
Chapter 2

Propositional Logic

A logic is a formal language with a mathematically precise semantics. A formal
language is rigorously defined by a grammar and there are efficient algorithms
that can decide whether a string of characters belongs to the language or not.
The semantics is typically a notion of truth based on the notion of an abstract
model. Propositional logic is concerned with the logic of propositions. In propo-
sitional logic from the propositions “Socrates is a man” and “If Socrates is a
man then Socrates is mortal” the conclusion “Socrates is mortal” can be de-
rived. The logic is expressive enough to talk about propositions, but not, e.g.,
about individuals. This will be possible in first-order logic (Chapter 3), a proper
extension of propositional logic.

Nevertheless, propositional logic is an interesting candidate for many appli-
cations. For example, our overall computer technology is based on propositions,
i.e., bits that can either become true or false. The representation of numbers
on a computer is based on fixed length bit-vectors rather than on the abstract
concept of an arbitrarily large number as known from math. Hardware is de-
signed on a “logical level” that meets to a large extend propositional logic and
is, therefore, the currently most well-known application of propositional logic
reasoning in computer science.

2.1 Syntax

Consider a finite, non-empty signature Σ of propositional variables, the “alpha-
bet” of propositional logic. In addition to the alphabet “propositional connec-
tives” are further building blocks composing the sentences (formulas) of the
language. Auxiliary symbols such as parentheses enable disambiguation.

Definition 2.1.1 (Propositional Formula). The set PROP(Σ) of propositional
formulas over a signature Σ is inductively defined by:
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PROP(Σ) Comment
⊥ connective ⊥ denotes “false”
⊤ connective ⊤ denotes “true”
P for any propositional variable P ∈ Σ

(¬ϕ) connective ¬ denotes “negation”
(ϕ ∧ ψ) connective ∧ denotes “conjunction”
(ϕ ∨ ψ) connective ∨ denotes “disjunction”
(ϕ→ ψ) connective → denotes “implication”
(ϕ↔ ψ) connective ↔ denotes “equivalence”

where ϕ, ψ ∈ PROP(Σ).

The above definition is an abbreviation for setting PROP(Σ) to be the
language of a context free grammar PROP(Σ) = L((N,T, P, S)) (see Defini-
tion 1.3.9) where N = {ϕ, ψ}, T = Σ ∪ {(, )} ∪ {⊥,⊤,¬,∧,∨,→,↔} with start
symbol rules S ⇒ ϕ | ψ, ϕ⇒ ⊥ | ⊤ | (¬ϕ) | (ϕ∧ψ) | (ϕ∨ψ) | (ϕ→ ψ) | (ϕ↔ ψ),
ψ ⇒ ϕ, and ϕ⇒ P , for every P ∈ Σ.

As a notational convention we assume that ¬ binds strongest and we omit
outermost parenthesis. So ¬P ∨ Q is actually a shorthand for ((¬P ) ∨ Q). For
all other logical connectives parenthesis are explicitly shown if needed. The
connectives ∧ and ∨ are actually associative and commutative, see the next
Section 2.2. Therefore, the formula ((P ∧ Q) ∧ R) can be written P ∧ Q ∧ R
without causing confusion.

I

The connectives ∧ and ∨ are introduced as binary connectives. They
are associative and commutative (AC) as already mentioned above.
When implementing formulas both connectives are typically consid-

ered to be of variable arity. This saves both space and enables more efficient algo-
rithms for formula manipulation. For example, by totally ordering (sub)formulas
equality modulo AC can be efficiently tested. On the other hand, the AC flat-
tening can have disadvantages in formula renaming, see Section 2.5.3.

Definition 2.1.2 (Atom, Literal, Clause). A propositional variable P is called
an atom. It is also called a (positive) literal and its negation ¬P is called a
(negative) literal. The functions comp and atom map a literal to its complement,
or atom, respectively: if comp(¬P ) = P and comp(P ) = ¬P , atom(¬P ) = P
and atom(P ) = P for all P ∈ Σ. Literals are denoted by letters L,K. Two literals
P and ¬P are called complementary. A disjunction of literals L1 ∨ . . . ∨ Ln is
called a clause. A clause is identified with the multiset of its literals. In the same
way we identify a conjunction of clauses with the respective multiset of clauses,
called a clause set.

The length of a clause C, i.e., the number of literals, is denoted by |C|
according to the cardinality of its multiset interpretation. A clause is called
Horn if it contains at most one positive literal.

Automated reasoning is very much formula manipulation. In order to pre-
cisely represent the manipulation of a formula, we introduce positions.
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Definition 2.1.3 (Position). A position is a word over N. The set of positions
of a formula ϕ is inductively defined by

pos(ϕ) := {ϵ} if ϕ ∈ {⊤,⊥} or ϕ ∈ Σ
pos(¬ϕ) := {ϵ} ∪ {1p | p ∈ pos(ϕ)}

pos(ϕ ◦ ψ) := {ϵ} ∪ {1p | p ∈ pos(ϕ)} ∪ {2p | p ∈ pos(ψ)}

where ◦ ∈ {∧,∨,→,↔}.

The prefix order ≤ on positions is defined by p ≤ q if there is some p′ such
that pp′ = q. Note that the prefix order is partial, e.g., the positions 12 and 21
are not comparable, they are “parallel”, see below. The relation < is the strict
part of ≤, i.e., p < q if p ≤ q but not q ≤ p. The relation ∥ denotes incomparable,
also called parallel positions, i.e., p ∥ q if neither p ≤ q, nor q ≤ p. A position p
is above q if p ≤ q, p is strictly above q if p < q, and p and q are parallel if p ∥ q.

The size of a formula ϕ is given by the cardinality of pos(ϕ): |ϕ| := |pos(ϕ)|.
The subformula of ϕ at position p ∈ pos(ϕ) is inductively defined by ϕ|ϵ := ϕ,
¬ϕ|1p := ϕ|p, and (ϕ1 ◦ ϕ2)|ip := ϕi|p where i ∈ {1, 2}, ◦ ∈ {∧,∨,→,↔}.
Several occurences of the same subformula is represented by position sequences,
i.e., ϕ|p1,...,pn = ψ is an abbreviation for ϕ|pi = ψ for all 1 ≤ i ≤ n. Finally, the
replacement of a subformula at position p ∈ pos(ϕ) by a formula ψ is inductively
defined by ϕ[ψ]ϵ := ψ, (¬ϕ)[ψ]1p := ¬ϕ[ψ]p, and (ϕ1 ◦ ϕ2)[ψ]1p := (ϕ1[ψ]p ◦
ϕ2), (ϕ1 ◦ ϕ2)[ψ]2p := (ϕ1 ◦ ϕ2[ψ]p), where ◦ ∈ {∧,∨,→,↔}. The simultaneous
replacement of a subformula at several positions is also represented by a sequence
of positions, i.e., ϕ[ψ]p1,...,pn is an abbreviation for (. . . ((ϕ[ψ]p1)[ψ]p2) . . . ϕ[ψ]pn).
Note that the simultaneous replacement is only well-defined if the positions
p1, . . . , pn are sufficiently independent.

Positions are extended to sequences of formulas in the natural way. For
example, for the sequence [P ∨ S,¬R,P ∧ Q] the position 32 refers to Q, i.e.,
[P ∨ S,¬R,P ∧Q]|32 = Q.

Example 2.1.4. The set of positions for the formula ϕ = (P ∧Q) → (P ∨Q)
is pos(ϕ) = {ϵ, 1, 11, 12, 2, 21, 22}. The subformula at position 22 is Q, ϕ|22 = Q
and replacing this formula by P ↔ Q results in ϕ[P ↔ Q]22 = (P ∧ Q) →
(P ∨ (P ↔ Q)).

A further prerequisite for efficient formula manipulation is the notion of the
polarity of the subformula ϕ|p of ϕ at position p. The polarity considers the
number of “negations” starting from ϕ at position ϵ down to p. It is 1 for an
even number of explicit or implicit negation symbols along the path, −1 for an
odd number and 0 if there is at least one equivalence connective along the path.

Definition 2.1.5 (Polarity). The polarity of the subformula ϕ|p of ϕ at position
p ∈ pos(ϕ) is inductively defined by
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pol(ϕ, ϵ) := 1
pol(¬ϕ, 1p) := −pol(ϕ, p)

pol(ϕ1 ◦ ϕ2, ip) := pol(ϕi, p) if ◦ ∈ {∧,∨}, i ∈ {1, 2}
pol(ϕ1 → ϕ2, 1p) := −pol(ϕ1, p)
pol(ϕ1 → ϕ2, 2p) := pol(ϕ2, p)
pol(ϕ1 ↔ ϕ2, ip) := 0 if i ∈ {1, 2}

Example 2.1.6. Reconsider the formula ϕ = (A ∧ B) → (A ∨ B) of Exam-
ple 2.1.4. Then pol(ϕ, 1) = pol(ϕ, 11) = −1 and pol(ϕ, 2) = pol(ϕ, 22) = 1. For
the formula ϕ′ = (A∧B)↔ (A∨B) we get pol(ϕ′, ϵ) = 1 and pol(ϕ′, p) = 0 for
all other p ∈ pos(ϕ′), p ̸= ϵ.

