set

CROWN

HEAD

Remaining (BODY)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



q-Expansion

Bipartite graph G=(A,B),  
a set of edges M is a q-expansion of A into B if 
M is a disjoint union of |A| q-stars each with its centre vertex in A 
and the leaves in B.

A

B

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Expansion Lemma

Bipartite graph G=(A,B), integer q such that  
|B| ≥ q |A|, no isolated vertices in B: 
then ∃ H ⊆ A and C ⊆ B such that there is a  
q-expansion from A into B and N(C)⊆ H. 

Can be proved using arguments similar to the proof of Hall’s theorem.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Feedback Vertex Set

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



S`Q#H2K .2}MBiBQM

622/#�+F o2`i2t a2i S�`�K2i2`, k
AMTmi, �M mM/B`2+i2/ ;`�T? G �M/ � TQbBiBp2
BMi2;2` kX
Zm2biBQM, .Q2b i?2`2 2tBbib � bm#b2i X Q7 bBx2
�i KQbi k bm+? i?�i G � X Bb �+v+HB+\

X Bb +�HH2/ 722/#�+F@p2`i2t b2i U7pbV Q7 GX
:Q�H Bb iQ Q#i�BM � TQHvMQKB�H F2`M2H 7Q`
622/#�+F o2`i2t a2iX

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



q?�i `2/m+iBQM `mH2b r2
�H`2�/v FMQr\

_2/m+iBQMX6oa
A7 i?2`2 Bb � HQQT �i � p2`i2t v- /2H2i2 v 7`QK i?2
;`�T? �M/ /2+`2�b2 k #v QM2X

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



q?�i `2/m+iBQM `mH2b r2
�H`2�/v FMQr\

JmHiBTHB+Biv Q7 � KmHiBTH2 2/;2 /Q2b MQi BM~m2M+2
i?2 b2i Q7 72�bB#H2 bQHmiBQMb iQ i?2 BMbi�M+2 (G, k)X
_2/m+iBQMX6oa
A7 i?2`2 Bb �M 2/;2 Q7 KmHiBTHB+Biv H�`;2` i?�M 2-
`2/m+2 Bib KmHiBTHB+Biv iQ 2X

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



q?�i `2/m+iBQM `mH2b r2
�H`2�/v FMQr\

�Mv p2`i2t Q7 /2;`22 �i KQbi 1 /Q2b MQi
T�`iB+BT�i2 BM �Mv +v+H2 BM G- bQ Bi +�M #2 /2H2i2/X
_2/m+iBQMX6oa
A7 i?2`2 Bb � p2`i2t v Q7 /2;`22 �i KQbi 1- /2H2i2 vX

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



q?�i `2/m+iBQM `mH2b r2
�H`2�/v FMQr\

*QM+2`MBM; p2`iB+2b Q7 /2;`22 2- Q#b2`p2 i?�i-
BMbi2�/ Q7 BM+Hm/BM; BMiQ i?2 bQHmiBQM �Mv bm+?
p2`i2t- r2 K�v �b r2HH BM+Hm/2 QM2 Q7 Bib
M2B;?#Q`bX
_2/m+iBQMX6oa
A7 i?2`2 Bb � p2`i2t v Q7 /2;`22 2- /2H2i2 v �M/
+QMM2+i Bib irQ M2B;?#Q`b #v � M2r 2/;2X

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



q?�i /Q r2 �+?B2p2 �7i2` �HH
i?2b2\

�7i2` 2t?�mbiBp2Hv �TTHvBM; i?2b2 7Qm` `2/m+iBQM
`mH2b- i?2 `2bmHiBM; ;`�T? G

USRV +QMi�BMb MQ HQQTb-
USkV ?�b QMHv bBM;H2 �M/ /Qm#H2 2/;2b- �M/
USjV ?�b KBMBKmK p2`i2t /2;`22 �i H2�bi 3X

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



aiQTTBM; `mH2X

� `mH2 i?�i biQTb i?2 �H;Q`Bi?K B7 r2 �H`2�/v
2t+22/2/ Qm` #m/;2iX
_2/m+iBQMX6oa
A7 k < 0- i2`KBM�i2 i?2 �H;Q`Bi?K �M/ +QM+Hm/2
i?�i (G, k) Bb � MQ@BMbi�M+2X