2.2 Semantics

In classical logic there are two truth values “true” and “false” which we shall
denote, respectively, by 1 and 0. There are many-valued logics [?] having more
than two truth values and in fact, as we will see later on, for the definition of
some propositional logic calculi, we will need an implicit third truth value called
“undefined”.

Definition 2.2.1 ((Partial) Valuation). A Σ-valuation is a map

A : Σ→ {0, 1}.

where {0, 1} is the set of truth values. A partial Σ-valuation is a map A′ : Σ′ →
{0, 1} where Σ′ ⊆ Σ.

Definition 2.2.2 (Semantics). A Σ-valuation A is inductively extended from
propositional variables to propositional formulas ϕ, ψ ∈ PROP(Σ) by

A(⊥) := 0
A(⊤) := 1
A(¬ϕ) := 1−A(ϕ)

A(ϕ ∧ ψ) := min({A(ϕ),A(ψ)})
A(ϕ ∨ ψ) := max({A(ϕ),A(ψ)})
A(ϕ→ ψ) := max({1−A(ϕ), A(ψ)})
A(ϕ↔ ψ) := if A(ϕ) = A(ψ) then 1 else 0

If A(ϕ) = 1 for some Σ-valuation A of a formula ϕ then ϕ is satisfiable and we
write A |= ϕ. In this case A is a model of ϕ. If A(ϕ) = 1 for all Σ-valuations A
of a formula ϕ then ϕ is valid and we write |= ϕ. If there is no Σ-valuation A
for a formula ϕ where A(ϕ) = 1 we say ϕ is unsatisfiable. A formula ϕ entails
ψ, written ϕ |= ψ, if for all Σ-valuations A whenever A |= ϕ then A |= ψ. Two
formulas ϕ and ψ are called equisatisfiable, if ϕ is satisfiable iff ψ is satisfiable
(not necessarily in the same models).
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Accordingly, a formula ϕ is satisfiable, valid, unsatisfiable, respectively, with
respect to a partial valuation A′ with domain Σ′, if for all valuations A with
A(P ) = A′(P ) for all P ∈ Σ′, the formula ϕ is satisfiable, valid, unsatisfiable,
respectively, with respect to a A.

I call the fact that some formula ϕ is satisfiable, unsatisfiable, or valid, the
status of ϕ. Note that if ϕ is valid it is also satisfiable, but not the other way
round.

Valuations of propositional logic collapse with interpretations. Given a for-
mula ϕ and an interpretation (valuation) A such that A(ϕ) = 1 then the inter-
pretation A is also called a model for ϕ.

Valuations can be nicely represented by sets or sequences of literals that do
not contain complementary literals nor duplicates. If A is a (partial) valuation
of domain Σ then it can be represented by the set {P | P ∈ Σ and A(P ) = 1}∪
{¬P | P ∈ Σ and A(P ) = 0}. Another, equivalent representation are Herbrand
interpretations that are sets of positive literals, where all atoms not contained
in an Herbrand interpretation are false. If A is a total valuation of domain Σ
then it corresponds to the Herbrand interpretation {P | P ∈ Σ and A(P ) = 1}.

T

Please note the subtle difference between an Herbrand interpretation
and a valuation represented by a set of literals. The latter can be
partial with respect to a formula whereas the former is always total
by definition. For example, the empty Herbrand interpretation assigns false to
all propositional variables.

For example, for the valuation A = {P,¬Q} the truth value of P ∨ Q is
A(P ∨Q) = 1, for P ∨R it is A(P ∨R) = 1, for ¬P ∧R it is A(¬P ∧R) = 0, and
the status of ¬P ∨ R cannot be established by A. In particular, A is a partial
valuation for Σ = {P,Q,R}. A literal L is defined with respect to a partial
valuation A if L ∈ A or comp(L) ∈ A.

Example 2.2.3. The formula ϕ ∨ ¬ϕ is valid, independently of ϕ. According
to Definition 2.2.2 we need to prove that for all Σ-valuations A of ϕ we have
A(ϕ ∨ ¬ϕ) = 1. So let A be an arbitrary valuation. There are two cases to
consider. If A(ϕ) = 1 then A(ϕ ∨ ¬ϕ) = 1 because the valuation function takes
the maximum if distributed over ∨. If A(ϕ) = 0 then A(¬ϕ) = 1 and again by
the before argument A(ϕ ∨ ¬ϕ) = 1. This finishes the proof that |= ϕ ∨ ¬ϕ.

Theorem 2.2.4 (Deduction Theorem). ϕ |= ψ iff |= ϕ→ ψ

Proof. (⇒) Suppose that ϕ entails ψ and let A be an arbitrary Σ-valuation.
We need to show A |= ϕ → ψ. If A(ϕ) = 1, then A(ψ) = 1, because ϕ entails
ψ, and therefore A |= ϕ → ψ. For otherwise, if A(ϕ) = 0, then A(ϕ → ψ) =
max({(1−A(ϕ)),A(ψ)}) = max({(1,A(ψ)}) = 1, independently of the value of
A(ψ). In both cases A |= ϕ→ ψ.
(⇐) By contraposition. Suppose that ϕ does not entail ψ. Then there exists
a Σ-valuation A such that A |= ϕ, A(ϕ) = 1 but A ̸|= ψ, i.e., A(ψ) = 0. By
definition, A(ϕ → ψ) = max({(1 − A(ϕ)),A(ψ)}) = max({(1 − 1), 0}) = 0,
hence ϕ→ ψ does not hold in A.
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So both writings ϕ |= ψ and |= ϕ → ψ are actually equivalent. I extend
the former notion to sets or sequences on the left denoting conjunction. For
example, χ, ϕ |= ψ is short for χ ∧ ϕ |= ψ.

(I) (ϕ ∧ ϕ)↔ ϕ Idempotency ∧
(ϕ ∨ ϕ)↔ ϕ Idempotency ∨

(II) (ϕ ∧ ψ)↔ (ψ ∧ ϕ) Commutativity ∧
(ϕ ∨ ψ)↔ (ψ ∨ ϕ) Commutativity ∨

(III) (ϕ ∧ (ψ ∧ χ))↔ ((ϕ ∧ ψ) ∧ χ) Associativity ∧
(ϕ ∨ (ψ ∨ χ))↔ ((ϕ ∨ ψ) ∨ χ) Associativity ∨

(IV) (ϕ ∧ (ψ ∨ χ))↔ (ϕ ∧ ψ) ∨ (ϕ ∧ χ) Distributivity ∧∨
(ϕ ∨ (ψ ∧ χ))↔ (ϕ ∨ ψ) ∧ (ϕ ∨ χ) Distributivity ∨∧

(V) (ϕ ∧ (ϕ ∨ ψ))↔ ϕ Absorption ∧∨
(ϕ ∨ (ϕ ∧ ψ))↔ ϕ Absorption ∨∧

(VI) ¬(ϕ ∨ ψ)↔ (¬ϕ ∧ ¬ψ) De Morgan ¬∨
¬(ϕ ∧ ψ)↔ (¬ϕ ∨ ¬ψ) De Morgan ¬∧

(VII) (ϕ ∧ ¬ϕ)↔ ⊥ Introduction ⊥
(ϕ ∨ ¬ϕ)↔ ⊤ Introduction ⊤
¬⊤ ↔ ⊥ Propagate ¬⊤
¬⊥ ↔ ⊤ Propagate ¬⊥

(ϕ ∧ ⊤)↔ ϕ Absorption ⊤∧
(ϕ ∨ ⊥)↔ ϕ Absorption ⊥∨
(¬¬ϕ)↔ ϕ Absorption ¬¬

(ϕ→ ⊥)↔ ¬ϕ Eliminate → ⊥
(⊥ → ϕ)↔ ⊤ Eliminate ⊥ →
(ϕ→ ⊤)↔ ⊤ Eliminate → ⊤
(⊤ → ϕ)↔ ϕ Eliminate ⊤ →
(ϕ↔ ⊥)↔ ¬ϕ Eliminate ⊥ ↔
(ϕ↔ ⊤)↔ ϕ Eliminate ⊤ ↔
(ϕ ∨ ⊤)↔ ⊤ Propagate ⊤
(ϕ ∧ ⊥)↔ ⊥ Propagate ⊥

(VIII) (ϕ→ ψ)↔ (¬ϕ ∨ ψ) Eliminate →
(IX) (ϕ↔ ψ)↔ (ϕ→ ψ) ∧ (ψ → ϕ) Eliminate1 ↔

(ϕ↔ ψ)↔ (ϕ ∧ ψ) ∨ (¬ϕ ∧ ¬ψ) Eliminate2 ↔

Figure 2.1: Valid Propositional Equivalences

Proposition 2.2.5. The equivalences of Figure 2.1 are valid for all formulas
ϕ, ψ, χ.