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



� TB+im`2 ,V

X

Y = V (G) \X

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



J�tBKmK /2;`22 Bb dX

X

Y = V (G) \X

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



J�tBKmK /2;`22 Bb dX

X

Y = V (G) \X
�

v�V(G)

degree(v) = 2|E(G)|

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



J�tBKmK /2;`22 Bb dX

X

Y = V (G) \X

3|V(G)| �
�

v�V(G)

degree(v) = 2|E(G)|

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



J�tBKmK /2;`22 Bb dX

X

Y = V (G) \X

1.5|V(G)| � |E(G)|

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



J�tBKmK /2;`22 Bb dX

X

Y = V (G) \X

|E(G)| � d|X| + (|V(G)| � |X| � 1)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



J�tBKmK /2;`22 Bb dX

X

Y = V (G) \X

1.5|V(G)| � |E(G)| � d|X| + (|V(G)| � |X|)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



J�tBKmK /2;`22 Bb dX

X

Y = V (G) \X

1.5|V(G)| � |E(G)| � d|X| + (|V(G)| � |X|)

=� |V(G)| � 2(d � 1)|X| � 2(d � 1)k.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



amKK�`BxBM;,

G2KK�
A7 � ;`�T? G ?�b KBMBKmK /2;`22 �i H2�bi 3-
K�tBKmK /2;`22 �i KQbi d- �M/ 722/#�+F p2`i2t
b2i Q7 bBx2 �i KQbi k- i?2M Bi ?�b H2bb i?�M
2(d � 1)k p2`iB+2b �M/ H2bb i?�M 2(d � 1)dk 2/;2bX

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



aQ r?�i /Q r2 M22/ iQ ;2i i?2
TQHvMQKB�H F2`M2H\

"QmM/ i?2 K�tBKmK /2;`22 Q7 i?2
;`�T? #v � TQHvMQKB�H BM kX

Fix a vertex v such that deg(v)>=8k.  
The goal henceforth is to bound the degree of v.
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aQ r?�i /Q r2 M22/ iQ ;2i i?2
TQHvMQKB�H F2`M2H\

"QmM/ i?2 K�tBKmK /2;`22 Q7 i?2
;`�T? #v � TQHvMQKB�H BM kX

Fix a vertex v such that deg(v)>=8k.  
The goal henceforth is to bound the degree of v.
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Ç 6Q` o2`i2t *Qp2` Ĝ B7 � p2`i2t ?�b /2;`22
k + 1 i?2M r2 Kmbi ?�p2 Bi BM i?2 bQHmiBQMX

q?�i rQmH/ #2 i?2 �M�HQ;Qmb `mH2 7Q` 622/#�+F
p2`i2t a2iX

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Ç 6Q` o2`i2t *Qp2` Ĝ B7 � p2`i2t ?�b /2;`22
k + 1 i?2M r2 Kmbi ?�p2 Bi BM i?2 bQHmiBQMX

q?�i rQmH/ #2 i?2 �M�HQ;Qmb `mH2 7Q` 622/#�+F
p2`i2t a2iX
6Q` o2`i2t *Qp2` Ĝ r�Mi2/ iQ ?Bi 2/;2b �M/
7Q` 622/#�+F p2`i2t a2i Ĝ r�Mi iQ ?Bi +v+H2bXX

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



6HQr2`

v

k + 1� vertex disjoint

cycles passing through it

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

k+1-



6HQr2` _mH2X

_2/m+iBQMX6oa
A7 i?2`2 Bb � k + 1@~Qr2` T�bbBM; i?`Qm;? � p2`i2t
v i?2M (G \ {v}, k � 1)X

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



6HQr2` _mH2X

_2/m+iBQMX6oa
A7 i?2`2 Bb � k + 1@~Qr2` T�bbBM; i?`Qm;? � p2`i2t
v i?2M (G \ {v}, k � 1)X

How to find a k+1-flower through v in polynomial time?



6HQr2` _mH2X

_2/m+iBQMX6oa
A7 i?2`2 Bb � k + 1@~Qr2` T�bbBM; i?`Qm;? � p2`i2t
v i?2M (G \ {v}, k � 1)X

I art

How to find a k+1-flower through v in polynomial time?

Special k+1-flower through v:



Finding flowers at v?
Given a vertex v and integer k,  

either find a k+1-flower at v,  

or find a solution Zv of size at most 3k that do not include v.