T

Note that the formulas ϕ ∧ ψ and ψ ∧ ϕ are equivalent. Nevertheless,
recalling the problem state definition for Sudokus in Section 1.1 the
two states (N ; f(2, 3) = 1 ∧ f(2, 4) = 4;⊤) and (N ; f(2, 4) = 4 ∧

f(2, 3) = 1;⊤) are significantly different. For example, it can be that the first
state can lead to a solution by the rules of the algorithm where the latter
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cannot, because the latter implicitly means that the square (2, 4) has already
been checked for all values smaller than 4. This reveals the important point
that arguing by logical equivalence in the context of a rule set manipulating
formulas, a calculus, can lead to wrong results.

Lemma 2.2.6 (Formula Replacement). Let ϕ be a propositional formula con-
taining a subformula ψ at position p, i.e., ϕ|p = ψ. Furthermore, assume
|= ψ ↔ χ. Then |= ϕ↔ ϕ[χ]p.

Proof. By induction on |p| and structural induction on ϕ. For the base step let
p = ϵ and A be an arbitrary valuation.

A(ϕ) = A(ψ) (by definition of position)
= A(χ) (because A |= ψ ↔ χ)
= A(ϕ[χ]ϵ) (by definition of replacement)

For the induction step the lemma holds for all positions p and has to be
shown for all positions ip. By structural induction on ϕ, I show the cases where
ϕ = ¬ϕ1 and ϕ = ϕ1 → ϕ2 in detail. All other cases are analogous.

If ϕ = ¬ϕ1 then showing the lemma amounts to proving |= ¬ϕ1 ↔ ¬ϕ1[χ]1p.
Let A be an arbitrary valuation.

A(¬ϕ1) = 1−A(ϕ1) (expanding semantics)
= 1−A(ϕ1[χ]p) (by induction hypothesis)
= A(¬ϕ[χ]1p) (contracting semantics)

If ϕ = ϕ1 → ϕ2 then showing the lemma amounts to proving the two cases
|= (ϕ1 → ϕ2) ↔ (ϕ1 → ϕ2)[χ]1p and |= (ϕ1 → ϕ2) ↔ (ϕ1 → ϕ2)[χ]2p. Both
cases are similar so I show only the first case. Let A be an arbitrary valuation.

A(ϕ1 → ϕ2) = max({(1−A(ϕ1)),A(ϕ2)}) (expanding semantics)
= max({(1−A(ϕ1[χ]p)),A(ϕ2)}) (by induction hypothesis)
= A((ϕ1 → ϕ2)[χ]1p) (applying semantics)

Lemma 2.2.7 (Formula Replacement for Assignment). Let ϕ be a propositional
formula containing a subformula ψ at position p, i.e., ϕ|p = ψ. Furthermore, let
A be a valuation with A(ψ) = A(χ). Then A(ϕ) = A(ϕ[χ]p).

Proof. Exercise ??.

Lemma 2.2.8 (Polarity Dependent Replacement). Consider a formula ϕ, po-
sition p ∈ pos(ϕ), and (partial) valuation A with A(ϕ) = 1.

1. If pol(ϕ, p) = 1 and for some formula ψ, A(ψ) = 1 then A(ϕ[ψ]p) = 1.

2. Symmetrically, if pol(ϕ, p) = −1 and for some formula ψ, A(ψ) = 0 then
A(ϕ[ψ]p) = 1.
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Proof. Exercise ??: by induction on the length of p.

Note that the case for the above lemma where pol(ϕ, p) = 0 is actually
Lemma 2.2.6.

C

The equivalences of Figure 2.1 show that the propositional language
introduced in Definition 2.1.1 is redundant in the sense that certain
connectives can be expressed by others. For example, the equivalence

Eliminate→ expresses implication by means of disjunction and negation. So for
any propositional formula ϕ there exists an equivalent formula ϕ′ such that ϕ′

does not contain the implication connective. In order to prove this proposition
the above replacement lemma is key.

2.3 Truth Tables

The first calculus I consider are truth tables [?]. For example, consider proving
validity of the formula ϕ = (P ∧ Q) → P . According to Definition 2.2.2 this is
the case when actually for all valuations A over Σ = {P,Q} we have A(ϕ) = 1.
The extension of A to formulas is defined inductively over the connectives, so if
the result of A on the arguments of a connective is known, it can be straightfor-
wardly computed for the overall formula. That’s the idea behind truth tables.
We simply make all valuations A on Σ explicit and then extend it connective by
connective bottom-up to the overall formula. Stated differently, in order to es-
tablish the truth value for a formula ϕ we establish it subformula by subformula
of ϕ according to ≤. If p, q ∈ pos(ϕ) and p ≤ q then we first compute the truth
value for ϕ|q. The truth table for (P ∧Q)→ P is then depicted in Figure 2.2

P Q P ∧Q (P ∧Q)→ P
0 0 0 1
0 1 0 1
1 0 0 1
1 1 1 1

Figure 2.2: Truth Table for (P ∧Q)→ P

Definition 2.3.1 (Truth Table). Let ϕ be a propositional formula over variables
P1, . . . , Pn, pi ∈ pos(ϕ), 1 ≤ i ≤ k and pk = ϵ. Then a truth table for ϕ is a
table with n+ k columns and 2n + 1 rows of the form

P1 . . . Pn ϕ|p1 . . . ϕ|pk
0 . . . 0︸ ︷︷ ︸

A0

A1(ϕ|p1) . . . A1(ϕ|pk)

...
1 . . . 1︸ ︷︷ ︸

A2n

A2n(ϕ|p1) . . . A2n(ϕ|pk)
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such that the Ai are exactly the 2n different valuations for P1, . . . , Pn and either
pi ∥ pi+j or pi ≥ pi+j , for all i, j ≥ 0, i+ j ≤ k and whenever ϕ|pi has a proper
subformula ψ that is not an atom, there is exactly one j < i with ϕ|pj = ψ.

Now given a truth table for some formula ϕ, ϕ is satisfiable, if there is at
least one 1 in the ϕ column. It is valid, if there is no 0 in the ϕ column. It is
unsatisfiable, if there is no 1 in the ϕ column. So truth tables are a simple and
“easy” way to establish the status of a formula. They need not to be completely
computed in order to establish the status of a formula. For example, as soon as
the column of ϕ in a truth table contains a 1 and a 0, then ϕ is satisfiable but
neither valid nor unsatisfiable.

The formula (P ∨ Q) ↔ (P ∨ R) is satisfiable but not valid. Figure 2.3
presents a truth table for the formula.

P Q R P ∨Q P ∨R (P ∨Q)↔ (P ∨R)
0 0 0 0 0 1
0 1 0 1 0 0
1 0 0 1 1 1
1 1 0 1 1 1
0 0 1 0 1 0
0 1 1 1 1 1
1 0 1 1 1 1
1 1 1 1 1 1

Figure 2.3: Truth Table for (P ∨Q)↔ (P ∨R)

Of course, there are cases where a truth table for some formula ϕ can have
less columns than the number of variables occurring in ϕ plus the number of
subformulas in ϕ. For example, for the formula ϕ = (P ∨ Q) ∧ (R → (P ∨
Q)) only one column with formula (P ∨Q) is needed for both subformulas ϕ|1
and ϕ|22. In general, a single column is needed for each different subformula.
Detecting subformula equivalence is beneficial. For the above example, this was
simply syntactic, i.e., the two subformulas ϕ|1 and ϕ|22. But what about a
slight variation of the formula ϕ′ = (P ∨Q)∧ (R→ (Q∨P ))? Strictly speaking,
now the two subformulas ϕ′|1 and ϕ′|22 are different, but since disjunction is
commutative, they are equivalent. One or two columns in the truth table for the
two subformulas? Again, saving a column is beneficial but in general, detecting
equivalence of two subformulas may become as difficult as checking whether the
overall formula is valid. A compromise, often performed in practice, are normal
forms that guarantee that certain occurrences of equivalent subformulas can be
found in polynomial time. For the running example, we can simply assume some
ordering on the propositional variables and assume that for a disjunction of two
propositional variables, the smaller variable always comes first. So if P < Q
then the normal form of P ∨Q and Q ∨ P is in fact P ∨Q.
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C In practice, nobody uses truth tables as a reasoning procedure. Worst
case, computing a truth table for checking the status of a formula ϕ

requiresO(2n) steps, where n is the number of different propositional variables in
ϕ. But this is actually not the reason why the procedure is impractical, because
the worst case behavior of all other procedures for propositional logic known
today is also of exponential complexity. So why are truth tables not a good
procedure? The answer is: because they do not adapt to the inherent structure
of a formula. The reasoning mechanism of a truth table for two formulas ϕ and
ψ sharing the same propositional variables is exactly the same: we enumerate
all valuations. However, if ϕ is, e.g., of the form ϕ = P ∧ϕ′ and we are interested
in the satisfiability of ϕ, then ϕ can only become true for a valuation A with
A(P ) = 1. Hence, 2n−1 rows of ϕ’s truth table are superfluous. All procedures
I will introduce in the sequel, automatically detect this (and further) specific
structures of a formula and use it to speed up the reasoning process.

A truth table is actually also a function table over the two-valued boolean
sort into the boolean sort. For example, the truth table in Figure 2.3 defines a
function from {0, 1}3 7→ {0, 1}. This view is in particular useful in the context
of hardware design, sythesis, and verification. The hardware is expected to com-
pute a specific function which is eventally implemented by (logical) gates, i.e., a
formula describing the two-valued output for each output from the inputs. The
development cycle of hardware is one of the main applications of reasoning in
propositional logic. I discuss this in more detail in Section 2.15.2.

2.4 Propositional Tableaux

Like resolution, semantic tableaux were developed in the sixties, independently
by Lis [?] and Smullyan [?] on the basis of work by Gentzen in the 30s [?] and
of Beth [?] in the 50s. For an at that time state of the art overview consider
Fitting’s book [?].

In contrast to the calculi introduced in subsequent sections, semantic tableau
does not rely on a normal form of input formulas but actually applies to any
propositional formula. The formulas are divided into α- and β-formulas, where
intuitively an α formula represents an (implicit) conjunction and a β formula
an (implicit) disjunction.

Definition 2.4.1 (α-, β-Formulas). A formula ϕ is called an α-formula if ϕ is
a formula ¬¬ϕ1, ϕ1 ∧ ϕ2, ϕ1 ↔ ϕ2, ¬(ϕ1 ∨ ϕ2), or ¬(ϕ1 → ϕ2). A formula ϕ is
called a β-formula if ϕ is a formula ϕ1∨ϕ2, ϕ1 → ϕ2, ¬(ϕ1∧ϕ2), or ¬(ϕ1 ↔ ϕ2).

A common property of α-, β-formulas is that they can be decomposed into
direct descendants representing (modulo negation) subformulas of the respective
formulas. Then an α-formula is valid iff all its descendants are valid and a β-
formula is valid iff one of its descendants is valid. Therefore, the literature uses
both the notions semantic tableaux and analytic tableaux.
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α Left Descendant Right Descendant
¬¬ϕ ϕ ϕ
ϕ1 ∧ ϕ2 ϕ1 ϕ2
ϕ1 ↔ ϕ2 ϕ1 → ϕ2 ϕ2 → ϕ1
¬(ϕ1 ∨ ϕ2) ¬ϕ1 ¬ϕ2
¬(ϕ1 → ϕ2) ϕ1 ¬ϕ2

β Left Descendant Right Descendant
ϕ1 ∨ ϕ2 ϕ1 ϕ2
ϕ1 → ϕ2 ¬ϕ1 ϕ2
¬(ϕ1 ∧ ϕ2) ¬ϕ1 ¬ϕ2
¬(ϕ1 ↔ ϕ2) ¬(ϕ1 → ϕ2) ¬(ϕ2 → ϕ1)

Figure 2.4: α- and β-Formulas

Definition 2.4.2 (Direct Descendant). Given an α- or β-formula ϕ, Figure 2.4
shows its direct descendants.

Duplicating ϕ for the α-descendants of ¬¬ϕ is a trick for conformity. Any
propositional formula is either an α-formula or a β-formula or a literal.

Proposition 2.4.3. For any valuation A: (i) if ϕ is an α-formula then A(ϕ) = 1
iff A(ϕ1) = 1 and A(ϕ2) = 1 for its descendants ϕ1, ϕ2. (ii) if ϕ is a β-formula
then A(ϕ) = 1 iff A(ϕ1) = 1 or A(ϕ2) = 1 for its descendants ϕ1, ϕ2.

The tableau calculus operates on states that are sets of sequences of for-
mulas. Semantically, the set represents a disjunction of sequences that are in-
terpreted as conjunctions of the respective formulas. A sequence of formulas
(ϕ1, . . . , ϕn) is called closed if there are two formulas ϕi and ϕj in the sequence
where ϕi = comp(ϕj). A state is closed if all its formula sequences are closed. A
state actually represents a tree and this tree is called a tableau in the literature.
So if a state is closed, the respective tree, the tableau is closed too. The tableau
calculus is a calculus showing unsatisfiability of a formula. Such calculi are called
refutational calculi. Later on soundness and completeness of the calculus imply
that a formula ϕ is valid iff the rules of tableau produce a closed state starting
with N = {(¬ϕ)}.

A formula ϕ occurring in some sequence is called open if in case ϕ is an
α-formula not both direct descendants are already part of the sequence and if
it is a β-formula none of its descendants is part of the sequence.

α-Expansion N⊎{(ϕ1, . . . , ψ, . . . , ϕn)} ⇒T N⊎{(ϕ1, . . . , ψ, . . . , ϕn, ψ1, ψ2)}
provided ψ is an open α-formula, ψ1, ψ2 its direct descendants and the sequence
is not closed.

β-Expansion N⊎{(ϕ1, . . . , ψ, . . . , ϕn)} ⇒T N⊎{(ϕ1, . . . , ψ, . . . , ϕn, ψ1)}⊎
{(ϕ1, . . . , ψ, . . . , ϕn, ψ2)}
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¬[(P ∧ ¬(Q ∨ ¬R))→ (Q ∧R)]
P ∧ ¬(Q ∨ ¬R)
¬(Q ∧R)

P
¬(Q ∨ ¬R)
¬Q
¬¬R
R

¬Q ¬R

Figure 2.5: A Tableau for (P ∧ ¬(Q ∨ ¬R))→ (Q ∧R)

provided ψ is an open β-formula, ψ1, ψ2 its direct descendants and the sequence
is not closed.

For example, consider proving validity of the formula (P ∧ ¬(Q ∨ ¬R)) →
(Q ∧R). Applying the tableau rules generates the following derivation:

{(¬[(P ∧ ¬(Q ∨ ¬R))→ (Q ∧R)])}
α-Expansion⇒∗

T {(¬[(P ∧ ¬(Q ∨ ¬R))→ (Q ∧R)],
P ∧ ¬(Q ∨ ¬R),¬(Q ∧R), P,¬(Q ∨ ¬R),¬Q,¬¬R,R)}

β-Expansion⇒T {(¬[(P ∧ ¬(Q ∨ ¬R))→ (Q ∧R)],
P ∧ ¬(Q ∨ ¬R),¬(Q ∧R), P,¬(Q ∨ ¬R),¬Q,¬¬R,R,¬Q),
(¬[(P ∧ ¬(Q ∨ ¬R))→ (Q ∧R)],
P ∧ ¬(Q ∨ ¬R),¬(Q ∧R), P,¬(Q ∨ ¬R),¬Q,¬¬R,R,¬R)}

The state after β-expansion is final, i.e., no more rule can be applied. The first
sequence is not closed, whereas the second sequence is closed because it contains
R and ¬R. Thus, the formula is not valid but satisfiable. A tree representation,
where common formulas of sequences are shared, can be found in Figure 2.5.
This is the traditional way of tableau presentation.

Theorem 2.4.4 (Propositional Tableau is Sound). If for a formula ϕ the tableau
calculus computes {(¬ϕ)} ⇒∗

T N and N is closed, then ϕ is valid.

Proof. It is sufficient to show the following: (i) if N is closed then the disjunction
of the conjunction of all sequence formulas is unsatisfiable (ii) the two tableau
rules preserve satisfiability.

Part (i) is obvious: if N is closed all its sequences are closed. A sequence is
closed if it contains a formula and its negation. The conjunction of two such
formulas is unsatisfiable.

Part (ii) is shown by induction on the length of the derivation and then by
a case analysis for the two rules. α-Expansion: for any valuation A if A(ψ) = 1
then A(ψ1) = A(ψ2) = 1. β-Expansion: for any valuation A if A(ψ) = 1 then
A(ψ1) = 1 or A(ψ2) = 1 (see Proposition 2.4.3).
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Theorem 2.4.5 (Propositional Tableau Terminates). Starting from a start
state {(ϕ)} for some formula ϕ, the relation ⇒+

T is well-founded.

Proof. Take the two-folded multiset extension of the lexicographic extension of
> on the naturals to triples (n, k, l) generated by the a measure µ. It is first
defined on formulas by µ(ϕ) := (n, k, l) where n is the number of equivalence
symbols in ϕ, k is the sum of all disjunction, conjunction, implication symbols
in ϕ and l is |ϕ|. On sequences (ϕ1, . . . , ϕn) the measure is defined to deliver
a multiset by µ((ϕ1, . . . , ϕn)) := {t1, . . . , tn} where ti = µ(ϕi) if ϕi is open in
the sequence and ti = (0, 0, 0) otherwise. Finally, µ is extended to states N by
computing the multiset µ(N) := {µ(s) | s ∈ N}.

Note, that α-, as well as β-expansion strictly extend sequences. Once a for-
mula is closed in a sequence by applying an expansion rule, it remains closed
forever in the sequence.