•Find an approximate solution T of size at most 2k (Classical result). 
•If v ∉ T, then Zv =T. 
•Otherwise, let F=V(G)-T be the forest…



F=V(G) -T
Forest

T v

root r

•Initialize Zv=T. 
•Let u be a `lowest’ vertex in F such 
that there is a cycle in G[v ⋃ Tu]. 
•Pick u in Zv, that is Sv= u ⋃ Sv. 

•Delete Tu from F and repeat.

u

I v3

Kogi Boat



F=V(G) -T
Forest

T v

root r

•Initialize Zv=T. 
•Let u be a `lowest’ vertex in F such 
that there is a cycle in G[v ⋃ Tu]. 
•Pick u in Zv, that is Sv= u ⋃ Sv. 

•Delete Tu from F and repeat.

u

•If |Zv| ≤|T|+k, then output Sv. 
•Otherwise, there is k+1-flower at v.

Dota Books
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solution

Tree containing v



6Q+mbbBM; QM i?2 ;`22M S�`i

*QMbB/2` i?2 +QMM2+i2/ +QKTQM2Mib
Q7 V(G) \ (Zv � {v})X
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*QmH/ v ?�p2 irQ M2B;?#Q` BM �
+QMM2+i2/ +QKTQM2Mib Q7

V(G) \ (Zv � {v})\
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h?2`2 +QmH/ #2 +QKTQM2Mib BM
V(G) \ (Zv � {v}) i?�i /Q MQi b22

�Mv M2B;?#Q` Q7 vX AKTQ`i�Mi- 7Q` mb
Bb i?�i �Mv +QKTQM2Mi +QMi�BMb �i
KQbi QM2 M2B;?#Q` Q7 v �M/ r2 rBHH

7Q+mb QM i?2KX
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hQ #QmM/ i?2 /2;`22 Q7 v Q` iQ /2H2i2
�M 2/;2 BM+B/2Mi iQ v r2 QMHv 7Q+mb
QM i?Qb2 +QKTQM2Mib i?�i +QMi�BM
bQK2 U2t�+iHv QM2V M2B;?#Q` Q7 vX
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hQ �TTHv 2@2tT�MbBQM H2KK� r2
M22/ � #BT�`iBi2 ;`�T?X AM QM2 T�`i
Ub�v BV r2 rBHH ?�p2 � p2`i2t 7Q`

2p2`v +QKTQM2Mi BM V(G) \ (Zv � {v})
i?�i +QMi�BMb � M2B;?#Q` Q7 vX
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hQ �TTHv 2@2tT�MbBQM H2KK� r2
M22/ � #BT�`iBi2 ;`�T?X AM QM2 T�`i
Ub�v BV r2 rBHH ?�p2 � p2`i2t 7Q`

2p2`v +QKTQM2Mi BM V(G) \ (Zv � {v})
i?�i +QMi�BMb � M2B;?#Q` Q7 vX h?2

Qi?2` T�`i A rBHH #2 ZvX
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Ç aQ r2 ?�p2 A �M/ BX q2 Tmi �M 2/;2
#2ir22M � p2`i2t x BM A �M/ � p2`i2t w BM B-
B7 x Bb �/D�+2Mi iQ bQK2 p2`i2t BM i?2
+QKTQM2Mi `2T`2b2Mi2/ #v i?2 p2`i2t wX
1bb2MiB�HHv- r2 ?�p2 Q#i�BM2/ i?Bb #BT�`iBi2
;`�T? #v +QMi`�+iBM; i?2 +QKTQM2MibX

Ç



Ç aQ r2 ?�p2 A �M/ BX q2 Tmi �M 2/;2
#2ir22M � p2`i2t x BM A �M/ � p2`i2t w BM B-
B7 x Bb �/D�+2Mi iQ bQK2 p2`i2t BM i?2
+QKTQM2Mi `2T`2b2Mi2/ #v i?2 p2`i2t wX
1bb2MiB�HHv- r2 ?�p2 Q#i�BM2/ i?Bb #BT�`iBi2
;`�T? #v +QMi`�+iBM; i?2 +QKTQM2MibX

Ç A7 |B| < 2|A| � 8k i?2M v �H`2�/v ?�b Bib
/2;`22 #QmM/2/ #v 8kX aQ �bbmK2 i?�i

|B| > 2|A|

are

oatozatktk



LQr #v 2tT�MbBQM H2KK� U�TTHB2/ rBi? q = 2 V
r2 ?�p2 i?�i i?2`2 2tBbi MQM2KTiv p2`i2t b2ib
X � A �M/ Y � B bm+? i?�i