An α-expansion on a formula ψ on the sequence (ϕ1, . . . , ψ, . . . , ϕn) results
in (ϕ1, . . . , ψ, . . . , ϕn, ψ

′, ψ′′). It needs to be shown µ((ϕ1, . . . , ψ, . . . , ϕn)) >mul

µ((ϕ1, . . . , ψ, . . . , ϕn, ψ
′, ψ′′)). In the second sequence µ(ψ) = (0, 0, 0) because

the formula is closed. For the triple (n, k, l) assigned by µ to ψ in the first se-
quence, it has to hold (n, k, l) >lex µ(ψ

′), (n, k, l) >lex µ(ψ
′′) and (n, k, l) >lex

(0, 0, 0). (n, k, l) >lex (0, 0, 0) is obvious because l ̸= 0. So left to show is
that (n, k, l) >lex µ(ψ′) and (n, k, l) >lex µ(ψ′′). Let (n′, k′, l′) = µ(ψ′) and
(n′′, k′′, l′′) = µ(ψ′′). To show this we make a case distinction on all possible
α-formulas ψ. If ψ = ¬¬ψ1 then both descendants are ψ1 and the number of
equivalences in ψ1 and ¬¬ψ1 is the same as well as the sum of all disjunc-
tion, conjunction, implication symbols. So from |¬¬ψ1| > |ψ1| follows that
(n, k, l) >lex µ(ψ

′) and (n, k, l) >lex µ(ψ
′′). If ψ = ψ1 ∧ ψ2 then both descen-

dants ψ′ = ψ1 and ψ′′ = ψ2 we get n = n′ + n′′ and therefore the number of
equivalences does not increase and for the sum of all disjunction, conjunction,
implication symbols we get k = k′+k′′+1 because the top symbol in ψ is ∧ and
it is not in ψ′ or ψ′′. So it follows that (n, k, l) >lex µ(ψ

′) and (n, k, l) >lex µ(ψ
′′).

If ψ = ψ1 ↔ ψ2 then in both descendants ψ′ = ψ1 → ψ2 and ψ′ = ψ2 → ψ1

it holds n′′ = n′ = n − 1. So we can directly follow that (n, k, l) >lex µ(ψ′)
and (n, k, l) >lex µ(ψ′′). If ψ = ¬(ψ1 ∨ ψ2) or ψ = ¬(ψ1 → ψ2) as in the
case ψ = ψ1 ∧ ψ2 we get n = n′ + n′′ and k = k′ + k′′ + 1. So we also get
(n, k, l) >lex µ(ψ

′) and (n, k, l) >lex µ(ψ
′′) in these cases. This proves the case

for α-formulas.

A β-expansion on a formula ψ on the sequence (ϕ1, . . . , ψ, . . . , ϕn) results
in (ϕ1, . . . , ψ, . . . , ϕn, ψ

′), (ϕ1, . . . , ψ, . . . , ϕn, ψ
′′). It needs to be shown that

µ((ϕ1, . . . , ψ, . . . , ϕn)) >mul µ((ϕ1, . . . , ψ, . . . , ϕn, ψ
′)) and µ((ϕ1, . . . , ψ, . . . , ϕn)) >mul

µ((ϕ1, . . . , ψ, . . . , ϕn, ψ
′′)). In the derived sequences µ(ψ) = (0, 0, 0) because

the formula is closed. For the triple (n, k, l) assigned by µ to ψ in the start-
ing sequence, it has to hold that (n, k, l) >lex µ(ψ′), (n, k, l) >lex µ(ψ′′) and
(n, k, l) >lex (0, 0, 0). (n, k, l) >lex (0, 0, 0) holds because l ̸= 0. So left to show
is that (n, k, l) >lex µ(ψ

′) and (n, k, l) >lex µ(ψ
′′). Let (n′, k′, l′) = µ(ψ′) and

(n′′, k′′, l′′) = µ(ψ′′). To show this we make a case distinction on all possible
β-formulas ψ. All cases are relatively analogous to the ones for α-formulas, so
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the arguments are only shown in short here. For ψ = ψ1 ∨ ψ2, ψ = ¬(ψ1 ∧ ψ2)
and ψ = ψ1 → ψ2 we get n = n′ + n′′ and k = k′ + k′′ + 1. So in these
cases (n, k, l) >lex µ(ψ

′) and (n, k, l) >lex µ(ψ
′′). If ψ = ¬(ψ1 ↔ ψ2) we get

n′′ = n′ = n− 1 and therefore (n, k, l) >lex µ(ψ
′) and (n, k, l) >lex µ(ψ

′′). This
proves the case.

Theorem 2.4.6 (Propositional Tableau is Complete). If ϕ is valid, tableau
computes a closed state out of {(¬ϕ)}.

Proof. If ϕ is valid then ¬ϕ is unsatisfiable. Now assume after termination the
resulting state and hence at least one sequence is not closed. For this sequence
consider a valuation A consisting of the literals in the sequence. By assumption
there are no opposite literals, so A is well-defined. I prove by contradiction that
A is a model for the sequence. Assume it is not. Then there is a minimal formula
in the sequence, with respect to the ordering on triples considered in the proof
of Theorem 2.4.5, that is not satisfied by A. By definition of A the formula
cannot be a literal. So it is an α-formula or a β-formula. In all cases at least one
descendant formula is contained in the sequence, is smaller than the original
formula, false in A (Proposition 2.4.3) and hence contradicts the assumption.
Therefore, A satisfies the sequence contradicting that ¬ϕ is unsatisfiable.

Corollary 2.4.7 (Propositional Tableau generates Models). Let ϕ be a formula,
{(ϕ)} ⇒∗

T N and s ∈ N be a sequence that is not closed and neither α-expansion
nor β-expansion are applicable to s. Then the literals in s form a (partial)
valuation that is a model for ϕ.

Proof. See Exercise ??.

Consider the example tableau shown in Figure 2.5. The open first branch
corresponds to the valuation A = {P,R,¬Q} which is a model of the formula
¬[(P ∧ ¬(Q ∨ ¬R))→ (Q ∧R)].

C

The tableau calculus naturally evolves out of the semantics of the
operators. However, from a proof search and proof length point of
view it has severe deficits. Consider, for example, the abstract tableau

in Figure 2.6. Let’s assume it is closed. Let’s further assume that the closedness
does not depend on the Kj , K

′
j literals. Then there is an exponentially smaller

closed tableau for the formula that consists of picking exactly one of the identical
Li, L

′
i subtrees. The calculus does not “learn” from the fact that closedness does

not depend on the Kj , K
′
j literals. Actually, this can be overcome and one way

of looking at CDCL, Section ??, is to consider it as a solution to the problem
of unnecessary repetitions of already closed branches. Concerning proof length,
there are clause sets where an exponential blow up compared to resolution,
Section 2.6, or CDCL, Section ??, cannot be prevented. For example, on a
clause set where every clause rules out exactly one valuation of n variables,
the shortest resolution proof is exponentially shorter than the shortest tableau
proof. In addition, the resolution proof can be found in a deterministic way by
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simplification, see Example 2.6.4. For two variables the respective clause set is
(P ∨Q) ∧ (P ∨ ¬Q) ∧ (¬P ∨Q) ∧ (¬P ∨ ¬Q).

Ln L′
n

L1

Ln L′
n

L′
1

Kn K ′
n

K1

. . .

Kn

Ln L′
n

L1

Ln L′
n

L′
1

K ′
n

K ′
1

Figure 2.6: Semantic tableau.

2.5 Normal Forms

In order to check the status of a formula ϕ via truth tables, the truth table
contains a column for each subformula of ϕ and all valuations for its variables.
Any shape of ϕ is fine in order to generate the respective truth table. The
superposition calculus (Section 2.7), The DPLL calculus (Section 2.8), and the
CDCL (Conflict Driven Clause Learning) calculus (Section ??) all operate on
a normal form, i.e., the shape of ϕ is restricted. All those calculi accept only
conjunctions of disjunctions of literals, a particular normal form. It is called
Clause Normal Form or simply CNF. The purpose of this section is to show
that an arbitrary formula ϕ can be effectively and efficiently transformed into a
formula in CNF, preserving at least satisfiability. Efficient transformations are
typically not equivalence preserving because they introduce fresh propositional
variables. Superposition, DPLL, and CDCL are all refutational calculi, so a
satisfiability preserving normal form transformation is fine.

2.5.1 Conjunctive and Disjunctive Normal Forms

Both conjunctive and disjunctive normal forms only use the operators ∧ and ∨
on top of literals. So all other operators need to be translated into a combination
of ∧, ∨ and ¬ and eventually negations have to be pushed downwards the formula
in front of atoms. The crucial operator is an equivalence ↔, because a formula
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ϕ ↔ ψ is logically equivalent to the formula (¬ϕ ∨ ψ) ∧ (¬ψ ∨ ϕ). However, in
the letter formula the occurrences of ϕ and ψ have been duplicated. Replacing a
formula of nested ↔ occurrences that way results therefore in an exponentially
larger formula.

A CNF is a conjunction of disjunction of literals, e.g., a formula (P∨ ̸=
Q)(P ∨R). A formula containing only the operators ∧, ∨ and literals can always
be transformed into a conjunction of disjunctions via the application of the
distributivity law. For example the formula ϕ ∨ (ψ1 ∧ ψ2) results in (ϕ ∨ ψ1) ∧
(ϕ ∨ ψ2) after pushing this disjunction inside. Again, similar to the effect of
replacing an equivalence, the formula ϕ is duplicated. Turning a deep nesting
of ∧ operators below ∨ operators may therefore also result in an exponentially
larger formula. A dual property holds for the disjunctive normal form.

In the sequel I’ll define the respective normal forms and present various
calculi and algorithms for normal form transformations. The more sophisticated
algorithms, Algorithm 3, Algorithm 4, transform any formula into a satisfiability
preserving CNF in linear time.

Definition 2.5.1 (NNF, CNF, DNF). A formula is in negation normal form
(NNF) if it does not contain the operators →,↔ and all negation operators
occur in literals.

A formula is in conjunctive normal form (CNF) or clause normal form if it
is a conjunction of disjunctions of literals, or in other words, a conjunction of
clauses.

A formula is in disjunctive normal form (DNF), if it is a disjunction of
conjunctions of literals.

Note that both a formula in CNF or DNF is also in NNF.

T

The definition of the propositional language, Definition 2.1.1, consid-
ers only binary conjunctions and disjunctions,. Both operators are AC
(Associative and Commutative) thus an n-ary usage of the operators

as well as a set notation is compatible with the semantics. Actually, I will use
all three notations, binary operators, n-ary operators as well as set notations
interchangeably, whatever fits best in the respective context.

So a CNF has the form
∧
i

∨
j Lj and a DNF the form

∨
i

∧
j Lj where the Lj

are literals. In the sequel the logical notation with ∨ is overloaded with a multiset
notation. Both the disjunction L1 ∨ . . . ∨ Ln and the multiset {L1, . . . , Ln} are
clauses. For clauses the letters C, D, possibly indexed are used. Furthermore, a
conjunction of clauses is considered as a set of clauses. Then, for a set of clauses,
the empty set denotes ⊤. For a clause, the empty multiset denotes ∅ and at the
same time ⊥.

T

Although CNF and DNF are defined in almost any text book on au-
tomated reasoning, the definitions in the literature differ with respect
to the “border” cases: (i) are complementary literals permitted in a

clause? (ii) are duplicated literals permitted in a clause? (iii) are empty dis-
junctions/conjunctions permitted? The above Definition 2.5.1 answers all three
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questions with “yes”. A clause containing complementary literals is valid, as in
P ∨Q∨¬P . Duplicate literals may occur, as in P ∨Q∨P . The empty disjunction
is ⊥ and the empty conjunction ⊤, i.e., the empty disjunction is always false
while the empty conjunction is always true.

Checking the validity of CNF formulas or the unsatisfiability of DNF formu-
las is easy: (i) a formula in CNF is valid, if and only if each of its disjunctions
contains a pair of complementary literals P and ¬P , (ii) conversely, a formula
in DNF is unsatisfiable, if and only if each of its conjunctions contains a pair of
complementary literals P and ¬P (see Exercise ??).

C

On the other hand, checking the unsatisfiability of CNF formulas or
the validity of DNF formulas is coNP-complete. For any propositional
formula ϕ there is an equivalent formula in CNF and DNF and I will
prove this below by actually providing an effective procedure for the transforma-
tion. However, also because of the above comment on validity and satisfiability
checking for CNF and DNF formulas, respectively, the transformation is costly.
In general, a CNF or DNF of a formula ϕ is exponentially larger than ϕ as long
as the normal forms need to be logically equivalent. If this is not needed, then
by the introduction of fresh propositional variables, CNF normal forms for ϕ
can be computed in linear time in the size of ϕ. More concretely, given a formula
ϕ instead of checking validity the unsatisfiability of ¬ϕ can be considered. Then
the linear time CNF normal form algorithm (see Section 2.5.3) is satisfiability
preserving, i.e., the linear time CNF of ¬ϕ is unsatisfiable iff ¬ϕ is.

Proposition 2.5.2. For every formula there is an equivalent formula in CNF
and also an equivalent formula in DNF.

Proof. See the rewrite systems⇒BCNF, and⇒ACNF below and the lemmata on
their properties.

2.5.2 Basic CNF/DNF Transformation

The below algorithm bcnf is a basic algorithm for transforming any propositional
formula into CNF, or DNF if the rule PushDisj is replaced by PushConj.

Algorithm 2: bcnf(ϕ)

Input : A propositional formula ϕ.
Output: A propositional formula ψ equivalent to ϕ in CNF.

1 whilerule (ElimEquiv(ϕ)) do ;
2 whilerule (ElimImp(ϕ)) do ;
3 whilerule (ElimTB1(ϕ),. . .,ElimTB6(ϕ)) do ;
4 whilerule (PushNeg1(ϕ),. . .,PushNeg3(ϕ)) do ;
5 whilerule (PushDisj(ϕ)) do ;
6 return ϕ;
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ElimEquiv χ[(ϕ↔ ψ)]p ⇒BCNF χ[(ϕ→ ψ) ∧ (ψ → ϕ)]p

ElimImp χ[(ϕ→ ψ)]p ⇒BCNF χ[(¬ϕ ∨ ψ)]p
PushNeg1 χ[¬(ϕ ∨ ψ)]p ⇒BCNF χ[(¬ϕ ∧ ¬ψ)]p
PushNeg2 χ[¬(ϕ ∧ ψ)]p ⇒BCNF χ[(¬ϕ ∨ ¬ψ)]p
PushNeg3 χ[¬¬ϕ]p ⇒BCNF χ[ϕ]p

PushDisj χ[(ϕ1 ∧ ϕ2) ∨ ψ]p ⇒BCNF χ[(ϕ1 ∨ ψ) ∧ (ϕ2 ∨ ψ)]p
PushConj χ[(ϕ1 ∨ ϕ2) ∧ ψ]p ⇒BDNF χ[(ϕ1 ∧ ψ) ∨ (ϕ2 ∧ ψ)]p
ElimTB1 χ[(ϕ ∧ ⊤)]p ⇒BCNF χ[ϕ]p

ElimTB2 χ[(ϕ ∧ ⊥)]p ⇒BCNF χ[⊥]p
ElimTB3 χ[(ϕ ∨ ⊤)]p ⇒BCNF χ[⊤]p
ElimTB4 χ[(ϕ ∨ ⊥)]p ⇒BCNF χ[ϕ]p

ElimTB5 χ[¬⊥]p ⇒BCNF χ[⊤]p
ElimTB6 χ[¬⊤]p ⇒BCNF χ[⊥]p

Figure 2.7: Basic CNF/DNF Transformation Rules

In the sequel I study only the CNF version of the algorithm. All properties
hold in an analogous way for the DNF version. To start an informal analysis of
the algorithm, consider the following example CNF transformation.

Example 2.5.3. Consider the formula ¬((P ∨Q) ↔ (P → (Q ∧ ⊤))) and the
application of ⇒BCNF depicted in Figure 2.8. Already for this simple formula
the CNF transformation via ⇒BCNF becomes quite messy. Note that the CNF
result in Figure 2.8 is highly redundant. If I remove all disjunctions that are
trivially true, because they contain a propositional literal and its negation, the
result becomes

(P ∨ ¬Q) ∧ (¬Q ∨ ¬P ) ∧ (¬Q ∨ ¬Q)
now elimination of duplicate literals beautifies the third clause and the overall
formula into

(P ∨ ¬Q) ∧ (¬Q ∨ ¬P ) ∧ ¬Q.
Now let’s inspect this formula a little closer. Any valuation satisfying the formula
must set A(Q) = 0, because of the third clause. But then the first two clauses are
already satisfied. The formula ¬Q subsumes the formulas P ∨¬Q and ¬Q∨¬P
in this sense. The notion of subsumption will be discussed in detail for clauses
in Section 2.6. So it is eventually equivalent to

¬Q.
The correctness of the result is obvious by looking at the original formula and
doing a case analysis. For any valuation A with A(Q) = 1 the two parts of the
equivalence become true, independently of P , so the overall formula is false.
For A(Q) = 0, for any value of P , the truth values of the two sides of the
equivalence are different, so the equivalence becomes false and hence the overall
formula true.
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¬((P ∨Q)↔ (P → (Q ∧ ⊤)))
⇒Step 1

BCNF ¬([(P ∨Q)→ (P → (Q ∧ ⊤))] ∧ [(P → (Q ∧ ⊤))→ (P ∨Q)])

⇒Step 2
BCNF ¬([¬(P ∨Q) ∨ (P → (Q ∧ ⊤))] ∧ [(P → (Q ∧ ⊤))→ (P ∨Q)])