Ç i?2`2 Bb � 2@2tT�MbBQM Q7 X BMiQ Y- �M/
Ç MQ p2`i2t BM Y ?�b � M2B;?#Q` QmibB/2 X- i?�i

Bb- N(Y) � XX



������

�����	
�������������������

�

��������	���	�
������

L



������

�����	
�������������������

�

��������	���	�
������

Zu



aQ i?2 `2/m+iBQM `mH2Bb,



������

�����	
�������������������

�

��������	���	�
������

3



XXX �M/ �// i?2
7QHHQrBM; 2/;2b B7

�H`2�/v MQi T`2b2MiX
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G2i mb �`;m2 +Q``2+iM2bb5



h?2 6Q`r�`/ .B`2+iBQM

6oa � k BM G � 6oa � k BM H
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A7 G ?�b � 6oa i?�i 2Bi?2` +QMi�BMb v Q` �HH Q7 X-
r2 �`2 BM ;QQ/ b?�T2X



*QMbB/2` MQr � 6oa i?�i,
Ç .Q2b MQi +QMi�BM v-
Ç �M/ QKBib �i H2�bi QM2 p2`i2t Q7 XX









LQiB+2 i?�i i?Bb /Q2b MQi H2�/ iQ � H�`;2` 6oa,

6Q` 2p2`v p2`i2t v BM X i?�i � 6oa Q7 G H2�p2b
Qmi-

Bi Kmbi TB+F � p2`i2t u i?�i FBHHb MQ KQ`2 i?�M �HH
Q7 XX



h?2 _2p2`b2 .B`2+iBQM

6oa � k BM G � 6oa � k BM H



h?2 _2p2`b2 .B`2+iBQM

6oa � k BM G � 6oa � k BM H

A7 6oa BM H +QMi�BMb v i?2M i?2 b�K2 rQ`Fb 7Q` G
�HbQ �b G \ {v} Bb BbQKQ`T?B+ iQ H \ {v}X aQ �bbmK2
i?�i 6oa BM H /Q2b MQi +QMi�BM vX
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G2i W #2 � 6oa Q7 H- i?2 PMHv .�M;2` 7Q` W iQ
#2 � 6oa Q7 G,

*v+H2b i?�i,
Ç T�bb i?`Qm;? v-
Ç MQM@M2B;?#Q`b Q7 v BM H UM2B;?#Q`b BM G-

?Qr2p2`V
Ç �M/ /Q MQi T�bb i?`Qm;? XX





G2i W #2 � 6oa Q7 H- i?2 PMHv .�M;2` 7Q` W iQ
#2 � 6oa Q7 G,

*v+H2b i?�i,
Ç T�bb i?`Qm;? v-
Ç MQM@M2B;?#Q`b Q7 v BM H UM2B;?#Q`b BM G-

?Qr2p2`V
Ç �M/ /Q MQi T�bb i?`Qm;? XX

>Qr2p2` `2+�HH i?�i N(Y) � XX





q`�TTBM; lT

Ç � T`BQ`B Bi Bb MQi Q#pBQmb i?�i T`2pBQmb
_2/m+iBQM _mH2 �+im�HHv K�F2b bQK2
bBKTHB}+�iBQM Q7 i?2 ;`�T?- bBM+2 Bi
bm#biBimi2b bQK2 b2i Q7 2/;2b rBi? bQK2 Qi?2`
b2i Q7 /Qm#H2 2/;2b5

Ç



q`�TTBM; lT

Ç � T`BQ`B Bi Bb MQi Q#pBQmb i?�i T`2pBQmb
_2/m+iBQM _mH2 �+im�HHv K�F2b bQK2
bBKTHB}+�iBQM Q7 i?2 ;`�T?- bBM+2 Bi
bm#biBimi2b bQK2 b2i Q7 2/;2b rBi? bQK2 Qi?2`
b2i Q7 /Qm#H2 2/;2b5

Ç q2 M22/ iQ 7Q`K�HHv T`Qp2 i?�i i?2 `2/m+iBQM
`mH2b +�MMQi #2 �TTHB2/ BM}MBi2Hv- Q`
bmT2`TQHvMQKB�HHv K�Mv iBK2bX



6BM�H _2bmHi

h?2Q`2K
622/#�+F o2`i2t a2i �/KBib � F2`M2H rBi? �i
KQbi O(k2) p2`iB+2b �M/ O(k2) 2/;2bX