⇒Step 2
BCNF ¬([¬(P ∨Q) ∨ (P → (Q ∧ ⊤))] ∧ [¬(P → (Q ∧ ⊤)) ∨ (P ∨Q)])

⇒Step 2
BCNF ¬([¬(P ∨Q) ∨ (P → (Q ∧⊤))] ∧ [¬(¬P ∨ (Q ∧⊤)) ∨ (P ∨Q)])

⇒Step 2
BCNF ¬([¬(P ∨Q) ∨ (¬P ∨ (Q ∧⊤))] ∧ [¬(¬P ∨ (Q ∧⊤)) ∨ (P ∨Q)])

⇒Step 3
BCNF ¬([¬(P ∨Q) ∨ (¬P ∨Q)] ∧ [¬(¬P ∨Q) ∨ (P ∨Q)])

⇒Step 4
BCNF ¬([(¬P ∧ ¬Q) ∨ (¬P ∨Q)] ∧ [¬(¬P ∨Q) ∨ (P ∨Q)])

⇒Step 4
BCNF ¬([(¬P ∧ ¬Q) ∨ (¬P ∨Q)] ∧ [(¬¬P ∧ ¬Q) ∨ (P ∨Q)])

⇒Step 4
BCNF ¬([(¬P ∧ ¬Q) ∨ (¬P ∨Q)] ∧ [(¬¬P ∧ ¬Q) ∨ (P ∨Q)])

⇒∗,Step 4
BCNF [(¬¬P ∨¬¬Q)∧ (¬¬P ∧¬Q)]∨ [(¬¬¬P ∨¬¬Q)∧ (¬P ∧¬Q)]

⇒∗,Step 4
BCNF [(P ∨Q) ∧ (P ∧ ¬Q)] ∨ [(¬P ∨Q) ∧ (¬P ∧ ¬Q)]

⇒∗,Step 5
BCNF (P ∨Q∨¬P ∨Q)∧ (P ∨Q∨¬P )∧ (P ∨Q∨¬Q)∧ (P ∨¬P ∨

Q) ∧ (P ∨ ¬P ) ∧ (P ∨ ¬Q) ∧ (¬Q ∨ ¬P ∨Q) ∧ (¬Q ∨ ¬P ) ∧ (¬Q ∨ ¬Q)

Figure 2.8: Example Basic CNF Transformation

After proving ⇒BCNF correct and terminating, in the succeeding section,
Section 2.5.3, I will present an algorithm ⇒ACNF that actually generates a
much more compact CNF out of ¬((P ∨ Q) ↔ (P → (Q ∧ ⊤))) and does this
without generating the mess of formulas⇒BCNF does, see Figure 2.10. Applying
standard redundancy elimination rules Tautology Deletion, Condensation, and
Subsumption, see Section 2.6 and Section 2.7, then actually generates ¬Q as the
overall result. Please recall that the above rules apply modulo commutativity of
∨, ∧, e.g., the rule ElimTB1 is both applicable to the formulas ϕ∧⊤ and ⊤∧ϕ.

I

The equivalences in Figure 2.1 suggest more potential for simplifi-
cation. For example, the idempotency equivalences (ϕ ∧ ϕ) ↔ ϕ,
(ϕ∨ ϕ)↔ ϕ can be turned into simplification rules by applying them
left to right. However, the way they are stated they can only be applied in
case of identical subformulas. The formula (P ∨ Q) ∧ (Q ∨ P ) does this way
not reduce to (Q ∨ P ). A solution is to consider identity modulo commuta-
tivity. But then identity modulo commutativity and associativity (AC) as in
((P ∨Q)∨R)∧ (Q∨ (R∨P ) is still not detected. On the other hand, in practice,
checking identity modulo AC is often too expensive. An elegant way out of this
situation is to implement AC connectives like ∨ or ∧ with flexible arity, to nor-
malize nested occurrences of the connectives, and finally to sort the arguments
using some total ordering. Applying this to ((P ∨Q) ∨R) ∧ (Q ∨ (R ∨ P ) with
ordering R > P > Q the result is (Q ∨ P ∨ R) ∧ (Q ∨ P ∨ R). Now complete
AC simplification is back at the cost of checking for identical subformulas. Note
that in an appropriate implementation, the normalization and ordering process
is only done once at the start and then normalization and argument ordering is
kept as an invariant.



48 CHAPTER 2. PROPOSITIONAL LOGIC

2.5.3 Advanced CNF Transformation

The simple algorithm for CNF transformation Algorithm 2 can be improved in
various ways: (i) more aggressive formula simplification, (ii) renaming, (iii) po-
larity dependant transformations. The before studied Example 2.5.3 serves al-
ready as a nice motivation for (i) and (iii). Firstly, removing ⊤ from the formula
¬((P ∨Q)↔ (P → (Q∧⊤))) first and not in the middle of the algorithm obvi-
ously shortens the overall process. Secondly, if the equivalence is replaced polar-
ity dependant, i.e., using the equivalence (ϕ↔ ψ)↔ (ϕ∧ψ)∨(¬ϕ∧¬ψ) and not
the one used in rule ElimEquiv applied before, a lot of redundancy generated
by ⇒BCNF is prevented. In general, if ψ[ϕ1 ↔ ϕ2]p and pol(ψ, p) = −1 then for
CNF transformation the equivalence is replaced by ψ[(ϕ1 ∧ ϕ2)∨ (¬ϕ1 ∧¬ϕ2)]p
and if pol(ψ, p) = 1 by ψ[(ϕ1 → ϕ2) ∧ (ϕ2 → ϕ1)]p in ψ.

Item (ii) can be motivated by a formula

P1 ↔ (P2 ↔ (P3 ↔ (. . . (Pn−1 ↔ Pn) . . .)))

where Algorithm 2 generates a CNF with 2n−1 clauses out of this formula. The
way out of this problem is the introduction of additional fresh propositional
variables that rename subformulas. The price to pay is that a renamed formula
is not equivalent to the original formula due to the extra propositional variables,
but satisfiability preserving. A renamed formula for the above formula is

(P1 ↔ (P2 ↔ Q1)) ∧ (Q1 ↔ (P3 ↔ Q2)) ∧ . . .

where the Qi are additional, fresh propositional variables. The number of clauses
of the CNF of this formula is 4(n−1) where each conjunct (Qi ↔ (Pj ↔ Qi+1))
contributes four clauses.

Proposition 2.5.4. Let P be a propositional variable not occurring in ψ[ϕ]p.

1. If pol(ψ, p) = 1, then ψ[ϕ]p is satisfiable if and only if ψ[P ]p ∧ (P → ϕ) is
satisfiable.

2. If pol(ψ, p) = −1, then ψ[ϕ]p is satisfiable if and only if ψ[P ]p ∧ (ϕ→ P )
is satisfiable.

3. If pol(ψ, p) = 0, then ψ[ϕ]p is satisfiable if and only if ψ[P ]p ∧ (P ↔ ϕ) is
satisfiable.

Proof. Exercise.

So depending on the formula ψ, the position p where the variable P is in-
troduced, the definition of P is given by

def(ψ, p, P ) :=

 (P → ψ|p) if pol(ψ, p) = 1
(ψ|p → P ) if pol(ψ, p) = −1
(P ↔ ψ|p) if pol(ψ, p) = 0



2.5. NORMAL FORMS 49

CThe polarity dependent definition of some predicate P introduces
fewer clauses in case pol(ψ, p) has polarity 1 or -1. Still, even if always
an equivalence is used to define predicates, for a properly chosen renaming the
number of eventually generated clauses remains polynomial. Depending on the
afterwards used calculus the former or latter results in a typically smaller search
space. If a calculus relies on an explicitly building a partial model, e.g., CDCL,
Section ?? and Section 2.9, then always defining predicates via equivalences is
to be preferred. It guarantees that once the valuation of all variables in ψ|p is
determined, also the value P is determined by propagation. If a calculus re-
lies on building inferences in a syntactic way, e.g., Resolution, Section 2.6 and
Section 2.11, then using a polarity dependent definition of P results in fewer
inference opportunities.

For renaming there are several choices which subformula to choose. Ob-
viously, since a formula has only linearly many subformulas, renaming every
subformula works [?, ?]. However, this produces a number of renamings that do
even increase the size of an eventual CNF. For example renaming in ψ[¬ϕ]p the
subformulas ¬ϕ and ϕ at positions p, p1, respectively, produces more clauses
than just renaming one position out of the two. This will be captured below
by the notion of an obvious position. Then, in the following section a renaming
variant is introduced that actually produces smallest CNFs. For all variants,
renaming relies on a set of positions {p1, . . . , pn} that are replaced by fresh
propositional variables.

SimpleRenaming ϕ ⇒SimpRen ϕ[P1]p1 [P2]p2 . . . [Pn]pn ∧ def(ϕ, p1, P1) ∧
. . . ∧ def(ϕ[P1]p1 [P2]p2 . . . [Pn−1]pn−1

, pn, Pn)

provided {p1, . . . , pn} ⊂ pos(ϕ) and for all i, i + j either pi ∥ pi+j or pi > pi+j
and the Pi are different and new to ϕ

The term ϕ[P1]p1 [P2]p2 . . . [Pn]pn is evaluated left to right, i.e., a shorthand
for (. . . ((ϕ[P1]p1)[P2]p2) . . . [Pn]pn). Actually, the rule SimpleRenaming does not
provide an effective way to compute the set {p1, . . . , pn} of positions in ϕ to be
renamed. Where are several choices. Following Plaisted and Greenbaum [?], the
set contains all positions from ϕ that do not point to a propositional variable or
a negation symbol. In addition, renaming position ϵ does not make sense because
it would generate the formula P ∧ (P → ϕ) which results in more clauses than
just ϕ. Choosing the set of Plaisted and Greenbaum prevents the explosion in
the number of clauses during CNF transformation. But not all renamings are
needed to this end.

A smaller set of positions from ϕ, called obvious positions, is still preventing
the explosion and given by the rules: (i) p is an obvious position if ϕ|p is an
equivalence and there is a position q < p such that ϕ|q is either an equivalence
or disjunctive in ϕ or (ii) pq is an obvious position, q ̸= ϵ, if ϕ|pq is a conjunctive
formula in ϕ, ϕ|p is a disjunctive formula in ϕ and for all positions r with
p < r < pq the formula ϕ|r is not a conjunctive formula.

A formula ϕ|p is conjunctive in ϕ if ϕ|p is a conjunction and pol(ϕ, p) ∈ {0, 1}
or ϕ|p is a disjunction or implication and pol(ϕ, p) ∈ {0,−1}. Analogously,
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a formula ϕ|p is disjunctive in ϕ if ϕ|p is a disjunction or implication and
pol(ϕ, p) ∈ {0, 1} or ϕ|p is a conjunction and pol(ϕ, p) ∈ {0,−1}.

Example 2.5.5. Consider as an example the formula

ϕ = [¬(¬P ∨ (Q ∧R))]→ [P ∨ (¬Q↔ ¬R)] .

Its tree representation as well as the polarity and position of each node is shown
in Figure 2.9. Then the set of obvious positions is

{22, 112}

where 22 is obvious, because ϕ|22 is an equivalence and ϕ|2 is disjunctive, case (i)
of the above definition. The position 112 is obvious, because it is conjunctive
and ϕ|11 is a disjunctive formula, case (ii) of the above definition. Both positions
are also considered by the Plaisted and Greenbaum definition, but they also add
the positions {11, 2} to this set, resulting in the set

{2, 22, 11, 112}.

Then applying SimpleRenaming to ϕ with respect to obvious positions results
in

[¬(¬P ∨ P1)]→ [P ∨ P2] ∧ (P1 → (Q ∧R)) ∧ (P2 → (¬Q↔ ¬R))

and applying SimpleRenaming with respect to the Plaisted Greenbaum positions
results in

[¬P3]→ [P4] ∧ (P1 → (Q ∧R)) ∧ (P2 → (¬Q↔ ¬R)) ∧
(P3 → (¬P ∨ P1)) ∧ (P4 → (P ∨ P2))

where I applied in both cases a polarity dependent definition of the freshly
introduced propositional variables. A CNF generated by bcnf out of the renamed
formula using obvious positions results in 5 clauses, where the renamed formula
using the Plaisted Greenbaum positions results in 7 clauses.

I

Formulas are naturally implemented by trees in the style of the tree
in Figure 2.9. Every node contains the connective of the respective
subtree and an array with pointers to its children. Optionally, there

is also a back-pointer to the father of a node. Then a subformula at a particular
position can be represented by a pointer to the respective subtree. The polarity
or position of a subformula can either be a stored additionally in each node, or,
if back-pointers are available, it can be efficiently computed by traversing all
nodes up to the root.

The before mentioned polarity dependent transformations for equivalences
are realized by the following two rules:

ElimEquiv1 χ[(ϕ↔ ψ)]p ⇒ACNF χ[(ϕ→ ψ) ∧ (ψ → ϕ)]p

provided pol(χ, p) ∈ {0, 1}
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→
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[−1/1]
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∨
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P
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↔
[1/22]

¬
[0/221]

Q
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¬
[0/222]

R
[0/2221]

Figure 2.9: Tree representation of [¬(¬P ∨ (Q∧R))]→ [P ∨ (¬Q↔ ¬R)] where
each node is annotated with its [polarity/position].

ElimEquiv2 χ[(ϕ↔ ψ)]p ⇒ACNF χ[(ϕ ∧ ψ) ∨ (¬ϕ ∧ ¬ψ)]p
provided pol(χ, p) = −1

Furthermore, the advanced algorithm eliminates ⊤ and ⊥ before eliminating
↔ and →. Therefore the respective rules are added:

ElimTB7 χ[ϕ→ ⊥]p ⇒ACNF χ[¬ϕ]p
ElimTB8 χ[⊥ → ϕ]p ⇒ACNF χ[⊤]p
ElimTB9 χ[ϕ→ ⊤]p ⇒ACNF χ[⊤]p
ElimTB10 χ[⊤ → ϕ]p ⇒ACNF χ[ϕ]p
ElimTB11 χ[ϕ↔ ⊥]p ⇒ACNF χ[¬ϕ]p
ElimTB12 χ[ϕ↔ ⊤]p ⇒ACNF χ[ϕ]p

where the two rules ElimTB11, ElimTB12 for equivalences are applied with
respect to commutativity of ↔.

I

For an implementation the Algorithm 3 can be further improved. For
example, once equivalences are eliminated the polarity of each literal
is exactly known. So eliminating implications and pushing negations
inside is not needed. Instead the eventual CNF can be directly constructed from
the formula.

Proposition 2.5.6 (Models of Renamed Formulas). Let ϕ be a formula and
ϕ′ a renamed CNF of ϕ computed by acnf. Then any (partial) model A of ϕ′ is
also a model for ϕ.
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Algorithm 3: acnf(ϕ)

Input : A formula ϕ.
Output: A formula ψ in CNF satisfiability preserving to ϕ.

1 whilerule (ElimTB1(ϕ),. . .,ElimTB12(ϕ)) do ;
2 SimpleRenaming(ϕ) on obvious positions;
3 whilerule (ElimEquiv1(ϕ),ElimEquiv2(ϕ)) do ;
4 whilerule (ElimImp(ϕ)) do ;
5 whilerule (PushNeg1(ϕ),. . .,PushNeg3(ϕ)) do ;
6 whilerule (PushDisj(ϕ)) do ;
7 return ϕ;

¬((P ∨Q)↔ (P → (Q ∧ ⊤)))
⇒Step 1

ACNF ¬((P ∨Q)↔ (P → Q))

⇒Step 3
ACNF ¬(((P ∨Q) ∧ (P → Q)) ∨ (¬(P ∨Q) ∧ ¬(P → Q)))

⇒∗,Step 4
ACNF ¬(((P ∨Q) ∧ (¬P ∨Q)) ∨ (¬(P ∨Q) ∧ ¬(¬P ∨Q)))

⇒∗,Step 5
ACNF ((¬P ∧ ¬Q) ∨ (P ∧ ¬Q)) ∧ ((P ∨Q) ∨ (¬P ∨Q))

⇒∗,Step 6
ACNF (¬P ∨P )∧(¬P ∨¬Q)∧(¬Q∨P )∧(¬Q∨¬Q)∧(P ∨Q∨¬P ∨Q)

Figure 2.10: Example Advanced CNF Transformation

Proof. By an inductive argument it is sufficient to consider one renaming appli-
cation, i.e., ϕ′ = ϕ[P ]p∧def(ϕ, p, P ). There are three cases depending on the po-
larity. (i) if pol(ϕ, p) = 1 then ϕ′ = ϕ[P ]p∧P → ϕ|p. IfA(P ) = 1 thenA(ϕ|p) = 1
and hence A(ϕ) = 1. The interesting case is A(P ) = 0 and A(ϕ|p) = 1. But
then because pol(ϕ, p) = 1 also A(ϕ) = 1 by Lemma 2.2.8. (ii) if pol(ϕ, p) = −1
the case is symmetric to the previous one. Finally, (iii) if pol(ϕ, p) = 0 for any
A satisfying ϕ′ it holds A(ϕ|p) = A(P ) and hence A(ϕ) = 1.

Note that Proposition 2.5.6 does not hold the other way round. Whenever a
formula is manipulated by introducing fresh symbols, the truth of the original
formula does not depend on the truth of the fresh symbols. For example, consider
the formula

ϕ ∨ ψ

which is renamed to

ϕ ∨ P ∧ P → ψ

.
Then any interpretation A with A(ϕ) = 1 is a model for ϕ ∨ ψ. It is not

necessarily a model for ϕ ∨ P ∧ P → ψ. If A(P ) = 1 and A(ψ) = 0 it does not
satisfy ϕ ∨ P ∧ P → ψ.


